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Neyman Construction
θ ≡ strue x ≡ smeasured pdf f (x |θ ) is known
for each prospectiveθ generate x
construct an interval in DATA phase− space

Interval =
xl

xh∫ f (x |θ )dx = 68%

repeat for eachθ

Use the Confidence belt to construct the
CI = [θ1,θ2 ] ( for a given xobs )
inθ phase− space

Figure from K Cranmer
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Confidence intervals in practice 
The recipe to find the interval [a, b] boils down to solving 

→ a is hypothetical value of θ such that  

→ b is hypothetical value of θ such that 
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Meaning of a confidence interval 
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Figura 3.1. Illustrazione della costruzione grafica di Neyman. L:area tratteggiata rappresenta la 
cintura di confidenza derivante dalla densità di probabilità di x per un dato livello di confidenza α. 
Nel grafico di destra, dato il valore sperimentale x0, viene illustrata la costruzione dell:intervallo 
frequentista per µ. Nel grafico di sinistra di mostra il concetto di copertura: in una frazione α degli 
esperimenti ottengo un valore compreso tra x0(inf) e x0(sup) 

È istruttivo utilizzare la cosiddetta costruzione grafica di Neyman per comprendere al me-

glio il significato della copertura frequentista. Ci riferiamo ai grafici illustrati in Fig. 3.1 

relativi ad una densità di probabilità qualsiasi, nei quali la variabile x è in ascissa ed il valo-

re atteso del misurando µ è in ordinata. Stabilita la modalità di costruzione dell1intervallo 

di confidenza, la conoscenza della densità di probabilità f(x/µ) consente di individuare, per 

ogni valore di µ, i due estremi dell1intervallo in x. Si tratta infatti dei valori x1 e x2 entrambi 

funzione di µ, per i quali: 
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I luoghi geometrici rispettivamente degli estremi inferiori e degli estremi superiori di tali inter-

valli costituiscono due curve nel piano x
 
k

 µ che delimitano una zona detta cintura di confiden-
za. Si tratta dell1area tratteggiata di Fig. 3.1. A questo punto, dato il risultato x0 dell1espe-

rimento, traccio una retta verticale per x0 che intercetta le due curve in due punti. Le ordinate di 

tali punti costituiscono gli estremi µ1 e µ2 dell1intervallo cercato (Fig. 3.1 di sinistra). 

La costruzione grafica permette di apprezzare il significato dell1intervallo. I suoi 

due estremi sono rispettivamente quei valori di µ, µ1 e µ2, tali che, se il valor vero fos-

se pari a µ1, la probabilità di misurare un valore più piccolo di x0 sarebbe pari a (1
 
k

 α)
 
/
 
2, se invece fosse µ2, la probabilità di misurare un valore più grande di x0 sarebbe 

pure di (1
 
k

 α)
 
/
 
2. 

Che l1intervallo trovato abbia copertura α lo si vede osservando che, detto µ* il valore at-

teso della popolazione del misurando, per qualsiasi valore di x ed in particolare per x0 vale la: 
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P(x1(µ*) < x0 < x2 (µ* )) = α  (3.11) 
 

Dunque, se ripeto N volte l1esperimento e ogni volta determino il mio intervallo con la co-

struzione di Neyman, tutte e sole le volte in cui x0 si trova tra x1(µ*) e x2(µ*) (i valori 

x0(inf) e x0(sup) della Fig. 3.1 di destra) io sto GcoprendoH µ*. Questo accade in una frazio-

ne α dei casi. Viceversa, le volte in cui x0 si trova al di fuori dell1intervallo compreso tra 

x0(inf) e x0(sup), io non sto GcoprendoH µ* e questo accade in una frazione 1 k α dei casi. 

La copertura è dunque α come previsto. 

Nel caso semplice ma molto comune in cui la f(x/µ) sia una distribuzione normale, la 

cintura di confidenza si riduce allo spazio tra due rette parallele come illustrato in Fig. 3.2. 

Nel caso in cui α = 68.3% gli estremi µ1 e µ2 saranno semplicemente x0
 ± σ come riportato 

nelle considerazioni all1inizio del paragrafo (equazione (3.4)). 

 

 
 

Figura 3.2. Costruzione grafica di Neyman per il caso gaussiano con α = 68.3% 

3.1.3. L<inferenza bayesiana 

Un secondo approccio al problema dell1inferenza è dato dal metodo dell<inferenza baye-
siana al quale accenniamo ora brevemente. L1aspetto concettualmente importante di questo 

metodo è dato dal fatto che il valor vero µ viene qui considerato, a differenza dell1approc-

cio frequentista, a tutti gli effetti una variabile casuale. Il problema dell1inferenza è dunque 

quello di determinare al meglio la funzione di distribuzione di tale variabile casuale. 

Mettendo da parte anche in questo caso gli eventuali effetti sistematici, ed utilizzando le 

definizioni date in (3.1.1), possiamo chiamare f(µ/xm) la funzione di distribuzione di µ dato xm, 

Coverage: suppose µ* the true value 

Neyman’s construction 

µ1(x0)  

µ2(x0)  

x1(µ)  

x2(µ)  

x0  

µ* 

x1(µ*)  x2(µ*)  
x0  
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�  End of the selection: CANDIDATES sample Ncand 

�  Which relation is there between Ncand and NX ? 
�  Efficiency: not all searched final states are selected and go to the candidates 

sample.(Trigger efficiencies are particularly delicate to treat.) Efficiency 
includes also the acceptance. 

�  Background: few other final states are faking good ones and go in the 
candidates sample. 

�  where:  
�  ε = efficiency (0<ε<1); ε  = A × εd 
�  Nb = number of background events 

�  Estimate ε and Nb is a crucial work for the experimentalist and can be 
done either using simulation (this is tipically done before the experiment 
and updated later) or using data themselves. 

 

€ 

εNX = Ncand − Nb
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Binomial distribution 
Consider N independent experiments (Bernoulli trials): 

outcome of each is ‘success’ or ‘failure’, 
probability of success on any given trial is p. 

Define discrete r.v. n = number of successes (0 ≤ n ≤  N). 

Probability of a specific outcome (in order), e.g. ‘ssfsf’ is 

But order not important; there are 

ways (permutations) to get n successes in N trials, total  
probability for n is sum of probabilities for each permutation. 
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Binomial distribution  (2) 
The binomial distribution is therefore 

random 
variable 

parameters 

For the expectation value and variance we find: 
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Binomial distribution  (3) 
Binomial distribution for several values of the parameters: 

Example:  observe N decays of W±,  the number n of which are  
W→µν is a binomial r.v., p = branching ratio. 
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Multinomial distribution 
Like binomial but now m outcomes instead of two, probabilities are 

For N trials we want the probability to obtain: 

n1 of outcome 1, 
n2 of outcome 2, 

 ⠇ 
nm of outcome m. 

This is the multinomial distribution for 
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Multinomial distribution (2) 
Now consider outcome i as ‘success’, all others as ‘failure’. 

→ all ni individually binomial with parameters N, pi 

for all i 

One can also find the covariance to be 

Example:   represents a histogram 

with m bins, N total entries, all entries independent. 
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Poisson distribution 
Consider binomial n in the limit 

→ n follows the Poisson distribution: 

Example:  number of scattering events 
n with cross section σ found for a fixed 
integrated luminosity, with 
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From Binomial to Poisson to Gaussian

P(k :n, p) = n
k

⎛
⎝⎜

⎞
⎠⎟
pk (1− p)n−k

P(k :n, p) n→∞,np=λ⎯ →⎯⎯⎯ Poiss(k;λ) = λ ke−k

k!
k = λ, σ k = λ
k→∞⇒ x = k
Using Stirling Formula

prob(x)=G(x,σ = λ ) = 1
2πσ

e−(x−λ )2 /2σ 2

This is a Gaussian,  or  Normal  distribution 
with mean and  variance of  λ

!7
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Histograms

Jan 2018

mass

N collisions

p(Higgs event) =
Lσ (pp→ H ) Aε ff

Lσ (pp)
Prob to see nH

obs in N collisions is

P(nH
obs ) =

N
nH
obs

⎛

⎝
⎜

⎞

⎠
⎟ pnH

obs

(1− p)N−nH
obs

ℓimN→∞P(nH
obs ) = Poiss(nH

obs ,λ) = e
−λλ nH

obs

nH
obs !

λ = Np = Lσ (pp) ⋅
Lσ (pp→ H ) Aε ff

Lσ (pp)
= nH

exp

!8



17/10/18 Methods in Experimental Particle Physics 174 G. Cowan  Statistical Data Analysis / Stat 1 20 

Histograms 
pdf = histogram with 

     infinite data sample, 
     zero bin width, 
     normalized to unit area. 
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Uniform distribution 
Consider a continuous r.v. x with �∞ < x < ∞ .  Uniform pdf is: 

N.B.  For any r.v. x with cumulative distribution F(x), 
y = F(x) is uniform in [0,1]. 

Example:  for π0 → γγ, Eγ is uniform in [Emin, Emax], with 
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Exponential distribution 
The exponential pdf for the continuous r.v. x is defined by: 

Example:  proper decay time t of an unstable particle 

(τ = mean lifetime) 

Lack of memory (unique to exponential): 
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Gaussian distribution 
The Gaussian (normal) pdf for a continuous r.v. x is defined by: 

Special case: µ = 0, σ2 = 1   (‘standard Gaussian’): 

(N.B. often µ, σ2 denote 
mean, variance of any 
r.v., not only Gaussian.) 

If y ~ Gaussian with µ, σ2, then  x = (y � µ) /σ  follows φ(x). 
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Gaussian pdf and the Central Limit Theorem 
The Gaussian pdf is so useful because almost any random 
variable that is a sum of a large number of small contributions 
follows it.  This follows from the Central Limit Theorem: 

For n independent r.v.s xi with finite variances σi2, otherwise 
arbitrary pdfs, consider the sum 

Measurement errors are often the sum of many contributions, so 
frequently measured values can be treated as Gaussian r.v.s. 

In the limit n → ∞, y is a Gaussian r.v. with 
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�  In order to estimate NX we need to measure: 
� Ncand 

�  ε
� Nb 

�  We already know that each of these variables have a 
fluctuation model: 
� Ncand  is described by a Poisson process 
�  ε is described by a Bernoulli process 
� Nb 



Ncand: a Poisson variable 

16/10/18 Methods in Experimental Particle Physics 180 

�  If events come in a random way (without any time structure) 
the event count N is a Poisson variable. 

� ! if I count N, the best estimate of λ is N itself and the 
uncertainty is √N 

�  If N is large enough (N>20) Poisson " Gaussian. ! N±√N 
is a 68% probability interval for N. 

�  If N is small (close to 0) the Gaussian limit is not ok, a 
specific treatment is required (see later in the course). 
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�  If events come in a random way (without any time structure) 
the event count N is a Poisson variable. 

� ! if I count N, the best estimate of λ is N itself ( or better N
+1) and the uncertainty is √N 

�  If N is large enough (N>20) Poisson " Gaussian. ! N±√N 
is a 68% probability interval for N. 

�  If N is small (close to 0) the Gaussian limit is not ok, a 
specific treatment is required (see later in the course). 

P(N,λ) = λ Ne−λ N!⇒ P(λ | N ) = λ Ne−λ N!
E λ[ ] = N +1
var λ[ ] = N +1



Efficiency: a binomial variable - I 
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�  Bernoulli process: success/failure N proofs, 0<n<N, p = 
success probability. p == ε

P(n / N, p) = (n
N )pn (1− p)N−n

E n[ ] = Np
var n[ ] = Np(1− p)

•  Inference: given n and N which is the best estimate of p ?  
And its uncertainty ? (see previous lectures) 

ε = p̂ = n+1
N + 2

σ ε( ) =
σ n( )
N

=
1
N + 2

p̂(1− p̂)
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�  Bernoulli process: success/failure N proofs, 0<n<N, p = 
success probability. p == ε

P(n / N, p) = (n
N )pn (1− p)N−n

E n[ ] = Np
var n[ ] = Np(1− p)

•  Inference: given n and N which is the best estimate of p ?  
And its uncertainty ? (see previous lectures) 

ε = p̂ = n
N

σ ε( ) =
σ n( )
N

=
1
N

p̂(1− p̂)



Efficiency: a binomial variable - II 
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�  How measure it ? 
�  From data: Sample of N true particles and I measure how many, 

out of these give rise to a signal in my detector 
�  From MC: I generate Ngen “signal” events. If I select Nsel of these 

events out of Ngen, the efficiency is (assume Ngen and Nsel large 
numbers):

ε =
Nsel

Ngen

σ ε( ) =
σ Nsel( )
Ngen

=
1
Ngen

Nsel

Ngen

1− Nsel

Ngen

"

#
$$

%

&
''



Background Nb  
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�  Simulation of Ngen “bad final states”; Nsel are selected. What 
about Nb ?  

�  We define the “rejection factor” R = Ngen/Nsel > 1 
�  We also need a correct normalization in this case: we need to 

know Nexp = total number of expected “bad final states” in 
our sample (Nexp related to luminosity and cross-section).  

Nb = Nsel
Nexp

Ngen

=
Nexp

R

σ (Nb ) =σ (Nsel )
Nexp

Ngen

= Nsel
Nexp

Ngen

=
Nexp

RNgen



Statistical Errors 
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�  In alla cases there is an unreducible error on NX given by 
limited statistics. It is a random error, coming from the 
procedure of “sampling” that is intrinsic in our experiments. 

�  In all cases increasing the statistics, the error decreases 

σ (Ncand )
Ncand

=
1
Ncand

σ (ε) ≈ 1
Ngen

σ (Nb ) ≈
1
Ngen


