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Lecture 1Lecture 1
Introduction: units, scales etc.Introduction: units, scales etc.

Nuclear models Nuclear models 
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Scales in the UniverseScales in the Universe
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Scales in nuclear Scales in nuclear 
physicsphysics
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Physical unitsPhysical units
Common unit for Common unit for length and energylength and energy::
•• Length:Length: fm (Fermi) fm (Fermi) –– femtometerfemtometer

1 fm = 101 fm = 10--1515m =10m =10--1313 cm corresponds approximately to the size of the protoncm corresponds approximately to the size of the proton
•• Energy:Energy: eV eV –– electron volt electron volt 

1 eV = 1.6021 eV = 1.602..1010--1919 J is the energy gained by a particle with charge 1e by J is the energy gained by a particle with charge 1e by 
traversing a potential difference of 1Vtraversing a potential difference of 1V

Prefixes Prefixes for the decimal multiples:for the decimal multiples:
1keV = 101keV = 1033 eV; 1MeV = 10eV; 1MeV = 1066 eV; 1GeV = 10eV; 1GeV = 1099 eV; 1TeV= 10eV; 1TeV= 101212 eVeV

•• Units for Units for particle masses:  particle masses:  MeV/cMeV/c2 2 or GeV/cor GeV/c22 according to theaccording to the
massmass--energy relation: energy relation: E=mcE=mc22,     the total energy ,     the total energy EE22=mc=mc22+p+p22cc22

�� speed of light in vacuum speed of light in vacuum c=c=299299 792792 458 m458 m//ss

�� Correspondence to the Correspondence to the International System of Units (SI):International System of Units (SI):
1MeV/ c1MeV/ c22 = 1.783 = 1.783 ..1010--3030 kgkg
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Length and energy scales are connected by the Length and energy scales are connected by the uncertainty principle:uncertainty principle:

The The Planck constant Planck constant hh is a is a physical constant physical constant reflecting the sizes of reflecting the sizes of quanta quanta 
in quantum mechanics in quantum mechanics 

the reduced Planck constantthe reduced Planck constant ��: : 

Unit systemUnit system used in elementary particle physics:used in elementary particle physics:

�������� identical determinationidentical determination for masses, momentum, energy,for masses, momentum, energy,
inverse length and inverse time inverse length and inverse time 

[m]=[p]=[E]=[1/L]=[1/t]= keV, MeV,[m]=[p]=[E]=[1/L]=[1/t]= keV, MeV,……

Typical masses:Typical masses:
•• photon mphoton mγγγγγγγγ=0=0
•• neutrino mneutrino mνννννννν < 1 eV< 1 eV
•• electron melectron mee=511 keV  (= =511 keV  (= 9.109382159.10938215××1010−−3131 kkg)g)
•• nucleon (proton, neutron) mnucleon (proton, neutron) mpp=938 MeV (==938 MeV (=1.6726216371.672621637××1010−−2727 kg)kg)

System of units in elementary particle physicsSystem of units in elementary particle physics
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Spin Spin ––
The spin angular momentum The spin angular momentum SS of any physical system is of any physical system is quantizedquantized..
The allowed values of The allowed values of SS are: are: 

Spin quantum numbersSpin quantum numbers s s is is nn/2, where /2, where nn can be any can be any nonnon--negative integernegative integer::

Orbital aOrbital angularngular momentummomentum ((or rotational momentumor rotational momentum) ) ––
OOrbitalrbital angular momentum angular momentum can only take on integer quantum numbers can only take on integer quantum numbers 

Total angular momentumTotal angular momentum: : 

For each J exist 2J+1 projections of the angular momentumFor each J exist 2J+1 projections of the angular momentum

Angular momentumAngular momentum
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System of N particles:   1,2,System of N particles:   1,2,……,N,N
Wavefunction:Wavefunction:

Symmetry: Replace two particles: 1Symmetry: Replace two particles: 1� �� �� �� �� �� �� �� �22

Phase factor C (CPhase factor C (C22=1):=1):
•• Bosons: C= +1Bosons: C= +1
•• Fermions: C= Fermions: C= --1 1 

SpinSpin--statistics theorem: statistics theorem: 
•• fermions have a half integer spin (1/2, 3/2, 5/2, fermions have a half integer spin (1/2, 3/2, 5/2, ……))
•• bosons have an integer spin (0, 1, 2, bosons have an integer spin (0, 1, 2, ……))

E.g.: E.g.: Bosons:Bosons: photons (photons (γγγγγγγγ) J=1,   pions () J=1,   pions (π)π)π)π)π)π)π)π) J=0J=0
Fermions:Fermions: e,e,µ,ν,µ,ν,µ,ν,µ,ν,µ,ν,µ,ν,µ,ν,µ,ν,p,n  J=1/2,  p,n  J=1/2,  ∆∆∆∆∆∆∆∆--resonance J=3/2resonance J=3/2

Statistics: fermions and bosonsStatistics: fermions and bosons



11

�� The The BohrBohr magnetonmagneton and the nuclearand the nuclear magnetonmagneton are are the physical the physical 
constants and natural constants and natural units which are used to describe the magnetic units which are used to describe the magnetic 
properties properties ((magnetic dipole momentmagnetic dipole moment)) of the electron and atomic nuclei of the electron and atomic nuclei 
respectively. respectively. 
BohrBohr magnetonmagneton ��BB (in SI units)(in SI units) : : 

nuclearnuclear magnetonmagneton ��N N ::

proton:proton: ��pp= 2.79 = 2.79 ��N N 

neutron:neutron: ��nn= = --1.91 1.91 ��N N ~~ --2/3 2/3 ��pp

Electric charge and dipole momentElectric charge and dipole moment
�� TheThe electric chargeelectric charge is quantized : is quantized : quanta quanta –– ee

the the finefine--structure constantstructure constant �� as: as: 

�0 is theis the electric constantelectric constant. In particle physics In particle physics ��00=1, so=1, so

��BB = 9.9.2740091527400915××1010−−2424 J/TJ/T
= = 5.78838175555.7883817555××1010−−55 eV/TeV/T

��NN < < ��BB by factor 1836by factor 1836

Be µµµµµµµµ 001159652.1====
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Fundamental interactionFundamental interactionss
Interaction Interaction Current Theory Current Theory Mediators Mediators RelativeRelative Range Range 

StrengthStrength (m)(m)

Strong Strong QuantumQuantum chromodynamicschromodynamics((QCD)QCD) gluonsgluons 10103838 1010−−1515

Electromagnetic Electromagnetic Quantum electrodynamicsQuantum electrodynamics(QED)(QED) photons photons 10103636 ��

Weak Weak ElectroweakElectroweak TheoryTheory W and Z bosonsW and Z bosons 10102525 1010−−1818

Gravitation Gravitation General RelativityGeneral Relativity(GR) (GR) gravitonsgravitons 1   1   ��

(not yet discovered)(not yet discovered)
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Structure of atoms (history)Structure of atoms (history)

Ernest RutherfordErnest Rutherford
((18711871--19371937))

The existance of atomic nucleusThe existance of atomic nucleus was discovered in 1911 was discovered in 1911 by Ernest by Ernest 
Rutherford, Rutherford, Hans Geiger Hans Geiger and and ErnestErnest Marsden Marsden ��������
leadleadss to the downfall of the to the downfall of the plum pudding modelplum pudding model (J.J. Thomson) (J.J. Thomson) of the atom, and of the atom, and 
the development of the the development of the Rutherford (or planetary) model. Rutherford (or planetary) model. 
J.J. Thomson (1904) ‚plum pudding modelplum pudding model‘‘ : the atom is composed of electrons 
surrounded by a soup of uniformly distributeduniformly distributed positive charge (protons) to 
balance the electrons' negative charges

Expected resultsExpected results from from plum pudding plum pudding 
model :model : alpha particles passing through  alpha particles passing through  
the atom the atom practically practically undisturbed. undisturbed. 

αααααααα--particlesparticles

Observed results:Observed results: a small portion of a small portion of 
the particles were deflectedthe particles were deflected by large by large 
anglesangles, indicating a small, concentrated , indicating a small, concentrated 
positive chargepositive charge ‚‚corecore‘‘

Experiment 1909Experiment 1909--1911:1911: Rutherford Rutherford 
bombarded bombarded gold foilgold foilss with with αααααααα--particles particles 
(ionized helium atom)(ionized helium atom)
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Nuclear modelsNuclear models
Rutherford (or planetary) modelRutherford (or planetary) model::
the atom the atom hashas very small positive 'core' very small positive 'core' –– nucleus nucleus -- containingcontaining
protons protons with negatively charged electrons orbiting with negatively charged electrons orbiting around around itit
(as a solar sytem (as a solar sytem -- planets around the sunplanets around the sun))..

�� tthe atom is 99.99% empty space he atom is 99.99% empty space ! ! The nucleus is approximately 100,000 The nucleus is approximately 100,000 
times smaller than the atomtimes smaller than the atom.. The diameter of the nucleus is in the range of The diameter of the nucleus is in the range of 
1.751.75 fm fm (1.75(1.75××1010−−1515 m) for hydrogen (the diameter of a single proton) to m) for hydrogen (the diameter of a single proton) to 
about 15about 15 fm for the heaviest atoms fm for the heaviest atoms 

Experimentally found:: Experimentally found:: 

The nucleus The nucleus cconsistonsistss of of protons protons andand neutronsneutrons

Experimental discovery of the neutronsExperimental discovery of the neutrons –– James James Chadwick in 1932Chadwick in 1932
(the existance of neutral particles (neutrons) has been predicte(the existance of neutral particles (neutrons) has been predicted by Rutherford in 1921)d by Rutherford in 1921)

Neutron: charge = 0,   spin 1/2Neutron: charge = 0,   spin 1/2
mmnn=939.56 MeV (m=939.56 MeV (mpp=938.27 MeV)=938.27 MeV)

Mean life time Mean life time ττττττττn n = 885.7 s ~= 885.7 s ~ 1155 minutesminutes eepn νννν++++++++→→→→ −−−−



15

Nuclear forceNuclear force

The atomic nucleus consists of protons and neutrons (two types of baryons) bound 
by the nuclear force (also known as the residual strong force). 
The baryons are further composed of subatomic fundamental particles known as 
quarks bound by the strong interaction. The residual strong force is a minor 
residuum of the strong interaction which binds quarks together to form protons 
and neutrons. 

Properties of nuclear forces :
1. Nuclear forces are short range forces. For a distance of the order of 1 fm they 
are quite strong. It has to be strong to overcome the electric repulsion between the 
positively charged protons.
2. Magnitude of nuclear force is the same for n-n, n-p and p-p as it is charge 
independent.
3. These forces show the property of saturation. It means each nucleon interacts 
only with its immediate neighbours.
4. These forces are spin dependent forces.
5. Nuclear forces do not obey an inverse square law (1/r2). They are non-central
non-conservative forces (i.e. a noncentral or tensor component of the force does not 
conserve orbital angular momentum, which is a constant of motion under central 
forces). 
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Yukawa potential (also called a screened Coulomb potential):

where g is the coupling constant (strength of interraction).

Since the field quanta (pions) are massive (m) the nuclear 
force has a certain range, i.e. V����0 for large r.

At distances of a few fermi, the force between two nucleons is 
weakly attractive, indicated by a negative potential. 

At distances below 1 fermi (rN ~1.12 fm): the force becomes 
strongly repulsive (repulsive core), preventing nucleons 
merging. The core relates to the quark structure of the 
nucleons.

Nuclear Yukawa potential Nuclear Yukawa potential 

Interactions between the particles must be carried by some quanta of interactions, 
e.g. a photon for the electromagnetic force. 

Hideki Yukawa (1907–1981):  Nuclear force between two nucleons can be considered as
the result of exchanges of virtual mesons (pions) between them.
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Yukawa potential with a hard core:
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Different combinations of Z and N (or Z and A) are called nuclides

� nuclides with the same mass number A are called isobars

� nuclides with the same atomic number Z are called isotopes

� nuclides with the same neutron number N are called isotones

� nuclides with neutron and proton number exchanged are called mirror nuclei

� nuclides with equal proton number and equal mass number, but different states of 
excitation (long-lived or stable) are calle nuclear isomers 

Global Properties of NucleiGlobal Properties of Nuclei
A - mass number gives the number of nucleons in the nucleus

Z - number of protons in the nucleus (atomic number)  

N – number of neutrons in the nucleus

A A = = ZZ ++ NN

In nuclear physics, nucleus is denoted as             , where X is the chemical symbol of the 
element, e.g.

XA
Z

goldAucarbonChydrogenH −−−−−−−−−−−− 197
79

12
6

1
1 ,,

CC 13
6

12
6 ,

NC 14
7

13
6 ,

FON 17
9

17
8

17
7 ,,

HeH 3
2

3
1 ,

E.g.: The most long-lived non-ground state nuclear isomer is tantalum-180m, which has a half-life in 
excess of 1,000 trillion years

TaTa m180
73

180
73 ,
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Stability Stability of of nnucleucleii

Stable nucleiStable nuclei
Stability Stability of of nnucleucleusus

UnsUnstable nucleitable nuclei

Decay schemes Decay schemes ::

� αααα-decay – emission of αααα-particle (4He):     238U � 234Th + �

� ββββ-decay - emission of electron (ββββ−−−−)))) or positron (ββββ++++) by week 
interaction

�− decay: the weak interaction converts a neutron (n) into a 
proton (p) while emitting an electron (e−) and an electron 
antineutrino (�e):

�+ decay: the weak interaction converts a proton (p) into a 
neutron (n) while emitting a positron (e+) and an electron neutrino 
(�e):

� fission - spontaneous decay into two or more lighter nuclei 

� proton or neutron emission

eenp νννν++++++++→→→→ ++++

evepn ++++++++→→→→ −−−−
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Stability Stability of of nnucleucleii
Stable nuclei only occur in a very narrow band in the Z −N plane. All other nuclei 
are unstable and decay spontaneously in various ways. 

Fe- and Ni-isotopes possess the maximum binding energy per nucleon and they are 
therefore the most stable nuclides. 

In heavier nuclei the binding energy is smaller because of the larger Coulomb repulsion. 
For still heavier masses, nuclei become unstable to fission and decay spontaneously into 
two or more lighter nuclei ���� the mass of the original atom should be larger than the sum 
of the masses of the daughter atoms. 

Isobars with a large 
surplus of neutrons gain 
energy by converting a 
neutron into a proton
via �--decays . 

In the case of a surplus 
of protons, the inverse 
reaction may occur: i.e., 
the conversion of a 
proton into a neutron 
via �+-decays
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RadionuclidesRadionuclides

Unstable nuclides are radioactive and are called radionuclides.
Their decay products ('daughter' products) are called radiogenic nuclides. 

About 256 stable and about 83 unstable (radioactive) nuclides exist naturally 
on Earth.

The probability per unit time for a radioactive nucleus to decay is known as the 
decay constant �. It is related to the lifetime � and the half life t 1/2 by:

� = 1/� and t 1/2 = ln 2/�

The measurement of the decay constants of radioactive nuclei is based upon 
finding the activity (the number of decays per unit time):

A = −dN/dt = �N 

where N is the number of radioactive nuclei in the sample. 

The unit of activity is defined 1 Bq [Becquerel] = 1 decay/s. 
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Binding energyBinding energy of of nnucleucleii

EB is the binding energy per nucleon or mass defect (the strength of the nucleon binding ).
The mass defect reflects the fact that the total mass of the nucleus is less than the sum of the 
masses of the individual neutrons and protons that formed it. The difference in mass is 
equivalent to the energy released in forming the nucleus. 

The mass of the nucleus:

The general decrease in binding energy 
beyond iron (58Fe) is due to the fact that, 
as nuclei get bigger, the ability of the 
strong force to counteract the 
electrostatic repulsion between protons 
becomes weaker. 
The most tightly bound isotopes are 62Ni, 
58Fe, and 56Fe, which have binding 
energies of 8.8 MeV per nucleon.
Elements heavier than these isotopes can 
yield energy by nuclear fission; lighter 
isotopes can yield energy by fusion. 

Fusion - two atomic nuclei fuse together to form a heavier nucleus
Fission - the breaking of a heavy nucleus into two (or more rarely three) lighter nuclei
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NNucleuclear Landscapear Landscape
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NNucleuclear abundancear abundance
Abundance of the elements in the solar system as a function of their mass number A, 
normalized to the abundance of silicon Si (= 106):

Light nuclei: the synthesis of the presently
existing deuterium 2H and helium 4He 
from hydrogen 1H fusion mainly took place 
at the beginning of the universe (minutes 
after the big bang). 

Nuclei up to 56Fe, the most stable nucleus, 
were produced by nuclear fusion in stars.

Nuclei heavier than this last were created 
in the explosion of very heavy stars
(supernovae)
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Size Size of of nnuclucleiei

The diameter of the nucleus is in the range of 1.75 fm (1.75×10−15 m) for hydrogen (the 
diameter of a single proton) to about 15 fm for the heaviest atoms, such as uranium. 

The charge distribution function of a nucleus
= Woods-Saxon distribution:

where r is the distance from the center of nucleus;
the parameters are adjusted to the experimental 
data: 
a=0.5 fm
ρρρρ0 =0.17 fm – normal nuclear density

R = R0
.A1/3 fm - nuclear radius

where the radius of nucleon is R0=1.2 fm

Experimental data show that R~A1/3  ����

Stable nuclei have approximately a constant 
density in the interior
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Nuclear modelsNuclear models

Models with strong interaction between 
the nucleons

Nuclear modelsNuclear models

Models of non-interacting   
nucleons

� Fermi gas model

� Optical model

�…

� Liquid drop model

� αααα-particle model

� Shell model

�…

Nucleons interact with the nearest
neighbors and practically don‘t move: 
mean free path λ λ λ λ << RA nuclear radius 

Nucleons move freely inside the nucleus: 
mean free path λ λ λ λ ~ RA nuclear radius 
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The liquid drop modelThe liquid drop model

The liquid drop model is a model in nuclear physics which treats the nucleus as a drop of 
incompressible nuclear fluid, first proposed by George Gamow and developed by Niels Bohr 
and John Archibald Wheeler. The fluid is made of nucleons (protons and neutrons), which are 
held together by the strong nuclear force. This is a crude model that does not explain all the 
properties of the nucleus, but does explain the spherical shape of most nuclei. It also helps to 
predict the binding energy of the nucleus. 

The parametrisation of nuclear masses as a function of A and Z, which is known as the
Weizsäcker formula or the semi-empirical mass formula, was first introduced in 1935

Bnp ENmZmZAM −−−−++++====),(

EB is the binding energy of the nucleus :

Volum term Surface term
Coulomb term Assymetry term Pairing

term
Empirical parameters:
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Volume energy (dominant term):

The basis for this term is the strong nuclear force. The strong force 
affects both protons and neutrons ���� this term is independent of Z.

The strong force has a very limited range, and a given nucleon may only 
interact strongly with its nearest neighbors and next nearest neighbors. 
Therefore, the number of pairs of particles that actually interact is 
roughly proportional to A.

Binding energy of the nucleus

Surface energy:
This term, also based on the strong force, is a correction to the volume term. A nucleon at the 
surface of a nucleus interacts with less number of nucleons than one in the interior of the 
nucleus, so its binding energy is less. The surface energy term is therefore negative and is 
proportional to the surface area :
If the volume of the nucleus is proportional to A (V=4/3ππππR3), then the radius should be 
proportional to A1 / 3 (R~A1 / 3) and the surface area to A2 / 3 (S= π π π π R2222=π=π=π=πΑΑΑΑ2222 / 3). 

Coulomb (or electric) energy:
The electric repulsion between each pair of protons in a nucleus contributes toward 
decreasing its binding energy: 
from QED - interaction energy for the charges q1,q2 inside the ball

AaE VV ====
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Binding energy of the nucleus

Asymmetry energy (also called Pauli Energy):
An energy associated with the Pauli exclusion principle: two fermions can not occupy exactly 
the same quantum state . At a given energy level, there is only a finite number of quantum 
states available for particles. 
As long as mass numbers are small, nuclei tend to have the same number of protons and 
neutrons. Heavier nuclei accumulate more and more neutrons, to partly compensate for the 
increasing Coulomb repulsion by increasing the nuclear force. This creates an asymmetry in 
the number of neutrons and protons. 
For, e.g., 208Pb it amounts to N –Z = 44. The dependence of the nuclear force on the surplus of 
neutrons is described by the asymmetry term. This shows that the symmetry decreases as the 
nuclear mass increases. 
If it wasn't for the Coulomb energy, the most stable form of nuclear matter would have N=Z, 
since unequal values of N and Z imply filling higher energy levels for one type of particle, 
while leaving lower energy levels vacant for the other type

Pairing energy:

An energy which is a correction term that arises from the effect of spin-coupling. Due to 
the Pauli exclusion principle the nucleus would have a lower energy if the number of 
protons with spin up will be equal to the number of protons with spin down. This is also 
true for neutrons. Only if both Z and N are even, both protons and neutrons can have 
equal numbers of spin up and spin down particles An even number of particles is more 
stable (δ<δ<δ<δ<0 for even-even nuclei) than an odd number (δδδδ>0).

3/1A
E pair

δδδδ−−−−====
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The liquid drop The liquid drop modelmodel
The different contributions to the 
binding energy per nucleon versus mass 
number A:

The horizontal line at � 16 MeV
represents the contribution of the 
volume energy. 

This is reduced by the surface energy, 
the asymmetry energy and the 
Coulomb energy to the effective
binding energy of � 8 MeV(lower line). 

The contributions of the asymmetry
and Coulomb terms increase rapidly
with A, while the contribution of the
surface term decreases.

The Weizsäcker formula is often mentioned in connection with the liquid drop model. In fact, 
the formula is based on some properties known from liquid drops: constant density, short-
range forces, saturation, deformability and surface tension. An essential difference, however, 
is found in the mean free path of the particles: for molecules in liquid drops, this is far 
smaller than the size of the drop; but for nucleons in the nucleus, it is large.
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Lecture 2Lecture 2

Nuclear models:Nuclear models:
FermiFermi--Gas Model Gas Model 

Shell ModelShell Model

WS2010/11WS2010/11: : ‚‚Introduction to Nuclear and Particle PhysicsIntroduction to Nuclear and Particle Physics‘‘
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The basic concept of the FermiThe basic concept of the Fermi--gas modelgas model

The theoretical concept of a Fermi-gas may be applied for systems of weakly 
interacting fermions, i.e. particles obeying Fermi-Dirac statistics leading to the Pauli
exclusion principle ����

• Simple picture of the nucleus:
— Protons and neutrons are considered as moving freely within the nuclear volume. 
The binding potential is generated by all nucleons
— In a first approximation, these nuclear potential wells are considered as
rectangular: it is constant inside the nucleus and stops sharply at its edge 
— Neutrons and protons are distinguishable fermions and are therefore situated in 
two separate potential wells

— Each energy state can be ocupied by two
nucleons with different spin projections
— All available energy states are filled by 
the pairs of nucleons ���� no free states , no 
transitions between the states
— The energy of the highest occupied state 
is the Fermi energy EF

— The difference B‘ between the top of the well and the Fermi level is constant for 
most nuclei and is just the average binding energy per nucleon B‘/A = 7–8 MeV.
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Number of nucleon statesNumber of nucleon states

The volume of one particle in phase space: 

Heisenberg Uncertainty Principle:

�ππππ2
The number of nucleon states in a volume V:

At temperature T = 0, i.e. for the nucleus in its ground state, the lowest states 
will be filled up to a maximum momentum, called the Fermi momentum pF. 
The number of these states follows from integrating eq.(1) from 0 to pmax=pF:

(((( )))) (((( ))))3
0

2

3

33

2

4

2

max

�� ππππ

ππππ

ππππ

�������� ����
⋅⋅⋅⋅

========

p

dppVpdrd
n (1)

(2)

Since an energy state can contain two fermions of the same species, we can have

(((( ))))
32

3

3 �ππππ

n
FpV

N
⋅⋅⋅⋅====

(((( ))))
32

3

3 �ππππ

p
FpV

Z
⋅⋅⋅⋅====

pF
n is the fermi momentum for neutrons, pF

p – for protons

Neutrons: Protons:
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Fermi momentumFermi momentum
ARRV 3

0
3

3
4

3
4 ππππππππ ========Use R = R0

.A1/3 fm, 

3

33
0

32

3
3

032

3

9
4

63
42

6
2

���

FFF pRAp
AR

pV
n

ππππππππ
ππππ

ππππ
====⋅⋅⋅⋅⋅⋅⋅⋅====

⋅⋅⋅⋅⋅⋅⋅⋅====

The density of nucleons in a nucleus = number of nucleons in a volume V:

two spin states

(3)

0

3/13/1

3
0

33/132

4
9

4
9

2
6

RA
n

R
n

AV
n

pF
��� ⋅⋅⋅⋅����

����

����
����
����

���� ⋅⋅⋅⋅====����
����
����

����
����
����
����

����
====��������

����

����
��������
����

����
====

ππππππππππππ

After assuming that the proton and neutron potential wells have the same radius, 
we find for a nucleus with n=Z=N =A/2 the Fermi momentum pF:

cMeV
R

ppp p
F

n
FF 250

8
9

0

3/1

≈≈≈≈⋅⋅⋅⋅����
����

����
����
����

����============
�ππππ

Fermi momentum pF:

The nucleons move freely 
inside the nucleus with large
momenta.

MeV
M

p
E F

F 33
2

2

≈≈≈≈====Fermi energy:

M =938 MeV- the mass of nucleon

(4)
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Nucleon potentialNucleon potential
The difference B‘ between the top of the
well and the Fermi level is constant for 
most nuclei and is just the average binding 
energy per nucleon B/A = 7–8 MeV. 

���� The depth of the potential V0 and the
Fermi energy are independent of the mass 
number A:

MeVBEV F 40'
0 ≈≈≈≈++++====

V0

Heavy nuclei have a surplus of neutrons. Since the Fermi level of the protons and 
neutrons in a stable nucleus have to be equal (otherwise the nucleus would enter a 
more energetically favourable state through �-decay) this implies that the depth of 
the potential well as it is experienced by the neutron gas has to be larger than of the 
proton gas (cf Fig.). 

Protons are therefore on average less strongly bound in nuclei than neutrons. This 
may be understood as a consequence of the Coulomb repulsion of the charged 
protons and leads to an extra term in the potential:
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Kinetic energyKinetic energy
The dependence of the binding energy on the surplus of neutrons may be 
calculated within the Fermi gas model. 

First we find the average kinetic energy per nucleon:

The total kinetic energy of the nucleus is therefore

����

����

����

���� ⋅⋅⋅⋅
====

⋅⋅⋅⋅
====

F

F

F

F

p

p

E

E

dp
dp
dn

dp
dp
dnE

dE
dE
dn

dE
dE
dnE

E

0

0

0

0 2pConst
dp
dn ⋅⋅⋅⋅====

3

3

6 �ππππ
FpV

n
⋅⋅⋅⋅====

where 

distribution function
of the nucleons

where the radii of the proton and the neutron potential well have again been 
taken the same.

(5)
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Binding energyBinding energy
This average kinetic energy has a minimum at N = Z for fixed mass number A (but 
varying N or, equivalently, Z). Hence the binding energy gets maximal for N = Z. 

If we expand (5) in the difference N − Z we obtain

The first term corresponds to the volume 
energy in the Weizsäcker mass formula,
the second one to the asymmetry energy. 
The asymmetry energy grows with the 
neutron (or proton) surplus, thereby 
reducing the binding energy 

Note: this consideration neglected the 
change of the nuclear potential connected 
to a change of N on cost of Z. This
additional correction turns out to be as 
important as the change in kinetic energy.
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Shell modelShell model
Magic numbers: Nuclides with certain proton and/or neutron numbers are found 
to be exceptionally stable. These so-called magic numbers are

2, 8, 20, 28, 50, 82, 126

— The doubly magic nuclei: 

— Nuclei with magic proton or neutron number have an unusually large number 
of stable or long lived nuclides.

— A nucleus with a magic neutron (proton) number requires a lot of energy to 
separate a neutron (proton) from it.

— A nucleus with one more neutron (proton) than a magic number is very easy to 
separate.

— The first exitation level is very high: a lot of energy is needed to excite such 
nuclei

— The doubly magic nuclei have a spherical form

�nucleons are arranged into complete shells within the atomic nucleus 
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Excitation energy for mExcitation energy for magic nuclei
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Nuclear potentialNuclear potential

Rr
Rr

rU
≥≥≥≥∞∞∞∞
<<<<

				





����

====
,
,0

)(

U(r)

r

∞∞∞∞

R0

The energy spectrum is defined by the nuclear potential
���� solution of  Schrödinger equation for a realistic potential

The nuclear force is very short-ranged => the form of the potential follows the
density distribution of the nucleons within the nucleus: 

� for very light nuclei (A < 7), the nucleon distribution has Gaussian form 
(corresponding to a harmonic oscillator potential)

� for heavier nuclei it can be parameterised by a Fermi distribution. The latter 
corresponds to the Woods-Saxon potential

1) Woods-Saxon potential:
a

Rr

e

U
rU −−−−

++++
−−−−====

1
)( 0

Rr
RrU

rU
≥≥≥≥

<<<<−−−−

				





����

====
,0

,
)( 0

2) a����0: 
approximation by the 
rectangular potential
well :

a=0
a>0

e.g. 3) approximation by the 
rectangular potential well
with infinite barrier energy :
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SchrSchröödinger equationdinger equation
ΨΨΨΨ====ΨΨΨΨ EĤ

)(
2

ˆ
2

rU
M

H ++++
∇∇∇∇−−−−====
�

(((( )))) 2

2

222
2

2
2

sin
1sin

sin
11

ϕϕϕϕθθθθ
θθθθ

θθθθθθθθ ∂∂∂∂
∂∂∂∂++++

∂∂∂∂
∂∂∂∂++++����
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����

����

∂∂∂∂
∂∂∂∂

∂∂∂∂
∂∂∂∂====∇∇∇∇

rrr
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rr

(((( )))) 2

2

2sin
1sin

sin
1ˆ

ϕϕϕϕθθθθ
θθθθ

θθθθθθθθ
λλλλ

∂∂∂∂
∂∂∂∂++++

∂∂∂∂
∂∂∂∂====

22 ˆˆ L====−−−− λλλλ�

(((( )))) (((( ))))ϕϕϕϕθθθθϕϕϕϕθθθθ ,)1(,ˆ 22
lmlm llL ΥΥΥΥ++++====ΥΥΥΥ �

2

22
2

2
2

ˆ11
�

L
rr

r
rr

−−−−����
����

����
����
����

����

∂∂∂∂
∂∂∂∂

∂∂∂∂
∂∂∂∂====∇∇∇∇

Schrödinger equation:
Single-particle 
Hamiltonian operator:

Eigenstates: ΨΨΨΨ(r) - wave function 
Eigenvalues: E - energy
U(r) is a nuclear potential – spherically symmetric ����

Angular part:

L – operator for the orbital angular momentum

Eigenstates: Ylm – spherical harmonics

(1)

(2)

(3)
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Radial partRadial part

(((( )))) (((( ))))ϕϕϕϕθθθθϕϕϕϕθθθθ ,)(,, 1 lmrr ΥΥΥΥ⋅⋅⋅⋅ΨΨΨΨ====ΨΨΨΨ
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∂∂∂∂
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��

The wave function of the particles in the nuclear potential can be decomposed into 
two parts: a radial one ΨΨΨΨ 1111(r), which only depends on the radius r, and an angular
part Ylm(�,ϕϕϕϕ) which only depends on the orientation (this decomposition is possible 
for all spherically symmetric potentials):

From (4) and (1) =>

(4)

=> eq. for the radial part:

(((( ))))
r
rR

r
)(

1 ====ΨΨΨΨ
Substitute in (5):

(5)

)()(
2

)1()(
2 2

2

2

22

rRErR
M

ll
rdr

rRd
M

====
++++++++−−−−

�� (6)
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Constraints on E Constraints on E 
0)(

2
)1()(

2 2

2

2

22

====����






����
����
����

���� ++++−−−−++++ rR
M

ll
r

E
dr

rRd
M

��Eq. for the radial part:

From (7) ����
1) Energy eigenvalues for orbital angular momentum l: 

E:
l=0      s
l=1      p    states
l=2      d 
l=3      f 
…

(7)

2) For each l:   -l< m <l => (2l+1) projections m of angular momentum.
The energy is independent of the m quantum number, which can be any integer 
value between ± l. Since nucleons also have two possible spin directions, this 
means that the l levels are 2·(2l+1) times degenerate if a spin-orbit interaction is 
neglected.
3) The parity of the wave function is fixed by the spherical wave function Yml and 
reads (−1)l: (((( )))) (((( )))) (((( ))))ϕϕϕϕθθθθϕϕϕϕθθθθϕϕϕϕθθθθ ,)()1(,)(,,ˆ

11 lm
l

lm rrPrP ΥΥΥΥ⋅⋅⋅⋅ΨΨΨΨ−−−−====ΥΥΥΥ⋅⋅⋅⋅ΨΨΨΨ====ΨΨΨΨ

� s,d,.. - even  states;  p,f,… - odd states
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X10 X20 X30

X11 X21

X31

Main quantum number Main quantum number nn
0)(

2
)1()(

2 2

2

2

22

====����
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���� ++++−−−−++++ rR
M

ll
r

E
dr

rRd
M

��

0)()()( ====++++′′′′′′′′ ryrry λλλλ

Eq. for the radial part:

Solution of differential eq: 

(7)

���� Bessel functions jl(kr)

Boundary condition for the surface, i.e. at r=R:   Ψ(Ψ(Ψ(Ψ(R,θ,ϕ),θ,ϕ),θ,ϕ),θ,ϕ) =0   
���� restrictions on k in Bessel functions:
� main quantum number n – corresponds to nodes of the Bessel function : Xnl

0)( ====krjl

22
2

22 2)( nmnlnl XRMEXRkXrRk ============⋅⋅⋅⋅
�

l=0

l=1 l=2

(((( )))) (((( ))))ϕϕϕϕθθθθϕϕϕϕθθθθ ,)(,, lml krj
r
A

r ΥΥΥΥ⋅⋅⋅⋅====ΨΨΨΨ

2
2 2

�

ME
k ====

(8)
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Shell modelShell model

2

22

2MR
X

E nl
nl

�
==== 2

nlnl XConstE ⋅⋅⋅⋅====Thus, according to Eq. (8) : (9)

Energy states are quantized ���� structure of energy states Enl

Nodes of Bessel function

42.93
28.62
14.31

0

30

20

10

0

========
========
========

−−−−====

Xn
Xn
Xn

jstatessl

72.72
49.41

1

21

11

1

========
========

−−−−====

Xn
Xn

jstatespl

76.51
2

12

2

========
−−−−====

Xn
jstatesdl

99.61
3

13

3

========
−−−−====

Xn
jstatesfl

1.81
4

14

4

========
−−−−====

Xn
jstatesgl

18102.331
862.201
2286.91

1

1

1

2

⋅⋅⋅⋅====
⋅⋅⋅⋅====
⋅⋅⋅⋅====

≤≤≤≤⋅⋅⋅⋅====

CEd
CEp
CEs

EEwithstatesdegeneracyXCEstate

d

p

s

nlnlnl

5818641
4067.592
34148.481
2025.392

1

2

1

2

⋅⋅⋅⋅====
⋅⋅⋅⋅====
⋅⋅⋅⋅====
⋅⋅⋅⋅====

CEg
CEp
CEf
CEs

g

p

f

s

First 3 magic numbers are reproduced,  higher – not!
2, 8, 20, 28, 50, 82, 126

Note: here for U(r) = rectangular potential well
with infinite barrier energy 

2·(2l+1)
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Shell model with WoodsShell model with Woods--Saxon potentialSaxon potential

Woods-Saxon potential:

a
Rr

e

U
rU −−−−

++++
−−−−====

1
)( 0

The first three magic numbers (2, 8 and 20) can then be understood as 
nucleon numbers for full shells.This simple model does not work for the 
higher magic numbers. For them it is necessary to include spin-orbit 
coupling effects which further split the nl shells.
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SpinSpin--orbit interactionorbit interaction
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),(ˆ slCV lsls ====

slj ++++====

Introduce the spin-orbit interaction Vls – a coupling of the spin and the orbital 
angular momentum:

where 

eigenvalues

spin-orbit interaction:

total angular momentum:

slslslsljj 2))((
22

++++++++====++++++++====⋅⋅⋅⋅

)(
2
1 222

sljsl −−−−−−−−====⋅⋅⋅⋅

Eigenstates
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SpinSpin--orbit interactionorbit interaction
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Consider:

This leads to an energy splitting �Els which linearly increases with the angular 
momentum as

lsls V
l

E
2

12 ++++====∆∆∆∆

It is found experimentally that Vls is negative, which means that the state with 
j =l+ 1/2 is always energetically below the j = l − 1/2 level.



19

The total angular momentum quantum 
number j = l±1/2 of the nucleon is denoted by 
an extra index j:     nlj

e.g. the 1f state splits into a 1f7/2 and a 1f5/2

state

The nlj level is (2j + 1) times degenerate

���� Spin-orbit interaction leads to a sizeable 
splitting of the energy states which are indeed 
comparable with the gaps between the nl
shells themselves.

Magic numbers appear when the gaps 
between successive energy shells are
particularly large.

SpinSpin--orbit interactionorbit interaction

1f7/2

1f5/21f

Single particle energy levels:

2, 8, 20, 28, 50, 82, 126

j (2j+1)

(2)

(2)
(4)

(2)
(6)

(4)

(8)

(10)
(2)(6)

(4)
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