arXiv:hep-ex/0002028 10 Feb 2000

UPPER LIMITSIN THE CASE THAT ZERO EVENTSARE
OBSERVED: AN INTUITIVE SOLUTION TO THE BACKGROUND
DEPENDENCE PUZZLE

P. AstoneG. Pizzella
SeziondNFN Romal (“La Sapienza”)Universia“Tor Vergata”andLNF Frascati.ltaly

Abstract

We comparethe “unified approach”for the estimationof upperlimits with
an approactbasedon the Bayestheory in the specialcasethatno eventsare
obsened. The “unified approach”predicts,in this case,an upperlimit that
decreasewith the increasdn the expectedlevel of background.This seems
absurd. On the otherhand,the BayesianapproacHeadsto a resultwhich is
backgroundndependentAn explanationof the Bayesiarresultis presented,
togethemwith suggestedeasondor the paradoxicaresultof the “unified ap-
proach”.

1. INTRODUCTION

The studyof a new phenomenoin scienceoftenendsup in a null result. However it might be of great
importanceto setupperlimits, asthis will helpour understandindpy eliminatingsomeof the theories
proposed.

The determinatiorof upperlimits is presentlya hotly debatedssuein severalfields of physics.
Many papersave beendevotedto this problemanddifferentsolutionshave beenproposedIn particular
the problemhasbeendiscussedn paper[1] (“unified approach”)and, morerecently in paperg?2, 3],
basedon the Bayes’'theory The useof the “unified approach”(FC) to setupperlimits or confidence
intervalsis recommendety the PDG[4]. The“unified” andthe Bayesiarapproachearevery different,
not only in the sensethat they leadto differentnumericalresultsbut more radically in the meaning
they attributeto the quantitiesnvolved. Thesedifferencedeadto intrinsic problemsin any comparison
of their separateesults. The purposeof this letteris to try to throw somelight on this contentiousand
importantissue We shallshawv thatthe Bayesiarapproacthis thecorrectone.If ourarguments accepted
by the scientificcommunity mary debatesboutupperlimits will beclarified.

2. THE BACKGROUND DEPENDENCE PUZZLE

Accordingto the (FC) “unified approach”the upperlimit is calculatedusing a revised versionof the
classicaNeymanconstructiorfor confidencentervals. This approachs usuallyreferredto asthe “uni-
fied approactto the classicalstatisticalanalysis”,andit aimsto unify the treatmenbf upperlimits and
confidencentervals. On the Bayesside, accordingto [2, ], the upperlimit may be calculatedusing
afunctionR thatis proportionalto thelikelihood. This functionis calledthe "relative belief updating
ratio” andhasalreadybeenusedto analysedatain papergB, €. The procedurehasbeenextensiely
describedy G. D’ Agostiniin [i].

Comparisorbetweerthe two approachess difficult for the generalcase.But we have noticeda
specialcasewhich is easierto discuss.In this casethe greaterefficag/ of one approachcomparedo
the otheroneseemglear This caseis whenthe experimentgave no events,evenin the presencef a
backgroundyreaterthanzero.

Whentherearezerocounts the predictionsobtainedwith thetwo methodsaredifferentandboth
are-intuitively- quitedisturbing.Ourintuition would, in fact, besatisfiecby anupperimit thatincreases
with thebackgroundevel, andthisis, in generalthe casevhenthe obsenrationgivesanumberof events



of the orderof the background However, whenzeroeventsareobsened, the “unified approach’upper
limit decreasei$ thebackgroundncreaseganoisierexperimentputsabetterupperimit thanalessnoisy
one,whichseemsbsurd)wvhile theBayesiarapproacheadsto thepredictionghataconstanupperimit
will befound (theupperlimit doesnot dependon the noiseof the experiment).Variouspaperg[88, 1]
have beendevotedto the problemof solving someintrinsic difficulties with the "unified” approach:
in particularto solving the problemof "enhancingthe physicalsignificanceof frequentistconfidence
intervals”[§], or to imposing”strongerclassicakonfidencdimits”[9]. In this latter article the proposed
method’giveslimits that do not dependon backgroundn the caseof no obsened events” (thatis the
Bayesiarresult!).

In whatfollowswe will give anexplanationfor thetwo results.

We remindthereaderthatthe physicalquantityfor which a limit mustbefoundis the eventsrate
(i.e. agravitationalwave burstrate)r. Herewe will assumestationaryworking conditions.For a given
hypothesis-, the numberof eventswhich canbe obseredin the obsenationtime T is describedy a
Poissomprocessvhichhasanintensityequalto the sumof thatdueto backgroundandthatdueto signal.
In generalthemainingredientsn our problemarethat:

e we arepracticallysureaboutthe expectedrateof backgroundventsr, = n; /T but notaboutthe
numberof eventsthatwill actuallybe obsened (which will dependon the Poissoniarstatistics).
T is theobserationtime;

e we have obsenedanumberr,. of eventsbut, obviously, we donotknow how mary of theseevents
have to beattributedto backgrouncandhow mary (if ary) to truesignals.

Underthe statedassumptionghelikelihoodis

e ) T (1 o ) T)me

flne|r,my) = o~ , (1)
We will now concentrat@n the solutiongivenby the Bayesiarapproach.
The“relative beliefupdatingratio” R is definedas:
f(nc | T rb)
R(rsne,ry, T) = ———"—— 2
(T‘7n(,7rb7 ) f(nc|r: O,Tb) I ( )

This functionis proportionalto the likelihood andit allows us to infer the probability that T’
signalswill be obsenredfor givenpriors(usingthe Bayesstheorem).

Underthehypothesis; > 0if n. > 0, R becomes
R(rine,ry, T)=e T <1 + L) C . 3
rp

Theupperlimit, or -moreproperly-"standardsensitvity bound”[%], canthenbe calculatedising
the R function:it is thevaluer,,, obtainedwvhen
R(rssp; ne;re; T) = 0.05 4)

We remarkthat5% doesnotrepresenaprobability, but is ausefulwayto putalimit independently
of thepriors.

Eq. gwhenno eventsareobsened, thatis, whenrn,.=0, becomes:
R(r)=e"T (5)

Thusputtingn. = 0 in Eq. 4 wefind r,,, = 2.99, independentlyf the valueof the background
np.



We will notdescribehewell known (FC) proceduréhere but we wouldjustobserethat,accord-
ing to this procedurefor n. = 0 andn; = 0, theupperlimit is 3.09(numericallyalmostidenticalto the
Bayes’one)but it decreaseasn; increasege.g.for n. = 0 andn;, = 15 theupper(FC) limit at 95%
CLis1.47).

In anattemptto understanduchdifferentbehaiour we will now discusssomeparticularcases.
Supposeve have n. = 0 andn, # 0. This certainly meansthat the numberof accidentalswhose
averagevaluecanbedeterminedvith ary desiredaccurag, hasundegonea fluctuation. Thelargerthe
np valuesthesmalleris thea priori probabilitythatsuchfluctuationswill occur Thusonecouldreason
thatit is lesslikely thatanumbern,,, of realsignalscouldhave beenassociatewith alargevalueof n;,
sincetheobserationgave n. = 0.

Accordingto the Bayesiarapproachinstead pnecannotignorethefactthatthe obserationn,. =
0 hasalreadybeing madeat the time the estimationof the upperlimit comesto be calculated. The
Bayesiamapproactrequireghat,givenrn, = 0 andn; # 0, oneevaluateghe chance thatanumbern,,,
of signalsexists. This chance of a possiblesignalis appliedto the obsenation that hasalreadybeen
made.

Supposdhatwe have estimatedhe averagebackgroundwith a high degreeof accuray, for ex-
amplen;=10. In the absencef signals,the a priori probability of observingzeroevents,duejustto a
backgroundluctuation,is givenby

fo=f(ne=0lny =10) = ™™ =4.5-107° (6)

Now, supposehatwe have measurederoevents,thatis n.=0. In general, = (ny + ngy,). It is
now nonsenséo askwhatthe probabilitythat».=0 is, sincethe experimenthasalreadybeenmadeand
the probabilityis 1.

We may ask how the a priori probability would be changedf =, signalswere addedto the
backgroundWe get
fsn = f(nc = 0|TLb = 10’ ngu}) — e_(nb+ngw) (7)

It is obviousthat f;,, canonly decreaseelatveto f,,, sincewe areconsideringnodelsin which
signaleventscanonly addto noiseevents.

Theright answeris guaranteedf the questionis well posed. Givenall the previous comments,
the mostobvious questionat this pointis: what is that signal n,4,, which would have reduced the
probability f, by a constant factor, for example 0.05 ?

fsn = fn -0.05=e" e (8)

UsingEgs.&, 7 and§ the solutionis:

e " =0.05 9

thatis:
Ny = 2.99 (10)

! In a gravitationalwave experimentsignalsmayaddup to the noisewith the samephasethusincreasinghe enegy of the
combinedeffect, or with a phaseoppositeto thatof the noise,thusreducingthe enegy. They canin particularaddup alsoto
noiseevents,evenif we expectthisto happerwith avery low probability aswe know thatthe eventsdueto the signalarevery
“rare” comparedo the eventsdueto thenoise.

Anyway;, in principle,the presencef thisfactwill leadto the predictionof a signalratethatincreasesvith the background:
in factthe probabilitythatonebackgroundventbecancelledby a signaleventincreasesasn; increasesThus,if we, atleast
in part, attribute the obsenation of n.=0 to a cancellationof backgroundeventsdueto the signalthe final limit on r should
increase.

In themodellingwe usually asreasonable;onsidetthis effect be negligible. If thisis notthe casethenit mustbe properly
modelledin thelikelihood.



Now supposenothersituation,n;=20, thus f,, = 2.1 - 10~2. Repeatinghe previousreasoning
we still getthelimit 2.99.

The meaningof the Bayesiarresultis now clear: we do not careaboutthe absolutevalueof the
apriori probability of gettingn. = 0 in the presencef noisealone. Theobsenationof n. = 0 means
thatthe backgroundyave zerocountsby chance Evenif thea priori probabilityis very small, its value
hasno meaningonceit hashappenedThe fact thatthe single backgroundneasuremerturnedout to
bezero,eitherdueto azeroaveragebackgroundr dueto the obsenationof alow (a priori) probability
event,mustnot changeour predictionconcerningpossiblesignals.

For n. = 0 we arecertainthatthe numberof eventsdueto the backgrounds zero. Clearlythis
particularsituationgivesmoreinformationaboutthe possiblesignals.In the caser. # 0, insteadjt is
not possibleto distinguishbetweernbackgroundandsignal. The mathematicahspecbf thisis thatthe
Poissorformulawhenn,. = 0 reducedo theexponentiatermonly, andthusit is possibleto separat¢he
two contributions,of the signal(unknown) andof the noise(known).

We notethatthedifferentbehaiour of thelimit in the unifiedapproachs dueto thenon-Bayesian
charactenof the reasoning.In suchan approachan eventthat hasalreadyoccurredis consideredim-
probable”:giventheobsenationof n. = 0 they still considerthatthe probability

fon = f(ne = 0lnp, ngy,) = €= (otnaw) (11)

decreaseasn; increasesAs a consequencthey deducahatto alargern; corresponds smallerupper
limit 74,,.

Giventhe previous considerationsye mustnow admitthat our intuition to expectanupperlimit
thatincreasesvith increasingoackgroundevenwhenn, = 0, waswrong. We shouldhave expectedto
predicta constantignalrate,asa consequencef the obsenation of zeroevents,independentlyof the
backgroundevel.

3. CONCLUSION

We have comparedhe upperlimits obtainedwith the (FC) “unified” andwith the Bayesiarprocedures,
in the caseof zeroobseredevents.

We believe that the greaterefficacy of the Bayesianapproachcomparedto the (FC) method,
demonstratedor the casen. = 0, is a strongindication that the Bayesianmethod-natural, simple
and intuitive- is the correctone. Thuswe agreewith the proposalin[i7] that this methodshould be
adoptedby the scientificcommunityfor upperlimit calculationgsee for example,[11] onupperlimits
in gravitationalwave experiments).
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