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UPPER LIMITS IN THE CASE THAT ZERO EVENTS ARE
OBSERVED: AN INTUITIVE SOLUTION TO THE BACKGROUND
DEPENDENCE PUZZLE
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SezioneINFN Roma1 (“La Sapienza”),Universit̀a“Tor Vergata”andLNF Frascati.Italy

Abstract
We comparethe “unified approach”for the estimationof upperlimits with
anapproachbasedon theBayestheory, in thespecialcasethatno eventsare
observed. The “unified approach”predicts,in this case,an upperlimit that
decreaseswith the increasein theexpectedlevel of background.This seems
absurd.On the otherhand,the Bayesianapproachleadsto a resultwhich is
backgroundindependent.An explanationof theBayesianresultis presented,
togetherwith suggestedreasonsfor theparadoxicalresultof the“unified ap-
proach”.

1. INTRODUCTION

Thestudyof a new phenomenonin scienceoftenendsup in a null result.However it might beof great
importanceto setupperlimits, asthis will helpour understandingby eliminatingsomeof the theories
proposed.

The determinationof upperlimits is presentlya hotly debatedissuein several fields of physics.
Many papershavebeendevotedto thisproblemanddifferentsolutionshavebeenproposed.In particular
the problemhasbeendiscussedin paper[1] (“unified approach”)and,morerecently, in papers[2, 3],
basedon the Bayes’theory. The useof the “unified approach”(FC) to setupperlimits or confidence
intervalsis recommendedby thePDG[4]. The“unified” andtheBayesianapproachesareverydifferent,
not only in the sensethat they lead to differentnumericalresultsbut more radically in the meaning
they attributeto thequantitiesinvolved. Thesedifferencesleadto intrinsic problemsin any comparison
of their separateresults.Thepurposeof this letter is to try to throw somelight on this contentiousand
importantissue.Weshallshow thattheBayesianapproachis thecorrectone.If ourargumentis accepted
by thescientificcommunity, many debatesaboutupperlimits will beclarified.

2. THE BACKGROUND DEPENDENCE PUZZLE

Accordingto the (FC) “unified approach”the upperlimit is calculatedusinga revisedversionof the
classicalNeymanconstructionfor confidenceintervals.Thisapproachis usuallyreferredto asthe“uni-
fied approachto theclassicalstatisticalanalysis”,andit aimsto unify thetreatmentof upperlimits and
confidenceintervals. On the Bayesside,accordingto [2, 3], the upperlimit may be calculatedusing
a function

�
that is proportionalto the likelihood. This function is calledthe”relative belief updating

ratio” andhasalreadybeenusedto analysedatain papers[5, 6]. The procedurehasbeenextensively
describedby G. D’ Agostini in [7].

Comparisonbetweenthe two approachesis difficult for thegeneralcase.But we have noticeda
specialcasewhich is easierto discuss.In this casethe greaterefficacy of oneapproachcomparedto
theotheroneseemsclear. This caseis whentheexperimentgave no events,even in the presenceof a
backgroundgreaterthanzero.

Whentherearezerocounts,thepredictionsobtainedwith thetwo methodsaredifferentandboth
are-intuitively-quitedisturbing.Our intuition would,in fact,besatisfiedby anupperlimit thatincreases
with thebackgroundlevel, andthis is, in general,thecasewhentheobservationgivesanumberof events



of theorderof thebackground.However, whenzeroeventsareobserved,the“unified approach”upper
limit decreasesif thebackgroundincreases(anoisierexperimentputsabetterupperlimit thanalessnoisy
one,whichseemsabsurd)while theBayesianapproachleadsto thepredictionsthataconstantupperlimit
will befound(theupperlimit doesnot dependon thenoiseof theexperiment).Variouspapers[8, 9, 10]
have beendevoted to the problemof solving someintrinsic difficulties with the ”unified” approach:
in particularto solving the problemof ”enhancingthe physicalsignificanceof frequentistconfidence
intervals”[8], or to imposing”strongerclassicalconfidencelimits”[9]. In this latterarticletheproposed
method”giveslimits that do not dependon backgroundin the caseof no observedevents” (that is the
Bayesianresult!).

In whatfollowswewill giveanexplanationfor thetwo results.

We remindthereaderthatthephysicalquantityfor which a limit mustbefoundis theeventsrate
(i.e. a gravitationalwave burst rate) � . Herewe will assumestationaryworking conditions.For a given
hypothesis� , thenumberof eventswhich canbeobserved in theobservationtime � is describedby a
Poissonprocesswhichhasanintensityequalto thesumof thatdueto backgroundandthatdueto signal.

In general,themainingredientsin ourproblemarethat:� wearepracticallysureabouttheexpectedrateof backgroundevents �����	�
���
� but notaboutthe
numberof eventsthatwill actuallybeobserved(which will dependon thePoissonianstatistics).� is theobservationtime;� wehaveobservedanumber��� of eventsbut, obviously,wedonotknow how many of theseevents
have to beattributedto backgroundandhow many (if any) to truesignals.

Underthestatedassumptions,thelikelihoodis��� �������
��� ��� ���
� ���! "��#%$'& �(� �*)+� ��� � ��,.-���'/ � (1)

We will now concentrateon thesolutiongivenby theBayesianapproach.

The“relativebeliefupdatingratio”
�

is definedas:� � �10��
����� � �(� � � ��� �
�����
��� �2���� � � �(�3�546�'�7� � � (2)

This function is proportionalto the likelihood and it allows us to infer the probability that ���
signalswill beobservedfor givenpriors(usingtheBayes’s theorem).

Underthehypothesis� �98 4 if �
� 8 4 , � becomes� � �10��
�(�'� � �(� � � � � �:&<;>= ) ����@? , -BA (3)

Theupperlimit, or -moreproperly-”standardsensitivity bound”[7], canthenbecalculatedusing
the

�
function: it is thevalue �7C%C � obtainedwhen� � � C%C ��0'� � 0'�7��0�� � �54 A 4ED (4)

Weremarkthat5%doesnotrepresentaprobability, but isausefulwaytoputalimit independently
of thepriors.

Eq. 3 whennoeventsareobserved,thatis, when �
� =0,becomes:� � � � � � � �F& (5)

Thusputting � � �G4 in Eq. 4 we find � C%C �H�GI AKJ:J , independentlyof thevalueof thebackground� � .



Wewill notdescribethewell known (FC)procedurehere,but wewould justobservethat,accord-
ing to this procedure,for �
���54 and � � �54 , theupperlimit is 3.09(numericallyalmostidenticalto the
Bayes’one) L@MON it decreasesas �
� increases(e.g. for � � �P4 and �
�Q� = D theupper(FC) limit at 95%
CL is 1.47).

In anattemptto understandsuchdifferentbehaviour we will now discusssomeparticularcases.
Supposewe have �
�R�S4 and � �<T�U4 . This certainlymeansthat the numberof accidentals,whose
averagevaluecanbedeterminedwith any desiredaccuracy, hasundergonea fluctuation.Thelargerthe�
� values,thesmalleris the V9W>�
XZY.�
X probabilitythatsuchfluctuationswill occur. Thusonecouldreason
thatit is lesslikely thatanumber�O[�\ of realsignalscouldhavebeenassociatedwith a largevalueof � � ,
sincetheobservationgave ���*�54 .

Accordingto theBayesianapproach,instead,onecannotignorethefactthattheobservation �
���4 hasalreadybeing madeat the time the estimationof the upperlimit comesto be calculated. The
Bayesianapproachrequiresthat,given � � �54 and �
� T�54 , oneevaluatesthe ]@^>V1�
] � thata number� [�\
of signalsexists. This ]@^"V_�
] � of a possiblesignalis appliedto the observation that hasalreadybeen
made.

Supposethatwe have estimatedtheaveragebackgroundwith a high degreeof accuracy, for ex-
ample � � =10. In the absenceof signals,thea priori probabilityof observingzeroevents,duejust to a
backgroundfluctuation,is givenby� , � ��� � � �54>�`�
�a� = 4 � � � � , # �cb A Ded = 4 �>f (6)

Now, supposethatwe have measuredzeroevents,thatis �
� =0. In general�
�*� � � � )g�O[�\ � . It is
now nonsenseto askwhattheprobabilitythat � � =0 is, sincetheexperimenthasalreadybeenmadeand
theprobabilityis 1.

We may ask how the a priori probability would be changedif � [�\ signalswereaddedto the
background.We get � C , � ��� �
���54>�`� � � = 46�'�O[�\ � � � � � , #  ,.h%i $ (7)

It is obviousthat
� C , canonly decreaserelative to

� , , sincewe areconsideringmodelsin which
signaleventscanonly addto noiseevents1.

The right answeris guaranteedif the questionis well posed.Givenall the previous comments,
the mostobvious questionat this point is: what is that signal �O[�\ which would have reduced the
probability

� , by a constant factor, for example 0.05 ?� C , � � , d74 A 4:De� � � , # d � � , h%i (8)

UsingEqs.6, 7 and8 thesolutionis:

� � ,
h%i �54 A 4:D (9)

thatis: � [�\ �5I AKJ:J (10)

1 In agravitationalwaveexperimentsignalsmayaddup to thenoisewith thesamephase,thusincreasingtheenergy of the
combinedeffect, or with a phaseoppositeto thatof thenoise,thusreducingtheenergy. They canin particularaddup alsoto
noiseevents,evenif weexpectthis to happenwith avery low probability, asweknow thattheeventsdueto thesignalarevery
“rare” comparedto theeventsdueto thenoise.

Anyway, in principle,thepresenceof this fact will leadto thepredictionof a signalratethatincreaseswith thebackground:
in fact theprobabilitythatonebackgroundeventbecancelledby asignaleventincreases,as j # increases.Thus,if we,at least
in part,attribute theobservationof j - =0 to a cancellationof backgroundeventsdueto the signalthe final limit on k should
increase.

In themodellingwe usually, asreasonable,considerthis effect benegligible. If this is not thecasethenit mustbeproperly
modelledin thelikelihood.



Now supposeanothersituation, � � =20, thus
� , �lI A = d = 4 �6m . Repeatingthepreviousreasoning

westill getthelimit 2.99.

Themeaningof theBayesianresultis now clear: we do not careabouttheabsolutevalueof the
a priori probabilityof getting ���H�n4 in thepresenceof noisealone.Theobservationof �
�Q�G4 means
that thebackgroundgave zerocountsby chance.Evenif thea priori probabilityis very small, its value
hasno meaningonceit hashappened.The fact that thesinglebackgroundmeasurementturnedout to
bezero,eitherdueto azeroaveragebackgroundor dueto theobservationof a low (a priori) probability
event,mustnot changeourpredictionconcerningpossiblesignals.

For ���3�l4 we arecertainthat thenumberof eventsdueto thebackgroundis zero. Clearly this
particularsituationgivesmoreinformationaboutthepossiblesignals.In thecase� � T�P4 , instead,it is
not possibleto distinguishbetweenbackgroundandsignal. Themathematicalaspectof this is that the
Poissonformulawhen �
�9�54 reducesto theexponentialtermonly, andthusit is possibleto separatethe
two contributions,of thesignal(unknown) andof thenoise(known).

Wenotethatthedifferentbehaviour of thelimit in theunifiedapproachis dueto thenon-Bayesian
characterof the reasoning.In suchanapproachanevent that hasalreadyoccurredis considered“im-
probable”:giventheobservationof �
���54 they still considerthattheprobability� C , � ��� �
���54>�o� � �'�6['\ � � � � � , #  ,
h%i $ (11)

decreasesas � � increases.As a consequencethey deducethatto a larger � � correspondsasmallerupper
limit �O[�\ .

Giventhepreviousconsiderations,we mustnow admitthatour intuition to expectanupperlimit
thatincreaseswith increasingbackground,evenwhen �
�p�G4 , waswrong. We shouldhave expectedto
predicta constantsignalrate,asa consequenceof theobservationof zeroevents,independentlyof the
backgroundlevel.

3. CONCLUSION

We have comparedtheupperlimits obtainedwith the(FC) “unified” andwith theBayesianprocedures,
in thecaseof zeroobservedevents.

We believe that the greaterefficacy of the Bayesianapproachcomparedto the (FC) method,
demonstratedfor the case � � �q4 , is a strongindication that the Bayesianmethod-natural,simple
and intuitive- is the correctone. Thus we agreewith the proposalin[7] that this methodshouldbe
adoptedby thescientificcommunityfor upperlimit calculations(see,for example,[11] onupperlimits
in gravitationalwaveexperiments).
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