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Abstract

Bayesianreasonings appliedto the databy the ROG Collaboration,in which grav-
itational wave (g.w.) signalsare searchedor in a coincidenceexperimentbetween
ExplorerandNautilus. The useof Bayesiarreasoningallows, underwell definedhy-
potheseseventiny piecesof evidencein favor of eachmodelto be extractedfrom the
data. The combinationof the dataof several experimentscanthereforebe performed
in anoptimalandefficientway. Somemodelsfor Galacticsourcesareconsideredind,
within eachmodel,the experimentakesultis summarizedvith thelikelihoodrescaled
to theinsensitvity limit value(*R function”). Themodelcomparisomesultis givenin
in termsof Bayesfactors,which quantifyhow theratio of beliefsabouttwo alternatie
modelsaremodifiedby the experimentalobsenation.

1 Intr oduction

A recentanalysisof datafrom the resonang.w. detectorsExplorerandNautilus [f]
hasshavn somehintsof a possiblesignalover the backgroundxpectedfrom random
coincidencesTheindicationappear®nly whenthe dataareanalyzedasa function of
thesidereatime. Referencdl] doesnotcontainstatementsoncerninghe probability
thatsomeof theobsenedcoincidencegouldbedueto g.w’s ratherthanbackground.
Only bottomplots of Fig. 5 andFig. 7 of that papergives p-values(the meaningof
‘p-value', to which physicistsarenot accustomedwill be clarified later) for eachbin
in siderealtime, giventhe averageobsenedbackgroundat thatbin. But p-valuesare
not probabilitiesthat the ‘only background’hypothesids true, thoughthey are often
erroneouslytakenassuch,leadingto unpleasantonsequences theinterpretatiorof
thedata[]. Indeed,n this casetoo, Fig. 5 andFig. 7 of Ref. [f] mighthave produced
in somereadersentimentdifferentfrom thoseof the membersof the ROG Collab-
oration,who do not believe with high probability to have obsered g.w’s. However,
the fact remainsthat the dataare somavhat intriguing, andit is thereforeimportant
to quantify how muchwe canreasonablbelieve the hypothesighatthey might con-
tain someg.w. events. The aim of this paperis to shov how to makea quantitatve
assessmermtf how muchthe experimentaldatapreferthe differentmodelsin hand.
The choiceof the Bayesianapproaclhis quite naturalto tacklethesekind of prob-
lems, in which we arefinally interestedin the comparisonof the probabilitiesthat
differentmodelscouldexplain theobseneddata.In fact, the concepbof probability of
hypothesegprobability of ‘true values’,probability of causesetc.,areonly meaning-
ful in this approach.The alternatie (‘frequentistic’) approackHorbidsto speakabout
probability of hypotheses.Frequentistichypothesistest’ resultsare givenin terms
of ‘statisticalsignificance’,a conceptavhich notoriouslyconfusesnostpractitioners,
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Figure 1: ExplorerNautilus coincidenceevents (upperplot) and backgroundestimates
(lower plot) asafunctionof the sidereatimein 1/2 hourbins.

sinceit is commonly(incorrectly!) interpretedasit would be the probability of the
‘null hypothesisTd]. Moreover, this approackprovidesonly ‘accepted/rejectedton-
clusions andthusit is not suitedto extractevidencefrom noisy dataandto combineit
with otherevidenceprovidedby otherdata.

In the next sectionwe presentshortly the experimentaldata,referringto Ref. []
and referenceghereinfor details. Thenwe review how the problemis approached
in conventionalstatistics,explaining the reasonavhy we think thatis unsatisfactory
Finally, weillustratethe Bayesiaralternatie for parametrianferenceandmodelcom-
parison,andapplyit to the ROG data.

2 Experimental data

Thisanalysishasbeenperformedon a datasetof ExplorerNautiluscoincidencesvith
an enegy filter veto (i.e. requiringagreemenbetweenthe event enegiesof the two
antennaeandwith afixedtime window of +0.5 s. Datawe arereferringto arethose
obtainedusingrunslongerthan 12 hours. The dataaregroupedin half hour bins of
sidereatltime, asshowvn in Fig.ll The upperplot of the figure reportsthe numberof
obsenredcoincidence$n.), while thelower plot givesthe averagenumberof theback-
groundeventsestimatedy off-time techniquesilt is worth remarkingthatthe method
we aregoing to usedoesnot depenccritically on the width of the bins, provided that
thewidth is smallenoughto assurea goodresolutionof the antenngattern.(To state
it clearly contraryto other methodsin which somebinning is requiredandthe re-
sulting significancedependgiramaticallyon the choiceof the binning,in our method
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we could have, virtually, bins of arbitrarysmallwidth. Rebinningdoesnot spoilsthe
quality of the information,aslong asthe binningis finer thanthe structuresexhibited
by the antenngpatternandthereare no clusteringof eventswithin a bin. The latter
possibilityis excludedby inspectingthearrival time of theindividual events,asshovn
in Ref.[] for theeventsaround4:00.)

As far asthebackgrounds concernedye recallthattherandomcoincidenceack-
groundis well describedby a Poissordistribution [[f], andthatthe siderealhourfluc-
tuationsof the averagesis compatiblewith the grand averageover the 24 hours of
0.57 + 0.03 events/hour For thesereasonsye believe thatthethevalueof A\g = 0.57
is the most reasonablevalue to useas parameterof the Poissondistribution which
modelsthe backgroundluctuationin the 0.5-hourbins.

3 P-valueanalysisof the ‘statistical significance’of the
data

P-valueis the term preferredin modernstatisticsto describewhat physicistscall, in

simplewords,“probability of thetail(s),” or “probability to obsene theeventsactually
obsenred,or rarerones given anull hypothesis'(note‘given’: the probabilityof what-
ever has been obsened, without the specificatiorof a particularcondition,is always
unity). In thefrequentisticapproachthe null hypothesiss rejectedwith a significance
level « if the p-valuegetsbelowv a, wherea is typically choserto be 5% or 1%. Be-

sidesthe recognizedmisinterpretatiorof the p-valueresult(seee.g. [[]), thereare
oftendisputesabouthow this reasoningshouldbe applied,becausét is easyto shav

thatthereis mucharbitrarinessn the kind of testto be performed(it is well known

that practitioneroften seeksfor the testthat tells what they like, moving for y?-test,
to run-testandto othertestswith fangy namesijf the previously tried testswere “not

sensitve to the effect”) andin the datato includein the test, asit is sketchedn the

following subsections.

3.1 P-valuebasedon the overall number of events

The expectednumberof eventsdueto the null hypothesist, = “only background'is
27.4(= 0.57 x 48). Having obsened 34 eventswe get:

p-valuqintegra| = P(n¢ > 34| Prg=ara) = 12%, (1)

avaluethatit is not consideredsignificative’. However, the obvious criticism to this
procedureis that we have only usedthe integratednumberof coincidencesosing
completelythe detailedinformation provided by the time distribution. The problem
canbebetterunderstoodn thelimiting caseof 1000bins,an expectedbackgroundf
1 event/bin,andanexperimentakesultin which 999binshave contentswvhich ‘nicely’

(Poisson)fluctuatearoundl, and a single bin exhibiting a spike of 31 counts. The
p-valuewould be of 16%,acceptinghe hypothesighatthe dataareexplainedwell by
backgroundilone.

3.2 P-valuebasedon the bin presentingthe highestexcess

Thendve solutionto this paradoxs to calculateap-valueusingonly thebin presenting
the highestfluctuation. This approactwould give a very smallnumber(0.5 x 10~36)
in our 1000bin example,andwould remainbelowv the 1% thresholdevenif the spike
hasonly 5 eventsover abackgrounaf 1. Applying thisreasoningo the ROG datawe
get

p-valudmax = P(ne > 4|Pry=a57) = 2.8 x 1072, 2)



3.3 P-valuebasednthe agumentthatthe highestexcesscould have shavn up
everywherein thetime distribution

ap-valuewhich maybe consideredsignificative’. (Notethat,if we usedtheobsened
backgroundf Fig.ll thatwe donotbelieveit is thecorrectnumberto use thep-value
wouldbe5.2 x 107* )

3.3 P-valuebasedon the argument that the highest excesscould
have shownup everywherein the time distrib ution

Again, the previous procedurecanbe easilycriticized, becauséthe bin to which the
testhasbeenappliedhasbeenchosenafter having obsered the data, while a peak
would have beenarisen,a priori, everywherein the plot” The standardprocedurgo
overcomethis criticismis to calculatehe probabilitythata peakof thator highervalue
would have showvn up everywherein thedata,i.e.

Nbin

pvaludscan=1— [] FB31Pxs), 3)
i=1

wherens;,, is the numberof binsand F (-) standsfor the cumulative distribution (the
productin Eq. (@ is basednthe assumptiorf independencef the bins). In ourcase
we get13%or 23%dependingvhethera constanbr varying backgrounds assumed,
i.e. p-valuesabove ary over-optimistic choiceof the p-valuethreshold.

It is interestingto notethatthe 13% p-valuecanbe reobtainedapproximatelyas
p-valudgcan® nvin X P-valugdmax Shoving thatevenavery pronounceaxcesscan
beconsideredhotsignificantif alargenumberof obsenationalbinsareinvolvedin the
experiment(andpractitionersrestrictarbitrarythe region to which the testis applied,
if they wantthetestto statewhatthey wouldlike...). Thedependencef theresultof
the methodon obsenrationsfar from the region wheretherecould be a goodphysical
reasonto have a signalis annoying(and for this reason practitionerswho choosea
suitableregion aroundthe peakdo, intuitively, somethingcorrect..). On the other
hand,the reasoningloesnot takeinto accountthat otherbins could be interestedby
thesignal.

We shallseein Seclllhow to useproperlythe prior knowledgethata (physically
motivated)signalcouldhave appearedverywherein the histogram.

3.4 Why not to usep-values

To concludethis section let ussummarizeéhereasongor notto useproceduredased
on p-values.

e Theinterpretatiorof p-valuesis misleadingbecaus¢hey do not provide proba-
bilities of hypotheseghoughthey soundandarecommonlyinterpretedassuch.

¢ Methodsbasedn p-valuespretendo provide answeronly basedn the statis-
tical propertiesof the null hypothesiswithout taking into accountif otherhy-
pothesesreconcevable,andhow the alternatve hypotheseslescribethe data.
For example thesemethodglo nottakeinto accounthefactthatasupposedig-
nal appearsat a givenplaceratherthanelsavhere,which bins couldbe affected
by aphysicalmodelandhow reasonabla modelis.

e Thesemethodsprovide only binary answersaccepted/rejectedAs a conse-
guencehey arenot efficientenoughto analyzerarephenomenawhich canonly
bediscoreredby a propercombinationof (evenvery) small piecesof evidence.
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4 The Bayesianway out: how to use of experimental
data to update the credibility of hypotheses

We think that the solutionto the above problemsconsistsin changingradically our
attitude insteadof seekingor new ‘prescriptions’'which might cureatroublebut gen-
erateothers.ThesocalledBayesiarapproachbasednthe naturalideaof probability
as‘degreeof belief andontherulesof logic, seemdo usto bethe properwayto deal
with our problem. A key role in this approachis playedby Bayes’theorem which,
apartfrom normalizationconstantcanbe statedas

P(H;|Data, Iy) x P(Data| H;, Iy) - P(H; | I), 4

where H; standthe hypotheseshatcould producethe Data with likelihood P (Data |
H;, Iy). P(H;|Data, Iy) and P(H;|Iy) are, respectiely, the posterior and prior
probabilities,i.e. with or without taking into accountthe information provided by
theData. I, standsor the generalstatusof information,which is usuallyconsidered
implicit andwill thenbeomittedin thefollowing formulae.

The presencef priors, consideredh weakpoint by opposerf the Bayesiarthe-
ory, is one of the pointsof force of the theory First, becausepriors are necessaryo
makethe ‘probability inversion’ of Eq. (). Secondpecauseén this approachall rel-
evant conditionsmustbe clearly stated insteadof beinghiddenin the methodor left
to thearbitrarines®f the practitioner Third, becaus@rior knowledgecanbe properly
incorporatedn theanalysigo integratemissingor deteriorate@xperimentainforma-
tion (andwhatever it is doneshouldbe statedexplicitly!). Finally, becausehe clear
separatiorof prior andlikelihoodin Eq. () allowsto publishtheresultsin awayinde-
pendenfrom P(H; | Iy), if the priors might differ largely within the membersof the
scientificcommunity In particular the Bayesfactor, definedas

B — P(Data| H;)

Y p(Data| H;) ' ®)

is the factor which changedhe ‘bet odds’ (i.e. probability ratios)in the light of the
new data.In fact, dividing memberto memberEq. @ written for hypothesesZ; and
H;, weget

posteriorodds; = BFj; - prior odds; . (6)

Sincewe shallspealateraboutmodelsM;, the oddratio updatingis givenby

P(M;|Data)  P(Data|M;) P.(M;) @
P(M;|Data) ~ P(Data| M;) P.(M;)
S— —

Bayes factor

Somegeneraremarksarein ordet

¢ Conclusiongependonly on the obsened dataandon the previous knowledge.
In particularthey donotdependnunobsereddatawhich arerarerthanthedata
really obsered (thatis whatp-valuesimply).

o At leasttwo modelshave to be takeninto account,andthe likelihood for each
modelmustbe specified.

e Thereis no needto considerall possiblemodels’(for which we canonly wait
the end of Humanity or of otherintelligentbeings..), sincewhat mattersare
relative beliefs.

o Similarly, thereis no needthat the modelmustbe declaredbeforethe dataare
taken,or analyzed.What mattersis thatthe initial beliefs shouldbe basedon
generalagumentsaboutthe plausibility of eachmodeland on agreementvith
otherexperimentainformation,otherthanData.



4.1 Modelsfor Galacticsourceof gravitational waves

An analogueof Eq. (l) appliesto the parameteref a model. For example,if, givena
model M, we areinterestedo therateof g.w. on Earth,r, Bayes'theoremgives

f(r| Data, M) = f(Data |r, M) x fo(r, M), (8)

where f() standfor probability densityfunctions (pdf) Also in this case,a prior in-

dependentvay of reportingthe resultis possible. The difficulty of dealingwith an
infinite numberof Bayesfactors(preciselycc?, giveneachr; andr;) canbeovercome
definingafunctionR of » which givesthe Bayesfactorwith respecto areferencer,.

This functionis particularlyusefulif r, is choserto be theasymptoticvalueat which

the experimentloosescompletelysensitvity. For g.w. searctthis asymptoticvalueis

simplyr — 0. In othercasest couldbeaninfinite particlemasdlf] or aninfinite mass
scale[]. In thecaseof g.w. rater, extensively discussedn Ref. [, we get

f(Data |r, M) La(r)

Rl = F(Datalr =0, M) = Zaa(r=0)"

(9)

where L 4(r) is the modeldependentikelihood. [Note that, indeed,in the limit of
r — 0 thelikelihood dependsnly on the backgroundexpectationand not on the
specificmodel. ThereforeLs(r = 0) — L, Where M, standsfor the model
“backgroundalone”.] This R function hasthe meaningof relative belief updating
factor [], sinceit tells us how we must modify our beliefs of the differentvalues
of r, given the obsened data. In the region where’R vanishesthe corresponding
valuesof r are excluded. On the otherhand,in the region whereR is aboutunity,
the dataareunableto changeour beliefs,i.e. we have lost sensitvity. The region of
transitionbetweerD and1 definesthe sensitivity bound, a concepthatdoesnothave a
probabilisticmeaningand,sinceit doesnot refersto termssuchas‘confidence’,does
not causethe typical misinterpretation®f the frequentistic'confidenceupper/laver
limits’ (for a recentexample of resultsusing theseideasseeRef. []). Valuesof r
preferredby the dataare spottedby large valueof R. We shallin the sequelhow a
plot of the’R functiongivesanimmediaterepresentatioof whatthe datatell abouta
paramete(Figs.llandl). Anotherinterestingfeatureof this functionis that, if several
independentlatasetsareavailable,eachproviding someinformationaboutmodel M,
the globalinformationis obtainedmultiplying thevariousR functions:

Ram(r; All data) = [ Ra(r; Datay) . (10)

4.1 Modelsfor Galactic sourcesof gravitational waves

Having seernthattheanalysishasto bebasednmodelsfor theemissiorof g.w’'s, letus
focuson somepopularmodelswithin Galaxy This limitation is dueto the sensitvity
of the ROG detectorsThemodelstakeninto accountare: emissiononly from sources
concentrateth the GalacticCentern(GC); emissionfrom sourcesiniformly distributed
over the GalacticDisk (GD); emissionfrom sourcedistributedasthe known visible
massof Galaxy(GMD). In additionwe have alsoincludedthe non-Galactianodelof
sourcesdsotropicallydistributedaroundEarth (ISO). In this contet, this latter model
canjustbe seerasanacademiexampleto give afeeling of whatthe analysismethod
would producein sucha scenario.

The patternP 4 () of the two detectorsExplorer and Nautilusto signalsdueto
thesemodelsareshovn in Fig.ll Thesepatternsare all given as a function of the
siderealtime. P4 (i) dependon the spaceandenegy distributionsof g.w. sources
describedby a model,taking alsointo accounthe variationof the detectorefficiency
with the siderealtime, due to the varying orientationof the antennagespecto the
sources. It dependsalso on the (unknown) enegies of g.w.  signals,on the noise,
andon the coordinateglatitude,longitue,azimuth)f the detectorson Earth. Simply
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Figure 2: Antennapatterndor thevariousmodelsconsideredn theanalysis.

speaking for variousmodelsof the spacedistribution of sourcesof g.w.,, we expect
differentresponsefrom the coincidencesxperiment,i.e. different‘antennapatterns’,
seemasa function of the sidereatime.

The calculationof P a4 (7) depend®ntheexpectedg.w. enegy andsomeassump-
tionsareneededThesignal'samplitudeh is unknovn, andthuswe have evaluatedhe
patternsby integrating over a uniform distribution of » values,ranging— on Earth—
from 1 x 10~18 upto 3.0 x 1078, Differentreasoningsnay bedonehere,leadingto
differentchoicesfor the amplitudesangeandfor the distributionsof the signals.We
have donethe simplestchoice,supposinghatwe do notknow arything onthesignals,
but the fact thatno signalshave beenobsenred at the detectoravith amplitudegreater
than3.0 x 1078, Thelowestlimit hasbeenchosenconsideringhe fact thatthe de-
tector's efficienciesbelov 1 x 10718 is very small (lessthan~ 10%). Note thatthe
considered valuesarebasedn ‘standard’assumptionsbouttheg.w. enegy release
in cryogenicbars. The GalacticDisk (GD) modelhasbeenconstructecconsidering
g.w. sourcesuniformly distributedover the Galacticplane which meansa distribution
of sourceswhich is not uniform aroundthe Earth, given the fact that the Earthis 8.5
kpcfrom the Centerof Galaxy whichis thecenterof thedisk (whoseradiusis 21 kpc).
The GMD distribution, taking into accountthe massdistributionin Galaxy is much
moreinterestingthanthe GD model. In fact we do not expecta uniform distribution
of thesourcesverthe GD, but a distributionwhich is concentratediearthe GC [[].

4.2 Relative belief updating factor for a givenmodel

Having introducedthe generalideas,let us apply themto the dataof our interest. In
thei-th bin in sidereakime (seeFig. W) we have n. (i) obsered coincidenceswith an
expectednumberl g dueto backgroundandanexpectednumber

M) = a x Pam(i) (11)

dueto the detectorgesponseo g.w. signals,which dependsn the model. The pa-
rametero is proportionalto therater of g.w. events,expressedsevents/daythrough
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Figure 3: R functionfor thefour modelsconsideredGalacticCenter(continuous)Galac-
tic Disk (dashed)GMD (dotted);isotropic(dot-dashed).

theoverall efficiengy of detectiong, andthetotal obsenationtime, 7, :
a =17 X Thps X ¢ (12)
Theefficiengy of detectionis calculatedrom theantenngatternas

_ 2" Pl
= Npins X 1 (13)

We have thenthefollowing likelihood for eachmodel:

Lm(a) = f(Data|a, M) = H ‘ (14)

with
Am (i) = Ag + M) . (15)

A (i) is the parametepf the Poissondistributionthatdescribeghe g.w. signalgiven
modelM. It canbe said,in simplewords,to be the numberof g.w. eventsthatcould
be presenin eachbin in a coincidenceexperimenthaving performancendexposure
time asthatdescribedn Ref.[]. Hence,

Ngwe = @ X ZPM(Z') (16)

givesthetotal numberof suchg.w. events.Our interests, via a, to infer n,,. andthe
rater. However, giventhe strongdependencef theinferencefrom thepriors, typical
for this kind of frontier measurementsye preferto reportthe resultin termsof R
functions,asdiscussedbore. TheresultingR 4 (a)’s areshavn in Fig.ll Notethat
thefiguresarein log-log scaleto makeit clearthatmary ordersof magnitudeof o are
involved.

The resultsaresummarizedn Tah ll o1, is the valuethat maximizesR. The
symbolML remindsthata s, is thevaluethatmaximeghelikelihood (likelihoodand
R function differ by a factor). Indeed,this is the resultthat a Maximum Likelihood
(ML) analysiswould producefor «. The parameter is turnedinto g.w. rateusing



4.2 Relative beliefupdatingfactorfor a givenmodel 9

Table 1: Summaryof R function for eachmodel,togethemwith the parametricnference
basedn MaximumLikelihood or onthe Bayesformulaassuminga uniform prior for «.

Model GC GD GMD ISO

> P(i) 47 61 44 12

€ (%) 98 13 92 25

Rmaz 21 72 82 19
(events)

QML 21 16 22 05

omr(a) 10 09 12 05

Ela|fo(e)=k 23 1.8 25 07

ola] fo(a) = k] 1.0 09 12 04
(events)
Ngwenrs 10 10 10 7
UML(ngu}c) 5 5 5 6
Elngue| fola) = k] 11 11 11 9
U[ngu}c | fo(&) = k’] 5 6 5 5
(events/day)
TMI 1.1 09 1.2 0.3
omr(r) 05 05 07 03
Elr| fola) =k 1.2 1.0 1.3 0.4
o[r| fola) = k] 0.6 05 0.6 0.2

Eq. . R,... giveshow muchthebelief for o = aysr increasewith respecto
a = 0. Thehigherrelative belief updatingfactoris obtainedfor the GalacticCenter
model. Within this model, the pdf for » aroundl.2 events/daygetsenhancecdy a
factor21 with respector = 0.

Figurell shows clearly how theinitial beliefsabouta (andthereforeonr) areup-
dated,within eachmodel. We wantto stresghatthefinal conclusiondependstill on
the prior beliefs. If someonghoughtthat o hadto be abore 10 this personhadto
reconsidercompletelyhis/herbeliefs,independentlyffrom the model; if anotherper
sonbelieved that only valuesbelow 0.01 werereasonablethe experimentwould not
affectatall his/herbeliefs,independentiyf the model. For this reasonthe ML value
a s, couldbe misleadingif erroneouslyassociatedasit often happensto the value
aroundwhich our confidenceis finally concentratedindependentlyfrom ary prior
knowledge.Neverthelessandwith thesewarningswe reportin Tah [l alsotheresults
obtainedrom a ML analysisandfrom a naive Bayesiarinferencethatassumes uni-
form prior ona (andthereforeonr andny,,., sincethey differby factors).o sz (o) has
beenevaluatedrom thecurvatureof theminus-log-likelihoodaroundts minimumii.e.
oyty = 02/8a% (—In L(@))|an.- Theresultsof the ‘naive Bayesianinference’are
reportedasexpectedvaluesE[-] andstandarddeviations evaluatedfrom the final dis-
tribution. The condition f, (o) hasbeenwritten explicitly in E[-] and ][], according
to the Bayesiarspirit. Note that, for obvious reasonsthe modeof the posteriorcalcu-
latedusinga uniform prior is exactly equivalentto the ML estimate.This obsenation
is importantto understandhe slightly differentresultsobtainedwith thetwo methods.
The posteriorexpectedvalueis alwayslargerthanthe ML one,simply becausef the
asymmetryof L.

Perhapsn,.. is the mostinterestinggquantity to understandhe conclusionsof
thesemodel dependent analyseghat, we like to repeatit, do not take properly into
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account prior knowledge. The threephysicalmodel suggesiabout10 coincidences
dueto g.w’'s, with a 50% uncertainty Instead,for the unphysicalmodel (ISO) less
eventsarefoundandwith largeruncertainty Notethat,for this model,the modeof the
posterior(or, equivalently, the A/ L estimate)givesanumberof candidateventsthatis
thedifferencebetweerthetotal numberof obseredeventsandthatexpectedfrom the
backgroundalone. Instead for the threeGalacticmodels,a numberof eventslarger
thanthis differenceis attributedto the signal,asa consequencef a ‘possibly good’
time modulationrecognizedn the data(in otherwords, the method'likes to think’
that, given a time distribution shapethat remindsthe patternof the Galacticmodels,
the backgrounchasmostlikely underfluctuateavithin whatis reasonablhallowed by
its probability distribution).

To summarizethis subsectionthe threeGalacticmodelsshav goodagreemenin
indicatingfor which valuesof g.w. events,or eventrate,we must increase our beliefs.
But thefinal beliefsdependon our initial ones,asexplainedintroducingthe Bayesian
approachlf you think that,givenyour bestknowledgeof the modelsof g.w’s sources
andof g.w. interactionwith cryogenicdetectorsag.w. rateon Earthof up to O(1)
event/dayis quite possible the datamakeyou to believe thatthis rateis ~ 1.0 + 0.5
event/dayandthatthey containa 10 &+ 5 genuineg.w. coincidences.

4.3 Model comparison taking into account the a priori possible
valuesof the model parameters

While in theprevioussubsectionwe have beeninterestedo learnabouta or r» within a
model(andthen,sinceall resultsareconditionedy thatmodel it makesnosensdrom
thatperspecitieto stateif themodelis right orwrong),let usseenow how to modify our
beliefson eachmodel. This is a delicatequestionto be treatedwith care. Intuitively,
we canimaginethatwe have to makeuseof the R values,n the sensahatthe higher
is thevalueandthe most‘the hypothesisincreasedts credibility. Thecrucial pointis
to understandhat‘the hypothesisis, indeed a complex (somavhat multidimensional )
hypothesis. Anotherimportantpoint is that, given a non null backgroundand the
propertiesof the Poissondistribution, we are never certain thatthe obsenationsare
notdueto backgroundilone(thisis thereasorwhy the R functiondoesnot vanishfor
a —0).

The first point canbe well understoodnaking an example basedon Fig. ll and
Tah ll ComparingR s for the differentmodelsone could cometo the rashcon-
clusionthatthe GalacticCentermodelis enhancedby 21 with respecto thenong.w.
hypothesispr thatthe GalacticCentermodelis enhancedby afactor21/7 with respect
to the hypothesi®of signalsfrom sourcesuniformly distributedover the GalacticDisk.
However theseconclusionsvould be correctonly in the casethat eachmodelwould
admitonly thatvalueof the parametewhich maximizesR, i.e.

f(Data|GC, a = 2.1)

BFgc(a=21),6GD(a=16) = (Daa| GD, @ = 1.6) (17)
f(Data| GC, a=2.1)
_  J(Data|BKGDalong) _ Rgc(2.1) 21 _ 3
- {(Data|GD,a:1.6) "~ Rep(1.6) T T

f(Data| BKGD alone)

But we are,indeed,interestedn BFgc ¢p andnotin BFgc(a=2.1),GD(a=1.6)- We
musttakeinto accountthe fact thata wide rangeof « valuescould be associatedo
eachmodel.

Let ustakethe Bayesfactordefinedin Eq. (). The probabilitytheoryteachesus
promptlywhatto do wheneachmodeldepend®n parameters:

P(Data| M) = /P(Data| M, 0) f(8)de, (18)
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where#f standdfor the setof the modelparametersind f(8) for their pdf. Applying
thisformulato the Bayesfactorsof ourinterestwe get

_ P(Data| M;) [ L, (a;Data) fo,,,(a)da
BEMM = BDaalM,) = [Lw (o Dad) o (a0

wheref. () is the(modeldependentprior abouta. Notethatthe Bayesfactorswith
respecto M, ="backgroundalone”getthesimpleexpression

BEsm, = [ Ruu(a) fovila) da. (20)

Equation(8) showvsthatthe ‘goodnessof the modeldepend®n theintegratedikeli-
hood

/[,M(a ; Data) fo,, (o) de (21)

whichis sometimegalled‘evidence’(in the sensahat“the higheris this numberthe
higheris the evidencethat the dataprovide in favor of the model”). It is important
to notethat £ (e ; Data) hasits maximumvalue aroundthe ML point aepry,, but
Eq. 8 takesinto accountall prior possibilitiesof the parameterThus,in generalit

is not enoughthat onemodelfits the databetterthanits alternative (think, e.g.,atthe
minimumy? asa measuref fit goodnessjo preferfinally thatmodel. First thereare
themodelpriors,which we have to takeinto account.Secondthe evidence(®® takes
into accounthe parametespacepreferredoy thelikelihood (i.e. thevaluesaroundthe
ML point) with respecto the parametespaceallowed a priori by the model. In the
extremecase pnecouldhave amodelthatcanfit ‘perfectly’ theexperimentalataafter
having adjusteddozensof parametersbut this modelyields a very small ‘evidence’
andit is thereforedisregarded.This automatidiltering againsttomplicatednodelsis

anicefeatureof the Bayesiartheoryandremindsthe Ockham’Razorcriterion [[].

To betterunderstandhe role of the parameterprior in Eq. (i, let us takethe
exampleof amodel(whichwe do not considerrealisticand,hencewe have discarded
apriori in our analysis)thatgivesa signalonly in oneof the 1/2 hoursbins, beingall
bins a priori equallypossible. This model M would dependon two parameterse
andt;, wheret, is the centerof thetime bin. Consideringx andt¢; independentthe
parameteprior is fo(a,ts) = fo(a) - fo(ts), wheref,(t;) = 1/48 is a probability
functionfor thediscretevariablet,. The‘evidence’for this modelwould be

1
;/ﬁMs(a,tS; Data) fo(a) fo(ts) da = ; E/L’,Ms(a,ts; Data) f.(a) da

If the datashawv a very large peakin correspondencef ¢, = t;,,,, we have that
L, (a,ts,,, ; Data) 3> L, (a,ts #1s,,, ; Data) andthen

;/EMS(a,tS ; Data) fo(a) fo(ts) da & %/L’,Ms(a,tsML ; Data) fo(a) da

This modelis automaticallysuppressetly afactor=s 48 with respecto othermodels
thatdo not have thetime positionasfree parameterNotethatthis suppressioigoesin
the samedirectionof the reasoninglescribedn Seclll But the Bayesianapproach
tellsuswhenandhow this suppressiomasto beapplied.Certainlynotin the Galactic
modelswe areconsidering.

As we have seenwhile the Bayesfactorsfor simple hypotheseg'simple’ in the
sensehatthey have no internal parametersprovide a prior-free information of how
to modify the beliefs,in the caseof modelswith free parameter8ayesfactorsremain
independentrom the beliefsaboutthe models,but do dependon the priors aboutthe
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modelparametersln our casethey dependn the priorsabouta, which might be dif-
ferentfor differentmodels.If wewerecomparingdifferentmodels eachwith its f, («)
aboutwhichthereis full agreemenin the scientificcommunity all furthercalculations
would bestraightforward However, we do notthink to bein sucha nicetext-booksit-
uation,dealingwith openproblemsin frontier physics(for example,notethat«, and
thenr andn,,., dependon theg.w. crosssectionon cryogenicbars,andwe do not
believe thatthe understandingf theunderlyingmechanisms completelysettled).In
principle every physicistwhich have formedhis/herideasaboutsomemodelandits
parametershouldinserthis/herfunctionsin theformulaeandseefrom theresulthow
he/sheshouldchangehis/heropinion aboutthe differentmodels. Virtually our task
ends here, having giventhe R functions,which canbe seemasthe bestsummaryof an
experimentalfact,andhaving indicatedhow to proceedfor recentexamplesof appli-
cationsof this methodin astrophysiceindcosmologyseeRefs.[Z8, T4 7). Indeed,
we proceedshawing how beliefscanchangegivensomepossiblescenariodor f. («).

Thefirst scenarids thatin which the possiblevalue of o are consideredso small
that f. («) is equalto zerofor o > 0.01. Theresultis simple: the dataareirrelevant
andbeliefson thedifferentmodelsarenot updatedy thedata.

Otherscenariosnight allow the possibility that f, () is positive for valuesup to
O(1) andmore. We shall usethreedifferentpdf’s for o asexamplesof prior beliefs,
thatwe call ‘sceptical’,'moderate’and’uniform’ (upto « = 10). The‘moderate’pdf
correspondso aratewhich is rapidly going to zeroaroundthe valuewhich we have
measuredTheinitial pdfis modelledwith ahalf-Gaussiamith o = 1. The‘sceptical’
pdf hasa o tentimessmaller The ‘uniform’ considersequallylikely all « up to the
lastdecaden whichtheR functionsaresizablydifferentfrom zero.Herearethethree

fo(a):

fo(a|sceptical o« AN(0,0.1) (a>0) (22)
fo(a|moderatg < AN(0, 1) (a > 0) (23)
fo(a|uniform) = & (0 <a<10), (24)

whereN (p, o) standgor a Gaussiamistribution. For simplicity, we usethe samesets
of priorsfor all modelsthoughthey could,andprobablyshould,be differentfor each
model.But we think thatthisis sufficientfor the purposeof this exercise whichis that
of illustratingthe method.

Using thesethree pdf's for the parametery, we canfinally calculateall Bayes
factors. We reportin Tah [l the Bayesfactorsof the modelsof Fig. ll with respect
to model M, = “only background”,using Eq. (). All other Bayesfactorscan
be calculatedasratio of these. The interpretationof the numberss straightforward,
rememberindeq. (. If thepreferencevasfor o valuesbelaw 0.1 (the‘sceptical’),the
dataproducea Bayesfactorjustabove 1 for all models,indicatingthatthe experiment
hasslightly increasedour corviction, but essentiallythereis no model particularly
preferred. If, instead,we think, thoughwith low probability that even valuesof o
above 1 arepossible(i.e. » > 0.5 event/day),thenBayesfactorsare obtainedwhich
that can sizably increaseour suspicionthat someevents could be really due to one
of thesemodels! Within this ‘moderate’scenariothereis somepreferencefor the
GalacticCentermodelwith a Bayesfactorabout2 with respecto eachothermodel.
This resultcontradictthe naive judgmentbasedon obsenation of a ‘peak’ at around
4:00. The responsef the Bayesiancomparisortakesinto accountall featuresof the
modelpattern,includingthewidth of the peaks.

To understandhe quantitate role of the Bayesfactors, let us makesomeexamples: 8.4 meansthat if
someoneavasin seriousdoubtto believe or not(i.e. P = 50%), in thelight of the datahis/herbeliefincreases
to 89%. A BF of 100would makethe sameperson‘practically sure’(99%), or would bring into seriousdoubt
ascepticaperson(who hadaninitial belief of 1%).
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Table 2: Bayesfactors,for the four modelsof Fig. @ with respecto model My = “only
background’dependingon three choicesfor f,(a). The thumbnailsshaving f,(«) are
log-log plotswith abscissacalesxactly asin Fig.li

‘sceptical’ ‘moderate’ ‘uniform’

Model

1.3 8.4 5.4

1.4 4.1 1.7

1.2 3.9 2.6

=

1.2 1.4 0.2

5 Conclusionand discussion

Thispaperis mainly onmethodologicaissuegelatedto modelcomparisonén critical,
frontier physicscasesvherethe prior knowledgeis relevant.

We have givenreasonf why ‘conventionalstatistics’(i.e. the collectionof fre-
guentisticprescriptionsyoesnot adequatehapproactthe problemof modelcompar
ison,mainly becausef impossibility of classifyhypothesei a probability scaleand
of the pretensiorthat goodcriteriato statewhat is ‘significant’ canbe derived from
the propertief the null hypothesislone without consideringhe detailsof thealter
native hypotheses.

Within the so called Bayesianframeavork, we have startedfrom the basicobser
vation thatthe mosta probability theoryshoulddo is to provide rulesto modify our
beliefson thelight of experimentaldata.Beliefs canbe aboutthevaluesof the param-
etersof a modelor aboutalternatve models. As far asbeliefson modelparameters
are concernedwe have shown that the likelihood, rescaledo its insensitvity limit
value(theR function,or ‘relative belief updatingfactor’), represents.good,prior in-
dependentvay of summarizingheinformationcontainedn the datawith respecto a
givenmodel.Indeed whenthis methodis appliedto the ExplorerNautilusdata,from
thevisualinspectionof the’R functionthereadergets,for eachmodel,animmediate
overview of whatthe datasayaboutthe numberof eventsinvolvedin the obsenation
(@ = r x Typs x €). The a valuesfor which the relative belief updatingfactor is
maximumcorrespondo atotal numberof g.w. eventsin thedata(n..) about10 for
all threeGalacticmodels. For thosewho sharebeliefsthat numbersof this order of

2If you are puzzledby the question“why do frequentistichypothesigestoften work?”, you might give a
look at Chap.10 of Ref. [[].
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Figure 4. SameasFig. [l but for datagroupedn solartime bins

magnitudeor more arepossible(andthat oneof the threemodelsis the correctone),
theR canbetranslatednto aresultn,,. ~ 10+ 5 (or arateon Earthof ~ 1.0 £0.5).

Goingto themodelcomparisonye have shavn the unavoidablecomplicationdue
to the fact that eachmodel dependson a free parameter«a) and, hence,the Bayes
factorsdependn the prior pdf of this parameteri.e. f. ,, («). Sincethemodelsused
donotcomewith akind of referencefs , , (o) (we hopethatmorework will bedonein
thisdirection)we hadto do somechoicesandwe have giventheresultsunderdifferent
scenariosfrom the mostnegative one (“there is no chancethat the modelsproduce
somethingobsenable,giventhe presentenepgy sensitvity”) to someothersin which
« above 1 areconcevable(describedy thepriorswe have calledin thetext ‘moderate’
and’uniform’). Giventhesescenarioghe GalacticCentermodelgetspreferredover
theothersby a Bayesfactorof about2:1.

We would like to endreplying to the objection, arisenoften in discussionsthat
“the plot with coincidencegroupedin bins of siderealtime providesthe sameinfor-
mationof thatin which coincidencesre groupedin bins of solartime”. This might
be true if oneis blindly looking for “statistical significance”,following strictly fre-
guentisticprescriptionswhich, asexplainedabore, we do not considetthe properway
to go [mary igNobel pricesshouldhave beengivenin the pastdecadeso (especially
particle-)physicistsvho finally found a good“statisticalsignificance”. .].

To answerthis objectionwe have donethe exerciseof applyingexactly the same
analysiswith the samemodelsto the datagroupedin bins of solartime. Theresults
aregivenin Fig.llandTah [ll which have theanalogousneaningof Fig.llandTah [l
TheR functionsdo notshav valuesof « particularlypreferredby thedata:they have
approximatelya smoothedtep-functiorshapevhich dividesthe ordersof magnitudes
of a (on the right side)that are excludedfrom thosein which the experimentloses
sensitvity. This is moreore lesswhatwe could getdistributing 34 entriesin 48 bins
accordingto a multinomial distribution: small differencesn the shapeof R ()
dependontheindividual occurrencesf the multinomial dataset(but never forgetthat
themultinomialdistributiondoesnotforbid strongclusteringof theentriesaroundone
bin!).

The lessonfrom this exerciseis that the ExplorerNautilus 2001 data, plotted as
a function of a sensiblephysical quantity and comparedwith physically motivated
models,doesnot provide the sameinformation of ary randomsample. Indeed,the
evidencein supportof the modelsis not enoughto modify stronglyour beliefs,but it
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Table 3: SameasTah ll, but for datagroupedn solartime bins
‘sceptical’ ‘moderate’ ‘uniform’

Model

1.0 0.5 0.1

1.1 1.2 0.3

1.0 0.9 0.2

SllE

1.2 1.2 0.2

is certainlyatthelevel of “stay tuned”,waiting for resultsof the 2003run.
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