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I. “EQUATIONS”.

The velocity u(x) of an incompressible viscous fluid in a 2-dimensional (2D) periodic container [—L, L]? can be
written via its Fourier’s components uix = t_x, k € Z2:

kt .
u(x) = Z iuk?e_lk’x (1.1)
/L
and the Navier-Stokes (NS) equation for its evolution with kinematic viscosity v is:
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(1.2)

Ty, x, k = k=k; +ky

with k = (k1, k2), k1 = (k1,1,k12), ko = (k2.1,ke2) € 22, k? = k2 + k3, || k|| = (kz)%, and the forcing fi is supposed
fixed once and for all and to act only on ’large scale’:

fie =0 unless k| max Jki| < ky < oo (1.3)

The equation obtained by restricting in Eq.(??) to have components with |k|, |ki], ko] < N, where N > kj is an
integer: the resulting equation will be called the 'regularized’ NS with "ultraviolet’ (UV) cut off N and denoted N.S¥:
and the velocity fields are checked to be in a space of dimension 4N (N + 1).

Consider also the equation , regularized at N, in which the viscosity v is replaced by

_ Zk k2fku—k
> K ul?

The new equation will be denoted NS g and it has been considered (also in the corresponding ones in 3D) in several
works: for a review see [? ]

The multiplier a(u) is so defined that the NS¥ admits En = Y, k?|uk|? as an exact integral of motion. Hence it
is possible to consider its time average @.

Given N imagine to run the NSV with a viscosity v and that in this evolution the enstrophy has an average En
(typically depending on N): assume first that for N large and there is no intermittency and the average is independent
on the initial data (with probability 1 with respect to the volume). The intermittent cases will be addressed later.

The basic idea is the equations NSV and NSY are equivalent in the limit N — oo if

the average En of En =Y, k?lux|? in NSY and of a(u) in NSY exist for N large

a(u) (1.4)

Assume that the NS¥ is run with enstrophy = En.

a) If averages of observables O(u) which depend only on finitely many Fourier’s components of u (in number N-
indpendent) are considered, then the averages of such observables are converge to the same limit as N — oo: such
observables will be called “local observables” or “large scale observables”.

In other words the equations are equivalent.

b) It is also possible to fix a value of the average enstrophy En and run the NS to compute the average &
(typically N dependent) and then run the NS? equation with viscosity v = @. Then again in the limit N — oo the
averages of the local observables converge to the same limit.

Again the equations are equivalent.

In case a) it is expected that average of a(u) in the NS¥ run with enstrophy En average in NSV converges to v.

In case b) it is expected that the average of En in the NSV evolution run with viscosity @ average of a in N Sg
converges to En.

Here we shall test the above two points at various choices of N, at fixed forcing f with only two modes k = +(2, —1)
or ten modes k = +(2,—1) and k = (k1,%2), |k;| < 1. We also fix the >, |fk|*> = 1 so that the equations have just



one parameter (the viscosity for NSV and the enstrophy En for NSY ) the components of f are chosen randomly and

fixed once and for all.

We shall consider various values of N and for each determine average of En(u) as a function of v, N in NSV

and average of a(u) as a function of En, N in NSg,.

N-independent for large V.
Attention will also be dedicated to test the equivalence for selected local observables: namely O;(u) = |u171|2,
02,—2 = |U2,—2|2-
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Th expectation is that the results will become functions
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The * means that average En is found at the end of a run at fixed enstrophy with the alfa average taken as the

viscosity in an irreversible run.

The ?trans in the rm2 N=20 N0=128 line is doubtful: it is on purpose obtained by starting with a u with very high
enstrophy = 5.e07 to check that it starts decreasing. But it reaches a low Enstrophy comparable with the average
enstrophy of the cases with low N j= 7. Two attractors??
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“THREE MODES FORCING”.
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IV. “FOUR MODES FORCING”.
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V. “FIVE MODES FORCING”.
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