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Abstract. We present a large deviation analysis of a recently proposed
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of the multiplicities of the potential and hopping energies assumed by the system
during its long-time evolution. Once these cumulants are known, even at a
finite order, our approach provides the ground state analytically as a function of
the Hamiltonian parameters. A scenario of possible applications of the analytic
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1. Introduction

The real- or imaginary-time dynamics of systems described by a finite Hamiltonian matrix,
representing bosonic or fermionic degrees of freedom, admits an exact probabilistic repre-
sentation in terms of a proper collection of independent Poisson processes [1]-[3]. For a lat-
tice system, the Poisson processes are associated with the links of the lattice and the prob-
abilistic representation leads to an optimal algorithm [3] which coincides with the Green
function quantum Monte Carlo method in the limit when the latter becomes exact [4].

Recently, in [5] we have exploited the above probabilistic representation to derive
analytical estimations for the matrix elements of the evolution operator in the long-
time limit. In this way, approximations for the ground-state energy, as well as for
the expectation of a generic operator in the ground state of a lattice system without
a sign problem, have been obtained as the solution of a simple scalar equation. The
results presented in [5] were based on the application of a central limit theorem to the
rescaled multiplicities of the values assumed by the potential and hopping energies in
the configurations dynamically visited by the system (see also [6] for details on the
corresponding probability density).

The approximated scalar equation for the ground-state energy obtained by using the
central limit theorem contains only the first two statistical moments of the multiplicities
mentioned above and, as anticipated in [5], suggests that it is a second-order truncation
of an exact cumulant expansion. In this paper, after reviewing in detail the approach
developed in [5], we perform a large deviation analysis of the relevant probability density
and obtain this exact cumulant expansion. In principle, if all the cumulants are known,
we provide a scalar equation whose straightforward solution is the exact ground-state

doi:10.1088/1742-5468 /2005 /04 /P04007 2


http://dx.doi.org/10.1088/1742-5468/2005/04/P04007

Ground state of lattice quantum systems: cumulant expansion

energy of the system. In practice, we measure the cumulants via a statistical sampling
and only a finite number of them are available. The corresponding truncated equation
provides ground-state energies whose level of approximation depends on the values of the
Hamiltonian parameters and on the size of the system. However, the convergence as a
function of the number of cumulants is rather fast and, as shown in some example cases,
the use of the first few cumulants provides results indistinguishable from those obtained
from exact numerical simulations.

The spirit of our approach is different from that of Monte Carlo simulations. In the
latter case, the accumulated statistical data provide information on the specific system
under investigation and new simulations must be performed each time the value of a single
parameter of the model is changed. On the other hand, our approach is semi-analytical
in the sense that we have an exact expression for the ground-state energy, in which some
statistical data, namely the cumulants of the multiplicities mentioned above, must be
provided as an input. However, these multiplicities, and so the corresponding cumulants,
do not depend on the values of the parameters of the model, only on the structure of the
Hamiltonian operator (form of the hopping and interaction terms, size of the system and
so on). For instance, in the case of N spin-up and N spin-down particles with on-site
interaction of strength v the multiplicities depend on the spectrum of the possible on-
site pairs, 0,1,2,..., N, not on v which represents, therefore, a parameter with respect
to which we have analytical results. The analyticity with respect to the parameters of
the Hamiltonian allows the determination of the expectation of a generic operator in
the ground state of the system via the Hellmann—Feynman theorem and suggests other
potential applications that we will discuss at the end.

The paper is organized as follows. In section 2 we briefly review the probabilistic
representation of quantum dynamics for generic lattice systems. In this way, the ground-
state energy is obtained as the expectation of a suitable stochastic functional. In section 3
we summarize our main result, namely an exact formula for the ground-state energy, and
provide an outline of its proof. In the four subsections of the core section 4, we develop
in full detail this proof via the analytical determination, in the limit of an infinitely long
time, of the expectation of the stochastic functional providing the ground-state energy.
In section 4.1, we decompose the expectation in a series of canonical averages of weights,
which are calculated in section 4.2. The canonical averages are evaluated via a cumulant
expansion theorem in section 4.3 and are finally resummed in section 4.4, where the
exact scalar equation for the ground-state energy is presented. In section 5 we discuss
the numerical evaluation of the cumulants which appear in our formula for the ground-
state energy. In the same section, we also study some example cases and compare the
results from using our formula with those from exact numerical calculations. Finally,
general features of our approach and future applications are summarized and discussed in
section 6.

Up to section 4.2, we carry on the development both for hard-core bosons and
fermions, whereas subsequently we limit the method to hard-core bosons, postponing
consideration of the fermion case to a later work.

2. Exact probabilistic representation of lattice dynamics

In this section we review the exact probabilistic representation of the imaginary- or real-
time dynamics of a system of bosons or fermions on a lattice; see [3] for a detailed
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description. This representation is the basis of our approach to studying the ground-state
properties of the system in a semi-analytical way [5]. We concentrate on a simple exclusion
dynamics, in which multiple occupancies of the lattice sites are forbidden, i.e. fermions or
hard-core bosons are considered.

Let A be any finite lattice with cardinality |A| and 1,2, ..., |A| be some total ordering
of the lattice sites. The dynamics of a system of hard-core bosons or fermions on this lattice
is effectively described in terms of commuting or anticommuting destruction operators ¢,,
with the property (¢;,)* = 0. Here, i = 1,2,...,|A| is the site index and o =7 the spin,
or an arbitrary internal index. The system can be represented in terms of Fock states,
n € F, n = (ny,n1y,...,nap, 7)), where ng, is the lattice occupation number of the
site ¢ with spin o taking the value 0 or 1. The number of Fock states is

- ()

where N, is the number of particles with spin o.
We assume the system to be described by the Hamiltonian

H=K+7V, (2)
where K and V are the kinetic and potential operators, respectively. The potential

operator V' is arbitrary, e.g. for the Hubbard model V' = > _, %éZTéiTé;rléil' For the
kinetic operator we assume the quadratic form

Z Zm]ae ”"cwc]a, (3)

i#jeEN o=T]

with 70, 0ij € R and 15, > 0. The case 0,;, # 0 is obtained in the presence of a magnetic
field. In principle, our approach can be extended to more general kinetic operators. The
essential feature to be noted is that in the Fock representation V is diagonal whereas K
is off-diagonal. R

In order to study the ground-state properties of the Hamiltonian H, it is sufficient to
evaluate the long-time behaviour of Y, (n|e #!|ng). In fact, the ground-state energy is
given by

Ey = lim —8;log ) _(nle”""|ny). (4)

The quantum expectation of a generic operator O in the ground state of H _can be obtained
by evaluating the ground-state energy Ey(¢) of the modified Hamiltonian H+£0O and using
the Hellmann—Feynman identity

(Eo(€)|0:H (&) | Eo(€))
(Eo(E)[Eo(€))

Let T, be the set of system links with spin o, i.e. the pairs (i,j) with i # j and
i,j € A such that 7;;, # 0. With each link (¢, j) with spin ¢ we associate the value

= 0cki(8). ()

Aijo(n) = (N @ 1;, @ 1]<T|el€”aczacja + elejwc oCio| V) (6)

where 1,, = (0,...,0,1,,,0,...,0) and n®n' = (n+n')mod 2. We may have |\;;,| = 0,1
only. A link (¢, j) with spin ¢ is called active if \;;, # 0. For 6;;, = 0, in the case of
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hard-core bosons an active link can take only the positive value A;;, = 1, whereas in the
case of fermions an active link is either 1 or —1, depending on whether the number of
particles present between the sites ¢ and j, Z{C;i 41 Mko» 18 even or odd.

Let {Nj;,} be a family of |I'| = |T'; UT'|| independent, Poisson process with jump rate
p. These processes are in a one-to-one correspondence with the links of the lattice. At
each jump of a Poisson process relating sites ¢ and 7 with spin ¢ and taking place at a given
configuration n, a particle of spin ¢ moves from site i to site j or vice versa if | \;;,(n)| = 1,
whereas the lattice configuration n remains unchanged if \;;,(n) = 0. By arranging the
jumps according to the times s,, k = 1,..., N;, at which they take place in the interval
[0,t), we define a trajectory as the sequence of configurations ny,ns, ..., ny, generated
from a chosen initial configuration ny by exchanging, at each jump of the Poisson process
ija, the occupations of the sites n;, and nj,. The number of jumps [V is, of course,
a random integer associated with each trajectory. Let (ig,jx) with spin o; be the link
jumping at the time sg. By putting for brevity

Me = Aigjro, (Me—1), (7)
Nk = Mipjroys (8)
we define with A\, Ao, ..., An,, and 11,79, . .., Ny, the sequences of the corresponding link

values and hopping parameters. With each trajectory, we also associate the sequences
Ao, Ay, ..., Ay, and Vo, Vi..., Vi, representing the number of active links and the
potential energy of the configurations visited:

A= >" Pijo(my)] (9)

U:Tl (ivj)ero

Vi = (ng|V]mg). (10)
For later use, we also define
T = Axni11/€ (11)

where € is an arbitrary reference energy.
At any finite time ¢, the following exact probabilistic representation holds [3]:

(nle™™|ng) = E(0nmny, May,), (12)

where the stochastic functional M;, is defined as
N
M, = et (H %Ake—vk—ﬂ%—%—l)) e~V (t=omy) (13)
k=1

if Ny > 0 and M, = elllPte="" if N, = 0 and the symbol E(-) means the expectation over
the |I'| independent Poisson processes. In equation (13), we put sop = 0. According to this
representation, we have

> (nle ™ |ng) = E(My,,), (14)

n
so that we can evaluate the ground-state energy as
EO = tli>r£3 —&g lOg E<M$LO) (15)
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In the following, we will be able to reduce the study of the expectation of the
stochastic functional (13) to the study of simpler canonical averages over the stochastic
trajectories mg, M1, Mo, ... in which n, # n,_; for any £ > 1, i.e. trajectories in which
only jumps corresponding to active links are considered, and the jumping times are
disregarded (integrated out). These sequences of configurations ng, nq, ns, ... constitute
a homogeneous Markov chain in a finite state space, [F, with the transition matrix P
defined by

A(n)™! if 3o e {1,1} and (i,5) € [',:
an/ = n'=n D ]—ia D 1]'0 and )\ija(n) 7é 0 (16)

0 otherwise,

where A(n) =3 ;> jer, [Aijo(n)| is the number of active links of the configuration
n. Note that ) , Ppn» = 1 according to the fact that P, is the probability for the
transition m — n’. Finally, the canonical averages mentioned above are introduced for
trajectories with a finite number of jumps in the following way. Given an initial state ng
and an application f : FN*! — C, a function of ngy and of the consecutive N configurations
ny,ny...,ny, we will indicate as (f)y, called the canonical average, the average of f
sampled with respect to the measure induced by the transition probability (16) iterated
N times. Similarly, we can consider canonical averages in which the initial state is not a
single Fock state, ng, but an ensemble with distribution 7ry. An ensemble of particular
interest is the invariant measure 7r, defined as the left eigenvector of the transition matrix,
7" P =« It is simple to verify that
A(n)
m(n) S An)’ (17)

3. Main result and outline of the proof

Evaluating the expectation E(M}, ) over the detailed realizations of the stochastic
processes specified above can be done numerically by a Monte Carlo method [3]. The
efficiency of the corresponding numerical algorithm is discussed in detail in [7]. In
this paper, we are interested in obtaining analytical expressions of E(M!, ), which are
asymptotically exact in the limit ¢ — oo, and providing an exact formula for the ground-
state energy by using equation (15).

Let us call .Z, 7 and .7 the sets of all the possible different values A, V" and T" assumed
by equations (7), (10) and (11), respectively, along a trajectory ng, 11, na, . .. formed by
infinitely many jumps. Let my, my and mg be the corresponding cardinalities. Since
any configuration can be obtained from any other one by a finite number of jumps, i.e. the
Markov chain of the trajectories is irreducible, the elements in the sets ., ¥ and .7 do
not depend on the initial configuration ng,. Moreover, the value of their elements and, in
particular, their number depend only on the structure of the Hamiltonian operator, not
on the values of the Hamiltonian parameters.

As we shall show, a crucial point is that, if we consider the conditional expectation
in which the number of jumps N is fixed, E(M!, |N; = N), and integrate over all the
possible jump times, what matters in determining the value of E(MY, |N; = N) is not the
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detailed sequences of the configurations visited but just the multiplicities, or numbers of
occurrences, Ny, Ny and Np of the variables A\, V' and T, respectively. Explicitly, for a
trajectory with N jumps, these multiplicities are defined as

N-—1

Ny = Z 5>\k,)\> (18&)
k=0
N
k=0
N-—1

Np = Z O, 1> (18¢)
k=0

with Ay, Vi and T}, given by equations (7), (10) and (11). The expectation E(ML,_|N; = N)
is thus reduced to an average over the variables Ny, Ny and Np. In other words, after the
stochastic times have been integrated out, the knowledge of all the canonical moments

<Nal"'Nak>N7 (19>

where a; € = VU T UL, i = 1,...,k, determines completely the expectation
E(M;, Ny = N).

Let us consider the case of hard-core bosons in the absence of magnetic fields, i.e. the
case for which .2 = {1}. As we will prove, after the integration of the stochastic times,
the conditional expectation E(MZ, |N; = N) becomes

E(MLIN;=N) = <WN(t) 11 TNT> : (20)

TeT

where Wy (t), called the weight, is a function that depends only on the multiplicities of
the potential (18b), whereas the other factor is a purely kinetic function that depends
only on the multiplicities (18¢).

In order to understand the behaviour of equation (20), and then of equation (14),
let us start by considering a non-interacting system with V = 0. In this case we have
¥ = {0} and the weights have the simple exact expression WJ(S)(t) = NtV /N!. Therefore
for E(ML, |N; = N) we are left with a residual canonical average over the variables Ny
and we get

N N
E(MY N = ) = O (emrisonry L) (21)
where a is a suitable value coming from the integration over Nrp.

The result in equation (21) can be immediately obtained from the rough
estimate (exp[>_;log(T)Nz|)n ~ const’, based on the bounds exp[N log(Timm)] <
(exp[> ; log(T)Nr])n < exp[N log(Tmax)], which in turn follow from the normalization
> res Nr = N. By using a cumulant expansion theorem [8], however, it can be shown
that this result becomes exact for N — oo if we assume the existence of the following
rescaled cumulants of the variables Np:

k . 1 .
Zg“l),...,Tk = lim N<NT1 .. 'NTk>§v), )

N—oo
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where by (- ) ~ we indicate the cumulants, or connected correlation functions, sampled with
respect to the measure induced by the transition matrix (16). The connection between
these cumulants and the statistical moments introduced above is well known. For k =1
we have <NTI>§\CI) = <NT1>N7 for k =2 <NT1NT2>§\67) = <NT1NT2>N — <NT1>N<NT2>N and so
on.

Since the Markov chain with the transition matrix (16) is finite and irreducible, for
k =1 the existence of the limit (22) is ensured by an ergodic theorem [9]. On the other
hand, for k£ > 1, the existence and the finiteness of the rescaled cumulants (22), or of the
more general limits (26), follows from the exponential decay of the correlations of local
functions of the configurations along the Markov chain. For the T" variables, this property
amounts to saying that for any k there exist positive constants by and N.(k) such that for
any NV,

hmax - hmin
7> : (23)

[, () = X (na, )] < by, exp <— No(k)

where x,.(n) = Or(n),r is the characteristic function of the states T" and hpay and Ay, are
the maximum and the minimum of the indices 0 < h; < N, [ =1,...,k along the chain.
A numerical check of equation (23) for k£ = 2 will be shown in section 5.

Since the rightmost expression in equation (21) has, as a function of N, an
exponentially leading maximum at N = eat, We see that for t large an important
consequence follows. The full expectation E( no) = Don—oE(WML |N, = N) takes
exponentially leading contributions from terms Wlth N ~ eat. Therefore, for t — oo
we have that (i) the saddle point technique used to evaluate the canonical averages over
Nr becomes exact and (ii) a further saddle point integration can be used to exactly
resum the full expectation E(M¢, ). In conclusion, we obtain an exact expression for the
ground-state energy, namely lim;_,, —9, log E(MZ, ).

For V # 0, the above-described scenario remains essentially unchanged. In fact,
even though in this case the integration of the stochastic times cannot be done exactly,
it can be performed using a saddle point approximation, which becomes asymptotically
exact for N — oo. Independently of their exact value, as we will prove later, the weights
are bounded by WJ(\(,))(t)e*Vm"t < Wh(t) < W(O (t)e~Vmint and behave, as a function of
N, similarly to in the non-interacting case. The conditional expectations (20), which
now reduce to residual canonical averages over both the variables Ny and Ny, can be
evaluated analogously with equation (21). The result again implies that the saddle point
integrations we perform to evaluate (i) the weights, (ii) the residual canonical averages and
(iii) the sum of the series > T _j E(Mi, [Ny = N) all become exact in the limit ¢ — oo.
The conclusion is that for hard-core boson systems in the absence of magnetic fields,
i.e. Z = {1}, the ground-state energy Fyp is determined by the following scalar equation
involving all the cumulants of the Markov dynamics:

Z k! Z Z 2 o oo (EoB) - -+ oy (Eop) = 0 Eop < Vinin, (24)
k=1 a e ap €N

where 7 = ¥ U .7, and the vector u* = (---uy ;- up---) with V€ ¥ and T €

is defined as
uT(EOB) =(---—log[(—Exg+V)/e|---;---1logT---). (25)
doi:10.1088/1742-5468 /2005 /04 /P04007 8
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The existence of a unique solution of equation (24) is ensured by the condition Fyg < Vinin-

The asymptotic rescaled cumulants 251’?,...,% are defined as

() = lim <Na1 o 'Nak>§\cf)

Qat,...,Qk Nooo N )

(26)

where by <~>(c) we mean the cumulants, or connected correlation functions, of the
multiplicities N,, a € ¢, sampled with respect to the measure induced at N jumps
by the Markov chain with the transition matrix (16).

For V = 0, equation (24) can be solved explicitly and we get the following exact

expression for the ground-state energy E((]%) of a non-interacting hard-core boson system:

=1
Eé%) = —eexp Z il Z Z Z(Tkl)Tk logT -~ -log T} | (27)

k=1 "TieT T.€T
For a generic V, equation (24), with the series truncated at an arbitrary finite order kyax,

can be solved numerically in a straightforward way by using the bounds Eé%) + Vain <
Eog < Vinin-

Equation (24) allows us, via the Hellmann-Feynman theorem (5), to also evaluate the
expectation of any other operator in the ground state of the chosen Hamiltonian (see [5] for
more details). Moreover, it is clear that the cumulants 3*) depend only on the structure
of the Hamiltonian operator, not on the values of the Hamiltonian parameters. Therefore,
once the ) are known, all the evaluated ground-state expectations are given analytically
in terms of the Hamiltonian parameters.

Our analytical formula for the ground-state energy (24) rests on the knowledge of
the asymptotic rescaled cumulants. In some special cases, it could be possible to also
evaluate, at least approximatively, these cumulants analytically. We refer the reader to
section 5 for a detailed discussion on determining the cumulants in a numerical way. In
that section, some example cases are worked out explicitly. Finally, we refer the reader to
section 6 for a scenario of possible applications that exploit the analytic character of our
approach.

4. Probabilistic expectation in the long-time limit: proof of equations (24)—(27)

4.1. Canonical decomposition of the expectation

To evaluate the expectation E(M, ), we decompose it as a series of conditional
expectations with a fixed number of jumps (canonical averages):

E(MY,) = 3 MY [N = N). (28)

In the canonical averages the stochastic jump times are easily integrated out. In fact,
multiplying the stochastic functional (13) with the condition N; = N by the infinitesimal
probability,

dPy = e M1 pds e Mls2751)  dgy - e ITIGn=sn-1) 5 g e IPICE=sn)
to obtain the jumps 1,2,..., N of the independent Poisson processes in the intervals
[s1,81+ds1), [s2,80+ds2), ..., [sn, sy + dsw), respectively, and integrating over the times
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S1,82,...,5N, we get

E(ML N, = N) = > SURIW (1), (29)

reQn

where Qn = Qpy(ng) is the set of all possible trajectories with N jumps branching from
the initial configuration ng and

Sy =M AR (30)
KW = e M- (31)

W(T / dsl/ dsg - - / dsy e Vos1— V7 (s2=s1) =V (- SN)| (32)
SN—1

Equations (30), (31) and (32) define three dimensionless quantities related, respectively,
to the sequences of the signs (more generally, of the phases) of the hopping parameters
and of the potential values associated with the rth trajectory with N > 0 jumps. We
have SO(T) = IC( 7 =1 and W(T)( t) = e""" in the case N = 0. The quantities W](\?) (t) are
positive deﬁmte and will be called weights in the following.

From equation (30), it is clear that only the trajectories formed by a sequence of
active links contribute to the sum in equation (29). Hereafter, therefore, we restrict Qy
to being the set of these effective trajectories with N jumps branching from ny and we
exclude the value A = 0 from the set .Z.

The sum over the set {2y can be expressed as an average, (-)y, over the trajectories
with N jumps generated by extracting with uniform probability one of the active links

available at the configurations ng, nq,...,ny_1. The probability associated with the rth
trajectory generated in this way is p%) = kN;(} 1/ Ag") and we have

N-1
Z S](\Tf’) (T)W Z p%)S(T)IC (7") H A(r) <SNWN ) H Tk> : (33)
T’EQN T‘EQN k=0 N

where ()n = > cq, p%). Note that > p%) = 1. By using the definitions (18a)
and (18¢), we rewrite the canonical averages as

E(M!, [N, = N) = <WN(t) IR TNT> . (34)

\eZ TeT

In the following, we will consider only hard-core bosons in the absence of magnetic fields.
In this case, .Z = {1} and we are left with averages of positive definite quantities:

E(ML [N, =N) = <WN(t) 11 TNT> : (35)

TeT

doi:10.1088,/1742-5468 /2005 /04 /P04007 10
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4.2. Evaluation of the weights

In this section, first we find a recursive differential equation for the weights Wy (t). Then,
taking the Laplace transform of this equation, we realize that the weights depend only on
the multiplicities Ny of the potential, not on the detailed sequence Vg, Vi, ..., V. Finally,
we use a saddle point technique on the complex plane to obtain an explicit expression for
the weights, which becomes exact in the limit N — oco.

Equation (32), which defines the weights Wi (t) for N > 1, can be rewritten as (for
simplicity, we omit the trajectory index (1) but we stress the dependence on the sequence
of the potential values)

WN(t7‘/07‘/177VN) - GN(t;%ama"'aVN)e_VNta

where

t t t
GN<t§V()7V17---7VN):€N/ dSl/ d82"'/ dSN9(52—31)9(53—82)"'
0 0 0

X O(sy — sn—1)exp(A1sy + Agsy + -+ + Ansy),

with Ay = Vi — Vi, k= 1,2,..., N. By evaluating the derivative of Gx(t), for N > 0,
with respect to t,

8tGN<t7 %7 ‘/17 sty VN) - €GN71<t; %7 ‘/17 ) VN*I) eXp<ANt)7

where Gy(t;Vp) = 1, we find the following recursive ordinary differential equation for
WN(t)I

8tWN<t7 ‘/07‘/17 .- 7VN) = 6WN*1<t; ‘/07‘/17 .- '7VN71) - VNWN<t7 ‘/07‘/17 .- 7VN) (36>

Since equation (36) is linear in Wy (t) and Wy _1(t), it is convenient to introduce the
Laplace transform

Wi (z) = / dte Wi (t), z € C.
0

On observing that Wy (0) = 0 for N > 0, equation (36) reduces to the following recursive
algebraic equation for Wy (z):

ZWN(Z) = GWNfl(Z) - VNWN<Z), (37)
from which we get
Wii(2) = e(z + V)" Wi (2). (38)

We recall that for N = 0 we have Wy(t; V) = e~"* and, therefore, Wy(2) = (z + Vp) .
By iterating equation (38), we arrive at the solution

N
5 N
]/VN(Z)_6 ]!;[Oz_'_vka

which, in terms of the multiplicities (18b), takes the form
Wy(z) =" [ z+V) " (39)
ver
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This expression shows that, for any value of N, the weights depend only on the
multiplicities Ny, i.e. Wy (t; Vo, Vi, ..., Vn) = Wi (t; {Nv }).

The explicit inversion of the Laplace transform (39) can be done analytically only
for N large. However, as we will immediately prove, this is the limit we are interested
in. In fact, in the case V = 0, we have Wy (t) = W](\(,))(t) = eVt /N, which is easily
obtained by direct integration of equation (32). For ¢ large W](\(,))(t) has, as a function
of N, a maximum at N(¢) = et and, around this maximum, is well approximated by a
Gaussian of width /N (t). For V generic, let us indicate by Vipin and Vi, the minimum
and maximum elements of ¥ such that Ny # 0 for the trajectory we are considering. In
equation (32) we thus have Vi < Vi < Vipax, £ =0,1,..., N, and

e—Vmaxt S e—Vosl—Vl(SQ—81)~~~—VN(t—SN) S e—Vmint. (4())

We conclude that the weights are bounded by
W (et < Wie(t) S W (Be e, (41)

so that, for t — oo, exponentially leading contributions are obtained from values of N in
the range [et — /et et + \/et]. )

According to equation (39), Wx(z) has my < my poles at the points z, = =V
such that V' € ¥ and Ny # 0. For N sufficiently large, the number my of these poles
approaches my. For any finite value of N, the poles of Wy(z) are confined in the real
segment [—Vinax, —Viin]. Recalling the rule for the Laplace inverse transformation, we
have

1 ~
Wi (t) = 2—7Ti/rdzeZtWN(z),
where the integration contour I' can be any line parallel to the imaginary axis and
contained in the analyticity domain of the Laplace transform. In our case, I' must be
in the domain Rez > —V,;;,. By Jordan’s lemma, the contour can be closed to infinity
in the left half-plane Re z < —V,;;;, without changing the integration result. Finally, by
Cauchy’s theorem, I' can be deformed into any other anticlockwise closed contour I" still
containing all the poles zy . .
Using the expression (39) for Wy (z), we write its anti-transform as

1
Walt) = 5— [ dz exp[Nep(2)], (42)
TIE J1
where
2t NV z2+V
p(z) = N N log c (43)
vey

For t large and N ~ t, since also Ny ~ N due to the ergodicity of the trajectories, we can
evaluate the complex integral (42) by a saddle point technique. Let us call the point of
the complex plane where (z) is stationary zp, i.e. d,¢(z) = 0. We deform the contour
[ into a new one, I (steepest descent), such that, for z € I', Re p(2) has a maximum at
29, whereas Im ¢(2) is constant, at least at the first order in its Taylor expansion around
29. Provided that the contour I remains in the analyticity domain of ¢(z), the following
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standard result applies [10]:
1 27

t) = 1 N 44
WN( ) Irtie N|8§Q0(Zo)| GXp[lO[ + ()0(20)]7 ( )
where « is defined as
1
o= g 58 92 ¢(20) (45)

and represents the angle formed, at the saddle point zg, by the new contour I'” with respect
to the original one I'.

Now we calculate the first and second derivatives of ¢(z) and the saddle point zp.
From equation (43) we have

Qop(z) = ~ Z N 2+V (46)
2,(2) = &#
02¢(2) 2N GrVP (47)

In terms of xy = Re 2y and yy = Im 2y, the saddle point equation, d,¢(z9) = 0, reads

t NV Zo
=0, (48a)
N Vey N (SL’Q +V)

Ny Yo
N (SL’Q -+ V)2 +y2

~0. (480)
Vey

As Ny > 0, equation (48b) is satisfied only by yo = 0. Hence, we are left with the following
equation for zg:

N
> VV =t. (49)
oy ot

For any ¢t > 0, equation (49) has my solutions. The first my — 1 solutions, ordered
according to increasing value, are in the range —Vi,ax < 9 < —Viin, whereas the last one
is such that x¢y > —Vi,. This is the only solution compatible with the condition that the
integration contour I', passing through zy = z¢+iyp, is contained in the analyticity domain
of p(2). Therefore, for any ¢ > 0, we have one and only one saddle point determined by
equation (49) with the constraint xy > — V.

The fact that yo = 0 also implies

N 1
o2 — } v - 50
ZQO(ZO) = N (1'0‘|‘V)2’ ( )

so that we have
arg 0%p(z) = 0, (51)

i.e. @ = /2. The integration contour I', therefore, has to be deformed into a new one I"
parallel to the real axis. At a first sight, this kind of deformation is incompatible with
the condition that I strictly contains all the poles z;, located on the real axis. However,
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Figure 1. Integration contours I' and I" in the complex plane z = x 4 iy, which
are used to evaluate the Laplace anti-transform of Wy (z). The saddle point xq
and the poles of Wy (z) are indicated by open and filled circles, respectively.

the largest solution of equation (49) is bounded from below by xy > —Viin + Ny /t.
This means that for ¢ — oo with Ny, .~ N ~ t, the distance between the saddle point
and the closest pole at z = —V.;, is finite. Therefore, we can take I parallel to the real
axis only in a finite neighbourhood of the saddle point as shown in figure 1. In fact, the
contribution to the integral due to this neighbourhood of zj is exponentially leading in N
with respect to the rest of the contour.

In conclusion, for t — oo with N ~ t, the integration on the contour I chosen as
described above becomes asymptotically exact and, in this limit, we have the following

exact expression for the weights:

etot— vy Nv log[(zo+V)/€]

Wi (t) = , 52
v V271 Yy ey (ENy /(20 + V)?) (52)
N
Z VV - t, Ty > _Vmin- (52b)
vey ot

This expression is semi-analytic in the sense that the simple equation (52b), which
provides zy to be inserted into equation (52a), must be solved, in general, numerically or
recursively.

For V = 0, we can verify that the above expression for the weights reproduces the
exact result W](\?) (t) = eVt /N!. In this case ¥ = {0} and the solution of equation (52b) is
N +1
= (53)
Inserting this value into equation (52a), we have

exp[N +1— (N +1)log[(N + 1)/et]]
V222 /(N + 1)
1 exp(N+1) (NN
V2 (N 4+ 1)N+1/2 '
doi:10.1088/1742-5468 /2005/04 /P04007 14
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On recalling Stirling’s formula
N! ~ 2g NNH1/2e=N, (55)

which derives from a saddle point evaluation of the Gamma function as well, we see that
equation (54) is just the Stirling approximation to eVt /N!.

4.3. Canonical averages via large deviation analysis

To evaluate the canonical averages it is useful to introduce the frequencies, v, = Ny /N,
V€ ¥ and v, = Np/N, T € 7, which for N large become continuously distributed in
the range [0, 1] with the constraints

S =St (56)
Ver TeT

Note that, for N large, we do not distinguish the different normalizations, N + 1 and
N, of Ny and Np, respectively. When possible, we will use a compact notation in
terms of the vectors g and v, which have m = my 4+ ms components indicated by a

Greek index a € # = ¥ U .Z and are defined as p* = (- Ny -++;---Np---) and
VT:(”'VV”‘;.”VT”')' Wehave

pw=Nv. (57)
For later use, we also define ut = (--- — log[(zo + V)/e|--+;---logT---), vt =
(...(1'0+V)71...;...0...) and 'U_)T e (“‘($0+V)72“‘;“‘0“‘). Note that the vectors
u, v and w depend on v through =y = zo(v) and v = —0,,u, w = —J,,v. Finally, we

will take advantage of a scalar product notation. For instance, we rewrite the saddle point
equation (52b) as (v,v) =t/N.

Using the result given by equations (52a) and (52b), we express the rhs of
equation (35) in the following explicit form:

emotJr(;L,u)
<WN(t) H TNT> = Zﬂv(#)m- (58)
TeT N n )

The probability Py (p) is given by the fraction of trajectories branching from the initial
configuration my and having after N jumps multiplicities . According to Poisson’s
summation formula

S =Y [ due s (59)

kezm

the sum over p in equation (58) can be transformed into a series for k € Z™ of integrals
over the same variable in the presence of the oscillating factors expli(k, p)]. As we will
check at the end of the calculation, in the limit of ¢ large all the terms k # 0 of this series
are exponentially damped with respect to the term k = 0. In this limit, therefore, we will
not distinguish the sum over p in equation (58) from the corresponding integral.

In [5] we have evaluated equation (58) for ¢ large by using a central limit theorem
for Markov chains. Although this theorem applies rigorously to each rescaled sum
N./VN = v,V/N, a € . it provides an approximation when, as in equation (58),
variables like v, N are involved. As anticipated in [5], the integrand in equation (58) is
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sensitive to the large deviations of Py (p) from the central limit behaviour and to obtain
more accurate estimates we need to consider a development in terms of the associated
cumulants (connected correlation functions) [8].

Before proceeding with this analysis, we observe that the constraints (56) give

important summation rules for the cumulants. Let us indicate by (v, --- uak)g\‘?,

ai,...,q € A, a cuamulant of order k. In appendix A, we demonstrate that
D ) =Y )y =1, (60)
acy aeT

for k = 1, whereas for k > 1
Z(Va1"'yak>§\cf): Z<V041"'V04k>§\67):0' (61)
ap€YV apeT

These rules provide a basic test for the statistical measurement of the cumulants
themselves. A sampling that aims at measuring the cumulants with a given accuracy
will have to satisfy equations (60) and (61) with the same accuracy.

As is customary in the framework of a large deviation analysis, we are interested in
getting information about the density Py(Nv) in the limit of N large and v finite. On
introducing the Fourier anti-transformation

1 _ /dq elog[ﬁN(Q)}*i(q,u)7 (62)

Pn(q) being the Fourier transform of Py (), equation (58) becomes

<WN(t)H TNT> = <2W) /dl//dqu¢(”q v), (63)

Pn(p) =

TeT

where ¢(v,q) takes into account the exponential behaviour of the integrand, whereas
R(v) is a smooth function. For brevity, we omit the parametric dependence of ¢ and R
on t and N. Explicitly, we have

13 log Py (q)

¢(v.q) = zo5; + (v, u) —i(v, @) + —— (64)
1
Rlw) = 2rNe2 (v, w) (65)

As is well known, the cumulants are related to log Py(q) through the relation
log Py (q) = log(e'“®)

Al ia)) Y,

[
NE
@|>_u

b
Il
—

[
WE
=l

RS (66)

e

=1

Note that for any given N, due to the inequalities (o, - - - flo, )n < N¥, valid for any k,
and due to the asymmetry Py(p) # Pn(—p), the series in equation (66) converge for
every g € C™ (see, for example, [8]).
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We evaluate the integrals in equation (63) by a saddle point calculation (actually
Laplace’s method) with respect to the variable (v,q) € R™ x R™. The derivatives of
¢(v, q) with respect to q, and v, a € J, are

e VA ke o .
8‘1a¢(yaq) ZIZ (k_1)|<(yvlq)k 1VO¢>§V)_1V04
k=1 '

81/a¢<l/7 q) = _iQOz + Uq,

where we have used (v, v) = t/N. Therefore, the stationarity condition for ¢(v, q) implies

e Nkfl ' B .
=3 e e
k=1 ’
1qq = Uaq,

which, in turn, reduces to the following equation for the saddle point frequencies v*P:

2 = 3 Gy o) ) (67)

Hereafter, we will add the superscript ** to a function of v to indicate the value of
this function for ¥ = v**. On approximating the function ¢(v,q) with its second-order
Taylor expansion around the saddle point (¢°P, ¢°P) and performing the resulting Gaussian
integral with respect to the variable (v — v*P, g — ¢°P), equation (63) becomes

<WN(t) 11 TNT> = Cnexp [Y(N)], (68)

TeT

where

P(N) = No(v™®, ¢)

. oo Nk—l .
=aPt+ Ny o (v, uwP)*) (69)
k=1 ’
R(v®P)

T AV, g
V2¢(v, q) being the Jacobian of ¢ with elements

* NE-1 ' B .
01,00, 0) = = >_ Ty (vsi@)" 2at5) )
k=2 ’

VaUs

auaauggb(yv q) == (I/ ’l_U)
8qaau@¢<l/7 q) = &zaaq@(b(l/a q) = _iéaﬁv

for ar, f € 7. It is convenient to introduce two m x m matrices X and A with elements
Za,ﬁ = _aqaaqﬁgb(yspa qsp) (71)
Aag = —00,0,,0(", q). (72)
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In terms of these matrices equation (70) becomes
1 1

Oy = .
Y /]det (1 + BA)| /2r Ne (v, w)

(73)

Note that, in the case vV = 0, the matrix A is uniform and, due to the summation
rules (60) and (61), XA = 0. In general, the same summation rules imply det(XA) = 0,
so that det(1 4+ X A) ~ 1 up to second-order terms in A.

4.4. Resumming the canonical series

In this section, we evaluate the expectation E(Mj, ) by resumming the series of
equation (28). We will replace the series over N by the integral

E(M!,) = / AN Ciy explt:(N)], (74)

and we will perform the integration again with a saddle point technique. At the end,
we will demonstrate the asymptotic exactness, in the limit ¢ — oo, of the saddle point
integration, as well as of the substitution of the series with the corresponding integral, by
showing that in this limit equation (74) takes exponentially leading contributions from
values of N in the range [et — \/et, et 4 V/et].

Before evaluating the stationarity condition for ¢)(N), an important comment is in
order. For any finite value of N, let us introduce the rescaled cumulants of order k, in a
compact notation XV:#) which is defined as the tensor of rank k& with components

Egﬁ[,;.l.g.),ak = Nk71<ya1 e Vak)?\?v (75>
a1, ...,a € . Let B%® be the tensor of the asymptotic values of the rescaled cumulants
in the limit N — oo:

. _ ¢ .1 c
Zggl),---,ak = 1\}13100 Nk 1(’/@1 e Vozk>§\7) = A}EHOO N<Noz1 e Nom)EV)' (76)

These limits exist and are finite since the irreducible and finite Markov chain formed by
the evolving configurations has a finite correlation length N, with respect to the number
of jumps (see equation (23)). Up to corrections exponentially small in N/N., for N > N,
we can use the effective rule

INSR . (77)

ALy O

Using the rule (77), the derivative of ¢)(N) with respect to N is

P @/)(N) _ iNk_l ((1/ usp)k>(0) + NP {t_Ni NHT ((1/ usp)k—l(y ,vsp)>(6)
N a RN N (k= 1) N

k=1

On the other hand, from equation (67) we have
> Nk-1

k1)

(v, ™), 0P) ) = (7, 0™),
k=1
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so that, by using N(v*P, v*P) = ¢, we find

onv(N) = 32 () (78)

In conclusion, the stationarity condition, Oyt (N*P) = 0, gives

> Nlc—l vk (©)
()

=0, (79)

k=1 N=NspP

which in terms of the rescaled cumulants (75) reads

— 0. (80)

k=1 ale% apeH N=Nsp

Equation (80) determines the saddle point N*P for the chosen value of the time ¢.
From equation (78) and using the rule (77), for the second derivative of 1)(N) we find

R(N) = — (P, vP)oya, (81)

where

O = e

= — . 82
N (vsp, wsP) + (BvsP, v*P) (82)

Equation (82) has been obtained by evaluating the total derivative of the saddle point
equation N (v*P v%P) = ¢ with respect to N,
(I/Sp, ,Usp) +N [(amgpysp’ ,Usp) _ (Vsp’ ,wsp)] aNpr =0,

and by observing that, according to equation (67), we have

s s S NE Sp\k— S ¢
O™ ™) = = > Gy (0w P o)
k=2 '
_ —(E’vSp, ,USP).

To evaluate the integral (74), we approximate 1)(N) ~ ¢)(N*P)+10% ¢ (N*P) (N — N*P)?
and C'y >~ Cys. The remaining Gaussian integration gives the following result:

1+ tr(XA) eto't
det (1 + X A)|e(vse, vP)

N=NspP

E(M!,) = (83)

The matrices ¥ and A are defined by equations (71) and (72) and their components
explicitly read

Zop = Zan + Z EID DD DI AR SR8 (84)

k=1 a1 EH apEH
vy
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Equation (83) represents our final expression for the matrix elements (14). It is valid
for ¢ large but finite with N°°(¢) determined by equation (80). It is simple to show that in
the limit ¢ — oo, equation (80) may admit a solution only if N*P(¢) grows proportionally
to t. In fact, from equation (52b) for arbitrary ¢ and N we have that
N+l N +1

<z

‘S/Fr)nin t Op + Vmin S 1 )

(86)

where V., is the smallest value of V' € ¥ such that I/S > 0. Note that this value of
V' exists due to the properties 0 < 5P <1 for any « E ”// “and Y acy V2P = 1. Therefore,
for N = Ng(t) all the components uy = —log[(zy” + V)/e] diverge when ¢t — oo if
lim; o, N*P(t)/t = oo, whereas if lim; ., N°°(¢)/t = 0 the only diverging component is
uy . In both cases, equation (80) does not have a solution for £ — oo. In this limit,
therefore, we must have N*P(¢) ~ ¢. This condition, which from a physical point of view
simply expresses the proportionality between the time and the length of the trajectories
most contributing to the expectation, implies two important consequences. First, since
the peak of the Gaussian at N = N®P(¢) moves to infinity linearly with ¢, whereas its width
increases only as v/, see equations (81) and (82), the result (83) becomes asymptotically
exact for t — 0o. Second, in equation (80) we can replace (V%) by their asymptotic
values ®). In this way, equation (80) can be read as a time-independent equation that
determines the quantity

Eop = — tli,r?o xzp‘Nstp(t) (87)

as a function of the asymptotic rescaled cumulants ), k& > 1. Comparing equations (15)
and (83), we realize that this quantity is the ground—state energy of the system considered.
In conclusion, for systems of hard-core bosons the ground-state energy Fyg is determined
by the scalar equation

Z Z Z 2 ual EOB) *Uqy, (EOB) =0 EOB S Vmim (88)

k=1 " aiex ap€H
where
u'(Eop) = (- —log[(—=Eog + V) /e -+ ;- -1og T - --). (89)

The existence of a unique solution of equation (88) is ensured by the condition Fog < Vi,
which stems from equation (52b). If we truncate the series in equation (88) to the second
order, we recover the Gaussian approximation of [5] (there ™) and X(?) were indicated as

U and X, respectively). Furthermore, as in [5], the V = 0 case can be solved explicitly and

we get the following exact solution for the ground-state energy, E((]%), of a non-interacting
hard-core boson system:

Eé% = —cexp Z Z Z Z m logTy---log Ty | . (90)
k=1 ~TeT TweT

For a generic v, equation (88), with the series truncated at an arbitrary finite order K.y,

can be solved numerically by the bisection method using the bounds Eé%) 4+ Vipin < Eogp <
Vmin-
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Equation (88) allows one, via the Hellmann-Feynman theorem (5), also to evaluate the
expectation of any other operator in the ground state of the chosen Hamiltonian (see [5] for
more details). Moreover, it is clear that the cumulants ) depend only on the structure of
the system Hamiltonian, not on the values of the Hamiltonian parameters. Therefore, once
the ) are known, all the evaluated ground-state expectations are analytical functions
of the Hamiltonian parameters.

5. Numerical evaluation of the cumulants and example cases

In this section, we discuss the numerical evaluation of the cumulants. We also apply
our method to some example cases and compare the ground-state energies obtained from
equation (88) with those from exact numerical calculations.

In our approach, the starting point is the evaluation of the asymptotic values 3*)
of the rescaled cumulants X(Vi¥), According to equation (A.7), the latter are obtained in
terms of the statistical moments (NN, --- Ny, )n, which are easily sampled by generating
M random trajectories branching from the initial configuration ny, i.e.

(Nay -+ 'Nak>N = ZPN(#’)NOJI - N,
©

M
1
~ 37 > N®...NW, (91)
p=1

where N is the multiplicity N,, a € 2, of the pth trajectory. The number M of
trajectories must be chosen larger than a critical value M_(N, k), which depends on the
statistical precision ¢ required in the evaluation of the rescaled cumulants 3 (Vi)

The length N of the M trajectories is chosen sufficiently large for the asymptotic
behaviour of Z(V%) to be established. This may represent a problem since the fluctuations
in equation (91) grow as N* so that M.(N,k) becomes huge for k& > 1. However, the
evolving trajectories form a Markov chain having, see later, a finite correlation length N..
Therefore, SNF) converges exponentially to 3*) with a characteristic length of the order
of (k+ 1)N., kN, if the initial configuration mny is taken randomly distributed according
to the invariant measure of the Markov chain. As shown in the example case of figure 2,
for a large class of models we have observed that the correlation length N, exists and
grows no more than linearly with the size of the system. The evaluation of the cumulants
is thus feasible even for large systems.

A possible numerical limitation in the evaluation of the cumulants of large order
is collecting and updating all the components of ¥*) whose number is m*, with m
the cardinality of 77, which grows with the size of the system. Basically, this kind of
difficulty is related to the CPU capability of simultaneously updating many addresses
of memory, not to the CPU speed, and can be reduced by vectorization tools. The

difficulty can be reduced also by exploiting the invariance of the components 251’?,_._,%

under permutation of any pair of the o indices. In this way, only the components Z(fl),___,ak
with o < ay < -+ < ay are sampled according to equation (91). This introduces an
error in the summation rules (60) and (61), which, on the other hand, are identically
satisfied if all the components of £(*) are sampled. However, more than a drawback
this error represents an advantage, which allows one to set the critical number M, of
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+(B)]

‘OV=%V

Figure 2. Absolute value of the normalized correlation function Cy—y y—(h)
as a function of the jump interval h = hy — hy for two different FNU hard-core
boson Hubbard models. The straight dashed lines are the results of a fit in the
range 10 < h < 29 with a function of the form const x exp(—h/N.). We have
N, =4.80 and N, = 6.14 in the 2x 3 N, = 3 and 4 x 4 N,, = 8 cases, respectively.
Each correlation function has been evaluated by using M = 5 x 10® independent
trajectories.

sampling trajectories in a simple way. In fact, the determination of the cumulants with a
statistical precision e implies the summation rules (60) and (61) to be satisfied with the
same precision.

In the following, we report on simulations performed in the case of the first-neighbour
uniform (FNU) hard-core boson Hubbard model defined by the Hamiltonian

H=—p Z Z (é;raéjo + é}aéia) +7 Z ézTTéz‘Téleéua (92)

(i,)eT o=1] icA

where I' = {(i,7) : i < j € A and 4, j first neighbours}. We set the reference energy € to
the value of the hopping parameter 1. We have considered two-dimensional systems with
periodic boundary conditions, L, x L, sites and N; = N| = N, particles per spin. For
this model, the set 7" has elements 0,~,2v, ..., N,7v, whereas the set .7 is the collection
of the possible values of the number of active links, e.g., 7 = {12,16,20} in the case of
a 2 x 3 system with N, =3 or .7 = {8,10, 12,14, 16} for the same system with N, = 2.

To check the correlation properties mentioned before, we studied the connected
correlation functions of order 2:

Cop(ha — h1) = (Xa(my, )x5(100,)) 5, (93)

where hy > hy and x,(n) is the characteristic function taking the value 1, if V(n) = a and
ac ¥V, orT(n)=aand a € .7, and 0 otherwise. The averages ()g\c,) can be sampled as

indicated in equation (91) by generating M independent trajectories with configurations

n,gp), h=0,1,..., Nand p=1,..., M. For N sufficiently large, the correlation functions

(93) no longer depend on hy and hy, only on the jump interval h = hy — hy. In figure 2
we show the behaviour of the correlation function (normalized to 1 at h = 0) obtained
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Eog/(1NN,)

v/

Figure 3. Ground-state energy per particle for the 2 x 3 FNU hard-core
boson Hubbard model versus the interaction strength + with N, = 2 and 3
particles per spin. We compare the results obtained by solving equation (88)
at truncation orders kma.x = 1,2,3,4 (different lines) with those from exact
numerical diagonalizations (+). The statistical errors associated with the
cumulants, evaluated with N = 200 and M = 107, are negligible on this scale.

by choosing o and (3 equal to the potential value V' = v for two different FNU hard-core
boson Hubbard models. After an initial transient, Cy—., yv—,(h) decreases as exp(—h/N,).
The measurement of the correlation length via a fitting procedure shows that N. increases
slowly with the size of the system. Similar results are obtained for different choices of «
and (3.

In figure 3 we show the behaviour of Fyg as a function of the interaction strength v in
a 2x 3 lattice with N, = 2 and 3, whereas in figure 4 we consider a 4 x4 lattice with N, = 5
and 8. In these figures, we compare the energies obtained from equation (88) by truncating
the cumulant expansion at the order k.. = 1, 2, 3,4 with the results from exact numerical
diagonalizations (figure 3) and quantum Monte Carlo simulations (figure 4). For kyax = 2,
we recover the results of [5]. As expected, we obtain better and better agreement with
the exact energies as the truncation order k., is increased.

The number of cumulants needed to obtain a given approximation grows as the
interaction strength ~ or the lattice size |A| is increased. As explained in the previous
sections and anticipated in [5], this behaviour is due to the form of the function f(u)
to be averaged in equation (58). In fact, f(p) involves multiplicities g coupled with the
potential values and with the number of active links, which, in turn, are related to ~
and |A|. For increasing values of v and |A|, f(u) becomes more and more sensitive to
the large deviations of the probability density Py (p) and cumulants of higher and higher
order must be kept in the calculation.

In figure 5, which is an enlargement of figure 3 (left panel) and figure 4 (right panel) in
the small v region of the systems at half-filling considered there, we can better appreciate
the convergence of the solutions of equation (88), for increasing values of kyay, toward the
exact energies. In figures 3-5, the statistical errors associated with the measurement of
the cumulants are negligible on the scales considered.
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Eop/(MNy)

vin

Figure 4. As figure 3, but for the 4 x 4 lattice with IV, = 5 and 8 particles per
spin. We compare the results obtained by solving equation (88) at truncation
orders kmax = 1,2,3,4 (different lines) with those from quantum Monte Carlo
simulations (x). The statistical errors associated with the cumulants, evaluated
with N = 200 and M = 107, and with the quantum Monte Carlo results are
negligible on this scale.

-5.05r f
| | 4x4N, =8
_ | 445 /./;i,f
3 L /,f’{ -
= e
NG et I
3 = 1-'1' e 1
= 45" ]
T - —_— 2 ] 2 —— 2 ]
5.15F 3 , 3
r — 4 ] r — 4
—--- 5
-4.55 -
PR S S R R PR T R N RN S S S
0 0.05 0.1 0 0.05 0.1
y/n y/n

Figure 5. Enlargements of figure 3 (left panel) and figure 4 (right panel) in the
small v region of the systems at half-filling considered there. We show the results
obtained by solving equation (88) at truncation orders kya.x = 2,3,4 (different
lines, left panel) and kpax = 2,3,4,5 (different lines, right panel) in comparison
with those from exact numerical diagonalizations (4, left panel) and quantum
Monte Carlo simulations (dots with error bars, right panel). The statistical errors
associated with the cumulants are negligible.

6. Conclusions

By using saddle point techniques and a cumulant expansion theorem, we have exploited
an exact probabilistic representation of the quantum dynamics in a lattice to evaluate the
matrix elements of the evolution operator of a system of hard-core bosons in the limit
of long times. The approach yields a simple scalar equation for the ground-state energy
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in terms of the asymptotic cumulants X*) of the values of the potentials, V, and of the
kinetic quantities, T', assumed by the system during its long-time evolution. Since the
cumulants depend only on the structure of the system Hamiltonian, once they are known,
this equation provides the ground-state energy and, via the Hellmann—Feynman theorem
(5), the ground-state expectation of any other operator, analytically as a function of the
Hamiltonian parameters. In contrast, quantum Monte Carlo methods require, due to
the unavoidable branching or reconfiguration techniques (see [7] and [11] and references
therein), different simulations for different values of the parameters.

The analytical character of the present approach suggests many potential applications.
Here, we briefly envisage some of them.

(i) The knowledge of the ground-state energy as a function of the Hamiltonian
parameters, Fop = Fop(£), allows in principle the determination of ground-state quenched
averages, [ f(Eop(€))dPs, of crucial interest in the study of disordered systems. Here,
Pe is a given probability density of the disorder parameters £ Note that when the
dimension of the space of the Hamiltonian parameters is larger than 1, the evaluation of the
above integral by a quantum Monte Carlo approach may be a hard, if not unmanageable,
numerical task.

(ii) Even though we have specialized the study to the easiest case, namely that of
hard-core bosons in the absence of a magnetic field, as evidenced in section 3 and in
section 4.1, our approach is general and not limited to hard-core boson systems. Fermions
and bosons in a magnetic field may in principle be treated in a similar way, provided
that we properly take into account also the multiplicities Ny; see equation (18a). This
possibility is of great interest since, as is well known, fermions and bosons in a magnetic
field are both affected by the so-called sign (or phase) problem, which in practice inhibits
the accomplishing of unbiased quantum Monte Carlo simulations.

(iii) We note that our approach is also analytical in the time parameter, t. By properly
taking into account the derivatives of the cumulants with respect to the number of jumps,
OnSWNik) one can obtain not only the asymptotic behaviour of the matrix elements, equa-
tion (83), but also their behaviour at finite times, ¢, either imaginary or real. The latter
possibility constitutes another chance of great interest because in general, due to the pres-
ence of oscillating terms, the real-time behaviour is also affected by a sort of sign problem
and the quantum Monte Carlo simulations are reliable only for short times [7]. Of course,
the complete knowledge of the time behaviour would imply that of the excited states.

(iv) Finally, we mention a different possible application of the result (88). This
equation can be exploited in a Monte Carlo framework for effectively sampling the ground-
state energy. Essentially, the better efficiency of this Monte Carlo method, compared with
that directly deduced from equation (12), see [7] for details, follows from the fact that
the stochastic times of the original probabilistic representation have been analytically
integrated out, as is done in section 4.2, so that the fluctuations are necessarily reduced.
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Appendix A. Proof of the cumulant summation rules

In this appendix we prove the relations (60) and (61). Due to the constraints (56), it
is trivial that the statistical moments (non-connected correlation functions) of order k,

(Vay ** " Vag )Ny 1, - .., € J, satisty the following summation rules:
Y Wa)v = (va)v =1, (A1)
acy aeT

for k = 1, whereas for k > 1

Z(Va1"'yak>N: Z <V041"'V04k>N

ap€YV apeT

= (Vay * " * Vay—1) N- (A.2)
(c)

Since (Vo) n' = (Va)n, equation (A.1) coincides with equation (60).
To demonstrate equation (61), let us introduce the short notation

m(I™) = (Va, - Ve, ) n (A.3)
SUIW) = (vay -+ va, )Y, (A4)
where I®) = {1,...,k} is the set of integers that appear as subscripts in a; . ... More

generally, for any nonempty subset I, of I®), I, = {py, ps, ...}, we define m(I,) and s(1,)
as

ML) = (Vay Vo, -+ I (A5)
$(1y) = (Vi Vay, - )15 (A.6)

The cumulants can be defined implicitly in terms of the moments according to the

relation [§]
m(I®M)= > J[su (A7)

Uplp=Ik) p

where the sum is extended to all the unordered decompositions of the set I*) in disjoint
nonempty sets I, such that U,I, = I%).

Let us proceed inductively and suppose that equations (61) hold for any value of the
order k such that 2 <k <n—1, ie.

Y s(I®y=0, 2<k<n-1, (A.8)

[e25

where the sum runs either over the sets ¥ or 7.
At the order n, we rewrite equation (A.7) as

m(I™) =sI™) + > [s)s({n}) + > 1505, (A.9)

Uplp=I(n=1) p Uplp=T(™) I, £T1(M) T, #{n} P
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where {n} is the set having only the element n and s({n}) = <yan)§$). By summing
over the index «,, for oy, € ¥ or o, € 7, and using the relations (A.2) together with

(Vo) = (Van) s We get

m(I)y =>"s(1My+ > ] s() + > 1> s,). (A10)

Gn Uplp=I(n=1) p Uplp=I(), IAIM, Iy#{n} P an

According to equation (A.7), the second term in the rhs of equation (A.10) is equal to
m(I"~V) whereas the third term involves only sets I, with |I,| < n — 1 so that by using
the inductive hypothesis, equations (A.8), we have

> s(1™) =o. (A.11)

Qn

Finally, it is easy to verify by direct inspection that in the case &k = 2 we have

> s(1?) =0, (A.12)

a2

so that equation (61) is proved.
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