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Il LEPIl LEP
• Nel 1981 il CERN decide di costruire il più grande acceleratore 
del mondo: il LEP. Si tratta di un collisore elettrone-positrone di 

27 km di circonferenza.

• Gli elettroni, al contrario dei protoni, sono delle particelle 
elementari, quindi l’interazione elettrone-positrone è molto più
“pulita” di quella protone-antiprotone. Lo stato iniziale è
perfettamente noto e le previsioni teoriche del Modello Standard
possone essere verificate con maggiore accuratezza.

• Nel 1983 inizia lo scavo del tunnel. La galleria ha un diametro 
di 3.8 m e si trova a circa 100 m sotto il livello del suolo

• Nel 1988 lo scavo del tunnel è terminato. All’epoca era la 
galleria più lunga d’Europa, superata ora solo dal tunnel sotto la 
manica.

Tutta l’energia del centro di 
massa è disponibile per creare 
nuove particelle: E=mc2

• I goal scientifici di Lep erano:

• Scoperta del bosone di Higgs

• Scoperta del quark top e misura dei livelli energetici del 
topponio

• Scoperta della particelle supersimmetriche

• Misura della massa dello Z con un errore di 50 MeV

• misure di precisione dei parametri del Modello Standard

• misura del numero di famiglie di neutrini leggeri

• Lep2: misura della massa del W e verifica del triple gauge
boson coupling
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LEP e gli esperimentiLEP e gli esperimenti
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in the definition of the circumference is the problem of synchrotron radiation described in the
following section.

3.1 Synchrotron radiation

The transverse acceleration produced in circular accelerators leads to the emission of electro-
magnetic radiation which is known as synchrotron radiation. This radiation is emitted in the
forward direction tangential to the particle motion. For electrons, or positrons, the radiation
power is given by:

Pγ(GeV/s) =
c

2π

cγ E4
b

ρ2
(1)

where cγ is a constant of nature given by [8]

cγ =
4π

3

re

(me c2)3
= 8.86 × 10−5m GeV−3 . (2)

It can be seen from Equation (1) that the amount of radiation is proportional to the fourth
power of the particle energy and inversely proportional to the square of the bending radius in
the dipoles ρ.

By integrating over the bending elements around the circumference of a circular accelerator,
the energy loss per turn may be calculated :

U0 =
cγE4

b

ρ
. (3)

U0 is the energy lost by each particle during a single revolution of the machine. Consequently,
for a beam with kb bunches of current Ib, the total power loss to synchrotron radiation is :

Pb =
U0 kbIb

e
=

E4
bkbIb

e ρ
× 8.86 × 10−2(MW) (4)

where the energy Eb is expressed inGeV and the bunch current Ib in Amperes. The strong
dependence of the radiation on the particle energy sets severe practical limitations on the
maximum achievable energy of a circular lepton collider. First of all, the energy lost has to be
replenished by a RF system and secondly, the different hardware constituents of the collider
have to be able to cope with power deposited by the synchrotron radiation. In LEP at 100GeV,
the radiated power for a total intensity of 6mA is about 18MW.

3.2 The beam energy

The RF acceleration system must replace the energy lost by the particles to synchrotron radia-
tion, and the power and cost of the RF system is defined to a large extent by the need to meet
this requirement.

The voltage in the accelerating gaps of the RF cavities oscillates at a high frequency
(352 MHz for LEP) and is synchronised to a harmonic (h) of the revolution frequency of the
particles. Ideally the bunches traverse the accelerating gaps at a constant phase (φs) relative to
the voltage. In this way particles gain energy as they traverse the cavities. The average energy
gain per turn must compensate the energy loss per turn due to synchrotron radiation i.e.

U0 = e V̂ sinφs . (5)
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PERFORMANCE OF THE LEP2 SRF SYSTEM 

D. Boussard, CERN, Switzerland 

Abstruct 

In 1996, LEP2 operated at an energy of up to 86 GeV per 
beam using, in addition to the conventional RF system, 
176 newly installed superconducting (SC) cavities, which 
together provide up to 2 GV per turn at 352 MHz. 
Almost all SC cavities are of the niobium film on copper 
type; they ran at an average operating gradient of 
6 MV/m with a total beam current of up to 5.5 mA. The 
behaviour of SC cavities and couplers has been very 
satisfactory: only two cavities out of 176 were field 
limited; they have however been recovered in situ since. 
Small modifications in the liquid helium distribution 
reduced to a large extent turbulent phenomena and the 
associated microphonic effects. However the intrinsic 
electroacoustic instabilities (ponderomotive oscillations) 
remain the major concern for the operation of the RF 
system at high intensity. Their effect on the beam is 
minimized using RF feedback (on the vector sum of 
individual cavity signals); this also suppresses the 
intensity limitations due to beam loading instabilities. 
Installation, commissioning and operation of a huge new 
RF power plant (24 MW installed RF power) went as 
expected, despite a few weak points which are now being 
fixed. 

1 INTRODUCTION 
LEP, the largest particle accelerator in the world, is an 
electron-positron collider which started operation in 1989 
at a collision energy of 45 GeV (the Z, energy) with a 
room-temperature RF system operationally capable of 
delivering up to 340 MV at 352 MHz. 

The so-called LEP2 programme started in 1991 was 
aimed at increasing LEP energy and reaching at least the 
energy of W pair production. It is essentially based on 
the superconducting (SC) cavity technology developed at 
CERN since 1979. 
The basic choices for the LEP SC cavities were made 
early in the project: 352 MHz frequency (for 
compatibility reasons and to minimize the critical 
transverse impedance of LEP), four-cell structure with 
couplers on the beam tubes, 4.5 K operating temperature, 
modular cryostat with easy access to the cavities and 
ancillary equipment, thermal and magnetostrictive tuners 
inside the cryostat. It was also decided that industrial 
firms would produce the SC cavity modules. The major 
difference, when compared to other large SC cavity 
projects (notably CEBAF) is that the cavities would be 
specified and accepted by CERN according to their RF 
performance (RF quality factor at the design accelerating 
field), as measured by CERN. 
After an intense period of development it was decided 
that the LEP2 programme would be based on the 
niobium copper (Nb/Cu) technology. The inherent 
advantages of Nb/Cu cavities - much better thermal 
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stability against quenching, savings on Nb material, 
insensitivity to small magnetic fields, higher quality 
factor - turned out to be very welcome in the course of 
the project. 

2 SC CAVITY PERFORMANCE 

I 

end nng 

Fig. 1 The LEP2 SC cavity 

Fig. 1 shows the four cell LEP2 cavity in its cryostat. 
The cavity itself surrounded by its helium tank and its 
three tuner bars is suspended inside the cryostat. The 
length of the tuner bars is controlled by their thermal 
expansion and by the magnetostrictive effect. The 
cryostat, with its three wide-barrel staves provides easy 
access to the cavity as neither a magnetic shield nor an 
intermediate thermal shield is necessary. Thermal 
insulation is achieved with superinsulation mattresses 
only. Four cavities are assembled together in a common 
cryostat to form a cryomodule 12.5 m long, including the 
end elements [ 11 [2]. 

Table 1 shows the major parameters of the LEP2 
cavities, the most critical being the quality factor Q at 
the operating field (6 MV/m). This is the parameter 
which is measured during the acceptance tests made at 
CERN of all cavities and modules produced by industry. 
Fig. 2 shows typical Q(E) curves of cavities fabricated by 
three different firms following the technique developed 
at CERN by which a copper cavity is coated inside with 
a thin niobium film (average thickness 1.5 pm) using a 
magnetron discharge. This measurement is no longer 
possible when the RF couplers are installed; however the 
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Sezione dSezione d’’urto in funzione di urto in funzione di √√ss
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Sezione dSezione d’’urto del processo urto del processo 
ee++ee-- →→ ff per √s≈MZ

• Abbiamo visto che il processo e+e- → μ+μ− viene descritto, 
all’ordine più basso, dai due seguenti diagrammi di Feynman:

+

( )2 2 2 *2Reγ γ γσ ∝ + = + + ⋅Z Z ZA A A A A A

• Per il calcolo della sezione d’urto occorre sommare le 
ampiezze e poi fare il modulo quadro (sommando sugli spin
finali e mediando su quelli iniziali)

• Per √s≈MZ il contributo del fotone ed del termine di interfe-
renza è di qualche per cento rispetto alla sezione d’urto totale. 
Lo scambio del fotone si sa calcolare teoricamente con grande 
precisione (QED); per il calcolo del termine di interferenza si 
assume il Modello Standard, mentre le misure riguardano il 
termine relativo allo Z, che si può parametrizzare nel modo 
seguente:

( )
2 22 22

2

12πσ + −Γ Γ
=

Γ
− +

qqe e
qq

ZZ
Z

Z

s
sM s M
M

+ −Γ
e e

Γ f f

• ΓZ è la larghezza totale della risonanza Z = 2.4952±0.0023 GeV

• Γff è la larghezza parziale del decadimento dello Z nel canale ff

( ) ( )
3 2 2

( ) 2
2 12π

+ − ⎡ ⎤Γ → = +⎢ ⎥⎣ ⎦⋅
l lZ
V A

GMZ l l C C

( ) ( )
3 2 2

( ) 6
2 12π

⎡ ⎤Γ → = +⎢ ⎥⎣ ⎦⋅
l lZ
V A

GMZ qq C C (fattore 3 di colore)

leptoni carichi adroni +  + Nν ννΓ = Γ Γ ⋅ΓZ
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Misura della massa dello ZMisura della massa dello Z

( )
2 22 22

2

12πσ + −Γ Γ
=

Γ
− +

qqe e
qq

ZZ
Z

Z

s
sM s M
M

• La sezione d’urto ha una forte dipendenza dall’energia del 
centro di massa. La strategia di misura della massa dello Z è
consistita nella misura della sezione d’urto adronica per diverse 
energie del centro di massa.

• In un collider e+e- l’energia del centro di massa è nota con 
grande precisione. Nel 1989 si pensava di riuscire a misurare la
massa dello Z con un errore di 50 MeV, invece i “macchinisti”
del Lep sono riusciti a migliorare di un ordine di grandezza la 
misura dell’energia dei fasci, permettendo la misura dello Z con 
un errore di 2 MeV.

91.1875 0.0021 GeV= ±ZM
52.3 10−Δ

= ± ⋅Z

Z

M
M
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By design more than 99.9 % of the integrated magnetic field of LEP is produced by the dipole
magnets. Since keeping track of the magnetic fields becomes exceedingly difficult when relative
accuracies of 10−5 are requested, the average beam energy is measured directly at LEP using
the technique of resonant depolarization. An additional complexity arises for the energy in
the centre-of-mass system which should ideally be exactly twice the beam energy. In practice
the local energies of the two beams may differ at the collision points. Such shifts cannot be
measured directly but must be evaluated using adequate models.

14.1 Transverse polarization

The build-up of transverse polarization in e+e− storage rings was first described by Sokolov
and Ternov [53]. The emission of synchrotron radiation has a very small spin-flip probability,
but a large asymmetry in favour of orienting the magnetic moment along the direction of the
guiding magnetic field. In an ideal storage ring the maximum transverse polarization of 92.4%
is building up with a rise time τP :

τP =
8

5
√

3

m6
ec

10ρ3

h̄reE5
b

. (69)

At LEP the rise-time is 310 minutes for a beam energy of 46GeV.
The motion of the spin vector #S of a relativistic electron in electro-magnetic fields #E and

#B is described by the Thomas-BMT equation [54] :

d#S

dt
= #ΩBMT × #S (70)

#ΩBMT = − e

γme



(1 + aγ) #B⊥ + (1 + a) #B‖ −
(

aγ +
γ

1 + γ

)

#β ×
#E

c



 (71)

where #B⊥ and #B‖ are the components of the magnetic field which are transverse and parallel

with respect to the particle’s velocity #βc. #E is the electric field and a is the magnetic moment
anomaly of the electron. In a storage ring the spin vector of a particle precesses aγ times for
one revolution, where the term aγ is called the spin tune. Its average value over all particles ν
is directly proportional to the average beam energy Eb

ν = aγ =
aEb

mec2
=

Eb(MeV)

440.6486(1)(MeV)
. (72)

The maximum polarization level is reduced in a real accelerator by resonances. The orbit
and the tunes must be carefully set up and spin resonances ν = kQx + lQy + mQs + n, where
k, l, m, n are integers, must be avoided. The strong depolarizing effect of the beam-beam force
for large beam-beam tune shifts prevents the buildup of transverse polarization at LEP during
normal physics runs. Optimum polarization levels are achieved for beam energies corresponding
to a spin tune close to a half-integer ν = n+1/2 as shown in Figure 26. The record polarization
level of 57% was observed at LEP for a beam energy of 44.72GeV [55, 56]. At higher energies the
maximum polarization level is reduced by the large energy spread and the strong synchrotron
spin resonances ν = n + kQs. So far polarization levels larger than 5% were only observed up
to 60.6 GeV [57]. The highest polarization measured at LEP as a function of the beam energy
is shown in Figure 27.

The vertical polarization is measured using Compton scattering of a circularly polarized laser
beam [58]. The 532 nm wavelength laser pulses of a frequency doubled Nd-Yag laser operated
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Figure 31: Evolution of the LEP circumference (corrected for tidal changes) as a function of
the day in 1999. A drift of over to 2mm is observed during the LEP run. In the summer
months the circumference increases gradually. Following periods of heavy rainfall, indicated by
the arrows, the circumference shrinks for some time before expanding again.

14.3.3 Centre-of-mass energies

At the collision points of the beams the quantity relevant for all physical processes is the
centre-of-mass energy which is obtained from the average beam energy determined by resonant
depolarization after correction for two local effects.

A first cause for centre-of-mass energy shifts is due to longitudinal cavity misalignments,
RF phase errors between cavities as well as the actual voltage distribution. Typical corrections
and fluctuations are smaller than 10 MeV, although a large systematic centre-of-mass energy
shift of 16MeV was introduced accidently at the 2 IPs where the LEP1 Copper RF cavities
were installed. The origin of the effect lies in a systematic longitudinal alignment error of these
cavities. A complete model of the RF system is used to predict the correction to the centre-
of-mass energy as well as the following observable quantities : the synchrotron tunes of the
2 beams, the longitudinal positions of the collision points and the horizontal orbit differences
around the IPs induced by the local energy differences. Comparisons of predicted and measured
observables are used to tune the model and evaluate systematic errors on the centre-of-mass
energy.

Vertical dispersion is at the origin of a second correction to the centre-of-mass energy.
The electrostatic separators used to avoid parasitic encounters of the beams generate vertical
dispersion of opposite sign for the e+ and e− beams. If the beams collide with a vertical offset,
the correlation between transverse position and energy leads to centre-of-mass energy shifts
∆ECM [47, 62, 66] :

∆ECM = −1

2

δy∗

σ2
y

σ2
e

Eb
∆D∗

y (76)

where δy∗ is the collision offset between the two beams and ∆D∗
y is the dispersion difference at

60

•  Altri	
  effe\	
  presi	
  in	
  
considerazione	
  :	
  
variazione	
  di	
  livello	
  
dell’acqua	
  nel	
  lago,	
  
orario	
  dei	
  treni	
  AV	
  
francesci	
  !Limitano	
  la	
  
conoscenza	
  
dell’energia	
  del	
  
centro	
  di	
  massa	
  a	
  ~	
  
1.5	
  MeV	
  al	
  polo	
  dello	
  
Z	
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Misura delle larghezze parzialiMisura delle larghezze parziali

γ

L’emissione di un fotone dallo stato iniziale 
modifica l’energia effettiva del centro di 
massa. Questo effetto può essere corretto 
(QED) e ne viene tenuto conto nel fit dal 
quale si estraggono i parametri dello Z.

( )
2 22 22

2

12πσ + −Γ Γ
=

Γ
− +

qqe e
qq

ZZ
Z

Z

s
sM s M
M

0
2 2

12πσ + −Γ Γ
=

Γ
qqe e

qq
Z ZM

s=MZ
2

• Per misurare le larghezze parziali del decadimento dello Z nei 
vari canali fermionici occorre misurare la sezione d’urto al picco.

• Si selezionano quindi i seguenti canali:

μ μ

τ τ

+ −

+ −

+ −

→

→

→

→

Z qq
Z
Z
Z e e

1. sezione d’urto al picco

2. larghezze parziali. 

3. accoppiamenti dello Z

• N.B. La larghezza totale ΓZ è la stessa per tutti i canali; non 
cambia la forma della risonanza, ma solo il valore del picco

• N.B. Il canale con gli elettroni è più complicato degli altri 
perché c’è anche il canale t con lo scambio del fotone

• N.B. nel canale adronico si possono riconoscere i quark b dal 
parametro d’impatto; quindi si può misurare la larghezza 
parziale nel canale bb
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Misura della luminosità 

            (  )  e v e n t iN L t d tσ ε= ∫

La determinazione della luminosità della macchina è fondamentale 
per la misura delle sezioni d’ urto dei processi osservati: 

efficienza  
(trigger+ricostruzione +selezione) 

Luminosità integrata 
sul tempo di presa dati 

Gli esperimenti si sono dotati di speciali calorimetri elettromagnetici 
posti a piccolo angolo polare rispetto ai fasci ( “luminometri” ) 
Tutti e quattro gli esperimenti hanno raggiunto precisioni sino ad 
allora inimmaginabili 
 => σL / L ≅ 0.1%  

La luminosita’ e’ tra le incertezze dominanti nelle misure delle 
larghezze parziali	
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Processi di base 
La misura e’ basata sul conteggio degli eventi di diffusione Bhabha a 
piccolo angolo:!

e–!

e+!

e–!

e+!

θ$

e+e– → e+e–  

Il processo e’ completamente dominato dallo scambio di un fotone nel 
canale t ed e’ descritto al termine di Born dai seguenti diagrammi di 
Feynman:!

π/4!

canale s!

regione usata dai luminometri: ≈10-60 mrad 
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Luminosita’ Integrata 

! =
"#QED

BhabhaNdttL )(

Luminosità integrata 

! 

"QED =
d" (s,#)
d#

d#
#1

#2
$

efficienza (trigger, conoscenza dell’accettanza 
geometrica, selezione....) 

Richiesta	
  piu’	
  criPca	
  e’	
  la	
  conoscenza	
  dell’acceXanza	
  in	
  θ	
  
(dipendenza	
  da	
  θ4)	
  	
  à	
  installazione	
  di	
  rivelatori	
  dedicaP	
  per	
  
riconoscere	
  le	
  tracce	
  degli	
  eleXroni	
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Correzioni radiative 
A ) Correzioni fotoniche. Grandi, dipendenti dall’esperimento 
        
      1) Radiazione di stato iniziale 

Il termine dominante. Se un elettrone o un positrone irradia un fotone 
l’energia della collisione diminuisce; diventa risonante  se √s>MZ.  
La curva ha una coda alle alte energie 
                  δσ (picco) = 30%, δMZ  ≈ 200 MeV 

2) Radiazione di stato finale 
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Asimmetria	
  

Piccolo	
  shiL	
  
del	
  picco	
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Misura del numero delle Misura del numero delle 
famiglie di neutrini leggerifamiglie di neutrini leggeri

• Il numero di famiglie di leptoni non è previsto dal Modello 
Standard ma deve essere determinato sperimentalmente.

• Prima dell’entrata in funzione di LEP una quarta famiglia di 
fermioni non era esclusa sperimentalmente.

• In ogni famiglia è presente un neutrino, di massa nulla o 
comunque trascurabile, quindi la strategia di misura al Lep fu 
quella di misurare se esisteva un quarto neutrino leggero 
(dove leggero vuol dire di massa inferiore alla metà di MZ.

leptoni carichi adroni +  + Nν ννΓ = Γ Γ ⋅ΓZ

•Vi erano due tipi di misure della cosiddetta larghezza 
invisibile (Γinv): una indiretta dove la Γinv veniva ottenuta 
per differenza sottraendo a ΓZ le larghezze parziali visibili, 
ed una misura diretta dove veniva rivelato il fotone 
emesso dallo stato iniziale; in questo caso la segnatura 
dell’evento era costituito da un fotone singolo di energia 
intorno al GeV. 

•Si trattava quindi di misurare la larghezza parziale di 
decadimento dello Z in neutrini e da questo dedurre il numero 
di neutrini.



Misura	
  indire+a	
  di	
  Nν	



•  La	
  sezione	
  d’urto	
  adronica	
  e’	
  fortemente	
  dipendente	
  
dal	
  numero	
  di	
  neutri	
  (a+raverso	
  ΓZ)	
  

•  Assumendo	
  l’universalita’	
  leptonica	
  e	
  introducendo	
  una	
  
piccola	
  correzione	
  dovuta	
  alla	
  massa	
  del	
  leptone	
  tau	
  
possiamo	
  scrivere:	
  

Γinv=	
  ΓZ-­‐Γhad-­‐3(1+δτ)Γl	
  =	
  NνΓνν	



0

10

20

30

86 88 90 92 94
Ecm [GeV]

σ
ha

d [
nb
]

3ν

2ν

4ν

average measurements,
error bars increased
   by factor 10

ALEPH
DELPHI
L3
OPAL



Misura	
  indire+a	
  di	
  Nν	



•  E	
  definendo	
  	



•  Ricaviamo:	
  	
  

•  Da	
  cui:	
  
•  	
  Nν=R0ν(Γl/Γνν)th=R0ν x	
  1.99125	
  ±0.00083	
  

•  UPlizzando:	
  

Nν	
  =	
  2.9840	
  ±	
  0.0082	
  

•  In	
  accordo	
  (entro	
  2	
  sigma)	
  con	
  il	
  
valore	
  previsto	
  di	
  3	
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Misura diretta del numero  
di famiglie di neutrini leggeri  

al LEP 

Il valore di Ginv potrebbe 
essere dovuto non solo ai 

neutrini ma anche ad altre 
particelle stabili e 

debolmente interagenti con 
m<MZ°/2  

Nn>3 

Vantaggi di una misura diretta 

Il valore di Ginv potrebbe 
anche essere più piccolo del 

previsto a causa,  
ad esempio,  

di accoppiamenti non 
previsti dallo SM 

Nn<3 

Una misura diretta 
della Γinv risulta allora 

fondamentale 

Misura	
  dire+a	
  di	
  Nν	
  

23

NNQQ: risultati: risultati

NQ = 2.9841 r 0.0083

Misura indiretta

È una misura molto precisa che 
esclude la presenza di una 
quarta famiglia di neutrini (a 
meno che questa non abbia una 
struttura completamente 
diversa dalle altre tre).

Misura diretta

• Tuttavia nella misura indiretta il numero di neutrini è ottenuto 
per differenza, quindi se si fosse trovato un numero diverso da tre, 
non si era sicuri che la differenza fosse dovuta proprio alla 
presenza di un altro neutrino. Occorre quindi una misura diretta:

ȖȞȞee o�� L3 ha trovato, a Lep fase 1, 702 
eventi di questo tipo (da 
confrontarsi con 5 milioni di Z), 
dove l’energia del fotone è
maggiore di 1 GeV. Da questi si 
ricava:

L3:NQ=2.98±0.10

N.B. La larghezza parziale 
dello Z in una coppia di 
neutrini si ricava dal calcolo 
del Modello Standard
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e+ e-         ν ν γ 
  !.e+ 

e- Z° 

ν$
γ$

ν$
!$

"   Possibilità di osservare un gran             
numero di eventi in prossimità di MZ° 

"   La misura è diretta ma difficile! 

"   Forte segnatura:  
un solo fotone con Eγ = √s – MZ° 

__ 

L’idea chiave 



Misura	
  dire+a	
  di	
  Nν	
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La	
  seione	
  d’urto	
  nel	
  centro	
  di	
  massa	
  rido+o	
  s’	
  va	
  
convoluta	
  con	
  la	
  funzione	
  di	
  probabilita’	
  dell’emissione	
  di	
  
fotoni	
  nello	
  stato	
  iniziale	
  di	
  energia	
  Eγ	





Misura	
  dire+a	
  di	
  Nν	
  

•  EvenP	
  parPcolarmente	
  difficili	
  da	
  accumulare,	
  
occorre	
  lavorare	
  a	
  soglie	
  molto	
  basse	
  rispe+o	
  a	
  
quelle	
  Ppiche	
  di	
  LEP	
  (Eγ>1	
  GeV)	
  (~1%	
  dell’energia	
  
visibile	
  negli	
  evenP	
  di	
  Z).	
  L3	
  700	
  evenP	
  in	
  tu+o,	
  
contro	
  5	
  milioni	
  di	
  Z	
  

•  Fondi	
  dominaP	
  da	
  evenP	
  Bhabha	
  radiaPvi	
  con	
  
ele+roni	
  che	
  sfuggono	
  in	
  avanP	
  o	
  nelle	
  zone	
  
morte	
  del	
  rivelatore	
  (essenziale	
  una	
  copertura	
  
angolare	
  vicina	
  a	
  4π)	
  maggio 2013 Carlo Dionisi FNSN II 

A.A. 2012-2013 
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Misura	
  dire+a	
  di	
  Nν	
  

maggio 2013 Carlo Dionisi FNSN II 
A.A. 2012-2013 

53 

Picco	
  della	
  
risonanza	
  Z	
  
spostato	
  in	
  
avanP	
  a	
  causa	
  
della	
  richiesta	
  di	
  
un	
  fotone	
  con	
  
Eγ>1	
  GeV	
  

Nν	
  =	
  2.98	
  ±	
  0.10	
  



Numero	
  efficace	
  di	
  neutrini	
  
dal	
  fondo	
  cosmico	
  	
  

•  Il	
  numero	
  di	
  neutrini,	
  o	
  meglio	
  il	
  numero	
  di	
  gradi	
  di	
  liberta’	
  
relaPvisPci	
  (Neff)	
  nell’universo	
  primordiale	
  influenza	
  lo	
  
spe+ro	
  delle	
  flu+uazioni	
  del	
  fondo	
  cosmico	
  (CMB).	
  In	
  
parPcolare	
  	
  piu’	
  e’	
  grande	
  la	
  densita’	
  di	
  radiazione	
  dei	
  
neutrini	
  (proporzionale	
  a	
  Nν)	
  	
  piu’	
  e’	
  rapida	
  l’espansione	
  
dell’universo	
  e	
  questo	
  influenza	
  la	
  propagazione	
  delle	
  
flu+uazioni	
  di	
  temperatura	
  misurate	
  dalle	
  anisotropie	
  del	
  
fondo	
  cosmico	
  nell’universo	
  a+uale	
  a	
  diverse	
  scale	
  angolari.	
  
La	
  posizione	
  dei	
  picchi	
  nello	
  spe+ro	
  angolare	
  delle	
  
flu+uazioni	
  e’	
  influenzato	
  dalla	
  velocita’	
  di	
  espansione	
  
nell’universo	
  primordiale	
  e	
  quindi	
  da	
  Nν	



Neff=Nν	
  (Planck	
  2015)	
  =	
  3.15	
  ±	
  0.23	
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L’espressione della sezione d’urto discussa a bassa energia è valida a 
livello più basso perturbativo, il “livello albero”. È  anche detta 
approssimazione di Born:!

! 

" =
1

4sin2#W cos
2#W

s
s$MZ

2 + iMZ%Z

! 

"0 =
4#$2

3s

A energie vicine alla risonanza e superiori ad essa ci sono importanti 
termini correttivi, che dobbiamo studiare.!

Sezione	
  d’urto	
  
differenziale	
  

C1	
  à	
  |fotone|2+|Z|2+	
  |fotone–Vector	
  neutral	
  current	
  interference	
  
C2à	
  fotone-­‐Axial	
  current	
  interference	
  +	
  Vector-­‐Axial	
  Vector	
  interf.	
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Asimmetria	
  FB	
  vs	
  √s	
  

•  Il	
  caso	
  bhabha	
  significaPvamente	
  
diverso	
  (canale	
  t	
  di	
  QED,	
  vedi	
  dopo)	
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 / 
d 
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Asimmetria	
  FB	
  vs	
  √s	
  

•  Al	
  picco	
  per	
  I	
  leptoni	
  
piccola	
  asimmetria	
  

•  Risultato	
  finale	
  
combinato	
  alle	
  
osservabili	
  
leptoniche	
  +	
  sez.	
  
d’urto:	
  	
  

Ecm [GeV]

σ
ha

d [
nb
]

σ from fit
QED corrected

measurements (error bars
increased by factor 10)
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che è la grandezza che viene
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correzioni radiative del�Modello Standard.
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~0	
  

0.23099±  0.00053	





Asimmetria	
  FB	
  per	
  quark	
  b	
  

•  Occorre	
  riconoscere	
  il	
  flavor	
  e	
  la	
  carica	
  dei	
  quark	
  (per	
  esempio	
  uPlizzando	
  
decadimenP	
  semileptonici	
  bàl-­‐n	
  X	
  	
  /	
  anP-­‐bàl+nX)	
  

•  Asimmetria	
  del	
  b	
  poco	
  dipendente	
  da	
  sin2θw	
  à	
  ma	
  fornisce	
  un	
  forte	
  
constraint	
  all’asimmetria	
  leptonica	
  :	
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Il	
  caso	
  parPcolare	
  dello	
  
scaXering	
  e+e-­‐	
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Misura	
  di	
  ALR	
  a	
  SLD	
  

•  Conoscendo	
  la	
  polarizzazione	
  possiamo	
  confrontare	
  le	
  
sezioni	
  d’urto	
  per	
  l’una	
  e	
  l’altra	
  polarizzazione.	
  
Introducendo	
  una	
  polarizzazione	
  non	
  nulla	
  per	
  il	
  fascio	
  
di	
  eleXroni	
  (I	
  positroni	
  non	
  sono	
  polarizzaP)	
  la	
  sezione	
  
d’urto	
  differenziale	
  diventa:	
  

•  Misura	
  molto	
  sensibile,	
  perche’	
  inclusiva,	
  uPlizza	
  tuk	
  
gli	
  Z	
  (adroni+muoni+tau)	
  e	
  misura	
  unicamente	
  sezioni	
  
d’urto	
  inclusive.	
  SistemaPca	
  dominante	
  dalla	
  misura	
  
della	
  polarizzazione	
  media	
  dei	
  fasci	
  <Pe>	
  nota	
  con	
  una	
  
precisione	
  di	
  0.5%	
  

•  La	
  misura	
  di	
  ALR	
  ci	
  da	
  accesso	
  direXamente	
  ai	
  coupling	
  
dell’eleXrone	
  (al	
  contrario	
  delle	
  asimmetrie	
  di	
  LEP)	
  

•  Il	
  segno	
  di	
  Pe	
  e’	
  posiPvo	
  per	
  eleXroni	
  right-­‐handed	
  e	
  
negaPvo	
  per	
  leL-­‐handed	
  



τ	
  polarizaPon	
  
•  Il	
  fermioni	
  di	
  decadimento	
  dello	
  Z	
  sono	
  polarizzaP.	
  La	
  

polarizzazione	
  dipende	
  dagli	
  accoppiamenP	
  gV	
  e	
  gA	
  (o	
  
gL/gR)	
  dei	
  leptoni.	
  

•  Non	
  si	
  puo’	
  osservare	
  questa	
  polarizzazione	
  a	
  LEP/SLD	
  
se	
  non	
  per	
  i	
  tau	
  i	
  cui	
  decadimenP	
  fungono	
  da	
  
“polarimetro”	
  

•  Da	
  notare	
  che	
  la	
  definizione	
  di	
  polarizzazione	
  si	
  riferisce	
  
allo	
  stato	
  di	
  elicita’	
  dei	
  fermioni,	
  mentre	
  lo	
  Z	
  seleziona	
  
gli	
  staP	
  di	
  chiralita’	
  (leL	
  o	
  right	
  handed),	
  ma	
  all’energia	
  
del	
  LEP	
  I	
  tau	
  sono	
  relaPvisPci	
  (Lorentz	
  γ~25)	
  e	
  le	
  due	
  
cose	
  praPcamente	
  coincidono.	
  Una	
  misura	
  di	
  
polarizzazione	
  e’	
  una	
  misura	
  direXa	
  delle	
  asimmetrie	
  
negli	
  accoppiamenP	
  chirali	
  dello	
  Z	
  

•  Da	
  notare	
  che	
  questa	
  misura	
  fornisce	
  una	
  misura	
  
praPcamente	
  indipendente	
  delle	
  asimmetrie	
  
(accoppiamenP)	
  degli	
  eleXroni	
  e	
  dei	
  tau,	
  cioe’	
  fornisce	
  
una	
  ulteriore	
  verifica	
  dell’universalia’	
  leptonica	
  delle	
  
correnP	
  deboli	
  neutre	
  

•  La	
  polarizzazione	
  dipende	
  dall’angolo	
  polare	
  di	
  
emissione	
  del	
  tau	
  nel	
  sistema	
  del	
  centro	
  di	
  massa	
  
(=laboratorio	
  per	
  LEP	
  e	
  SLD)	
  (al	
  picco	
  dello	
  Z	
  ed	
  
ignorando	
  I	
  contribuP	
  del	
  fotone+interferenza):	
  

•  Mediando	
  su	
  θ:	
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3.4. Left-right asymmetry

The left-right asymmetry is defined as

Af
LR ≡ 1

Pe

σf (−|Pe|) − σf (+|Pe|)
σf (−|Pe|) + σf (+|Pe|)

= Ae, (34)

where σf (Pe) is the total (integrated over all angles) cross-section for pro-
ducing f f̄ pairs with an electron beam of polarisation Pe.

Exercise: Derive the second equality.

3.5. Left-right forward-backward asymmetry

The left-right forward-backward asymmetry is defined as

Āf
FB ≡ σf

F (−|Pe|) − σf
B(−|Pe|) − σf

F (+|Pe|) + σf
B(+|Pe|)

σf
F (−|Pe|) + σf

B(−|Pe|) + σf
F (+|Pe|) + σf

B(+|Pe|)
=

3
4
PeAf . (35)

It allows a direct determination of the Af quantities which are presented
in Table 1.

Exercise: Derive the second equality.
To summarize or discussion so far, there are three observable asymme-

tries, measuring either Ae, Af or their product.

3.6. Tau polarization

The tau lepton is the only fundamental fermion whose polarization is exper-
imentally accessible at LEP and SLC. The average polarization of τ leptons
is defined by

Pτ (s) =
σtot

+ (s) − σtot
− (s)

σtot(s)
, (36)

where σtot(s) is the τ production cross-section via Z exchange, integrated
over all angles, and the subscripts + and − refer to the τ helicity states +1
and −1. The dependence of Pτ at the Z pole on the polar angle θ has the
form 24

Pτ (cos θ) = −Aτ (1 + cos2 θ) + 2Ae cos θ
1 + cos2 θ + 2AτAe cos θ

. (37)

The τ polarization is measured using five exclusive decay modes which
comprise about 80% of all τ decays: eνν̄, µνν̄, π(K)ν, ρν and a1ν. The sin-
gle π and K modes are not normally distinguished. The different channels
do not all have the same sensitivity to the τ polarization, π(K)ν being the
best in that respect (see Fig. 4). The energy and/or angular distributions
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The left-right asymmetry is defined as

Af
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Pe

σf (−|Pe|) − σf (+|Pe|)
σf (−|Pe|) + σf (+|Pe|)

= Ae, (34)

where σf (Pe) is the total (integrated over all angles) cross-section for pro-
ducing f f̄ pairs with an electron beam of polarisation Pe.

Exercise: Derive the second equality.

3.5. Left-right forward-backward asymmetry

The left-right forward-backward asymmetry is defined as
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FB ≡ σf

F (−|Pe|) − σf
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F (+|Pe|) + σf
B(+|Pe|)

σf
F (−|Pe|) + σf

B(−|Pe|) + σf
F (+|Pe|) + σf

B(+|Pe|)
=

3
4
PeAf . (35)

It allows a direct determination of the Af quantities which are presented
in Table 1.

Exercise: Derive the second equality.
To summarize or discussion so far, there are three observable asymme-

tries, measuring either Ae, Af or their product.

3.6. Tau polarization

The tau lepton is the only fundamental fermion whose polarization is exper-
imentally accessible at LEP and SLC. The average polarization of τ leptons
is defined by

Pτ (s) =
σtot

+ (s) − σtot
− (s)

σtot(s)
, (36)

where σtot(s) is the τ production cross-section via Z exchange, integrated
over all angles, and the subscripts + and − refer to the τ helicity states +1
and −1. The dependence of Pτ at the Z pole on the polar angle θ has the
form 24

Pτ (cos θ) = −Aτ (1 + cos2 θ) + 2Ae cos θ
1 + cos2 θ + 2AτAe cos θ

. (37)

The τ polarization is measured using five exclusive decay modes which
comprise about 80% of all τ decays: eνν̄, µνν̄, π(K)ν, ρν and a1ν. The sin-
gle π and K modes are not normally distinguished. The different channels
do not all have the same sensitivity to the τ polarization, π(K)ν being the
best in that respect (see Fig. 4). The energy and/or angular distributions



τ	
  polarizaPon	
  

•  Assumendo	
  l’usuale	
  struXura	
  V-­‐A	
  si	
  okene	
  una	
  
correlazione	
  ovvia	
  tra	
  lo	
  stato	
  di	
  elicita’	
  del	
  tau	
  e	
  la	
  
direzione	
  di	
  emissione	
  del	
  pione	
  nel	
  rest	
  frame	
  del	
  tau	
  
–  τR	
  à	
  	
  ½(1+cosθπ)	
  	
  	
  ;	
  	
  	
  τL	
  à	
  	
  ½(1-­‐cosθπ)	
  	
  

•  Nel	
  sistema	
  del	
  laboratorio	
  l’angolo	
  di	
  emissione	
  
direXamente	
  correlato	
  con	
  la	
  frazione	
  dell’energia	
  del	
  
tau	
  (==energia	
  del	
  fascio	
  collisioni	
  e+e-­‐)	
  trasportata	
  
dall’adrone	
  xπ=Eπ/Eτ	



	
  
	
  
•  Considerando	
  altri	
  decadimenP	
  adronici	
  e	
  leptonicisi	
  

oXengono	
  espressioni	
  piu’	
  complicate	
  ma	
  sempre	
  
fortemente	
  dipendenP	
  dal	
  grado	
  di	
  polarizzazione	
  del	
  
tau.	
  Ad	
  esempio	
  per	
  il	
  decadimento	
  leptonico	
  (il	
  meno	
  
sensibile)	
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f T f

3 Q
f

gf

A

gf

V

A
f

⌫
⌧

1/2 0 1/2 1/2 1
⌧� -1/2 -1 -1/2 -0.04 0.16
u 1/2 2/3 1/2 0.19 0.67
d -1/2 -1/3 -1/2 -0.35 0.94

Table 3.1: Numeric values of quantum numbers, vector and axial vector couplings, and
the chiral coupling asymmetry, A

f

. A value of sin2 ✓
W

= 0.23 has been used.

Decay Modes Branching fraction [%]
e�⌫̄

e

⌫
⌧

17.82 ± 0.04
µ�⌫̄

µ

⌫
⌧

17.39 ± 0.04
⇡�⌫

⌧

10.91 ± 0.07
K�⌫

⌧

0.696 ± 0.023
⇢�⌫

⌧

25.94 ± 0.09
K⇤�⌫

⌧

0.429 ± 0.015
h�2⇡0⌫

⌧

10.85 ± 0.11
h� � 3⇡0⌫

⌧

1.34 ± 0.07
h�h+h�⌫

⌧

9.80 ± 0.07
h�h+h� � 1⇡0⌫

⌧

5.38 ± 0.07

Table 3.2: Branching fraction of the most common tau decays [3]. h± stands for ⇡± or
K±.

lepton is su�ciently heavy to decay to an up and a Cabibbo mixed down quark, unlike
the electron and the muon. Thus, the tau lepton has two di↵erent decay modes, it can
decay leptonically or hadronically.

Figure 3.4: Leptonic and hadronic decay of the tau lepton.

In Figure 3.4 the two decay modes of the tau lepton are illustrated. To first order
one expects the branching fraction to hadrons to be three times as big as the branching
fraction to electrons and muons due to the color charges of the quarks.

In Table 3.2 branching fractions for both hadronic and leptonic decays are stated. The
leptonic decays have a total branching fraction of ⇠ 35% and the hadronic decays have a
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3.4. Left-right asymmetry

The left-right asymmetry is defined as

Af
LR ≡ 1

Pe

σf (−|Pe|) − σf (+|Pe|)
σf (−|Pe|) + σf (+|Pe|)

= Ae, (34)

where σf (Pe) is the total (integrated over all angles) cross-section for pro-
ducing f f̄ pairs with an electron beam of polarisation Pe.

Exercise: Derive the second equality.

3.5. Left-right forward-backward asymmetry

The left-right forward-backward asymmetry is defined as

Āf
FB ≡ σf

F (−|Pe|) − σf
B(−|Pe|) − σf

F (+|Pe|) + σf
B(+|Pe|)

σf
F (−|Pe|) + σf

B(−|Pe|) + σf
F (+|Pe|) + σf

B(+|Pe|)
=

3
4
PeAf . (35)

It allows a direct determination of the Af quantities which are presented
in Table 1.

Exercise: Derive the second equality.
To summarize or discussion so far, there are three observable asymme-

tries, measuring either Ae, Af or their product.

3.6. Tau polarization

The tau lepton is the only fundamental fermion whose polarization is exper-
imentally accessible at LEP and SLC. The average polarization of τ leptons
is defined by

Pτ (s) =
σtot

+ (s) − σtot
− (s)

σtot(s)
, (36)

where σtot(s) is the τ production cross-section via Z exchange, integrated
over all angles, and the subscripts + and − refer to the τ helicity states +1
and −1. The dependence of Pτ at the Z pole on the polar angle θ has the
form 24

Pτ (cos θ) = −Aτ (1 + cos2 θ) + 2Ae cos θ
1 + cos2 θ + 2AτAe cos θ

. (37)

The τ polarization is measured using five exclusive decay modes which
comprise about 80% of all τ decays: eνν̄, µνν̄, π(K)ν, ρν and a1ν. The sin-
gle π and K modes are not normally distinguished. The different channels
do not all have the same sensitivity to the τ polarization, π(K)ν being the
best in that respect (see Fig. 4). The energy and/or angular distributions
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  RadiaPve	
  
(cenni)	
  

•  I	
  daP	
  di	
  LEP	
  sono	
  sensibili	
  alle	
  correzioni	
  
radiaPve	
  di	
  QED,	
  QCD	
  e	
  puramente	
  EWK.	
  

•  IniPal/final	
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  real	
  emission:	
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Figure 3.8: QED and QCD bremsstrahlung corrections in s-channel fermion-pair production. Left:
Initial-state QED radiation; middle: final-state QED radiation; right: final-state QCD radiation in qq
production.
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colour factors. Since the QCD coupling is much stronger, αS ! αem, the correction needs to be
known to higher than just first order. For total cross sections, they are known up to third order, thus
incorporating multiple gluon radiation and off-shell gluon splitting, g∗ → qq, gg, ggg. In the limit of
massless quarks, the correction is flavour independent [60, 63]:

R(f)
QCD = 1 + ∆(f)

QCD (3.55)

∆(f)
QCD =

{
αS
π + 1.41

(αS
π
)2 − 12.77

(αS
π
)3

+ O(α4
S) for f = q

0 for f = #, ν
. (3.56)

Beyond first order, the vector and axial-vector currents receive different corrections. Simple effective
formula for the bb and inclusive hadronic final state, which take the leading effects into account,
are [60, 63]:

∆(had)
QCD =

αS

π
+ (0.78 ± 0.04)

(αS

π

)2
− (15.46 ± 0.06)

(αS

π

)3
+ O(α4

S) (3.57)

∆(b)
QCD =

αS

π
− (2.46 ± 0.17)

(αS

π

)2
− (24.7 ± 0.3)

(αS

π

)3
+ O(α4

S) . (3.58)

The corrections ∆QCD are shown in Figure 3.14 as a function of αS .
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Figure 3.14: QCD correction for partial Z decay widths, ∆QCD, as a function of the strong coupling
constant, αS . Shown are the calculations for massless quarks, the inclusive hadronic width, and the
special case of b quarks. For the latter, the triple lines show central value and ±1 sigma theoretical
error.

3.1.3.4 Combination of QED and QCD Bremsstrahlung Corrections

Mixed QED/QCD bremsstrahlung corrections arise due to the competing radiation of both a photon
and a gluon off the final-state quarks. The additional normalisation factor is given by [66]:

R(f)
QED/QCD = 1 + ∆(f)

QED/QCD (3.59)

∆(f)
QED/QCD =

{

−1
4
αem
π

αS
π q2

q for f = q
0 for f = ν, #

. (3.60)

Technically, the radiator function R(z, s) is split into contributions from virtual-, soft- and hard-
photon corrections, δV , δS , δH . Soft-photon corrections are combined with virtual QED corrections
at the e+e−Z vertex in order to obtain finite results. Summing soft-photon radiation to all orders, the
radiator function is given by:

R(z, s) = β(1 − z)β−1

[

1 +
∞
∑

n=1

(αem

π

)n
δV +S
n

]

+
∞
∑

n=1

[(αem

π

)n
δH
n (z)

]

(3.42)

β =
2αem

π
(L − 1) (3.43)

L = ln
s

m2
e

. (3.44)

The corrections to first order in αem/π are:

δV +S
1 =

(
3

2
L +

π2

3
− 2

)

(3.45)

δH
1 (z) = (1 − L)(1 + z) , (3.46)

while for the forward-backward cross section the hard-photon correction is more complicated:

δH
1 (z) = (1 − L)

(
2

1 − z
− 4z

(1 + z)2
1 + z2

1 − z

)

− 4z

(1 + z)2
ln

4z

(1 + z)2
. (3.47)

In general the corrections δn are n-th order polynomials in the large logarithm L and are calculated
order-by-order in perturbation theory. They are known to complete second order and including the
summation of soft and virtual photons to all orders. For total cross sections inside a symmetric
fiducial volume in cos θ, the third order correction is known to leading order in the large logarithm L.
A collection of radiator functions in the additive and multiplicative form is given in [60, 61, 63–65]. At
the Z pole,

√
s ≈ MZ, virtual- and soft-photon corrections dominate as the Z resonance, σ0(s′) in the

convolution integral, serves as an effective cutoff for hard initial-state photon radiation. In contrast,
for

√
s > MZ, the largest effect arises from hard initial-state radiative corrections. Because of the

Z pole in σ0(s′), initial-state radiation with the photon lowering
√

s′ to values close to MZ, called
the radiative return to the Z, is preferred. Applying a cut in s′ with s′ > s′cut $ M2

Z restricts the
phase-space for photon emission and removes the radiative-return events to keep only the interesting
genuine high-energy events.

Final-state QED radiative corrections exhibit a much smaller effect. In the absence of cuts re-
stricting the phase space for final-state radiation, the effect corresponds to an overall normalisation
factor on the total cross section:

R(f)
QED = 1 + ∆(f)

QED (3.48)

∆(f)
QED =

3

4

αem

π
q2
f + O(α2

em) , (3.49)

where these factors are also known with cuts on s′ and cos θf . The replacement αem ≡ αem(0) →
αem(s) incorporates the bulk of second- and higher-order corrections such as multiple final-state photon
radiation and final-state pair production through radiation of off-shell photons [66].

The radiated photons move preferentially along the direction of the radiating charged particle.
Thus, the bulk of initial-state radiative photons is not seen as it is lost inside the beam pipe.

The interference between initial- and final-state radiation is treated as before by extending the
above ansatz of convoluting with a radiator function. These corrections need to be combined with
QED box contributions, where an additional γ line connects an initial state fermion with a final state
fermion. Since the box contributions differ for γ and Z exchange, the cross section to be convoluted
must be separated into γ and Z exchange and its interference:

σ(s) =

∫ 1

4m2
f /s

dz
[

σ0
ZZ(z, s)RZZ(z, s) + σ0

γZ(z, s)RγZ(z, s) + σ0
γγ(z, s)Rγγ(z, s)

]

(3.50)
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colour factors. Since the QCD coupling is much stronger, αS ! αem, the correction needs to be
known to higher than just first order. For total cross sections, they are known up to third order, thus
incorporating multiple gluon radiation and off-shell gluon splitting, g∗ → qq, gg, ggg. In the limit of
massless quarks, the correction is flavour independent [60, 63]:

R(f)
QCD = 1 + ∆(f)

QCD (3.55)

∆(f)
QCD =

{
αS
π + 1.41

(αS
π
)2 − 12.77

(αS
π
)3

+ O(α4
S) for f = q

0 for f = #, ν
. (3.56)

Beyond first order, the vector and axial-vector currents receive different corrections. Simple effective
formula for the bb and inclusive hadronic final state, which take the leading effects into account,
are [60, 63]:

∆(had)
QCD =

αS

π
+ (0.78 ± 0.04)

(αS

π

)2
− (15.46 ± 0.06)

(αS

π

)3
+ O(α4

S) (3.57)

∆(b)
QCD =

αS

π
− (2.46 ± 0.17)

(αS

π

)2
− (24.7 ± 0.3)

(αS

π

)3
+ O(α4

S) . (3.58)

The corrections ∆QCD are shown in Figure 3.14 as a function of αS .
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Figure 3.14: QCD correction for partial Z decay widths, ∆QCD, as a function of the strong coupling
constant, αS . Shown are the calculations for massless quarks, the inclusive hadronic width, and the
special case of b quarks. For the latter, the triple lines show central value and ±1 sigma theoretical
error.

3.1.3.4 Combination of QED and QCD Bremsstrahlung Corrections

Mixed QED/QCD bremsstrahlung corrections arise due to the competing radiation of both a photon
and a gluon off the final-state quarks. The additional normalisation factor is given by [66]:

R(f)
QED/QCD = 1 + ∆(f)

QED/QCD (3.59)

∆(f)
QED/QCD =

{

−1
4
αem
π

αS
π q2

q for f = q
0 for f = ν, #

. (3.60)
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If QED, QCD and mixed QED/QCD corrections are combined, the overall correction is given by:

R(f) = 1 + ∆(f)
QED + ∆(f)

QCD + ∆(f)
QED/QCD . (3.61)

Note that there is no factorisation of QED and QCD bremsstrahlung corrections, R(f) != R(f)
QEDR(f)

QCD.

3.1.3.5 Final-State Corrections on Asymmetries

To first order in αem and αS , final state corrections cancel in the forward-backward cross section,
σfb = σ(cos θ > 0) − σ(cos θ < 0), of ff production. Thus the forward-backward asymmetry, being
the ratio of the forward-backward and the total cross section, is affected by the inverse of the correction
factor for total cross sections.

3.1.3.6 Weak Corrections and Effective Coupling Constants

Weak corrections to fermion-pair production fall into three classes, propagator or self-energy correc-
tions of the intermediate gauge bosons, vertex corrections at the boson-fermion vertices, and contri-
butions from box diagrams. The effect of γ/Z mixing in the internal gauge-boson propagator, possible
due to fermion loop insertions, does no longer allow a clean separation of the matrix element in a γ
and Z part. If the box contributions are neglected, it is still possible, however, to retain the structure
of the Born-term γ and Z exchange matrix elements summing up to the total matrix element of the
e+e−→ ff scattering process. The electroweak radiative corrections are incorporated in the two pieces
in such a way that a gauge invariant separation is obtained.

Weak radiative corrections modify the photon and Z-boson matrix elements by introducing complex
valued

√
s dependent formfactors, FA(s), GVf (s) and GAf (s):

M = Mγ + MZ (3.62)

Mγ = i
4παem

s
FA(s) [(qeγµ) ⊗ (qfγ

µ)] (3.63)

MZ = i
√

2GFM2
Zχ(s)

[

(γµ(GVe(s) − GAe(s)γ5)) ⊗ (γµ(GVf (s) − GAf (s)γ5))
]

. (3.64)

Expressions for cross sections and decay widths are rewritten in terms of complex vector- and axial-
vector couplings by using the following prescription given in symbolic notation:

Z boson exchange:

{g2
Vf , g2

Af , gVfgAf} −→ {|GVf |2, |GAf |2, &(GVfG∗
Af )} (3.65)

γ exchange:

q2
eq

2
f −→ q2

eq
2
f |FA(s)|2 (3.66)

γ/Z interference:

qeqf{gVegVf , gAegAf}&(χZ(s)) −→ qeqf&({GVeGVf , GAeGAf}F ∗
A(s)χZ(s)) (3.67)

qeqf{gVegAf , gAegVf}&(χZ(s)) −→ qeqf&({GVeGAf , GAeGVf}F ∗
A(s)χZ(s)) . (3.68)

The photonic matrix element Mγ contains the effect of fermion loop insertions in the photon propaga-
tor, expressed by the complex photon vacuum polarisation, FA(s). The real part of FA(s) is simply the
running of the finestructure constant αem as introduced during the discussion of ∆r in Section 2.11.2:

&(FA(s)) =
1

1 − ∆αem(s)
. (3.69)
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The imaginary part is given by:

!(FA(s)) = −1

3

∑

f

Nf
Cq2

fβf

(

1 +
2m2

f

s

)

θ(s − 4m2
f ) (3.70)

!(FA(M2
Z)) → −1

3

∑

f !=t

q2
fNf

C . (3.71)

Within the total matrix element, the imaginary part of FA(s) picks up the imaginary part of the Z-
boson propagator, leading to an additional γ/Z interference contribution to cross sections and asymme-
tries of the order of αem!(FA(M2

Z))ΓZ/MZ. Through γ/Z mixing in the propagator, it also contributes
to the resonant Z-exchange terms.

The complex vector and axial-vector couplings are expressed in terms of complex formfactors ρf (s)
and κf (s):

GVf (s) =
√

ρf (s) ·
(

T f
3 − 2qfκf (s) sin2 θW

)

(3.72)

GAf (s) =
√

ρf (s) · T f
3 . (3.73)

Loop insertions to the Z boson propagator are interpreted as a change in the weak coupling strength.
The coupling in the Z-boson matrix element MZ is changed:

παem

sin2 θW cos2 θW
→ ρ(s)

√
2GFM2

Z , (3.74)

where %(ρ) = 1/(1 − ∆ρ) is, to leading order, nothing else but the ρ parameter denoting the ratio
between the neutral weak and charge weak current. In general the ρ parameter is expected when
expressing a neutral weak current amplitude in terms of the charged weak current coupling strength
GF. The large logarithms due to fermionic loop insertions as seen in the photon propagator and αem(s)
are cancelled by introducing the charged current coupling GF.

The Z/γ mixing in the propagator with subsequent coupling of the photon to the fermion pair is
interpreted as a correction to the charge dependent part of the vector coupling of the Z boson. The
factor κ(s) in front of the electroweak mixing angle expresses this correction:

sin2 θW → κ(s) sin2 θW , (3.75)

where κ = 1 + ∆κ.
For Z-pole measurements, the complex s-dependent couplings may be treated as constant by

setting s = M2
Z, called the Z-pole approximation. In order to avoid a complex mixing angle and com-

plex vector- and axial-vector couplings, only the real parts are usually retained as effective couplings
whereas the imaginary parts are added explicitly:

αem(M2
Z) = %(αem · FA(M2

Z)) =
αem

1 − ∆αem(M2
Z)

(3.76)

gAf = %(
√
ρf ) · T f

3 (3.77)

gVf = %(
√
ρf ) · (T f

3 − 2%(κf )qf sin2 θW)) (3.78)

sin2 θf = %(κf ) sin2 θW . (3.79)

The approximation where the imaginary parts are neglected is called the improved Born approxima-
tion. This approximation is not adequate for the precise results obtained at SLC and LEP–I. For the
extraction of the effective couplings from the experimental data, the imaginary parts are therefore
fixed to their Standard Model prediction.

In general theories the three weak correction terms ∆rw, ∆ρ, and ∆κ are independent of each
other. Within the MSM, the leading terms are the same and given by ∆ρ:

∆rw = − cot2 θW∆ρ (3.80)

∆κ = + cot2 θW∆ρ . (3.81)

The corrections discussed so far are of universal nature, i.e., they are independent of the flavour of
the external fermions. Fermion-specific vertex corrections introduce dependences on the flavour of the
external fermions:

ρf = ρ+ ∆ρf (3.82)

κf = κ+ ∆κf . (3.83)

For all fermions except the b quark, the flavour dependence of the vertex correction is very small.
However, for b quarks, vertex corrections involving Wtb vertices, as shown in Figure 3.15, are large
due to the high mass of the isopartner of the b quark, the top quark, and the large Cabibbo-Kobayashi-
Maskawa quark mixing matrix element |Vtb| ≈ 1:

∆ρb = −4

3
∆ρ (3.84)

∆κb = −1

2
∆ρb = +

2

3
∆ρ . (3.85)

The inclusion of the specific vertex corrections inverts the Mt dependence of ρb and increases the Mt

dependence of κb as compared to the other fermions. A comparison of the electroweak corrections for
f = b and f #= b is shown in Figures 3.16.

Based on the master equation:

sin2 θ(1 − sin2 θ) =
παem√
2GFM2

Z

· 1

1 − ∆
, (3.86)

several possibilities exist to define an electroweak mixing angle:

sin2 θ =
1

2

[

1 −
√

1 − 4
παem√
2GFM2

Z

1

1 − ∆

]

, (3.87)

which are summarised in Table 3.2. The comparison of the top-quark and Higgs-boson mass depen-
dence of the different definitions of the electroweak mixing angle, on-shell sin2 θW and effective sin2 θW,
is shown in Figure 3.17.

While the measurement of the W-boson mass at the TEVATRON and LEP–II determines the on-
shell quantities sin2 θW and ∆r, measurement of fermion-pair production at the Z pole performed at
SLC and LEP–I determine the effective quantities sin2 θf and ∆r̄f . For a heavy top quark and a heavy
Higgs boson, the effective Z-pole quantities are given by:

∆r̄(t) = −GFM2
W

8
√

2π2

[

3
M2

t

M2
W

− 2

3 cos2 θW
ln

M2
t

M2
W

]

(3.88)

∆r̄(H) =
GFM2

W

8
√

2π2

1 + 9 sin2 θW
3 cos2 θW

(

ln
M2

H

M2
W

− 5

6

)

. (3.89)

The sensitivity of the effective Z pole quantities to ∆αem, Mt and MH, given by:

∂∆r̄

∂∆αem
δ∆αem = +1δ∆αem (3.90)

∂∆r̄

∂Mt
δMt = − 3GF

4
√

2π2
MtδMt = − 0.0005

(
Mt

175 GeV

)(
δMt

5 GeV

)

(3.91)

∂∆r̄

∂MH
δMH = +

GFM2
W

4
√

2π2

1 + 9 sin2 θW
3 cos2 θW

(
δMH

MH

)

= + 0.0017
δMH

MH
. (3.92)
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Figure 3.15: Vertex corrections in bb production involving the top quark.
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Figure 3.16: Electroweak formfactors ρf and κf as a function of Mt comparing b and non-b fermions.
In each case, three lines are shown corresponding to Higgs-boson masses of 90 GeV, 300 GeV, and
1000 GeV. For fixed top-quark mass, both ρf and κf increase with MH.

Scheme ∆ sin2 θ

Born 0 sin2 θ

+ QED ∆αem sin2 θ0

+ self energies ∆r̄ = ∆αem − ∆ρ+ ∆r̄rem sin2 θW = (1 + ∆κ) sin2 θW

+ vertex corrections ∆r̄f = ∆αem − ∆ρ+ ∆r̄f,rem sin2 θf = κf sin2 θW

MW prediction ∆r = ∆αem − cot2 θW∆ρ+ ∆rrem sin2 θW = 1 − M2
W/M2

Z

Table 3.2: Various definitions of the electroweak mixing angle.
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Within the total matrix element, the imaginary part of FA(s) picks up the imaginary part of the Z-
boson propagator, leading to an additional γ/Z interference contribution to cross sections and asymme-
tries of the order of αem!(FA(M2

Z))ΓZ/MZ. Through γ/Z mixing in the propagator, it also contributes
to the resonant Z-exchange terms.
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and κf (s):

GVf (s) =
√

ρf (s) ·
(

T f
3 − 2qfκf (s) sin2 θW

)

(3.72)

GAf (s) =
√

ρf (s) · T f
3 . (3.73)

Loop insertions to the Z boson propagator are interpreted as a change in the weak coupling strength.
The coupling in the Z-boson matrix element MZ is changed:

παem

sin2 θW cos2 θW
→ ρ(s)

√
2GFM2

Z , (3.74)

where %(ρ) = 1/(1 − ∆ρ) is, to leading order, nothing else but the ρ parameter denoting the ratio
between the neutral weak and charge weak current. In general the ρ parameter is expected when
expressing a neutral weak current amplitude in terms of the charged weak current coupling strength
GF. The large logarithms due to fermionic loop insertions as seen in the photon propagator and αem(s)
are cancelled by introducing the charged current coupling GF.

The Z/γ mixing in the propagator with subsequent coupling of the photon to the fermion pair is
interpreted as a correction to the charge dependent part of the vector coupling of the Z boson. The
factor κ(s) in front of the electroweak mixing angle expresses this correction:

sin2 θW → κ(s) sin2 θW , (3.75)

where κ = 1 + ∆κ.
For Z-pole measurements, the complex s-dependent couplings may be treated as constant by

setting s = M2
Z, called the Z-pole approximation. In order to avoid a complex mixing angle and com-

plex vector- and axial-vector couplings, only the real parts are usually retained as effective couplings
whereas the imaginary parts are added explicitly:

αem(M2
Z) = %(αem · FA(M2

Z)) =
αem

1 − ∆αem(M2
Z)

(3.76)

gAf = %(
√
ρf ) · T f

3 (3.77)

gVf = %(
√
ρf ) · (T f

3 − 2%(κf )qf sin2 θW)) (3.78)

sin2 θf = %(κf ) sin2 θW . (3.79)

The approximation where the imaginary parts are neglected is called the improved Born approxima-
tion. This approximation is not adequate for the precise results obtained at SLC and LEP–I. For the
extraction of the effective couplings from the experimental data, the imaginary parts are therefore
fixed to their Standard Model prediction.
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In general theories the three weak correction terms ∆rw, ∆ρ, and ∆κ are independent of each
other. Within the MSM, the leading terms are the same and given by ∆ρ:

∆rw = − cot2 θW∆ρ (3.80)

∆κ = + cot2 θW∆ρ . (3.81)

The corrections discussed so far are of universal nature, i.e., they are independent of the flavour of
the external fermions. Fermion-specific vertex corrections introduce dependences on the flavour of the
external fermions:

ρf = ρ+ ∆ρf (3.82)

κf = κ+ ∆κf . (3.83)

For all fermions except the b quark, the flavour dependence of the vertex correction is very small.
However, for b quarks, vertex corrections involving Wtb vertices, as shown in Figure 3.15, are large
due to the high mass of the isopartner of the b quark, the top quark, and the large Cabibbo-Kobayashi-
Maskawa quark mixing matrix element |Vtb| ≈ 1:

∆ρb = −4

3
∆ρ (3.84)

∆κb = −1

2
∆ρb = +

2

3
∆ρ . (3.85)

The inclusion of the specific vertex corrections inverts the Mt dependence of ρb and increases the Mt

dependence of κb as compared to the other fermions. A comparison of the electroweak corrections for
f = b and f #= b is shown in Figures 3.16.

Based on the master equation:

sin2 θ(1 − sin2 θ) =
παem√
2GFM2

Z

· 1

1 − ∆
, (3.86)

several possibilities exist to define an electroweak mixing angle:

sin2 θ =
1

2

[

1 −
√

1 − 4
παem√
2GFM2

Z

1

1 − ∆

]

, (3.87)

which are summarised in Table 3.2. The comparison of the top-quark and Higgs-boson mass depen-
dence of the different definitions of the electroweak mixing angle, on-shell sin2 θW and effective sin2 θW,
is shown in Figure 3.17.

While the measurement of the W-boson mass at the TEVATRON and LEP–II determines the on-
shell quantities sin2 θW and ∆r, measurement of fermion-pair production at the Z pole performed at
SLC and LEP–I determine the effective quantities sin2 θf and ∆r̄f . For a heavy top quark and a heavy
Higgs boson, the effective Z-pole quantities are given by:

∆r̄(t) = −GFM2
W

8
√

2π2

[

3
M2

t

M2
W

− 2

3 cos2 θW
ln

M2
t

M2
W

]

(3.88)

∆r̄(H) =
GFM2

W

8
√

2π2

1 + 9 sin2 θW
3 cos2 θW

(

ln
M2

H

M2
W

− 5

6

)

. (3.89)

The sensitivity of the effective Z pole quantities to ∆αem, Mt and MH, given by:

∂∆r̄

∂∆αem
δ∆αem = +1δ∆αem (3.90)

∂∆r̄

∂Mt
δMt = − 3GF

4
√

2π2
MtδMt = − 0.0005

(
Mt

175 GeV

)(
δMt

5 GeV

)

(3.91)

∂∆r̄

∂MH
δMH = +

GFM2
W

4
√

2π2

1 + 9 sin2 θW
3 cos2 θW

(
δMH

MH

)

= + 0.0017
δMH

MH
. (3.92)
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Figure 3.17: The effective and the on-shell electroweak mixing angle as a function of Mt, comparing
b and non-b fermions. In each case, three lines are shown corresponding to Higgs-boson masses of
90 GeV, 300 GeV, and 1000 GeV. For fixed top-quark mass, all increase with MH.

Compared to the on-shell quantities ∆r and sin2 θW, the sensitivity is reduced by a factor of cot2 θW =
3.5 for Mt and 11 cos2 θW/(1 + 9 sin2 θW) = 2.8 for MH, as visible in Figure 3.17. However, the large
statistics of the Z-pole measurements at SLC and LEP–I more than compensates this loss of sensitivity.
Nevertheless when interpreting measurements of ∆r̄, the error on the hadronic vacuum polarisation
of ±0.00065 [44, 45] is equivalent to an error of 6 GeV on Mt and an error of 37% on MH.

The dependences of the electroweak correction terms ∆ on top-quark and Higgs-boson mass are
of opposite sign. Constraining electroweak corrections by an experimental measurement implies a
determination of Mt and MH with a positive correlation.

3.1.4 The Decay Widths of the Z Boson

The Z boson propagator needs to be considered together with the photon propagator due to γ/Z mixing
effects through loop insertions in the propagator. The imaginary part of the Z self energy appears in
the total decay width, ΓZ, entering the Z-boson propagator. Both these higher-order corrections and
phase-space effects lead to a linear increase of the total decay width ΓZ with

√
s. Overall, ΓZ varies

linear with s:

ΓZ −→ ΓZ(s) ≡ s

M2
Z

ΓZ(MZ) , (3.93)

so that the Breit-Wigner description of the Z pole naturally changes from an s-independent width to
an s-dependent width, see also Section 3.1.1.4. This leads to the above redefinition of the parameter
called total width to be ΓZ = ΓZ(MZ) so that the s-dependence appears explicitly in the Z-boson
Breit-Wigner χZ(s).

Owing to factorisation, partial decay widths of the Z boson are corrected by the same terms as
cross sections to obtain radiatively corrected decay widths. The individual partial decay widths are
written in terms of GF and effective couplings absorbing weak corrections and are corrected by the
same factors R for final state QED and QCD radiation as discussed before. Including fermion-mass
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Figure 3.15: Vertex corrections in bb production involving the top quark.
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Figure 3.16: Electroweak formfactors ρf and κf as a function of Mt comparing b and non-b fermions.
In each case, three lines are shown corresponding to Higgs-boson masses of 90 GeV, 300 GeV, and
1000 GeV. For fixed top-quark mass, both ρf and κf increase with MH.

Scheme ∆ sin2 θ

Born 0 sin2 θ

+ QED ∆αem sin2 θ0

+ self energies ∆r̄ = ∆αem − ∆ρ+ ∆r̄rem sin2 θW = (1 + ∆κ) sin2 θW

+ vertex corrections ∆r̄f = ∆αem − ∆ρ+ ∆r̄f,rem sin2 θf = κf sin2 θW

MW prediction ∆r = ∆αem − cot2 θW∆ρ+ ∆rrem sin2 θW = 1 − M2
W/M2

Z

Table 3.2: Various definitions of the electroweak mixing angle.
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+ vertex corrections ∆r̄f = ∆αem − ∆ρ+ ∆r̄f,rem sin2 θf = κf sin2 θW

MW prediction ∆r = ∆αem − cot2 θW∆ρ+ ∆rrem sin2 θW = 1 − M2
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Table 3.2: Various definitions of the electroweak mixing angle.

In general theories the three weak correction terms ∆rw, ∆ρ, and ∆κ are independent of each
other. Within the MSM, the leading terms are the same and given by ∆ρ:

∆rw = − cot2 θW∆ρ (3.80)

∆κ = + cot2 θW∆ρ . (3.81)

The corrections discussed so far are of universal nature, i.e., they are independent of the flavour of
the external fermions. Fermion-specific vertex corrections introduce dependences on the flavour of the
external fermions:

ρf = ρ+ ∆ρf (3.82)

κf = κ+ ∆κf . (3.83)

For all fermions except the b quark, the flavour dependence of the vertex correction is very small.
However, for b quarks, vertex corrections involving Wtb vertices, as shown in Figure 3.15, are large
due to the high mass of the isopartner of the b quark, the top quark, and the large Cabibbo-Kobayashi-
Maskawa quark mixing matrix element |Vtb| ≈ 1:
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The inclusion of the specific vertex corrections inverts the Mt dependence of ρb and increases the Mt

dependence of κb as compared to the other fermions. A comparison of the electroweak corrections for
f = b and f #= b is shown in Figures 3.16.

Based on the master equation:
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which are summarised in Table 3.2. The comparison of the top-quark and Higgs-boson mass depen-
dence of the different definitions of the electroweak mixing angle, on-shell sin2 θW and effective sin2 θW,
is shown in Figure 3.17.

While the measurement of the W-boson mass at the TEVATRON and LEP–II determines the on-
shell quantities sin2 θW and ∆r, measurement of fermion-pair production at the Z pole performed at
SLC and LEP–I determine the effective quantities sin2 θf and ∆r̄f . For a heavy top quark and a heavy
Higgs boson, the effective Z-pole quantities are given by:
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The sensitivity of the effective Z pole quantities to ∆αem, Mt and MH, given by:
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