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Abstract

We discuss the coupling between rotational and translational motions in a simulated network forming liquid, i.e. the

extended simple point charge (SPC/E) model developed to describe the behavior of water, a network of hydrogen

bonds. We show that rotational correlators in supercooled states behave as predicted by mode-coupling theory

(MCT) and present a simple modi®cation of the standard MCT to describe the wave vector and time dependence of

the center of mass (COM) correlators. We compare the predictions of the model with the numerical data, calculated

from a molecular dynamics (MD) simulation. Ó 1998 Elsevier Science B.V. All rights reserved.

1. Introduction

The ideal mode-coupling theory (MCT) [1,2] for
supercooled liquids has been subjected to extensive
tests in recent years, both from experimental [3,4]
and numerical works [5±7]. As a result, there is
now growing consensus in the scienti®c communi-
ty that the theory can successfully describe the dy-
namics of liquids in the early supercooling regime,
i.e. down to a cross over (critical) temperature, Tc,
at which the so-called hopping e�ects become
dominant [1,8]. Even though the theory was origi-
nally developed to describe the slow dynamics in
simple liquids, i.e. liquids made by atoms or by
molecules interacting through a spherically sym-
metric potential, experimental [3,9,10] and numer-
ical [6,11±13] results have shown that molecular
liquids also behave, at least qualitatively, as pre-

dicted by the theory. Unfortunately, a complete
comparison between the theory and the experi-
mental data for molecules of arbitrary shape could
not be performed, because the original ideal MCT
did not include orientational degrees of freedom.
Important recent results have opened the way to
a deeper understanding of the physics beyond the
liquid to glass transformation of molecular liquids.
An extension of the MCT equations to molecular
liquids has been recently developed and predic-
tions for the q-vector dependence of the non-er-
godicity parameter, both for center of mass
(COM) and angular correlators is now available
for liquids composed of linear molecules [14,15]
and for a single solute molecule in a simple solvent
liquid [16]. A successful comparison between theo-
retical predictions and numerical data for a liquid
of Lennard±Jones dumbbells encourages further
investigations in this direction [11,15].

A subclass of glass-forming molecular liquids is
composed of the network-forming liquids, i.e. liq-
uids with medium range order, as shown by the

Journal of Non-Crystalline Solids 235±237 (1998) 325±330

* Corresponding author. E-mail: linda@systar.phys.uni-

roma.it.

0022-3093/98/$19.00 Ó 1998 Elsevier Science B.V. All rights reserved.

PII: S 0 0 2 2 - 3 0 9 3 ( 9 8 ) 0 0 5 9 4 - 8



presence of a ®rst peak in the static structure factor
(®rst sharp di�raction peak). It is of great interest
to understand whether MCT is able to rationalize
also the properties of such liquids, where the
mechanisms driving the freezing di�er from those
occurring in simple liquids. In this paper we ana-
lyze molecular dynamics (MD) data for a network
forming supercooled liquid, SPC/E water. The
simulation consists of a series of trajectories (up
to 250 ns) for a system of N � 216 rigid molecules
interacting through a SPC/E potential with period-
ic boundary conditions. The details of the simula-
tion are reported in Ref. [12]. In a previous work
we discussed the COM self- [12] and collective
[13] dynamics of SPC/E water under deep super-
cooling conditions. We showed that a description
of the slow COM motion can be achieved using
the prediction of MCT. We showed that, in the
temperature range studied, the COM characteristic
time, s (such as, for example, the inverse di�usi-
vity) increases on cooling according to a power
law, i.e. s � jT ÿ T MD

c jc, where T MD
c was found to

be around 200 K and c � 2:7. In this article, we
mainly focus on the relaxation of the angular cor-
relations as a characteristic feature of a molecular
liquid. To underline the ``universality'' of the slow-
ing down processes observed in such a system we
perform a comparison between the angular co-
rrelators and the self-correlation functions in Sec-
tion 2. In Section 3 we discuss a possible
modi®cation of the COM MCT equations to em-
pirically take into account the coupling between
COM and rotational quantities.

2. Rotational dynamics

To investigate the orientational dynamics of
water molecules in a supercooled regime we study
the time dependent correlation function of the nor-
malized dipole vector,~li, of the ith molecule, aver-
aged over all the molecules of the system

C1�t� � 1

N

X
i

~li�t� �~li�0�
* +

� 1

N

X
i

coshi�t�h i; �1�

where hi�t� is the angle between the dipole at time,
t, and the same dipole at time t � 0. This correla-
tion function corresponds to the average of the
®rst Legendre polynomial P1�cos hi�t�� and it is
the natural generalization of the self-correlation
function to the orientational dynamics. In analogy
with Eq. (1) the higher order orientational co-
rrelators Cl�t� can be de®ned as

Cl�t� � 1

N

X
i

Pl�coshi�t��h i; �2�

where Pl�x� is the Legendre polynomial of order l.
The experimental relevance of these correlation
functions is that C1�t� and C2�t� can be measured
from dielectric measurements and NMR respec-
tively. The set of MD data also allows the calcula-
tion of the higher order correlators, which are not
accessible in real experiments.

In Fig. 1 plots of the relaxation of C1�t� and
C2�t� are shown at di�erent temperatures ranging
from T � 285 to 207 K. We note the presence in
the angular correlators of a slow relaxation dy-
namics which covers a time window of ®ve decades
for the higher temperature to eight decades for the
lower one. We recover the two step process charac-
teristic of supercooled liquids. An initial (oscillato-
ry) decay to a plateau followed by a slower a-
relaxation process. The short time dynamics and
the decay to the plateau is almost temperature in-
dependent, as well as the magnitude of the plateau.
On the contrary the a-relaxation is temperature
dependent. The rotational dynamics becomes
slower and slower as the temperature is decreased.
The longer time relaxation can be properly ®tted
using a stretched exponential functional form,
Ale

ÿ�t=sl�bl . sl plays the role of a characteristic time
for the a-relaxation process.

To underline the fact that the orientational dy-
namics is coupled to the COM dynamics, we com-
pare in the same ®gure the orientational
correlation function with the COM self-density
correlation function at ®xed q-vector. At all tem-
peratures, the translational and orientational co-
rrelators in the a-region are superimposed, which
we suggest shows that decorrelation over distances
of the order of qÿ1 is associated with decorrelation
over angles of order p=l, l being the order of the
Legendre polynomial under scrutiny.
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MCT predicts that the correlation times of co-
rrelators coupled to the density ¯uctuations di-
verge with a power law at the same critical
temperature and with the same exponent, c. From
the study of the COM dynamics [12] we found
T MD

c � �200� 2� K and c � 2:7.
To compare the scaling of the self-di�usivity

and the orientational relaxation times, we plot
the COM di�usion coe�cient, D, and the rotation-
al relaxation times, sl (for several l), raised to the
power, ÿ1=c, in Fig. 2. All the relaxation times di-
verge at the same critical temperature, T MD

c , within
the numerical error. Moreover the data corre-
sponding to the six lower temperatures agree with
the asymptotic power law sl�T � / �T ÿ T MD

c �ÿ2:7
.

From the previous discussion and from the
comparison in Fig. 2 it appears that translational
and rotational relaxations are coupled in the a-re-
laxation region. Within the cage, molecules have
hindered translational and rotational motions.
The translational and orientational quantities can
relax only in the process of changing local environ-
ment, i.e. on the slower time scale of the alpha-re-
laxation process. This coupling of translational
and rotational degrees of freedom is connected to
the network structure of water. The ordered struc-
ture is mainly due to the formation of strong direc-
tional hydrogen bonds which link every molecule
to its ®rst neighbors. Thus, the mechanism ruling
the glass transition in such a network forming liq-
uid is completely di�erent from that governing the
freezing in simple liquids, where the transition is
mainly driven by close packing of the molecules.
The energetic hydrogen bonds, as compared to
the thermal energy, constrain the molecules in ``en-
ergetic'' cages which are responsible for the slow-
ing of the dynamics. The directionality of the
bonds couples the translational and rotational mo-
tion of the molecules in the process of breaking
and reforming the energetic cages. This process im-
plies that a theory describing the process of glass
formation in network forming liquids cannot ne-
glect the interplay between translational and orien-
tational degrees of freedom of the molecules.

Fig. 2. Comparison between the scaling of the di�usivity with

temperature (®lled squares) and the scaling of the relaxation

times sl for di�erent ls (empty symbols). Lines are drawn as

guides for the eye.

Fig. 1. Time evolution of the angular correlators C1�t� and

C2�t� as calculated from the MD data (symbols). Curves are

plotted at seven di�erent temperatures: T � 285; 258;

238; 225; 213; 210; 207 K. Lines are the time evolution of

the incoherent density correlators for q � 8 and q � 16 nmÿ1.
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We now turn to a quantitative analysis of the
relaxation of the angular correlators in the a-re-
gion. First we show that the time±temperature su-
perposition principle (TTSP) holds for every
studied Cl�t�. The TTSP, as predicted by MCT,
states that curves at di�erent temperatures (but
with the same l) fall over the same master curve
if the time is rescaled by a l-dependent time scale.
To check the TTSP we plot in Fig. 3 C1�t=t1� and
C2�t=t2�, where tl is de®ned by Cl�tl� � 1=e, i.e. it
is the time at which the correlation function decays

to a fraction, 1=e, of its initial value. With this time
scaling the curves clearly converge to the same l-
dependent master curve. Following the lines of
MCT, we then compare, in the time window where
the correlators remain close to the plateau, the
master curve built up by the envelope of the di�er-
ent curves with the universal master curve of the b-
region. The time dependence of the b-correlator is
entirely controlled by the exponent b. For the de-
tected c � 2:7, MCT predicts a critical exponent
b � 0:5 which is in agreement with the b obtained
by ®tting the early coherent and incoherent a-re-
laxation regions [12,13] to the Von Schweidler
law. The universal master curves obtained solving
the MCT in the b-region with b � 0:5 are repre-
sented by the long dashed lines in Fig. 3. As pre-
dicted by MCT, the range of validity of the b-
correlator is l-dependent [17]. For l � 2 we ®nd
that the theoretical master curve describes correct-
ly the relaxation in a wide range, in agreement with
the result in Ref. [13] for the q-vector correspond-
ing at the pre-peak (q � 16 nmÿ1). For l � 1 the
time window where the power law holds is smaller
and corrections to the Von Schweidler law must be
taken into account. The short dashed line in Fig. 3
shows the b-correlator plus the next to leading cor-
rection to the power law, tb, i.e. the t2b order. The
introduction of the next order corrections extends
the range of validity of the b-master curve by one
order of magnitude.

3. A semi-schematic MCT model

The previous analysis provides evidence that
MCT is the correct framework for a proper theo-
retical description of the slowing of the dynamics
near the glass transition even for network forming
liquids. The MD data presented show that in su-
percooled SPC/E water the relaxation of the angu-
lar correlators, as well as the translational ones,
follows the MCT predictions.

The MD data also show that the COM dynam-
ics is coupled with the rotational one, and we do
expect that the time evolution of the COM density
correlators is a�ected by the angular correlators.
To take into account such a coupling, we propose
as a preliminary step toward the investigation of

Fig. 3. Time evolution of the angular correlators C1�t� and

C2�t� as calculated from MD data (solid lines) scaled over the

same master curve through a l-dependent scaling of the times.

The long dashed lines are the exact solutions of the MCT dy-

namic equations in the b-region for c � 2:7. The black dots in-

dicate the in¯ection points of the b-correlators in the

logarithmic time scale. For l � 1 the short dashed line repre-

sents the b-correlator plus the next order correction. The long

time relaxations can be ®tted to a stretched exponential law

with A1 � 0:94� 0:01, b1 � 0:77� 0:05, A2 � 0:84� 0:01 and

b2 � 0:68� 0:05. The relaxation times are shown in Fig. 2.
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the glass transition in molecular network forming
liquids [18], a semi-schematic model for the relax-
ation of the translational correlation.

The model [18] condenses the interaction be-
tween translational and rotational degrees of free-
dom in a q- and l-independent coupling, vR, which
increases the strength of the memory function con-
trolling the COM dynamics. We propose to use the
usual MCT memory function, mq�/q�t�� [1], for
simple liquids, thus retaining the complete q-de-
pendence of the coherent and incoherent COM
density±density correlation functions, multiplied
by an e�ective coupling, vR. With the introduction
of vR we add a further parameter, beside tempera-
ture and pressure, which must be tuned to reach
the glass transition. If we neglect the e�ect of the
angular correlators on the COM, i.e. vR � 1, then
the use of usual MCT memory function does not
predict a freezing of the dynamics neither at T MD

c

nor at any other lower temperature. Indeed, as
shown in Fig. 4, if vR � 1, the COM correlators
decay following the exponential characteristic be-
havior of high temperature liquids. Increasing the
value of vR the model predicts a slowing down of
the dynamical relaxation, until an ideal glass tran-
sition appears for vR � 1:93. Thus, by choosing
vR � 1:93, the model predicts an ideal glass transi-

tion exactly at the temperature observed in the
simulations.

By introducing this simple modi®cation in the
MCT, we are able to calculate the complete q-de-
pendence of the static and dynamic quantities rul-
ing the self- and collective COM relaxations. We
can solve the equations for the non-ergodicity pa-
rameter, the critical amplitudes and the b expo-
nent, and we can calculate the exact time
evolution of the correlators. This allows a com-
plete and careful comparison with the numerical
data for the COM motion, using as input only
the number density, the structure factor at T MD

c

and the critical value for vR. Fig. 5 shows the
non-ergodicity parameter as obtained by ®tting
the numerical data compared with the theoretical
prediction of the semi-schematic model, both for
the coherent and incoherent COM correlators.
The agreement is striking at low q values, while
it becomes worse at large q values, where the dy-
namics is more sensitive to the detailed geometry
of the water molecules. Moreover, the model pre-
dicts b � 0:48 to be compared with the value
b � 0:5 calculated from the numerical data. Thus,
from the comparison between MD data and the in-
troduced semi-schematic model we learn that, at
least in the case under consideration, the interac-
tion of the angular correlators with the COM den-
sity ¯uctuations can be in ®rst approximation

Fig. 4. Time evolution of the density coherent correlator at

q � 18 nmÿ1 (the position of the maximum of the structure fac-

tor) as obtained by solving the semi-schematic MCT equations

[18] on a grid of 300 q-vectors. Curves are plotted for di�erent

values of vR. The numerical structure factor at T � T MD
c has

been used in the calculations.

Fig. 5. Comparison between the MD non-ergodicity parameter

(symbols) and the semi-schematic model predictions for the

self- (squares and dashed line) and collective (circles and solid

line) correlation functions.
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renormalized in the e�ective multiplicative con-
stant vR.

4. Conclusions

We discuss the possible role of the semi-sche-
matic approach presented here and in Ref. [18],
compared to the full MCT description of the rota-
tional translational coupling [14]. The semi-sche-
matic approach requires as only input the COM
structure factor, a quantity which can be measured
experimentally. Knowing the structure factor, pre-
dictions for the q-dependence of the static and dy-
namic behavior of the COM density ¯uctuations
can be calculated and compared with independent
experimental ®nding. On the other hand, the full
MCT solution for non-spherical molecules [14] re-
quires as input several angular static correlators
(i.e. the generalization to angular degrees of free-
dom of the structure factor) which cannot be de-
termined from experiments. In this respect, the
semi-schematic model o�ers an intermediate ap-
proach for describing the dynamics of the COM
density ¯uctuations which captures the essential
ingredients of the coupling between COM and an-
gular degrees of freedom and which may allow a
comparison not only with simulations results but
also with experimental data.
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