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We analyze differences in dynamics and in properties of the sampled potential energy landscape between
different equilibrium trajectories, for a system of rigid water molecules interacting with a two-body potential.
On entering in the supercooled region, differences between different realizations increase and survive even
when particles have diffused several time their average nearest neighbor distance. We observe a strong
correlation between the mean square displacement of the individual trajectories and the average energy of the
sampled landscape.

I. Introduction to clarify differences in local structures and relations between
i ) structural properties and dynamics. More recently, extensive
The potential energy landscape (PEL)is the surface  gydies of the PEL properties have been published, providing a
generated by the potential energy of a system. In the case of &jetailed description of the landscape properties of several models
system composed Hy rigid molecules, it is a highly complex o water8.3-34 Within the PEL formalism, attempts have also
surface defined in aM dimensional space. In recent years, peen presented in the direction of connecting thermodynamic
numerical studie&;!! boosted by the increased computational properties (like the number of explored minima or the number
resources, have attempted to quantify the statistical propertiesys gifusive directions in the PEL) to dynamié§:3543 The
of this surface (for example, quantifying the distribution in = oytcome of these works, and related studies on different models
energy of specific points of the surface, like local minima and ot gjass forming liquids, suggests a strong connection between
saddles) in the attempt to develop a thermodynamic descriptiongynamics and landscape properties. Still, the interpretation
fully based on PEL properties. This line of thinking, pioneered  schemes require fitting parameters whose physical interpretation
by Frank Stillinger and co-worke#8,has been very fruitful in is often unclear. As an example, it has been shown thax)In(
the study of supercooled liquids, both in equilibritf$*and is consistent with a 1MSoen) dependende®1344(S,.  being
in out-of equilibrium conditiond*"*" Stillinger's formalism  {he configurational entropy) but no understanding of the
builds on the idea that the PEL surface can be partitioned into roportionality coefficient in term of PEL properties has been
disjoint basins. A basin is unambiguously defined as the set of reportedt
points in configuration space connected to the same local |y this article we report analysis of distinct equilibrium
minimum—named an inherent structure (fS)ia a steepest  yajectories of a system of 216 water molecules interacting via
descgnt trajectory. Inth|§ respect, the PEFS statlstlpal propertiesy two-body potential. The novel aspect is the possibility of
entering in the evaluation of the partition function are the comparing a large number of independent trajectories (more than
number, shape, and depth of the PEL basins. For its conceptual og for each state point) for a large number of state points.
simplicity and its strict connection with a numerical implemen- - 4 of these (previously equilibrated) independent trajectories
tation, the PEL formalism has become one of the modern tools last more than 20 ns, at which timeven at the slowest studied
to interpret and analyze simulation data. temperature-the average displacement of the molecule is longer
Water, due to its intrinsic interest as the liquid of life, has than three nearest neighbors. The analysis of this set of data
been extensively studied in computer simulations. Models have shows that, though individually each trajectory appears to be
been developed that are able to reproduce qualitatively theto a very good approximation a diffusive trajectory (i.e., with a
thermodynamic and dynamic anomalies of this ligtfich° mean square displacement which increases linearly with time),
Indeed, the thermodynamics of water is characterized by a line different realizations are characterized by apparent values of
of isobaric density maxima and compressibility minima. Its the diffusion coefficient that differ by more than 1 order of
specific healC, increases on cooling.? Recent studies have  magnitude, a clear evidence of dynamic heterogeneities. We
attempted to connect the thermodynamic anomalies to thealso show that differences in dynamics are strongly coupled
presence of a line of first order transition between two liquid with the location of the system on the PEL, providing evidence
structures, eventually ending in a second-order critical 3é#ft.  that dynamic heterogeneities are related to inhomogeneities in
The dynamics of water also shows anomalies. The diffusion the local basin energies. For completeness, we briefly discuss
coefficient decreases as pressure is increased up to a maximunghe distribution of IS energies for this model and the temperature
value (approximately 400 MP3 at room temperature. For  and density §) dependence of the diffusion coefficient, present-
greater pressures, the dynamics of water becomes progressivelyng new data with significantly improved statistics.
slower, as expected for simple liquids.

Water simulations have been among the first to be scrutinized !I- Simulation Details

using the methods developed by Stillinet®*°in the attempt We analyze molecular dynamics trajectories of a system
composed of 216 rigid water molecules in the (NVE) ensemble.
T Part of the special issue “Frank H. Stillinger Festschrift”. Molecules interact via the widely studied two-body simple point
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charge extended (SPC/E) mod&IThe integration step is 1 fs,

and long range interactions are taken into account using the ::"fgj;’“fﬁ ,
reaction field method. Dynamics and thermodynamics properties P
K . . &9 =095 gem
for the SPC/E model have been extensively studied in thé%ast AA o100 gem’
over a wide range of temperatures and densities. Analysis of ~ =57 4 =105 gien’
the statistical properties of the potential energy landscape have’g p=1.10 giem’
also been characteriz4@3+34 Here we analyze a large set of & PP p=1.20 gem’

data, on the basis of five different temperatures in supercooled 2 p=1.30 glem’

states and nine different densities, from 0.9 to 1.4 g/ '--=w='-4"5"““‘4
each state point, we analyze equilibrated trajectories of more & -58[ ~—

than 100 independent realizations, to both reduce significantly o
the numerical error and to estimate the self-averaging properties
of this model for differentT and p. Each trajectory covers a
time interval of about 20 ns. Potential energy landscape

—

properties have been based on the analysis of the inherent =%9C__. 1 . 1+ . 1 | M -
structures, which has been calculated using a standard conjugat: 4 4.2 4.4 _14 -6 4.8 5
gradient minimization algorithm with a 1@ tolerance!’ 1000/T (K )
Figure 1. Temperature dependence of the averagé(T) for all
lll. IS Energies: the Random Energy Model investigated densities.
A gquantification of the statistical properties of the potential -46
energy landscape, i.e., the distribution of basin’s depth and
shapes, for the SPC/E model of water has been recently =
reportec® It has been shown that the numk@(es) des of g -48
distinct basins of energy depths betweengs andes + des )
follows a Gaussian distribution, ~ _50
—(es—Eo)%/20? <
Q(eg) deg = eaN—z des (1)
210 -
0 -1.5f
wheree®™N is the total number of distinct basins of the PEL for & -
the system ofN molecules,Ey is the energy scale of the Moo
distribution, ands? is the variance. The coefficients E,, and E -
a depend only on the system density. The corresponding _ -2-5[
probability distributionP(es,T) of sampling an IS of depths o | 1 | | 1 |
in equilibrium at temperatur@ is given by 0.9 1 1.1 1.2 13  1.a
3
Q(e)e lestinTes) _ _ p (g/em’) _
P(eIS'T) — (2) Figure 2. Density dependence of the fitting paramet@@ndB in eq
fp(eIS!T) des 3
where = 1/KT andf,in(T,as) is the basin free enerdy® The approximation (but see ref 49 for a more precise discussfon),

hypothesis of a Gaussian form f€(es), together with the IS related toEy andB to 0.
assumption of ams independence of the basin anharmonicities ~ The large available data set allows us to evallR(@s,T)
implies (i) that theT dependence of the average IS endig- and test the prediction of a Gaussian formPg&s,T). Figures

(M0 at constant volume, is linear as a function Toft,*8-50 3a and 4a show(es, T) respectively fop = 0.95 g/cn andp
that is = 1.00 g/cmi. The figures show that the shape of the distribution
is, to a first approximation, Gaussian and that the variance of
B(M=A+ B (3) the distribution only weakly increases withas can be inferred
T by the small change of the heigh of the distribution with
where the coefficienté and B depend only orp and can be The availability of 100 independent realizations allows us to

expressed in term of landscape propertfeand (i) that the  study also the distribution d?([&sLIT), defined as the distribu-
probability distributionP(es,T) is Gaussian with -independent  tion of the average depth sampled in each independent trajectory
variancets—54 i in the simulated 20 ns time interval. In this case, of course,
To provide evidence of this behavior, we report in Figure 1 €ach distribution is evaluated only over 100 points. If the length
[&s(T)at all studied densities. In all cases, in the investigated of each trajectory is sufficiently long, so that the system is able
T range, the expecteli* dependence holds. Nevertheless, two to sample all basins that are statistically relevant at that
breakdowns of eq 3 are expected outside the investigited temperature, the distribution should be peaked around the
region. At highT, due to the increasing importance of the average oP(es,T), with a small variance. Figures 3b and Figure
anharmonic contribution to the basin free enéf@nd at low 4b show that this is the case only at the higfie©n cooling,
T due to possible presence of non-Gaussian corrections to thethe relaxation time of the system increases and, within the time
es probability distribution (eq 1). The low region cannot be  of the simulation, the system retains memory of the initial basin.
numerically studied due to the huge increase of the relaxa- It is important to observe that the distribution becomes very
tion times. Figure 2 shows the dependence ofA and B asymmetric, developing a long tail at low basin energies. This
(which have well-defined landscape interpretat®ngs a first may suggest a strong relation between depth of the explored
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Figure 3. (a) Probability distribution of thes (per molecule) at density

d = 0.95 g/cni, for differentT values. (b) Probability distribution of
[&s[Jwhere each average is calculated over one distinct trajectory. Units . . . .
are arbitrary. EactP(es,T) is calculated using 5000 points, because Where.It'is the number of independent trajectories. The two
from each of the 100 independent trajectories we evaluated 50 differentchosen trajectories differ by the value @§ at time 0. In the
inherent structures, minimizing at intervals equally spaced in time.  studiedt range (nanoseconds), both configurations sample a
restricted interval oBs values. The memory of the energy of
the starting basins is preserved during the simulation time.
- a) Comparing Figure 5,b, we note that the configuration with large
es is characterized by a larger MSD.

Figure 5. es and the mean square displacement as a function of time
for two different trajectory af = 210 K andp = 0.95 g/cni.

IV. Dynamic Heterogeneities

P(eIs,T)

We next focus the attention on dynamic heterogeneities via
a study of the mean square displacement of the individual
trajectories’>%% For each state poinfl( p) we calculate MSP

ar g 33553 % . for each of the |7 trajectories. Figure 6 shows M$br p =
o AAT=240 K /\ 0.95 g/cnd at three selected, but similar results are obtained
) +4T=260 K 4\ for all the other studied densities. In all cases, no averaging
o f | over different time origins is performed. In the figure, the time
- / J\‘ axis are chosen in such a way that the average MSD at the
P maximum reported time coincides for all temperatures. A
. 1 L ad | X. : comparison of the spreading of the different realizations at fixed
-58 -57.5 =57 -56.5 value of the average MSD, for example at the maximum
e (KJ/mol) reported time, reveals a clear increase in the fluctuations of the
Figure 4. Same as Figure 3 fat = 1.40 g/cri. different trajectories on lowering.

To better quantify fluctuations in dynamics and the role of
basin and dynamics, which cannot be attributed to differences T, we calculate the variance of the mean square displacement
in thermal energy, because all different realizations have the of different trajectories. More precisely, we evaluate, for each
same kinetic energy. In particular, the asymmetry in the resulting time t
distribution suggests that configurations starting from low energy
basins do not have time to explore phase space sufficiently. It
is worth stressing that similar results are observed at all z(MSDi — MSD)2
investigated densities. To support this hypothesis, we show in T
Figure 5 the time evolution ofs and of the center of mass Opvsp = - (6)
mean square displacement MSDr two different trajectories M=1
at the sameT and p. More precisely, the mean square
displacement of the trajectoiyis defined as Figure 7 shows the behavior of the varianegsp as a

function of the average MSD, parametrically tinfor several
1N differentT. This representation, which accounts for the intrinsic
MSD. =—Z[T]—CM(t) -7 MO 4) effect of the slowing down of the dynamics on cooling by
N/S eliminating t, confirms that dynamic heterogeneities grow
M . significantly on supercooling. Data in Figure 7 quantify that
Wherer]— (t) is the location of the center of mass of molecule the Spreading of the MSD/a]ueS is much more enhanced at
j in the trajectoryi at timet. The averagedISDis defined as  |ow T. The T dependence of the slope of the curves shown in
Figure 7 is shown in Figure 8.
10 It is interesting to compare results reported in Figures 7 and
MSD = TAZMSDi (5) 8 with expectations for a Gaussian random walk process. For
St this case, the probability of finding the walker after timat
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I Figure 7. Varianceousp of the MSD as a function of the average
0.6 T=240 K MSD for p = 0.95 g/cni, for differentT. The two full lines indicate
- the two extreme limits provided by eqs-112. Note that in water the
0.5 nearest neighbor distance is 0.28 nm, corresponding to a square
I displacement of=0.09 nn#.
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Figure 6. Individual mean square displacement for 100 independent Hence, a plot ob vs [%(t)Chas, for a single Gaussian walker,
realizations at three different temperatures. Filled symbols indicate the a slope ofv'2/3, a universal value independent of the diffusion
MSD averaged over the different realizations. Note that no average constant. If the dynamics in simulated water could be repre-
over starting time has been performed. sented by the dynamics of = 216 independent walker, then
distancer? from the location at the time origin is owso should be related to MSD by the relation

o = A/ 2 —-MSD (11)

3N

because each MSDwould be the sum ofN independent
Gaussian processes (with a reduction of the variance by a factor
2 0o o 2 2 /N as compared to the single random walker case). Data in
"= fo rP(ray) drt = ()0 ®) Figures 7 and 8 show that this limit is approached at Aigh
In another extreme theoretical case, each realization can be
and considered as a single random Gaussian process (for example,
in the limit of strong correlation between &llmolecules, or in
= f“r4p(r2,t) dr2=§m2(t)ﬁ 9) the limit of one single diffusing molecule). In this limit, the
0 3 expected relation betweensp and MSD would be

27 \/l’—z o 32002
2Jtm2(t)ﬁ/2

The first and second moments of this distribution are given by

P(r?t) dr* = (7)
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-5
Oysp = \/::ZSMSD (12) 10

For reference, this limit is also reported in Figures 7 and 8. 10°°F
Data shown in Figures 7 and 8 show that a crossover from ;

—_—

the behavior of eq 11 to the behavior of eq 12 takes place on & I ©® 090 g/cm’
supercooling. It will be very interesting to study the side, “g107"F B 0,925 glom’
andt dependence of these effects. Moreover, because each o < F * 5-095 3
the equilibrium trajectories of the 216 molecule system can be © . AL P ycmg‘
thought as representative part of a large system, the increase o 10°°F p=1.00 g"’ms
the variance with decreasinfjprovides a strong evidence of g <« p=1.10 glom’
growing dynamic heterogeneities in the system. In this respect, - V¥ p=1.20 glem
this set of data, or analogous data for simpler potentials, may 10°°F >P p=1.40 glem’
become a relevant tool for discriminating between different £ 2'10 : 250 : 250 : 2110 : 21‘_’0 : 2:50 :
theories of the glass transitions, in particular between the ones T (K)

il ing i 7,58
based on facilitated dynamics idéaand trap models! Figure 9. Average diffusion coefficienD as a function of for several

studied densities.
V. Correlation between Diffusion Coefficient andes

Bulk dynamic properties of SPC/E water have been previously T=260 K —

investigated in detafi®-63 In particular, PEL inspired studies
have investigated the relation between Thendp dependence
of the diffusion coefficientD and the number of unstable 10

directions in configuration spacéé,as well as the relation )
betweenD and the configurational entrogyFigure 9 shows N”E
the average diffusion coefficief?, evaluated from the MSD 9
long time limit, for several studied density and temperatures. 10'55‘

The present set of data improves the precision of previous
estimate for the same mod@&IDespite the relatively small

. . . . . O-0Oaverage values
range investigated in this study,varies over more than 3 orders g

of magnitudes. It also clearly show that, among all the studied 1077} w4 T=210 K
densities,D is largest around density 1.1 g/&mWhen p Y 1 . 1 . 1 . 1 . 1
increases, dynamics slow due to the packing effect, whereas  -59-5  -59  -58.5 (KJ/'531) -57.5 =57
whenp decreases, dynamics slow due to the development of a " €1 me
network of hydrogen bonds. 10 F

Most of previous studies on dynamic heterogenéiti€shave - p=1.40 g/cm’
focused on the dynamics of different subsets of molecules in i T=260 K—s

the same system, raising sometimes the question if the observec 10 °F
results were somehow associated with the chosen rules for ;
identifying slow and fast particles. It is also fairly difficult to I
correlate properties of the subset of molecules to energetic"g 10k i
properties, due to the difficulty of separating unambiguously =~ :

the single particle energy contributions. In the present approach, A

o «—— T=240 K
~

“ T=230 K

heterogeneities are addressed globally, as a fluctuation phe- 7l e

nomenon. To better clarify the connection between dynamic 10 /,"H T=220 K

and energetic (static) heterogeneities, we correlate the apparen L,/

diffusion coefficient of each trajectory with the corresponding e | | |
average inherent structure. Indeed, it is important to observe 10 _gg —s7.5 _57 T _56.5
that, when each trajectory is averaged over different time origins, e,  (KJ/mol)

thg resultlng MS,D beha\,/e,s linearly W'thsu?h that an_apparent Figure 10. Comparison between the average diffusion coefficient (line
trajectory diffusion coefficienb; can be estimated. Differences  yth open circles) and the diffusion coefficient of each single trajectory
in D; values between different trajectories persist even for time at p = 0.95 g/cnd (top panel) ang = 1.40 g/cnd (lower panel).

such that molecules have diffused over distances larger than

two molecular diameters{0.3 nm being the distance between such a spreading i@s[lis strongly correlated to the spreading
the center of mass of two nearest neighbor molecules). in the D; values.

Figure 10 shows a plot of the averaB€T) as a function The relation betweel; and [&s[] displayed by the data is
[@&s[{T) for one selected isochore. It also shows for each not very different from the corresponding relatinvs [és[]
trajectory i (at the sameT and p), the apparent diffusion  for the averaged values. A more detailed studyDpk/s [&sl]
coefficientD; vs the average samplédisiil While at largerT, over a smaller grid of temperatures, allowing for overlap of
self-averaging is well accomplished on the time scale of the different O; — [&s[) pairs of points could help sort out tfe
simulation, at lowefT, each trajectoryeven if diffusive over andes roles. Indeed, one could associate eaglwith a precise
distances of several molecular diametesamples only a small  value of D(es) and, in analogy with the thermodynamics
part of the statistically relevant configurational space, resulting formalism developed by Stillinger, one could attempt to calculate
in a large spreading in the value @s[l Interestingly enough, D(T) ast
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D(T) = fD(els) F(esT) Pleg,T) deg

whereAgs,T) account for the role of in dynamics andP(es,T)

is calculated according to Stillinger's PEL formalism. If this
goal would be reached, the PEL formalism would become an
exceptionally rich tool not only for describing the thermody-
namics of supercooled liquids but also their dynamics.

(13)

VI. Conclusion

One of the key features in the slowing down of the dynamics
of liquids on approaching supercooled states., when the
dynamics begin to slow significantly as compared to the standard
liquid values-is the development of local fluctuations both in
static and in dynamic properties. Current computational re-
sources allow us to start looking carefully into this prob-
lem, by performing an analysis of these fluctuati&h3hese

La Nave and Sciortino
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approaches, compared to the corresponding studies of theEd.; Plenum: New York, 1982; Vol. 7, pp-B1.

average properties, are complicated by the interplay between

space and time. The data reported in this article, more than
providing conclusive answers, hopefully clarify the richness of

this type of analysis and should stimulate further studies focusing
on the time and space evolution of these fluctuations. The

(22) Debenedetti, P. Gvetastable liquidsPrinceton University Press:
Princeton, NJ, 1997.

(23) Poole, P. H.; Sciortino, F.; Essmann, U.; Stanley, HNEture
1992 360, 324.

(24) Ponyatovsky, E. G.; Sinitsyn, V. V.; Pozdnyakova, T.J&PT
Lett. 1994 60, 360.

(25) Prielmeier, F. X.; Lang, E. W.; Speedy, R. J.; Ludemann, H. D.

presented preliminary analysis reported here clearly shows thatphys ‘Re. Lett. 1987, 59, 1128.

the role of fluctuations significantly grows on cooling. Compar-
ing fluctuations in dynamics at fixed mean square displacement

(26) Stillinger, F. H.; Weber, T. AJ. Phys. Chem1983 87, 2833.
(27) Ohmine, |.; Tanaka, H.; Wolynes, P. &.Chem. Phys1988 89,

(Figure 7), we have detected a progressive increase of the (2{3) Sasai, M.: Ohmine, I.; Ramaswamy, R.Chem. Phys1992 96,

fluctuations on cooling, already in the region of early supercool-
ing, where MCT appears to provide a consistent description of
the dynamic$? Interestingly, self-averaging properties appear
to set in only after molecules have diffused several particle
diameters. This finding not only clarifies the difficulty of

calculating reliable values for dynamical quantities in deep

supercooled states but calls attention on the fact that a complet@0

decorrelation of the system requires, at [dywearrangements
that extend much beyond the first neighbor shell.

We have also observed a clear correlation between the

apparent diffusion coefficient of the individual realizations and

depth of the sampled PEL (Figure 10). Again, the comparison
of different trajectories, all at the same temperature, helps in
eliminating trivial (but a priori unknown) thermal effect,

highlighting the connection between dynamics and IS energies.

In this respect, one goal of future studies should be the
development of a (size dependent) dynamical histogram re-
weighting formalism, conceptually similar to the one used to
calculate the density of states, from which the relalX{es)
could be extracted. This would allow us to sort out the role of
T andes in dynamics, and to describe in terms of PEL properties
not only the thermodynamics of supercooled liquids but also
their dynamics.
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