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Experiments on gels have provided contradictory results concerning the relation between correlation

and response functions during aging. To clarify this puzzle, we numerically investigate the fluctuation-

dissipation plot in equilibrium polymers and in network forming gels employing two distinct observables,

(i) the density Fourier transform and (ii) the single-particle potential energy, to probe (i) diffusional

processes and (ii) the development of a bond network. The plot behaves very differently for the two cases.

Violation from the equilibrium behavior is found only for the second observable. The experimental

implications of the discovered sensitivity to the choice of the probe are discussed, in particular, with

respect to the existing experimental results.

DOI: 10.1103/PhysRevLett.104.195701 PACS numbers: 64.70.pv, 05.70.Ln, 83.80.Kn

Introduction.—Gels are important materials present in
countless technological applications (foods, cosmetics,
biomedical devices, thermal insulators, etc.). From a
more fundamental-physics point of view, gels are examples
of arrested states of matter, members of the remarkable
class of systems which display glassy dynamics. Glassy
systems have attracted considerable interest as nonequilib-
rium systems since, albeit very different from each other,
they all share common properties. Correlation functions
decay as power laws or stretched exponentials, usually
with distinctive ‘‘fast’’ and ‘‘slow’’ relaxation mechanisms.
Moreover, structural and dynamic properties depend on the
time elapsed since the system was driven out of equilib-
rium, a phenomenon called ‘‘aging’’ [1,2]. In glassy sys-
tems, the response to an external perturbation is connected
to the decay of the spontaneous fluctuations differently
than in equilibrium. Theory suggests that the relation
between response and perturbation falls in three distinct
universal classes, namely, coarsening, two-time-scales, and
many-time-scales classes [3,4].

Studies of the fluctuation-dissipation theorem (FDT)
violations [5] have concentrated on high-density glass
forming liquids [6–12], finding a linear relation between
correlation and response at long observation times but with
a slope different from the bath temperature. This has been
interpreted as a measure of the system’s ‘‘effective
temperature.’’

Despite the technological relevance of gels, understand-
ing dynamic arrest in these soft matter systems is still
lagging behind. Differently from glasses, where the non-
ergodicity stems from crowding effects (caging), gels ar-
rest due to the formation of a percolated network of bonds.
Particles are now caged by bonds but, in the arrested state,
can still participate in large-amplitude floppy modes of the
network. This difference has important structural and dy-
namical consequences which have not been fully exploited.
Experimental measurements of FDT violations have been
performed on low-density colloidal systems, using dy-
namic light scattering [13], electrical [14] and rheological

[14–19] techniques, but the results (especially the electri-
cal measurements) have been highly controversial. Abou
and Gallet [18] have found violation of FDT using beads
embedded in the Laponite sample, but more recent mea-
surements [16] using a similar technique have not shown
any violations of FDT over several decades in frequency.
Greinert et al. [19] have reported an effective temperature
larger than bath temperature for Laponite at late stages of
aging, but the results are not conclusive. Indeed Jop et al.
[20,21] have performed measurements using the same
method without finding any evidence of violations of
FDT. On the other hand, electrical measurements [14]
show very large deviations, compatible with domain
growth processes, although the interpretation of the results
could be affected by the progressive dissolution of ions in
solution. A clear interpretation of these results is still
lacking and is complicated by the use of experimental
samples which age under different mechanisms and are
probably undergoing simultaneously gelation and phase
separation. This is the case of Laponite, which can arrest
both forming a gel or a glass [22,23].
In this Letter, we study for the first time FDT violations

in a well-characterized model gel to shed light on this
contradictory situation from a fundamental perspective.
By studying different external perturbations, coupled to
different channels for the decay of thermal fluctuations,
we are able to show that violations do occur, but only for
observables strongly coupled with the bond association
process. The self-density fluctuations, which have been
crucial in understanding FDT violation in glasses, do not
show any violations in our calculations, providing evidence
that diffusional processes in gels do not couple with the
arrest mechanism. These results provide a concrete theo-
retical basis for (re)assessing and understanding the dis-
crepancies in the existing results, and also for future
experiments.
Methods.—We focus on a class of reduced valence

systems whose equilibrium properties have been recently
investigated in depth [24,25]. In such systems, gas-
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liquid phase separation is confined to a tiny region in
the temperature-density (T-�) plane [24,25], at low �
and T, so that the slowing down of the dynamics upon
cooling does not interfere with phase separation, providing
a clean model system for investigating bond-driven arrest.
Specifically, we study a binary mixture of bifunctional (N2)
and three-functional (N3) hard-sphere particles of diameter
� whose surface is decorated by patches located on their
surface. In the case of only two sites (N3 ¼ 0), the system
self-assembles into equilibrium chains, whose equilibrium
length is fixed by density and temperature. Adding a
fraction of particles with three sites (N3 � 0), cross-links
between the chains take place at low temperature and the
system evolves to form a spanning network [25]. We study
different values of the relative concentration x2 �
N2=ðN2 þ N3Þ. The interaction potential between particles
1 and 2 depends both on the distance r12 between the
centers of the two particles and on their relative orientation
�12, Vðr12;�12Þ ¼ Vc:m:ðr12Þ þ VPðr12;�12Þ. Vc:m: is the
center of mass repulsion described by a steep potential and
VP models the site-site short-range attractive interaction.
For a detailed description of the functional form see
Ref. [26], where the model equilibrium structural and
dynamical properties are studied in depth.

We perform both Brownian dynamics and Metropolis
Monte Carlo calculations. The simulation procedure is the
following. A configuration is first equilibrated at high
temperature Ti and at time t ¼ 0 the temperature of the
bath is quenched at Tf. As the system ages, at time t0, a
perturbation in the Hamiltonian is switched on, �H ¼
�hB, where B is a generic observable and h is the field
strength. The system evolves in the presence of the pertur-
bation field and the observable A (conjugated to the per-
turbation B) is measured at time t. The integrated response
is defined as �ðt; t0Þ ¼ j�hAðtÞih=�hðt0Þj. The correlations
Cðt; t0Þ ¼ hAðtÞBðt0Þi are measured with the same protocol
but without perturbing the system.

For aging materials, the following generalization of the
fluctuation-dissipation theorem was suggested [5]:

@

@t0
�ðt; t0Þ ¼ �Xðt; t0Þ

T

@

@t0
Cðt; t0Þ: (1)

Xðt; t0Þ is the so-called fluctuation-dissipation ratio (FDR)
which is unity at equilibrium. In glassy systems it measures
the distance from equilibrium. The easiest and most com-
monly adopted procedure to measure Xðt; t0Þ requires
switching on the perturbation at time t0 and measuring
the response function at different times t > t0 (fixed-t0
procedure), as shown schematically in Fig. 1(a). Xðt; t0Þ is
then taken as the slope of the parametric plot of T�ðt; t0Þ
versus Cðt; t0Þ. As discussed in Ref. [27], this procedure is
correct only in systems with time translational invariance
or where Xðt; t0Þ is not an explicit function of t and t0. In the
correct procedure the perturbation field has to be applied at
different t0 times while the response must be measured at
fixed time t (fixed-t procedure), as shown in Fig. 1(b).

We consider two different types of perturbations (and
conjugated observables): The first perturbation acts di-
rectly on the system self-density at wave vector k (as
commonly done in previous calculation for glasses [7–
10]),

AðtÞ ¼ N�1
X

j

�j exp½ik � rjðtÞ�;

BðtÞ ¼ 2
X

j

�j cos½k � rjðtÞ�;
(2)

where �j is a bimodal random variable of mean 0 [28]. The

associated correlation function is the self-intermediate
scattering function, Fsðt; t0Þ ¼ N�1

Phexp½�ik � ðriðtÞ �
riðt0ÞÞ�i. The second case is a perturbation acting directly
on the particle’s energy [29] (to probe bonding, since due
to the short-range nature of the interaction the potential
energy is a measure of the number of bonds),

A ¼ B ¼ X

i

�iEi; (3)

where Ei is the potential energy of the ith particle, de-
fined as Ei � ð1=2ÞPjVðrij;�ijÞ. Each couple of inter-

acting particles (i; j) has its energy perturbed accord-
ing to Vpðrij;�ijÞ ¼ Vðrij;�ijÞ½1� hð�i þ �jÞ�, where

Vpðrij;�ijÞ is the potential energy after the perturbation

is switched on. For Brownian simulations, this translates in
all forces and torques between particle i and j being scaled
by the factor ½1� hð�i þ �jÞ�. For this choice of the var-

iables Cðt; t0Þ ¼ P
i½hEiðtÞEiðt0Þi � hEiðtÞihEiðt0Þi� and

�ðt; t0Þ ¼ P
i�iðEi � hEiðtÞiÞ=�h. Notice that in this case

one is forced to use connected correlation functions [30],
since the average value of the energy changes during the
aging process.
Both perturbations, Eq. (2) and (3), are averaged over

100 independent realizations of the fields �i. To improve
statistics, each measure is in addition averaged over 30
independent starting configurations. We have used field
amplitudes equal to h ¼ 0:007 for self-density perturba-
tions and h ¼ 0:02 for the energy perturbations. These

FIG. 1. Schematic representation of the two used protocols:
(a) fixed-t0 and (b) fixed-t. The perturbation, symbolically
indicated as a wave, is switched on at time t0 and the system’s
response (the microscope) is measured at time t. For both
protocols, t� t0 is the time elapsed since the perturbation has
been switched on.
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values have been selected after a careful verification of the
linear regime.

Results.—We start by investigating the equilibrium-
polymer case (x2 ¼ 1) with Brownian dynamics, starting
from a high-T monomeric state, perturbing the self-density.
After quenching to a low T the system starts to polymerize,
as indicated by the growth of the fraction of bonds formed,
pb (see inset in Fig. 2). A fixed-t0 self-density perturbation,
Eq. (2) with k� ¼ 1:9, is applied during the aging process.
We investigate different cases, switching on the perturba-
tion at different times, corresponding to several different
values of pb. The resulting FD plot is reported in Fig. 2,
showing that in all cases FDT is not violated, despite the
nonequilibrium state of the system. We also study the case
in which a fraction of three-functional particles is added, to
provide branching point between different chains, resulting
in a self-assembled network. Again, using the self-density
perturbation, violation of the FDT are not observed, even
when the perturbation is turned on after a percolating net-
work has formed.

To make sure that the results obtained are not an artifact
of the fixed-t0 protocol, we repeat the same procedure with
the more computationally expensive (but unbiased [27])
fixed-t protocol. We also test the dependence on the wave
vector and the sensitivity to the microscopic dynamics by
comparing Monte Carlo calculations and Brownian evolu-
tions. In all cases, we confirm (see Fig. 3) that perturbation
of the self-density does not result in an apparent violation
in the FDT plot.

Results discussed so far show that, when self-density
fluctuations are selected as a tool for investigating the FDT
in chains and network forming systems, the resulting para-
metric plot does not reveal any apparent violation in the

explored k� range. On the other hand, as alluded to before,
in low-density systems, bonding is the relevant quantity
controlling the slowing down of the dynamics and cages
are not controlled by excluded volume effects. This sug-
gests that energy can offer an indicator that is more
strongly coupled to the arrest mechanism. To test this
hypothesis we apply a perturbation to the particle’s energy,
Eq. (3), following Ref. [29], where violations of FDTwere
connected to the self-assembly efficiency in a model of
virus capsids. Using the energy perturbation scheme, it is
crucial to adopt the expensive fixed-t perturbation
protocol.
Figure 4 shows the FD plot for energy perturbations,

Eq. (3), for a series of quenches to different Tf, all starting

from a monomeric state. All curves show large deviations
and significantly differ from the results obtained for the
self-density perturbation. At the largest Tf the system al-

most reaches equilibrium within the time explored in the
simulation and the violation of FDT is only mild, espe-
cially at longer t0 times [i.e., small t� t0 and Cðt; t0Þ=Cðt; tÞ
close to unity]. At lower Tf the FDT violations become

more pronounced. At sufficiently low Tf (for example,

below Tf ¼ 0:08 in Fig. 4), the FD plot deviates signifi-

cantly from a straight line already at small t� t0 and
becomes flat for longer t� t0. The window over which
the function is flat increases as Tf is lowered. Such behav-

ior is peculiar of coarsening systems [4,31,32]. At the
lowest temperature, Tf ¼ 0:04 (the same at which self-

density perturbations of Fig. 3 are calculated), the response
of the system is always constant, which means that the
FDR is null [Xðt; t0Þ ¼ 0].
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FIG. 2 (color online). FD plots for the x2 ¼ 1 (full symbols)
and x2 ¼ 0:8 (open symbols) systems at � ¼ 0:026. The sys-
tems are aging from Ti ¼ 0:15 to Tf ¼ 0:04 and a self-density

perturbation (Eq. (2) with k� ¼ 1:9) is switched on when the
fraction of bonds is pb. The inset shows the time dependence of
pb during aging. The units are chosen so that t ¼ 1 is the time it
takes a particle to diffuse over a distance equal to its diameter
(�), while T are measured in units of the bond potential depth.
Dashed lines indicate the times at which perturbations have been
switched on. Note that, for the x2 ¼ 0:8 case, percolation occurs
when pb ¼ 0:79 [26].
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FIG. 3 (color online). FD plots for a system with x2 ¼ 0:9 at
� ¼ 0:10, using self-density perturbation, Eq. (2), at three
values of k�. The system is aged, with MC calculations, from
Ti ¼ 1 to Tf ¼ 0:04 and data are collected when pb ¼ 0:65

(corresponding to 5� 104 MC sweeps). The inset shows the
self-density correlation functions for the same mixture aging
from Ti ¼ 1 to Tf ¼ 0:04 for different times t (t ¼ 5� 104; 2�
105; 106 MC sweeps) at k� ¼ 3:6. Fsðt; t0Þ shows a complex
stretched-exponential relaxation (continuous lines), with a decay
time increasing with t, and a fitted stretched exponent that
decreases from 0.7 to 0.6. Note the absence of an intermediate
time plateau. The same type of relaxation holds for the coherent
scattering function [26].
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Our results provide an answer to the question raised with
this Letter’s title and a possible interpretation scheme for
understanding the discrepancies in experimental results. In
fact, we show that, in low-density arrested states, the
choice of the perturbation is crucial in order to detect
deviations from the equilibrium behavior. Differently
from glasses, the relaxation dynamics accessed by density
fluctuation does not provide information on the structural
arrest. The diffusive motion of the clusters at the early
stage of the aggregation process and the diffusive motion
of wide regions of the network made possible by the
floppiness of the structure at late stages significantly
mask the out-of-equilibrium state. Under these conditions,
self-density fluctuations are not a slow variable, despite
their clear aging, explaining why in microrheological ex-
periments [14–17]—where fluctuations in the positions of
probe particles are measured—no violations are observed.
Instead, the complex relaxation shows up if one considers
the energy correlation function (inset of Fig. 4), and allows
us to quantify the violations of FDT for these systems.

We recall that in charged colloidal systems (including
Laponite) a perturbing electric field induces a polarization
of the electric double layer [33], effectively modulating the
dielectric constant and the electrostatic association be-
tween particles. In this respect, the perturbation in the
bond we have implemented can be seen as a zeroth order
model for describing the effect of weak electrical pertur-
bations in colloidal systems. Hence it may not be a coin-
cidence that FDT violations observed via electrical
measurements [14] in Laponite are similar to the ones we
have found when perturbing the bonds [Xðt; t0Þ ¼ 0].
Interestingly, Xðt; t0Þ ¼ 0 is the violation expected for
coarsening systems, despite the fact that the aggregation
process in the investigated model cannot, by construction,
be attributed to an underlying phase separation.
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FIG. 4 (color online). FD plot for the x2 ¼ 0:9 system at � ¼
0:10 for the energy perturbation [Eq. (3)] for different Tf. Both

correlation and response have been normalized by Cðt; tÞ, which
is independent of t0. The inset shows the energy correlation
functions for the same mixture aging from Ti ¼ 1 to Tf ¼
0:04 for different times t (t ¼ 5� 104; 105; 2� 105; 3�
105; 6� 105; 106 MC sweeps). Energy correlations have a com-
plex two-step relaxation. The height of the plateau decreases
with increasing t, while its length increases as the system ages.
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