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Abstract

Bayes’ Theorem offers & natural way to unfold experimental distribu-
tions in order to get the best estimates of the true ones. The weak point
of the Bayes approach, namely the need of the knowledge of the initial
distribution, can be overcome by an iterative procedure. Since the method
proposed here does not make use of continuous variables, but simply of
cells in the spaces of the true and of the measured quantities, it can be
applied in multidimensional problems.

1 Introduction

In any experiment, the distribution of the measured observables differs from that
of the corresponding “true” physical quantities, due to physics and detector ef-
fects. For example, one may be interested in measuring in Deep Inelastic Scat-
tering {DIS) events the variables = and @*. In such a case one is able to build
statistical estimators which have in principle a physical meaning similar the true
quantities, but which have a non-vanishing variance and are also distorted, due
to QED and QCD radiative corrections, parton fragmentation, particle decay and
limited detector performances. The aim of the experimentalist is to unfold the
observed distribution from all these distortions so as to extract the true distribu-
tion. This requires a satisfactory knowledge of the overall effect of the distorsions
on the true physical quantity.

When dealing with only one physical variable the method mostly used to solve
this problem is the so called bin-fo-bin correction: one evaluates with a Monte
Carlo simulation a generalized efficiency ( it can even be larger than unity ),
calculating the ratio between the number of cvents falling in a certain bin of
the reconstructed variable and the number of events in the same bin of the true

variable. This efficiency is then used to estimate the number of true events from
the number of events observed in that bin. Clearly this method requires the same
subdivision in bins of the true and the experimental variable and hence cannot
take into account large migrations of events {from a bin to the others. Moreover it
neglects the unavoidable correlations between adjacent bins. This approximation
is valid only if the amount of migration is negligible and if the standard deviation
of the smearing is smaller than the bin size.

Still dealing with the one dimensional case, an attempt to solve the problem
of the migrations is sometimes done building a matrix which connects the number
of events generated in one bin with the number of events observed in the other
bins. This matrix is then inverted and applied io the measured distribution. This
immediately yields inversion problems if the matrix is singular, while there is no
reason, from a probabilistic point of view, why the inverse matrix should exist, as
can be easily seen thinking by taking as an example two bins of the true quantities
both of which have the same probability to be observed in each of the bins of the
measured quantity. This suggests that this way of treating probability distribu-
tions like vectors in space is clearly not correct, even in principle. Moreover, even
if the matrix can be inverted { having for example a very large number of events
to estimate its elements and choosing the binning in such a way to make the ma-
trix not singular ) the method is not able to handle large statistical fluctuations.
The easiest way to see this is to think of the unavoidable negative terms of the
inverse of the matrix which, in some extreme cases, may yield negative numbers
of unfolded events. Beside these theoretical considerations, the experience of the
users of this method is rather discouraging, the results being strongly unstable.

A method which has been proposed to overcome the troubles encountered
with the matrix inversion method is the “regularized unfolding”[1]. This produces
satisfactory results, but it has never been widely used, probably because of certain
technical complications. Unfortunately, since the true distribution is decomposed
into orthogonal polynomials whose coefficients are estimated, this methed only
works in solving one dimensional problems.

This paper presenis a different approach, based on Bayes’ Theorem, reco‘g-‘
nized by statisticians as the most powerful tool for making statistical inferences.
The main advantages with respect to other unfolding methods are:

¢ it is theoretically well grounded;
¢ it can be applied to multidimensional problems;

e it can use cells of different sizes for the distribution of the true and the
experimental values;



e the domain of definition of the experimental values can differ from that of
the true values;

e it can take into account of any kind of smearing and migration from the
true values to the observed ones;

e it gives the best results ( in terms of ifs ability to reproduce the true dis-
tribution ) if one makes a realistic guess about the distribution that the
true values follow, but, in case of total ignorance, satisfactory resulis are
obtained even starting from a uniform distribution;

e it can take different sources of background into account;
e it does not require matrix inversion; .
e it provides the correlation matrix of the results;

e it can be implemented in a short, simple and fast program, which deals
directly with distributions and not with individual events.

2 Bayes’ Theorem

To stay close to the application of interest, let us state Bayes’ Theorem 1in terms
of several independent causes ( Ci, ¢ = 1,2,...,n¢ ) which can produce one
effect ( E ). Let us assume we know the inifial probability of the caunses P{C})
and the conditional probability of the i-th cause to produce the effect P{E|C)).
The Bayes formula is then . .

P(E|C;) - P(C3)

PIGIEY = e B(EGY - P(CY) W

This can be read as follows: if we observe a single event (effect), the probahility
that it has been due to the i-th cause is proportional to the probability of the
cause times the probability of the cause to produce the effect.

For example, il we consider DIS events, the effect E can be the observation
of an event in a cell of the measured quantities {AQZ_ ., Az, - The causes
(; are then all the possible cells of the true values {AQ:,,, ATrue )i

One immediately sees that the P(C;|E) depends on the initial probability of
the causes. This gives a first impression that this formula is sterile. In reality
the Bayes formula has the. power to increase the knowledge of P(C;) with the

increasing number of observations. If one has no a prion prejudice on P(C;) the
process of inference can be started from a uniform distribution.

The final distribution depends also on P(E|C;). These probabilities must be
calealated or estimated with Monte Carlo methods. One has to notice that, in
contrast to P(Cy), these probabilities are not updated by the observations. So if
there are ambiguities concerning the choice of P(E]C,-} one has to iry them all in
order to evaluate their systematic effects on the results.

3 Unfolding an experimental distribution

If one observes n( E) events with effect /, the expected number of events assignable
to each of the causes is .

R(C:) = n(E) - P(GIE). . (2)

As the outcome of a measurement one has several possible effects E; ( § =
1,2,...,nz ) for a given cause Ci. For each of them the Bayes formula (1)
holds, and P(C;|E;) can be evaluated. For simplicity we will refer to conditional
probabilities P(Ci|E;) as smearing mairiz S, even if they describe cell-to-cell
migration. Let us write (1) again in the case of ng possible effects?, indicating
the initial probability of the causes with P, (C%): ‘

P(E;1Cy) - Po(C5)

P(Ci|E;) = T P(E;|C)) - Bo(Ch) o

We recall that:

e S27¢ Po(C;) = 1, as usual. Notice that if the probability of a cause 1s
initially set to zero it can never change, i.e. if a cause does not exist cannot
be invented;

e Y0° P(Ci|E;) = 1 ¢ this normalization condition, mathematically trivial
since it comes directly from (3), says that each effect must come from one
or more of the causes under examination. This means that if the observ-
ables also contain a non negligible amount of background, this needs to be
included among the causes;

IThe broadening of the distribution due to the smearing suggests a choice of ng larger then
ne. We would like to remark that there is no need to reject events where a measured . quantity
has a value outside the range allowed for the physical quantity. For example; also cells with
Emeas > 1 0r Q2,,,, < 0 give information about the true distribution.
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» 0 < & =272 P(E;|C;) < 1: there is no need for each cause to produce at
least one of the effects taken under consideration. ¢; gives the efficiency of
detecting the cause C; in any of the possible effects.

After N, experimental observations one obtains a distribution of frequen-
cies n(E) = {#{E1),n(E2),...,n(Eng)}. The expected number of events to be
assigned to each of the causes and only due to the observed events can be calcu-
lated applying (2) to each of the effects:

ny

A(C e = 2 n(Es)- P(CH|E;).

j=1

Taking inte account the inefficiency®, the best estimate of the true number of
events is then
" 132
A(Cy) = ;E”(Ej) - P(CLE;) &#0. (4}
i =1

From these unfolded events we can estimate the true total number of events, the
final probabilities of the causes and the overall efficiency:

-——— ﬂc
Ntruc = ﬁ(C,)
=1
= (o
P(0) = PCn(R) = 22
true
- Noba
€ = =
Ntrue

It is important to remark that € may differ from the a priori overall efficiency ¢,
caleulated from the reconstructed and generated Monte Carlo events :

Nret: :"=C1 65Pn(01')
€g = == = =
Ngen zi=cl PO(Ci)

If the initial distribution P{C) is not consistent with the data, it will not
agree with the final distribution E(C} The closer the initial distribution is to
the true distribution, ihe better the agreement is. One can easily venfy with
simulated data that the distribution P(C) is between P,(C) and the true one.
This suggests to proceed iteratively. So the unfolding can be performed through
the following steps:

2[f ¢; = 0 then R(C;) will be set to zero, since the experiment is not sensitive to the cause
C;.

1. choose the initial distribution of Py(C) from the best knowledge of the pro-
cess under study, and hence the initial expected number of events n,(C:) =
Po(C:) - Nay; in case of complete ignorance, Po(C') will be just a uniform
distribution: P,(Ci) = 1/ne;

2. calculate #(C) and P(C);
3. make a y® comparison between %(C') and n.(C);

4. replace Py(C) by B(¢), and no(C) by #(C), and start again;
if, afier the second iteration the value of x? is “small enough”, stop the
iteration; otherwise go to step 2.

Some criteria about the optimum number of iterations will be discussed later.

4 Estimation of the uncertainties

After the iterative procedure described above has converged, ome obtains the
unfolded distribution #{C). As far as the evaluation of the uncertainties is con-
cerned, one cannot simply take the square root of these numbers. Even if the
number of cells is large and the error on P(F;|C;) is negligible, the quantities
which are distributed according to a Poisson distribution are the observed num-
bers n{E) and not #(C), since the latter get contributions from several n{ E;).
Moreover, it is clear that the uncertainties on n(C;) have some degree of correla-
tion, since the observed number of events n(E;) is shared between all the causes
from which the events can be originated.

To see all the sources of uncertainties and of correlations on n(C) in detail,
let us rewrite (4), making use of (3), as

a(Cy) = iiM.-,'.-n(Ej),

where

PE;|Cy) - Po(C5)
(C0% PUENG:)] - (205 P(E;|CY) - Po(C)))
M;; can be seen as the terms of the unfolding matriz M, which is clearly not

the mathematical inverse of the smearing matrix S. Let us examine the various
contributions to the covariance matrix of #({;) V:

My =




o P,(C;): we consider the initial prebabilities without statistical error since
they affect the results in a systematic way, to be evaluated by studying how
stable the results are for a variation of the starting hypothesis. The values
of P,(C;) used in the calculations of the uncertainties will be those obtained
in the last but one iteration.

n(E;): the data sample is a realization of multinomial distribution of which
the parameter n has to be identified with the true number of events, esti-
mated by Nyye. The contribution to V due to n{E) is then

Vi (n(E)) = %Mkj-sz-n(Ej).(lgﬂ)_

i=1 Ntruz
ne B .
S M- M- %,LEJ)“ _
'l‘:-,j =1 true

P4

If the relative frequencies for each of the cells are sufficiently small, due to
the large number of bins or to low efficiency, the numbers in each of the
cells can be approximated by an independent Poisson distribution.

P(E;|C;): these terms are usually estimated by Monte Carlo. They are
affected by statistical and systematic errors. The latter come from the as-
sumptions made in the simulation and have to be treated with appropriate
methods. The statistical errors come instead from the Lmited number of
simulated events. Like the uncertainties on n(E;), they also induce corre-
lations between the results. In fact, the total number of events generated
for each of the cause-cells ; is shared between the effect-cells F; and their
distribution is multinomial. If the migration effect is not very strong, i.e.
a cell (Y is observed only in a small number of cells E;, and the number of
generated events is not very large one cannot neglect the covariance between
the terms P(E;,|C:) and P(E;!C;). We can instead reasonably neglect the
covariance between two terms related to different canse-cells.

Under these hypotheses the contribution to V from the uncertainty of M
is '
V(M) = 3 n(E) n(E;)- Cov( M, Myj),
£,5=1
where :

oM OMy
OP(E,|Cy) OP(E,|C.)

Cov [P(E.|C.), P(E,|C)]

Cov( My, Myj) =

{ru}, {su}

My
aP(E.\C,)

= M. Spu - 6ri bju  Opi My Eu|
HUP(EC)) e PEIC) I
L. P(EC,)-(1- P(EJC) (r=s)
CO‘UPEfCu,PEsOu — {'ﬂu r‘u ™ i
P(E(C PEIC = 4 2o pzlo.) - PBIC)  (#9)
In the last expression n, represents the number of events zenerated in the
cell €, in order to evaluate the smearing function.

The sum of the two contributions gives the elements of the covariance matrix
of the unfolded numbers:

Ve = Vi ((E)) + Vi (M) :

5 Treatement of Background

The unfolding based on Bayes’ Theorem can take into account in a natural way the
presence of background, simply adding it to the possible causes responsible for the
observables, and even several sources of background can be treated. For example,
in case of a single contribution, one adds to the physical cells an extra Crgps1, with
initial probability P(Cre41). The conditional probabilities P(E;1Cpey1) will be
just the unnormalized shape (in the sense that €, .1 may be smaller than unity
) of the background distributions. The result of the unfolding will then provide
the number of events to be assigned to the background. )

In principle this method could also be used to disentangle the true distribu-
tions of several physics processes contributing to the same distribution of the
observable. This problem will not be discussed further in the rest of the paper,
but it is likely to work only in very simple cases, and other mere sophisticated
methods - like neural network algorithms - should yield better results.




6 Results

6.1 The program

The above method has been implemented in a short self-contained Fortran code
available on request from the author® together with examples.

The user can provide either the smearing matrix or, mote directly, the number
of MC' events produced in a cell of the true guantities together with the number
of events which fall in each of the measured quantities cells, Only in the latter
case it is possible to take into account the uncertainties due to the limited MC
statistics. Tt is interesting to remark that there is no need to generate the MC
events according to a realistic physical distribution of the variable under study,
and in fact it can be more efficient to have several runs in different regions and to
metge the results at the end, or to use a uniform distribution in order to populate
well all the kinematical regions.

The covariance matrix of () calculated by the program allows the user to
redifine the cell sizes ( which may be not all equal } a posteriori in order to reduce
the correlation of the results. On the other end, the presence of common sources
of uncertainty make it impossible to redefine the cells so as to have uncorrelated
results. The full covariance matrix should be used to exploit at best the results
in further analysis.

6.2 Unfolding a distribution not affected by statistical
fluctuations

The ideal performances of the method have been studied with samples equivalent
to having infinite statistics. This was done calculating the expected number of
events from the true distribution and the smearing matrix, namely

n(EJ) = ZP(EJK)%} ‘ Ptruz(oi) . Ntruea

or in a more compact way
B’-(E) = S—‘E-trueNti‘UE .

"Fig. la and 2a show the smearing matrices, called hereafier respectively S;
and Ss used for the tests. The abscissa and the crdinate represent respectively the
true and measured quantities, and the box area is proportional to the probability

IB_Maik: VAXROM:DAGOSTINI or DAGOSTINI@VAXROM ROMALINFN.IT.

o

P{E;|C;). In order to test the unfolding performances, non-trivial smearing ma-
trices have been chosen: in Sy the causes have all different efliciencies; Sz shows
an unusual anticorrelation and also long range migrations; both are almost flat
in some points; the domains of the true and measured value are different. The
qumber of effect cells has been chosen larger than the number of causes, as the
smearing makes the distributions usually broader. The true value distributions
are shown with solid lines in Figs. 111, repeated also in Fig. 2. We will refer to
these test distributions with fi, fa, f3 and fi. Monte Carlo samples of smeared
distributions obtained from 10000 generated events ( those without random fluc-
tuactions do not look much different ) are shown in Figs. 1b-e and 2b-e for the
$wo smearing matrices.

In all cases the initial distribution of the true values has been assumed to be
uniform. :

Already after the first iteration the unfolded distribution is close to the true
one { as shown in the case of limited statistics with solid line of Iig. 1j-m and
Fig. 2j-m). The agreement increases constantly with the number of iterations
and eventually, for all the test distribution and smearing matrices, the true dis-
tribution is recovered. This means that M -8 -+ 1. Obviously, this cannot be
a rigorous result, since both matrices have all the elements defined not negative,
and hence there must be a correct combination of the zeros in the row of M with
the zeros of the column of § in order to give the null off-diagonal elements of the
product matrix. An easy case where this limit cannot hold is when two causes
have the same probabilities to produce the effects, 1.e. P(E;|C;) = P(E;|Cy} Y 5.
In this case the result will be that A(C;) = #(C)) independently of the true prob-
ahilities of (; and . This is in fact the best result that the hypothesis allows.
An extreme case is when the elements of the smearing matrix are all equal. One
fnds then that the final probabilities are equal to the initial ones, since under
this conditions the observations do not increase the knowledge at all.

6.3 Simulation with limited statistics

To make a more realistic evaluation of the performances of the method, the role
of the observed distribution has been played by Monte Carlo events simulated
according to the true distribution and the smearing matrix. For each of the
configurations 10000 events have been generated. The observed distributions are
shown in Figs. 1b-¢ and 2b-e. As the smearing matrices are rather severe there
is no similarity at all with the true distributions. )

After the experience gained with the sample having no statistical fluctuation,
the first results are a bit surprising. After a few iterations the resulting distribu-
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tion becomes very close to the true one, but if one performs a very large number
of iterations, it converges toward a distribution which shows strong fluctuations
around the true one. The reason is simple. As stated before, an infinite iter-
ation loop yields an unfolding matrix which is - in some sense - the inverse of
the smearing matrix. So one gets exactly the same problems discussed in the
introduction about the matrix inversion method. The reason is that each of the
bins in the true value distribution acts as a independent degree of freedom and
after an infinite number of iterations one reaches a very fluctuating solution - a
kind of amplification of the statistical fluctuations - similar to the result of a fit
of a large number n of points with a polynomial of order n — 1.

Fig. 1m-p and 2m-p show the result after the result after the 1** ( solid line ),
2 ( dotted line } and 37 step ( dashed line ). The latter is compared to the true
distribution ( solid line ) in Fig. li-e and 2i-e. The agreement is qualitatively
good also in the case of difficult situations, like fz with S5. An example of 2-IJ
unfolding is shown in Fig. 3, where the true distribution, the smeared one, and
the tesults of the first 4 steps are shown.

In order to present in more quantitatively the quality of the unfolding, Fig.
4a-d and Fig 5a-d show, respectively for Sy and Sy the results obtained unfolding
100 independent MC data sets, each simulated with 10000 generated events and
using a 3-step procedure. Fig. de-h and Fig. Se-h give for each of the true
bins the difference between unfolded and true numbers of events, divided by the
standard deviation calculated in each unfolding. This gives an idea of the bias of
the method and of the goodness of the uncertainty estimation. Only some cases
show quantitatively satisfactory results. Fig. 6 and 7 show what happens after
1000 steps. Very large fluctuations appear around the true value, as discussed
above. ‘

In order to avoid the problem of wild fluctuations with the increasing number
of steps some possible ways cut may be considered:

» reduce the number of degrees of freedom putting some constraints between
the probabilities of the true values, for example imposing a function that
they have to follew. This is exactly equivalent to making a maximum-
likelihood it to the data (it is in fact known that the maximam-likelihood
principle can be derived from Bayes’ Theorem ). It implies we know the
expression of the function a priors, and is the best way to proceed if one is
just interested in finding the parameters of a particular model;

e find a criterion concerning the optimum number of iterations, which may
depend on the kind of problem: playing with the distributions fi.4 one can
realize that in most of the cases a good agreement is reached after a few

11

iterations. Some particularly difficult cases in which this is not verified have
to be attributed the chosen smearing matrices used;

e smooth the results of the unfolding before feeding them in the next step as
“initial probability”.

The third possibility has been chosen, as it turns out to produce stable re-
sults and moreover to be consistent with the spirit of the Bayesian inference. We
remind the reader that in this frame knowledge is achieved by making use of
Bayes’ Theoren, initial hypothesis and empirical observations. The hypothesis
that most of the physical distributions of interest, in particular structure func-
tions, are smooth is well proven by experience. For this reason using the result of
the first iteration with all its fluctuation as initial probability for the second step
ig from the Bayesian point of view even wrong in principle, since one is “telling”
the unfolding that the physical distribution can be of that kind, with all those
wild fluctuations. Instead it is preferable to feed into the program, as initial
distribution of the next step, a continuous and smooth function, whose shape is
already influenced by the observations.

One has to notice that there is no reason to worry that the smoothing proce-
dure produces biased results or hides strong peaks if they are significantly present
in the data, since the smoothed distribution used as initial probability for the sec-
ond iteration i1s nothing but an hypothesis more realistic that the first one and
can only give better results than the umform distribution.

Tor the test distributions a rough smoothing has been performed for all the
them by a polynomial fit of 37 degree?.

Superior results are achieved, with respect to the previous case, after a few
steps and the convergence is obtained between 3 steps ( as in the case of f and
fa with 81 ) and 15 steps ( f» with S5 ). Fig. 8 and 9 show the result of 100 data
samples after a 20-step unfolding with intermediate smoothing. No oscillations
are present and the results do not change with the increasing the number of steps,
indicating that the procedure has converged.

7 Conclusions

The recursive use of Bayes’ Theorem provides a promising method able to unfold
multidimensional distributions. With the the smoothing of the resulting distribu-
tion between the steps a fast convergence is reached, and, for normal applications,

*The smoothing has not been put inside the unfolding program and must be done by the
user, who knows the topology of the cells in the space of the physics quantities.

12
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the results are stable with respect to variations of the initial probabilities and of
the smoothing procedures. _ _
The covariance matrix of the result, which also takes into account the uncer-

‘tainties due to the Hmited Monte Carlo statistics nsed to evaluate the smearing

matrix, is provided . A Monte Carlo study has shown that the estimated stan-
dard deviations turn out to be close to those calculated from the dispersion of
the data arotind the mean value, a.nd that the method does not bias the results.
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Figure captions

Fig.

Fig.
Fig.

Fig.

Fig.
Fig.
Fig.
Fig.

Fig.

1

o =1 O Wr

(a)

Visualization of the smearing matrix S ( see text ): in the
abscissa and the ordinate are respectively the true and the
measured quantities; the box area is proportional to the
migration probability.

Smeared distributions of fi_4 ( see text } obtained from
10000 generated events.

True distributions of respectively fi_4 { solid lines ) com-
pared with the results of a 3-step unfolding { dashed lines.

Unfolded distributions after the first, second and third step
( solid, dotted and dashed lines ) of respectively fi_s.
Same as Fig. 1, but with the smearing matrix S3.
Example of a two dimensional unfolding: true distribution
(a), smeared distribution (b} and results after the first 4
steps ( (¢) to (f) ).

Results obtained by a 3-step unfolding of 100 indepen-
dent data sets, each based on 10000 generated true events
smeared with S;:

distribution on the unfolded numbers for true distributions
respectively fi.4;

distribution of the difference between the unfolded and the
true numbers, divided by the extimated standard deviation,
for true distributions respectively f;_4;

Same as Fig. 4 in case of the smearing matrix Sa.

Same as Fig. 4, but with a 1000-step unfolding.

Same as Fig. 5, but with a 1000-step unfolding.

Same as Fig. 4, but with a 20-siep unfolding and smoothing
the probability distribution between the steps.

Same as Fig. 5, but with a 20-step unfolding and smoothing’
the probability distribution between the steps.
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