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Monomial forms

In Physics we often deal with expressions of the kind a = F/m,
n=RT/PV, etc., i.e.

Y = XM X902 XY X

/

(neglecting an irrelevant numerical factor).

Non-linear tranformations

» linearization formulae should be used with care(*)
[*) Yet other prescriptions ]

» . ..and possibly avoided!

» But, nevertheless, when used correctly they offer useful
insights in the dependence of the final result on the input
quantities in terms of relative uncertainties.
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Linearization of monomial forms

The coefficients of the linear expansion around the expected values
acquire a very simple and useful form

Y = XM .X02.. X% X0
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Linearization of monomial forms

The coefficients of the linear expansion around the expected values
acquire a very simple and useful form

Y = XM X0 XX
(9Y o o Oé,'—]. O
aXI p— Oéi'X]_l'Xzz'---'X,' Xn
Qe Q (0} 0% O
—_— . Y
= Xl-

© GdA, RM25-11 10/02/25  47/52




Linearization of monomial forms

The coefficients of the linear expansion around the expected values
acquire a very simple and useful form

Y = XXX X
oY .
X Qs X[ XS X X
QY 6" o & &n
_ . Y
= Xl-

In the case of several Y's the elements ci; of the tranformation
matrix C are then

_ k1 Ok 2 Ok j Ok
Yk — X]. ’X2 '...’Xi ‘...'Xnn

© GdA, RM25-11 10/02/25  47/52




Linearization of monomial forms

The coefficients of the linear expansion around the expected values
acquire a very simple and useful form

Y = XXX X
oY .
X Qs X[ XS X X
QY 6" o & &n
_ . Y
= Xl-

In the case of several Y's the elements ci; of the tranformation
matrix C are then

Yio = XOKLLXGRE XKL X0k
) oY, Yk
ki — — Wk ——

OXi |E(x) Xi [E(x)
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Linearization of monomial forms: single Y

Special subcase: variance from independent variables
In the case of a single Y and independent X, we get

2
Y
oY) = af | — o (X;)
Z_: Xi [E(x)
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Linearization of monomial forms: single Y

Special subcase: variance from independent variables
In the case of a single Y and independent X, we get
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Linearization of monomial forms: single Y

Special subcase: variance from independent variables
In the case of a single Y and independent X, we get
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Linearization of monomial forms: single Y

Special subcase: variance from independent variables
In the case of a single Y and independent X, we get

Y
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having indicated with r the relative (standard) uncertainties

a()/IEQ)-

Q
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Linearization of monomial expressions of independent
variables

Exercise

Imagine we want to measure g with a pendulum:
/
T =2my/ —
g

g=2n)? 1T ?

from which it follows

Q.: How precisely we have to measure / and T if we require they
contribute equally to rg, that we want to keep <1 %7
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Linearization of monomial expressions of independent
variables

Exercise

Imagine we want to measure g with a pendulum:
/
T =2my/ —
g

g=2n)? 1T ?

from which it follows

Q.: How precisely we have to measure / and T if we require they

contribute equally to rg, that we want to keep <1 %7
Try. ..
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Linearization of monomial expressions of independent
variables

Exercise — solution

If the determinations of / and T are independent, then, in
percentages (p):

Py = Pf+4p7
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Linearization of monomial expressions of independent
variables

Exercise — solution

If the determinations of / and T are independent, then, in
percentages (p):

Py = Pf+4p7

» Requirements

o
A
 —

pp=2pr < 1/v/2=071

© GdA, RM25-11 10/02/25  50/52




Linearization of monomial expressions of independent
variables

Exercise — solution

If the determinations of / and T are independent, then, in
percentages (p):

p; = P +4pT
» Requirements
pg < 1
pp=2pr < 1/v/2=071
pr < 1/(2v/2)=0.35
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| ast remarks on linearization

» Linerization formulae rely on the fact that the trasformations
are ‘enough’ linear in the regions where the probability mass
of the input quantities are concentrated (around their

expected values).
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» Linerization formulae rely on the fact that the trasformations
are ‘enough’ linear in the regions where the probability mass
of the input quantities are concentrated (around their
expected values).

» This requirement ‘usually’ maps in the request that the each
relative standard uncertainty is ‘enough small’

» . .although this requirement is not really necessary, since one
could have an expected value approximately equal to zero and
a finite standard uncertainty (that is r; > 1) and,
nevertheless, a function nicely linear around zero.
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are ‘enough’ linear in the regions where the probability mass
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» This requirement ‘usually’ maps in the request that the each
relative standard uncertainty is ‘enough small’

» . .although this requirement is not really necessary, since one
could have an expected value approximately equal to zero and
a finite standard uncertainty (that is r; > 1) and,
nevertheless, a function nicely linear around zero.
[Imagine for example Y =1+ 2% X, with X ~ A/(0,0.05),
having an ‘infinite relative uncertainty’, but resulting in a
practically normal distribution of Y around 1, with a 10%
relative uncertainty, that is Y ~ A/(1,0.1) ]
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| ast remarks on linearization

» Linerization formulae rely on the fact that the trasformations
are ‘enough’ linear in the regions where the probability mass
of the input quantities are concentrated (around their
expected values).

» This requirement ‘usually’ maps in the request that the each
relative standard uncertainty is ‘enough small’

» . .although this requirement is not really necessary, since one
could have an expected value approximately equal to zero and
a finite standard uncertainty (that is r; > 1) and,
nevertheless, a function nicely linear around zero.
[Imagine for example Y =1+ 2% X, with X ~ A/(0,0.05),
having an ‘infinite relative uncertainty’, but resulting in a
practically normal distribution of Y around 1, with a 10%
relative uncertainty, that is Y ~ A/(1,0.1) ]

» Always check by Monte Carlo!
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