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Other Proposed exercises 

5. The most updated values of the parameter µ = �/�SM for the Higgs boson from
ATLAS for the three main decay channels (in 2014) were:

µ�� = 1.55± 0.30

µZZ = 1.43± 0.37

µWW = 0.99± 0.29

Evaluate the compatibility among the three independent ATLAS results and calculate
the best overall estimate of µ from ATLAS. Then evaluate the compatibility with the
SM expectation (µ=1).

6. In the 2011+2012 LHC dataset (corresponding to about 25 fb�1), a sample of 2.24⇥105

tt events has been collected. We know that �(pp ! tt+X) is 177 ± 5 pb. How large
was the e�ciency for tt events assuming no background ?

7. We perform a cross-section measurement and obtain the following values: Ncand

=128, Nb = 14 ± 2, ✏ = 0.523 ± 0.002, Lint = 2.43 pb�1 ± 1.8 %: calculate the
resulting cross-section with its uncertainty. In case this is a measurement of e+e� !
⇡+⇡� at

p
s = 1 GeV, determine the value of the pion time-like form factor with its

uncertainty. The formula relating the cross-section to the form factor F⇡(s) is the
following:

�(s) =
⇡↵2

3s
�3
⇡|F⇡(s)|2

8. The Higgs boson production at a linear collider happens mainly through the reac-
tion e+e� ! ZH. If MH = 125 GeV, and the cross-section �(e+e� ! ZH,

p
s =

300GeV)= 220 fb, which value of luminosity do we need to get O(106) events in 1
year of data taking ? How many final states with two muons and two photons from
the Z ! µ+µ� and H ! �� simultaneous decays do we get in the same period ?
Evaluate the maximum and minimum photon energies from the Higgs.

9. Consider the reaction e+e� ! K+K� at a �-factory. Which fraction of events have
at least one kaon decaying within a sphere of R = 20 cm ? In which fraction of events
both kaons decay within the same sphere ?

10. The SM expected semi-leptonicKS charge asymmetry is 3⇥10�3. At Dafne we expect
to produce a sample of 1.2⇥109 tagged KSs. If the BR(KS ! ⇡e⌫)=BR(KS !
⇡+e�⌫)+BR(KS ! ⇡�e+⌫)=6.95⇥10�4 which error can we reach on the asymmetry
?

11. Which average instantaneous luminosity is required to improve by a factor 3 such an
uncertainty in one year of data taking (assuming a duty cicle of 50% and a tagging
e�ciency of 30%) ? [�(e+e� ! �)= 5 µb at the � peak].
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Particle properties 
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�  Once a particle has been identified (either directly or 
through its decay products), it is interesting to measure its 
properties: 
� Mass M 
� Total Decay Width Γ
�  LifeTime τ
� Couplings g 

�  If the particle is identified through its decay, all these 
parameters can be obtained through a dedicated analysis of 
the kinematics of its decay products. 



Invariant Mass - I 
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�  Suppose that a particle X decays to a number of particles (N), and 
assume we can measure the quadri-momenta of all them. We can 
evaluate the Invariant Mass of X for all the candidate events of our 
final sample: 

�  It is a relativistically invariant quantity. In case of N = 2 

�  If N=2 and the masses are 0 or very small compared to p 

�  Where θ is the opening angle between the two daughter particles. 
 

Minv
2
inv = !pk

k=1

N

∑
"

#
$

%

&
'

2

Minv
2 =m1

2 +m2
2 + 2 E1E2 −

!p1 ⋅
!p2( )

Minv
2 = 2E1E2 1− cosθ( ) = E1E2 sin2θ 2



Invariant Mass - II 
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�  Given the sample of candidates, we do the invariant mass 
distribution and we typically get a plot like that: 
- A peak (the signature of the  
particle) 
-  A background (almost flat  
in this case) ! unreducible 
background. 

�  What information can we 
get from this plot (by fitting it) ? 
(1)  Mass of particle;  
(2)  Width of the particle (BUT not in this case…);  
(3)  Number of particles produced (related to σ or BR) 

B+ => J/ψ  K+ 
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s → J/ψ f0(980) 
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IN
TERNO 5

Capitolo 3. Introduzione all<inferenza 155 

da cui si vede che valore atteso e varianza di p sono leggermente spostate rispetto alle 

(3.35)-(3.36). La moda è invece pari a n
 
/
 
N. Lo spostamento di valore atteso e varianza di-

venta trascurabile per N grandi. 

3.2.5. Il caso di zero conteggi: limiti superiori e inferiori 

A completamento dei due paragrafi precedenti, consideriamo ora il caso in cui l1esito 

dell1esperimento di conteggio consista nell1aver contato n
 
=

 
0 nel tempo ∆t. Applicando 

direttamente la prescrizione (3.39), dovremmo concludere che la nostra migliore stima del 

rate è pari a 0
 ± 

0, cioè, prendendo il risultato alla lettera, affermeremmo non solo che il 

rate di quel conteggio è esattamente nullo ma che lo è senza alcuna incertezza. Analoga-

mente, se misurassimmo l1efficienza di un rivelatore e contassimo 0 o N su N particelle in 

ingresso, secondo le (3.35) e (3.36) dovremmo concludere di avere osservato, nei due casi, 

efficienze pari, rispettivamente a 0
 ± 

0 o 1
 ± 

0. 

Si tratta naturalmente di conclusioni erronee. Per convincersene basta osservare che il 

fatto di aver contato 0 nel tempo ∆t non ci garantisce in alcun modo che attendendo per un 

tempo più lungo non arrivi ad un certo punto un conteggio. D1altra parte, aver contato 0 è 

un1informazione rilevante, che punta nella direzione che il rate di quel fenomeno, seppure 

non esattamente 0, sarà comunque GpiccoloH al di sotto di un certo valore. 

Abbiamo già accennato in ambedue i precedenti paragrafi al fatto che per bassi valori di 

N l1applicazione dell1inferenza bayesiana conduce ai risultati (3.34) e (3.38) diversi da 

quelli qui indicati. In particolare l1applicazione della (3.34) darebbe, per zero conteggi un 

risultato, 1
 ± 

1, che starebbe ad indicare un intervallo tra 0 e 2. 

Vediamo ora quale è un modo corretto di dare il risultato della misura nel caso di zero 

conteggi. Ci riferiamo al caso del conteggio poissoniano e applichiamo in primo luogo le 

considerazioni frequentiste sviluppate nel par. (3.1.2). 

Supponiamo dunque di aver misurato n
 
=

 
0 conteggi e di voler determinare un intervallo 

di confidenza per λ caratterizzato da un certo valore della probabilità, diciamo α. Nel caso di 

zero conteggi, il limite inferiore di tale intervallo è chiaramente λ 
=

 
0, dunque si tratta di de-

terminare il limite superiore per λ. Nel paragrado (3.1.2) abbiamo visto che gli estremi di un 

intervallo di confidenza possono essere definiti come quei due valori del parametro, in questo 

caso λ, tali che se ciascuno di essi fosse il valore vero, vi sarebbe una probabilità (1
 
k

 α)/2 di 

ottenere un risultato rispettivamente inferiore o superiore al valore osservato. Nel caso in cui 

il valore osservato è 0, dovremo adattare l1argomento tenendo conto che abbiamo una sola 

coda nella distribuzione, il limite inferiore essendo definito. Quindi cercheremo quel valore di 

λ tale che, se esso fosse il valor vero, la probabilità di ottenere un valore inferiore a quello 

misurato sarebbe non (1
 
k

 α)/2 ma semplicemente (1
 
k

 α), o equivalentemente sarebbe α la 

probabilità di avere un valore superiore a quello misurato, cioè a 0. Otteniamo dunque: 

αλλ λ
λ

=−==> −
∞

=

−

� e
n
enP

n

n
1

!
)/0(

1

 (3.39) 

Upper limit  (lower limit =0) 
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Lezioni di Statistica per la Fisica Sperimentale 156

da questa relazione determiniamo il limite superiore λ : 
 

)1ln( αλ −−=  (3.40) 
 

Allo stesso risultato si giunge muovendosi nel contesto bayesiano. In tal caso infatti, la 

densità di probabilità di λ, nell1ipotesi di distribuzione a priori uniforme sarà data da: 
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Si tratterà in questo caso di trovare quel valore di λ, diciamo λ , tale che: 
 

αλλλ λ
λ

λ =−==< −−	 edep 1)(
0

 (3.42) 

 

equivalente al risultato frequentista (3.39). In Fig. 3.3 è riportata la distribuzione di λ ed in 

tabella sono riportati i limiti superiori per λ per tre diversi intervalli di confidenza. 

 

 90% 95% 99% 

λ 2.3 3.0 4.6 

 

Quindi, nel caso di Gconteggio zeroH in un tempo ∆t, il risultato corretto per il rate del fe-

nomeno sarà: 
 

t
r

∆
< λ  al livello di confidenza α. 

 

 
 

Figura 3.3. Distribuzione di probabilità del parametro λ di una poissoniana quando ho contato n = 0, 
secondo il teorema di Bayes. L:area tratteggiata costituisce un intervallo di probabilità del 95% 
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Suppose Poisson variable and  n=0 is measured (no background)  
=> 0±0 (freq) or 1±1 (Beyes) ? 
By construction the probability to measure  x0’<x0 if the true value µ=µ1(x0) is (1-α) (only one limit) 
or the probability to measure x0’> x0 if the true value µ=µ1(x0) is α 

λ (68.3%)=1.15 



Parenthesys: 2 kinds of background 
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�  Unreducible background: same final state as the signal, no 
way to disentangle. The only way to separate signal from 
unreducible background is to fit the inv.mass spectrum  

�  Reducible background: a different final state that mimic the 
signal (e.g. because you are losing one or more particles, or 
because you are confusing the nature of one or more 
particles) 

�  Example:  
�  Signal: pp"H"ZZ*"4l 
� Unreducible background: pp" ZZ*"4l 
� Reducible backgrounds: pp"Zbb with Z"2l and two leptons, 

one from each b-quark jet; pp" tt with each t"Wb"lν”l”j 
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Figure 4. The KLOE combination plotted with the individual cross section measurements, where
the KLOE combination is represented by the yellow band and the KLOE08, KLOE10 and KLOE12
cross section measurements are given by the blue, black and pink markers, respectively (colour
online). In all cases, the error bars shown are the statistical and systematic uncertainties summed
in quadrature.

−0.15

−0.1

−0.05

 0

 0.05

 0.1

 0.15

 0.4  0.5  0.6  0.7  0.8  0.9
 0

 200

 400

 600

 800

 1000

 1200

 1400

(σ
0  /

σ
0 K

L
O

E
 c

o
m

b
in

a
tio

n
) 

−
 1

σ
0
(e

+
e

−
 →

 π
+
π

−
) 

[n
b
]

√s [GeV]

σ
0(e+e− → π+

π
−)

KLOE combination

KLOE08

KLOE10

KLOE12

(a) Normalised difference in the full data range

−0.06

−0.04

−0.02

 0

 0.02

 0.04

 0.06

 0.08

 0.6  0.65  0.7  0.75  0.8  0.85  0.9
 0

 200

 400

 600

 800

 1000

 1200

 1400

(σ
0  /

σ
0 K

L
O

E
 c

o
m

b
in

a
tio

n
) 

−
 1

σ
0
(e

+
e

−
 →

 π
+
π

−
) 

[n
b
]

√s [GeV]

σ
0(e+e− → π+

π
−)

KLOE combination

KLOE08

KLOE10

KLOE12

(b) Normalised difference in the overlapping data

range

Figure 5. The normalised difference of the KLOE combination and the individual KLOE mea-
surements, where the yellow band represents the statistical and systematic uncertainties of the
KLOE combination summed in quadrature and the KLOE08, KLOE10 and KLOE12 cross section
measurements are given by the blue, black and pink markers, respectively (colour online). Here,
the errors bars of the individual measurements are not shown in order to be able to distinguish the
data points, but are in good agreement with the KLOE combination.

when comparing to KLOE10 and KLOE12. KLOE12 exhibits the largest fluctuations when

comparing to the fitted combination, but is well within the errors of the data. In plot (a)

of figure 5, we note how the KLOE0810 and KLOE1012 systematic uncertainties have

a non-trivial effect in the lower energy region where only the KLOE10 data exist, with

the correlations providing an expected upward pull (which is well within the errors of the

combination) to the KLOE combination cross section away from the KLOE10 data points.

– 13 –
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Fig. 1. (a) π+π− invariant mass spectrum of the selected sample. The spectrum
is dominated by the ISR component, showing the ρ–ω interference pattern. The
signal of the f0(980) appears as a small peak around 980 MeV. The drop for
m > 1000 MeV is due to the drop of the detection efficiency for low energy
photons. (b) Forward–backward asymmetry defined in Eq. (1) as a function
of m. The dip in the region of the f0(980) is evident.

|tγ − Rγ /c| < 5σt (Eγ ), where tγ is the cluster time, Rγ is the
flight distance, and σt (Eγ ) is the time resolution for photons of
energy Eγ . The requirement Eγ > 10 MeV translates in an ef-
fective cut m < 1009 MeV. Finally, the angle Ω between the
missing momentum and the photon direction derived from the
cluster position, has to be below 0.03+ 3/Eγ (MeV) rad. The
dependence of theΩ cut on Eγ reflects that of the cluster posi-
tion resolution on the photon energy.
We select 6.7×105 events. The spectrum of the ππ invariant

mass m for these events and the forward–backward asymmetry
dependence onm are shown in Fig. 1. We observe a small bump
in them spectrum in the region where the f0(980) is expected to
be. A signal is observed also as a dip in the forward–backward
asymmetry Ac, for the same values of m.
Total efficiency and residual background distributions are

shown in Fig. 2, as evaluated by Monte Carlo with correc-
tions based on data control samples [10]. The simulation of
the ISR and FSR contributions is based on the EVA genera-
tor [11]. The efficiency decrease at low masses is due to the
increased occurrence of low-pT pions with θπ± < 45◦ that es-
cape the selection; the decrease for higher masses, starting from
∼ 800 MeV, is partly due to the cosmic ray veto and partly to
the photon detection efficiency. In fact, high momentum pions,
which deposit large energy in the outermost calorimeter lay-

Fig. 2. (a) Total efficiency as a function of m. (b) The Monte Carlo expected
contributions of the main background sources, π+π−π0 (open circles) and
µ+µ−γ (crosses), normalised to the integrated luminosity, and compared to
the data spectrum.

ers, veto the event with high probability. Moreover, low energy
photons (Eγ < 20 MeV) are detected with an efficiency lower
than 80%. The efficiency for the cosmic veto is evaluated using
samples of pre-scaled events with no veto applied. The pho-
ton detection efficiency is measured as a function of Eγ from
π+π−π0 and e+e−γ control samples [8].
After the selection, φ → π+π−π0 decays give the only sig-

nificant contribution to the background.

4. Description of the fit

We fit the π+π− invariant mass spectrum, dN/dm, with the
function:

dN

dm
= Lintϵ(m)

(
dσISR

dm
+ dσFSR

dm
+ dσρπ

dm

(3)+ dσscal

dm
±

dσ INTscal+FSR
dm

)
+ back,

where Lint is the integrated luminosity, ϵ(m) is the selection ef-
ficiency, and back is the residual background. The first three
terms in parenthesis are here called the “non-scalar” terms. The
analytic expressions for the first and second terms, ISR and
FSR, are taken from Ref. [12], while the ρπ term is taken from
Ref. [13]. The pion form factor [14], entering the ISR term, de-
pends on the masses and widths of the ρ0, ω and ρ′ mesons, and
on the two non-dimensional parameters α and β , which corre-
spond to the sizes of the ω and ρ′ contributions, respectively.
We leave the quantitiesmρ0 , Γρ0 , α, and β as free parameters of

f0(500)  mass 400-550 MeV  width 400-700 MeV 
ρ(770) mass 775.26 MeV  width 149.1 MeV
ω(782)  mass 782.65 MeV  width 8.49 MeV 
f0(980)  mass 990 MeV  width 10-100 MeV 
 

Mππ (MeV) 

e+e- => π+π- (γ)
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Fig. 3. Result of the KL fit (a)–(b)–(c) and of the NS fit (d)–(e)–(f). (a)–(d) Data spectrum compared with the fitting function (upper curve following the data points)
and with the estimated non-scalar part of the function (lower curve); (b)–(e) fit residuals as a function of m; (c)–(f) the fitting function is compared to the spectrum
obtained subtracting to the measured data the non-scalar part of the function in the f0 region.

Table 1
Parameter results and χ2 of the two fits KL (kaon–loop) and NS (no-structure).
The results given in parentheses are not directly parameters of the fits but are
evaluated as functions of the fit parameters

KL NS

χ2 (p(χ2)) 538/483 (4.2%) 533/479 (4.4%)
mf0 (MeV) 983.0± 0.6 977.3± 0.9
gφf0γ (GeV

−1) – 1.48± 0.06
gf0K+K− (GeV) 5.89± 0.14 1.73± 0.12
gf0π+π− (GeV) (3.6) 0.99± 0.02
R = g2f0K+K−/g2f0π+π− 2.66± 0.10 (3.1)
a0 – 6.00± 0.02
a1 – 4.10± 0.04
b1 (rad/GeV) – 3.13± 0.05
mρ0 (MeV) 773.1± 0.2 773.0± 0.1
Γρ0 (MeV) 144.0± 0.3 145.1± 0.1
α (×10−3) 1.65± 0.05 1.64± 0.04
β (×10−3) −123± 1 −137± 1
aρπ 0.0± 0.6 1.5± 1.4

photon response curves; the size of the π+π−π0 background;
the bin size, and the start and end points of the fit. While re-
peating the fits, the parameters of the non-scalar part are held
fixed to their baseline values. Finally in order to take into ac-
count the systematic effect due to the limited knowledge of the

Table 2
Intervals of maximal variations for the f0 parameters resulting from the system-
atic uncertainties studies done on both fits. Notice that the intervals obtained are
larger than the fit uncertainties given in the previous table

Parameter KL NS
mf0 (MeV) 980–987 973–981
gf0K+K− (GeV) 5.0–6.3 1.6–2.3
gf0π+π− (GeV) 3.0–4.2 0.9–1.1
R = g2f0K+K−/g2f0π+π− 2.2–2.8 2.6–4.4
gφf0γ (GeV

−1) – 1.2–2.0

non-scalar part of the spectrum, the NS fit has been repeated us-
ing the non-scalar parameters obtained from the KL fit and vice
versa. In Table 2 we give the maximal variation intervals for the
parameters, resulting from the studies discussed above.
The two fits have slightly overlapping intervals for the

f0 mass, and are both in agreement with the PDG interval
980 ± 10 MeV. We observe a large discrepancy between the
KL and NS couplings gf0π+π− and gf0K+K− . The KL fit gives
couplings in reasonable agreement with the KLOE results ob-
tained with the final state π0π0γ [3]. The two fits are in
agreement on the ratio R = g2f0K+K−/g2f0π+π− , pointing to an
f0 more coupled to kaons than to pions. Finally if we define
an effective branching ratio as the integral over the full spec-



Mass and Width measurement 
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�  Fit of the Minv spectrum with a Breit-Wigner + a continuos background: 
BUT careful with mass resolution. It can be neglected only if 
σ(Minv)<<Γ 

�  If σ(Minv) ≈ Γ or σ(Minv)>Γ there are two approaches (as we already 
know): 
�  Folding: correct the theoretical distribution to be used in the fit: 

 
�  Unfolding: correct the experimental data and fit with the theoretical 

function.  
�  Use a gaussian (or a “Crystal Ball” function) neglecting completely the width. 

�  In many cases only the mass is accessible: the uncertainty on the mass is 
the one given by the fit (taking into account the statistics) + possible 
scale systematics. 

σ fit E( ) = Gres E −E0( )σ BW E0( )dE0∫



Gaussian vs. Crystal Ball 
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�  Gaussian: 3-parameters, A, µ, σ. Integral =Aσ√2π 

�  Crystal-Ball: 5-parameters, m, σ, α, n, N 

Essentially takes into account energy losses, useful in many cases. 
Crystal-Ball function and its first derivative are both continuos. 
After Crystal-Ball collaboration, Crystal Ball hermetic NaI detector at SPEAR Stanford 
1979 (then DESY, AGS-BNL, A2-Mainz Microtron…) 

f (m / A,µ,σ ) = Aexp(− (m−µ)
2

2σ 2 )
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Crystal Ball function 
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Template fits: not functions but 
histograms 
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In this case the fit is not done 
with a function with parameters  
BUT it is a “template” fit: 
  F = aHIST1(mH,…) + bHIST2 
a, b and mH are free parameters 
The method requires the knowledge  
(from MC) of the expected  
distributions. Such a knowledge  
improves our uncertainties.  
NB: HIST1 and HIST2 take into  
account experimental resolution:  
so it is directly the folding method 

An example: Higgs mass in the  
4l channel. 



Effect of the mass resolution on the 
significativity of a signal 
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�  Let’s consider now the case in which we look for a process and 
we expect a peak in a distribution at a definite mass: when may 
we say that we have observed that process ? 

�  Method of assessment: simple fit S+B (e.g. template fit).  
 S±σ(S) away from 0 at least 3 (5) standard deviations. 

�  Ingredients: 
� Mass resolution; 
�  Background 

�  Effect of mass resolution negligible on the uncertainty on S if: 

S >> 6bσM     ⇒     σM <<
S

6b

σ 2 S( ) =σ 2 N( )+σ 2 B( ) = N +σ 2 B( )
≈ N = S +B = S + 6σMbneglecting σ(B) 
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Figure 8. Simulation of S = 200 J/ events superimposed to a flat
background of 10000 distributed on a range of 200 MeV (b=50 MeV�1).
�M = 2 MeV (left) and �M = 10 MeV (right). The limits of ±3�M
intervals around the expected position of the peak are shown. Outside
these limits are the sidebands.

The resulting uncertainty on S can be written in the present case as:

(80) �2(S) ⇠ N = S +B = S + 6b�M

so that in order to make negligible the e↵ect of the resolution, it should be:

(81) �M <<
S

6b

In the case illustrated in the figure it should be �M << 0.67 MeV, that is not verified
in the two cases. So that in both cases the e↵ect of the resolution is important and the
observation of the signal can be improved by reducing the resolution.

4.3. Branching Ratio. An unstable particle decays in general in several di↵erent decay
chains, involving di↵erent final states. For each decay chain a branching ratio is defined
as the probability that the particle decays in that chain. If � is the total width of the
particle and �i is the partial width in the decay chain i, we have:

(82) BR(i) =
�i

�

Since the sum of all the partial widths is equal to the total width, the sum of all the
branching ratios of a particle should be equal to 1.

Background  b= 50 /MeV      in an interval of 60 MeV (+/- 3*10 MeV)  B=b*60 MeV = 3000  (broad) 
        in an interval of 12 MeV (+/- 3*2 MeV)  B=b*12 MeV = 600      (narrow) 

Signal S=200 
Significance = 3.5 (broad)  and 7.1 (narrow) 
S/6b = 0.67 MeV        => in both cases   σM  <<S/6b not satisfied  => resolution effect important  

     and observation of the signal can be improved reducing the resolution 



H"γγ ATLAS: is the resolution 
negligible ? 
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Numbers directly from  
the plot: 

 S≈1000 
 b≈5000/2 GeV  
  = 2500/GeV 
σM≈10 GeV/6 

  =1.7 GeV 
 
! S/6b  

= 0.07 GeV << σM 


