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Figura 3.1. Illustrazione della costruzione grafica di Neyman. L:area tratteggiata rappresenta la 
cintura di confidenza derivante dalla densità di probabilità di x per un dato livello di confidenza α. 
Nel grafico di destra, dato il valore sperimentale x0, viene illustrata la costruzione dell:intervallo 
frequentista per µ. Nel grafico di sinistra di mostra il concetto di copertura: in una frazione α degli 
esperimenti ottengo un valore compreso tra x0(inf) e x0(sup) 

È istruttivo utilizzare la cosiddetta costruzione grafica di Neyman per comprendere al me-

glio il significato della copertura frequentista. Ci riferiamo ai grafici illustrati in Fig. 3.1 

relativi ad una densità di probabilità qualsiasi, nei quali la variabile x è in ascissa ed il valo-

re atteso del misurando µ è in ordinata. Stabilita la modalità di costruzione dell1intervallo 

di confidenza, la conoscenza della densità di probabilità f(x/µ) consente di individuare, per 

ogni valore di µ, i due estremi dell1intervallo in x. Si tratta infatti dei valori x1 e x2 entrambi 

funzione di µ, per i quali: 
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I luoghi geometrici rispettivamente degli estremi inferiori e degli estremi superiori di tali inter-

valli costituiscono due curve nel piano x
 
k

 µ che delimitano una zona detta cintura di confiden-
za. Si tratta dell1area tratteggiata di Fig. 3.1. A questo punto, dato il risultato x0 dell1espe-

rimento, traccio una retta verticale per x0 che intercetta le due curve in due punti. Le ordinate di 

tali punti costituiscono gli estremi µ1 e µ2 dell1intervallo cercato (Fig. 3.1 di sinistra). 

La costruzione grafica permette di apprezzare il significato dell1intervallo. I suoi 

due estremi sono rispettivamente quei valori di µ, µ1 e µ2, tali che, se il valor vero fos-

se pari a µ1, la probabilità di misurare un valore più piccolo di x0 sarebbe pari a (1
 
k

 α)
 
/
 
2, se invece fosse µ2, la probabilità di misurare un valore più grande di x0 sarebbe 

pure di (1
 
k

 α)
 
/
 
2. 

Che l1intervallo trovato abbia copertura α lo si vede osservando che, detto µ* il valore at-

teso della popolazione del misurando, per qualsiasi valore di x ed in particolare per x0 vale la: 
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P(x1(µ*) < x0 < x2 (µ* )) = α  (3.11) 
 

Dunque, se ripeto N volte l1esperimento e ogni volta determino il mio intervallo con la co-

struzione di Neyman, tutte e sole le volte in cui x0 si trova tra x1(µ*) e x2(µ*) (i valori 

x0(inf) e x0(sup) della Fig. 3.1 di destra) io sto GcoprendoH µ*. Questo accade in una frazio-

ne α dei casi. Viceversa, le volte in cui x0 si trova al di fuori dell1intervallo compreso tra 

x0(inf) e x0(sup), io non sto GcoprendoH µ* e questo accade in una frazione 1 k α dei casi. 

La copertura è dunque α come previsto. 

Nel caso semplice ma molto comune in cui la f(x/µ) sia una distribuzione normale, la 

cintura di confidenza si riduce allo spazio tra due rette parallele come illustrato in Fig. 3.2. 

Nel caso in cui α = 68.3% gli estremi µ1 e µ2 saranno semplicemente x0
 ± σ come riportato 

nelle considerazioni all1inizio del paragrafo (equazione (3.4)). 

 

 
 

Figura 3.2. Costruzione grafica di Neyman per il caso gaussiano con α = 68.3% 

3.1.3. L<inferenza bayesiana 

Un secondo approccio al problema dell1inferenza è dato dal metodo dell<inferenza baye-
siana al quale accenniamo ora brevemente. L1aspetto concettualmente importante di questo 

metodo è dato dal fatto che il valor vero µ viene qui considerato, a differenza dell1approc-

cio frequentista, a tutti gli effetti una variabile casuale. Il problema dell1inferenza è dunque 

quello di determinare al meglio la funzione di distribuzione di tale variabile casuale. 

Mettendo da parte anche in questo caso gli eventuali effetti sistematici, ed utilizzando le 

definizioni date in (3.1.1), possiamo chiamare f(µ/xm) la funzione di distribuzione di µ dato xm, 
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da cui si vede che valore atteso e varianza di p sono leggermente spostate rispetto alle 

(3.35)-(3.36). La moda è invece pari a n
 
/
 
N. Lo spostamento di valore atteso e varianza di-

venta trascurabile per N grandi. 

3.2.5. Il caso di zero conteggi: limiti superiori e inferiori 

A completamento dei due paragrafi precedenti, consideriamo ora il caso in cui l1esito 

dell1esperimento di conteggio consista nell1aver contato n
 
=

 
0 nel tempo ∆t. Applicando 

direttamente la prescrizione (3.39), dovremmo concludere che la nostra migliore stima del 

rate è pari a 0
 ± 

0, cioè, prendendo il risultato alla lettera, affermeremmo non solo che il 

rate di quel conteggio è esattamente nullo ma che lo è senza alcuna incertezza. Analoga-

mente, se misurassimmo l1efficienza di un rivelatore e contassimo 0 o N su N particelle in 

ingresso, secondo le (3.35) e (3.36) dovremmo concludere di avere osservato, nei due casi, 

efficienze pari, rispettivamente a 0
 ± 

0 o 1
 ± 

0. 

Si tratta naturalmente di conclusioni erronee. Per convincersene basta osservare che il 

fatto di aver contato 0 nel tempo ∆t non ci garantisce in alcun modo che attendendo per un 

tempo più lungo non arrivi ad un certo punto un conteggio. D1altra parte, aver contato 0 è 

un1informazione rilevante, che punta nella direzione che il rate di quel fenomeno, seppure 

non esattamente 0, sarà comunque GpiccoloH al di sotto di un certo valore. 

Abbiamo già accennato in ambedue i precedenti paragrafi al fatto che per bassi valori di 

N l1applicazione dell1inferenza bayesiana conduce ai risultati (3.34) e (3.38) diversi da 

quelli qui indicati. In particolare l1applicazione della (3.34) darebbe, per zero conteggi un 

risultato, 1
 ± 

1, che starebbe ad indicare un intervallo tra 0 e 2. 

Vediamo ora quale è un modo corretto di dare il risultato della misura nel caso di zero 

conteggi. Ci riferiamo al caso del conteggio poissoniano e applichiamo in primo luogo le 

considerazioni frequentiste sviluppate nel par. (3.1.2). 

Supponiamo dunque di aver misurato n
 
=

 
0 conteggi e di voler determinare un intervallo 

di confidenza per λ caratterizzato da un certo valore della probabilità, diciamo α. Nel caso di 

zero conteggi, il limite inferiore di tale intervallo è chiaramente λ 
=

 
0, dunque si tratta di de-

terminare il limite superiore per λ. Nel paragrado (3.1.2) abbiamo visto che gli estremi di un 

intervallo di confidenza possono essere definiti come quei due valori del parametro, in questo 

caso λ, tali che se ciascuno di essi fosse il valore vero, vi sarebbe una probabilità (1
 
k

 α)/2 di 

ottenere un risultato rispettivamente inferiore o superiore al valore osservato. Nel caso in cui 

il valore osservato è 0, dovremo adattare l1argomento tenendo conto che abbiamo una sola 

coda nella distribuzione, il limite inferiore essendo definito. Quindi cercheremo quel valore di 

λ tale che, se esso fosse il valor vero, la probabilità di ottenere un valore inferiore a quello 

misurato sarebbe non (1
 
k

 α)/2 ma semplicemente (1
 
k

 α), o equivalentemente sarebbe α la 

probabilità di avere un valore superiore a quello misurato, cioè a 0. Otteniamo dunque: 
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da questa relazione determiniamo il limite superiore λ : 
 

)1ln( αλ −−=  (3.40) 
 

Allo stesso risultato si giunge muovendosi nel contesto bayesiano. In tal caso infatti, la 

densità di probabilità di λ, nell1ipotesi di distribuzione a priori uniforme sarà data da: 
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Si tratterà in questo caso di trovare quel valore di λ, diciamo λ , tale che: 
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 (3.42) 

 

equivalente al risultato frequentista (3.39). In Fig. 3.3 è riportata la distribuzione di λ ed in 

tabella sono riportati i limiti superiori per λ per tre diversi intervalli di confidenza. 

 

 90% 95% 99% 

λ 2.3 3.0 4.6 

 

Quindi, nel caso di Gconteggio zeroH in un tempo ∆t, il risultato corretto per il rate del fe-

nomeno sarà: 
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Suppose Poisson variable and  n=0 is measured (no background)  
=> 0±0 (freq) or 1±1 (Beyes) ? 
By construction the probability to measure  x0’<x0 if the true value µ=µ1(x0) is (1-α) (only one limit) 
or the probability to measure x0’> x0 if the true value µ=µ1(x0) is α 



frequen8st	
  limits	
  

59

Figure 18. 90% limit sup (A in the figure) vs. b (B in the figure) for
di↵erent values of n0. These are the upper limits resulting from a bayesian
treatment with uniform prior. (taken from O.Helene, Nucl.Instr. and
Meth. 212 (1983) 319)

The transition between an upper limit statement and a central interval statement de-
pends on the problem we are considering and is arbitrary (see below).

7.3. Frequentist limits. We go back here to the Neyman construction presented in
sect. 5.6. Another way to consider the meaning of eq.144 is the following. The two
extremes ✓1(x0) and ✓2(x0) of a central interval have the following properties: if ✓true =
✓1(x0) the probability of obtaining a value of x larger than x0 is (1��)/2; if ✓true = ✓2(x0)
the probability of obtaining a value of x smaller than x0 is also (1� �)/2.

Now let’s consider the Neyman construction for the case of an upper limit and apply
the same considerations given here. We call s the parameter (namely the amount of sig-
nal) and n0 the result of the measurement (a counting experiment). The construction is
shown in fig.19. The belt is limited on one side only, and for any result of a measurement
n0 we identify sup in such a way that if strue = sup, the probability to get a counting
smaller than n0 is 1 � �31. By considering the Poisson statistics without background
(b=0) we get:

(198)
n0X

n=0

e�s
upsnup
n!

= 1� �

31Since we are dealing with upper limits we have to omit here the 1/2, see for instance eqs.141 even
if these equations refer to the bayesian case.
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Figure 19. Neyman construction for the case of an upper limit. In
this case a segment between n1(✓) and 1 is drawn for each value of the
parameter ✓. The segments define the confidence region. Once a value
of n, n0 is obtained, the upper limit sup is found. (For simplicity the
discrete variable n is considered as a real number here).

If n0 = 0 we have

e�s
up = 1� �(199)

sup = ln
1

1� �
(200)

from which we get the same numbers for sup obtained in the bayesian case.
If b is not equal to 0 but is known, eq.198 becomes:

(201)
n0X

n=0

e�(s
up

+b)(sup + b)n

n!
= 1� �

and from this equation upper limits can be evaluated for the di↵erent situations.
It has been pointed out that the use of eq.201 gives rise to some problems. In particular

negative values of sup can be obtained using directly the formula32. This doesn’t happen
in the bayesian context where the condition s > 0 is put directly by using the proper
prior.

Another general problem a↵ecting both bayesian and frequentist approach is the so
called flip-flop problem. When n0 is larger than b, at a given point the experimentalist

32A rate is a positive-definite quantity. However, if a rate is 0 or very small with respect to the
experimental sensitivity, the probability that n0 is larger than b is exactly equal to the probability that
n0 is lower than b. This implies that a negative rate naturally comes out from an experimental analysis
based on a di↵erence between two counts. The acceptance of such results is a sort of ”philosophical”
question and is controversial. In the following another example of negative result for a positive-definite
quantity is presented.



frequen8st	
  limits	
  

60

Figure 19. Neyman construction for the case of an upper limit. In
this case a segment between n1(✓) and 1 is drawn for each value of the
parameter ✓. The segments define the confidence region. Once a value
of n, n0 is obtained, the upper limit sup is found. (For simplicity the
discrete variable n is considered as a real number here).

If n0 = 0 we have

e�s
up = 1� �(199)

sup = ln
1

1� �
(200)

from which we get the same numbers for sup obtained in the bayesian case.
If b is not equal to 0 but is known, eq.198 becomes:

(201)
n0X

n=0

e�(s
up

+b)(sup + b)n

n!
= 1� �

and from this equation upper limits can be evaluated for the di↵erent situations.
It has been pointed out that the use of eq.201 gives rise to some problems. In particular

negative values of sup can be obtained using directly the formula32. This doesn’t happen
in the bayesian context where the condition s > 0 is put directly by using the proper
prior.

Another general problem a↵ecting both bayesian and frequentist approach is the so
called flip-flop problem. When n0 is larger than b, at a given point the experimentalist

32A rate is a positive-definite quantity. However, if a rate is 0 or very small with respect to the
experimental sensitivity, the probability that n0 is larger than b is exactly equal to the probability that
n0 is lower than b. This implies that a negative rate naturally comes out from an experimental analysis
based on a di↵erence between two counts. The acceptance of such results is a sort of ”philosophical”
question and is controversial. In the following another example of negative result for a positive-definite
quantity is presented.
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Figure 19. Neyman construction for the case of an upper limit. In
this case a segment between n1(✓) and 1 is drawn for each value of the
parameter ✓. The segments define the confidence region. Once a value
of n, n0 is obtained, the upper limit sup is found. (For simplicity the
discrete variable n is considered as a real number here).

If n0 = 0 we have

e�s
up = 1� �(199)

sup = ln
1

1� �
(200)

from which we get the same numbers for sup obtained in the bayesian case.
If b is not equal to 0 but is known, eq.198 becomes:
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and from this equation upper limits can be evaluated for the di↵erent situations.
It has been pointed out that the use of eq.201 gives rise to some problems. In particular

negative values of sup can be obtained using directly the formula32. This doesn’t happen
in the bayesian context where the condition s > 0 is put directly by using the proper
prior.

Another general problem a↵ecting both bayesian and frequentist approach is the so
called flip-flop problem. When n0 is larger than b, at a given point the experimentalist

32A rate is a positive-definite quantity. However, if a rate is 0 or very small with respect to the
experimental sensitivity, the probability that n0 is larger than b is exactly equal to the probability that
n0 is lower than b. This implies that a negative rate naturally comes out from an experimental analysis
based on a di↵erence between two counts. The acceptance of such results is a sort of ”philosophical”
question and is controversial. In the following another example of negative result for a positive-definite
quantity is presented.
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Figure 19. Neyman construction for the case of an upper limit. In
this case a segment between n1(✓) and 1 is drawn for each value of the
parameter ✓. The segments define the confidence region. Once a value
of n, n0 is obtained, the upper limit sup is found. (For simplicity the
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prior.

Another general problem a↵ecting both bayesian and frequentist approach is the so
called flip-flop problem. When n0 is larger than b, at a given point the experimentalist

32A rate is a positive-definite quantity. However, if a rate is 0 or very small with respect to the
experimental sensitivity, the probability that n0 is larger than b is exactly equal to the probability that
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decides to present the result as a number ± an uncertainty rather than an upper limit.
Such a decision is somehow arbitrary. A method to avoid this problem is the so called
unified approach due to Feldman and Cousins, developed in the frequentist context.

Fig.20 shows the frequentist upper limits obtained as a function of b using the unified
approach that can be directly compared with the bayesian limits shown in Figs.18.

Figure 20. 90% limit sup (Upper end of confidence interval for µ in the
figure) vs. b for di↵erent values of n0. These are the upper limits resulting
from a frequentist treatment in the framework of the so called ”Unified
approach”. The dotted portions of the lines correspond to configuration
where central intervals rather than upper limits should be given. The
dashed portions of the lines correspond to very unlikely configuration
(very small n0 when b is quite large, so that p(n0) is below 1%). (taken
from G.Feldmann, R.Cousins, Phys.Rev.D57 (1998) 3873)

A well known example of a di↵erent result from a bayesian and a frequentist approach
to the same problem is provided by the limit on the electron neutrino mass, based on
the data available in the nineties. In the electron neutrino mass analysis the square mass
m2 is obtained by a fit. In the 1994 edition of PDG a weighted average m2 = �54± 30
eV2 was reported33, the full 1� interval (68%) being in the negative ”unphysical” region.
Is this result ”wrong” ? No, because we know that if the true mass value m2

t is equal
to 0, 16% of the experiments will find a 1� interval entirely in the unphysical region.

33In the last PDG edition the current number is m2 = �0.6± 1.9 eV2.
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The question is how to translate this result in an upper limit. Let’s consider the two
approaches, in both cases the likelihood function is a gaussian with � = 30 eV2.

In the frequentist approach, the 95% CL upper limit is the value ofm2, let’s call itm2
up

such that if m2
t = m2

up, the probability to get a value lower than the one experimentally
found of -54 eV2, is 5%. We obtain m2 < 4.6 eV2. The same argument for a 90% CL
gives the quite ”disturbing” result m2 < �16 eV2.

In the bayesian approach it is possible to constraint m2
t to be positive by using a prior

⇡(m2
t )constant for m

2
t > 0 and 0 for m2

t < 0. From the Bayes theorem the resulting pdf
of m2

t is:

(202) p(m2
t /m

2) =
L(m2/m2

t )⇡(m
2
t )R

dm2
tL(m

2/m2
t )

The 95% CL upper limit is m2
t < 34 eV2 (m2

t < 27 eV2 at 90% CL).
The construction of the upper limit is shown in fig.21 for both approaches.
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Figure 21. Example of the square neutrino mass. Construction of the
upper limit in the frequentist approach (left plot) and in the bayesian
approach (right plot). (left) The red gaussian is the experimental like-
lihood, the blue gaussian corresponds to the 95% CL upper limit that
leaves 5% of possible the experiment outcomes below the present experi-
mental average. (right) The blue curve is the result of the Bayes theorem
when a prior forcing to positive values is applied (eq.202).

7.4. A modified frequentist approach: the CLs method. Now we consider a
method, developed in the last years and applied in many analyses especially from LHC
experiments, including the search for the Higgs boson. It is the modified frequentist
approach to the problem of setting upper/lower limits in search experiments.
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Figure 21. Example of the square neutrino mass. Construction of the
upper limit in the frequentist approach (left plot) and in the bayesian
approach (right plot). (left) The red gaussian is the experimental like-
lihood, the blue gaussian corresponds to the 95% CL upper limit that
leaves 5% of possible the experiment outcomes below the present experi-
mental average. (right) The blue curve is the result of the Bayes theorem
when a prior forcing to positive values is applied (eq.202).

7.4. A modified frequentist approach: the CLs method. Now we consider a
method, developed in the last years and applied in many analyses especially from LHC
experiments, including the search for the Higgs boson. It is the modified frequentist
approach to the problem of setting upper/lower limits in search experiments.
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The question is how to translate this result in an upper limit. Let’s consider the two
approaches, in both cases the likelihood function is a gaussian with � = 30 eV2.

In the frequentist approach, the 95% CL upper limit is the value ofm2, let’s call itm2
up

such that if m2
t = m2

up, the probability to get a value lower than the one experimentally
found of -54 eV2, is 5%. We obtain m2 < 4.6 eV2. The same argument for a 90% CL
gives the quite ”disturbing” result m2 < �16 eV2.

In the bayesian approach it is possible to constraint m2
t to be positive by using a prior

⇡(m2
t )constant for m

2
t > 0 and 0 for m2

t < 0. From the Bayes theorem the resulting pdf
of m2

t is:
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t )⇡(m
2
t )R

dm2
tL(m

2/m2
t )
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t < 27 eV2 at 90% CL).
The construction of the upper limit is shown in fig.21 for both approaches.
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leaves 5% of possible the experiment outcomes below the present experi-
mental average. (right) The blue curve is the result of the Bayes theorem
when a prior forcing to positive values is applied (eq.202).
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decides to present the result as a number ± an uncertainty rather than an upper limit.
Such a decision is somehow arbitrary. A method to avoid this problem is the so called
unified approach due to Feldman and Cousins, developed in the frequentist context.

Fig.20 shows the frequentist upper limits obtained as a function of b using the unified
approach that can be directly compared with the bayesian limits shown in Figs.18.

Figure 20. 90% limit sup (Upper end of confidence interval for µ in the
figure) vs. b for di↵erent values of n0. These are the upper limits resulting
from a frequentist treatment in the framework of the so called ”Unified
approach”. The dotted portions of the lines correspond to configuration
where central intervals rather than upper limits should be given. The
dashed portions of the lines correspond to very unlikely configuration
(very small n0 when b is quite large, so that p(n0) is below 1%). (taken
from G.Feldmann, R.Cousins, Phys.Rev.D57 (1998) 3873)

A well known example of a di↵erent result from a bayesian and a frequentist approach
to the same problem is provided by the limit on the electron neutrino mass, based on
the data available in the nineties. In the electron neutrino mass analysis the square mass
m2 is obtained by a fit. In the 1994 edition of PDG a weighted average m2 = �54± 30
eV2 was reported33, the full 1� interval (68%) being in the negative ”unphysical” region.
Is this result ”wrong” ? No, because we know that if the true mass value m2

t is equal
to 0, 16% of the experiments will find a 1� interval entirely in the unphysical region.

33In the last PDG edition the current number is m2 = �0.6± 1.9 eV2.



able x is simply the measured value of m in an experiment
with a Gaussian resolution function with known fixed rms
deviation s, set here to unity. I.e.,
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We consider the interesting case where only non-negative
values for m are physically allowed ~for example, if m is a
mass!. Thus, the graph does not exist for m,0.
Although these are standard graphs, we believe that com-

mon use of them is not entirely proper. Figure 2, constructed
using Eq. ~2.5!, is appropriate for experiments when it is
determined before performing the experiment that an upper
limit will be published. Figure 3, constructed using Eq. ~2.6!,
is appropriate for experiments when it is determined before
performing the experiment that a central confidence interval
will be published. However, it may be deemed more sensible
to decide, based on the results of the experiment, whether to
publish an upper limit or a central confidence interval.
Let us suppose, for example, that physicist X takes the

following attitude in an experiment designed to measure a
small quantity: ‘‘If the result x is less then 3s, I will state an
upper limit from the standard tables. If the result is greater
than 3s, I will state a central confidence interval from the
standard tables.’’ We call this policy ‘‘flip-flopping’’ based
on the data. Furthermore, physicist X may say, ‘‘If my mea-
sured value of a physically positive quantity is negative, I
will pretend that I measured zero when quoting a confidence
interval,’’ which introduces some conservatism.
We can examine the effect of such a flip-flopping policy

by displaying it in confidence-belt form as shown in Fig. 4.
For each value of measured x , we draw at that x the vertical
segment

@

m1 ,m2# that physicist X will quote as a confidence
interval. Then we can examine this collection of vertical con-
fidence intervals to see what horizontal acceptance intervals

it implies. For example, for m52.0, the acceptance interval
has x15221.28 and x25211.64. This interval only con-
tains 85% of the probability P(xum). Thus Eq. ~2.4! is not
satisfied. Physicists X’s intervals undercover for a significant
range of m: they are not confidence intervals or conservative
confidence intervals.
Both Figs. 2 and 3 are confidence intervals when used

appropriately, i.e., without flip-flopping. However, the result
is unsatisfying when one measures, for example, x521.8.
In that case, one draws the vertical line as directed and finds
that the confidence interval is the empty set. @An alternative
way of expressing this situation is to allow non-physical m’s
when constructing the confidence belt, and then to say that
the confidence interval is entirely in the non-physical region.
This requires knowing P(xum) for non-physical m, which
can raise conceptual difficulties.# When this situation arises,
one knows that one is in the ‘‘wrong’’ 10% of the ensemble
quoting 90% C.L. intervals. One can go ahead and quote the
wrong result, and the ensemble of intervals will have the
proper coverage. But this is not very comforting.
Both problems of the previous two paragraphs are solved

by the ordering principle which we give in Sec. IV.

B. Poisson process with background

Figures 5 and 6 show standard @13,14# confidence belts
for a Poisson process when the observable x is the total
number of observed events, n , consisting of signal events
with mean m and background events with known mean b .
I.e.,
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In these figures, we use for illustration the case where
b53.0.
Since n is an integer, Eq. ~2.3! can only be approximately

satisfied. By convention dating to the 1930s, one strictly
avoids undercoverage and replaces the equality in Eq. ~2.3!
with ‘‘>.’’ Thus the intervals overcover, and are conserva-
tive.

FIG. 4. Plot of confidence belts implicitly used for 90% C.L.
confidence intervals ~vertical intervals between the belts! quoted by
flip-flopping physicist X, described in the text. They are not valid
confidence belts, since they can cover the true value at a frequency
less than the stated confidence level. For 1.36,m,4.28, the cov-
erage ~probability contained in the horizontal acceptance interval! is
85%.

FIG. 5. Standard confidence belt for 90% C.L. upper limits, for
unknown Poisson signal mean m in the presence of a Poisson back-
ground with known mean b53.0. The second line in the belt is at
n51` .
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TABLE IV. 90% C.L. intervals for the Poisson signal mean m, for total events observed n0 , for known mean background b ranging from
0 to 5.

n0\b 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 5.0

0 0.00, 2.44 0.00, 1.94 0.00, 1.61 0.00, 1.33 0.00, 1.26 0.00, 1.18 0.00, 1.08 0.00, 1.06 0.00, 1.01 0.00, 0.98
1 0.11, 4.36 0.00, 3.86 0.00, 3.36 0.00, 2.91 0.00, 2.53 0.00, 2.19 0.00, 1.88 0.00, 1.59 0.00, 1.39 0.00, 1.22
2 0.53, 5.91 0.03, 5.41 0.00, 4.91 0.00, 4.41 0.00, 3.91 0.00, 3.45 0.00, 3.04 0.00, 2.67 0.00, 2.33 0.00, 1.73
3 1.10, 7.42 0.60, 6.92 0.10, 6.42 0.00, 5.92 0.00, 5.42 0.00, 4.92 0.00, 4.42 0.00, 3.95 0.00, 3.53 0.00, 2.78
4 1.47, 8.60 1.17, 8.10 0.74, 7.60 0.24, 7.10 0.00, 6.60 0.00, 6.10 0.00, 5.60 0.00, 5.10 0.00, 4.60 0.00, 3.60
5 1.84, 9.99 1.53, 9.49 1.25, 8.99 0.93, 8.49 0.43, 7.99 0.00, 7.49 0.00, 6.99 0.00, 6.49 0.00, 5.99 0.00, 4.99
6 2.21,11.47 1.90,10.97 1.61,10.47 1.33, 9.97 1.08, 9.47 0.65, 8.97 0.15, 8.47 0.00, 7.97 0.00, 7.47 0.00, 6.47
7 3.56,12.53 3.06,12.03 2.56,11.53 2.09,11.03 1.59,10.53 1.18,10.03 0.89, 9.53 0.39, 9.03 0.00, 8.53 0.00, 7.53
8 3.96,13.99 3.46,13.49 2.96,12.99 2.51,12.49 2.14,11.99 1.81,11.49 1.51,10.99 1.06,10.49 0.66, 9.99 0.00, 8.99
9 4.36,15.30 3.86,14.80 3.36,14.30 2.91,13.80 2.53,13.30 2.19,12.80 1.88,12.30 1.59,11.80 1.33,11.30 0.43,10.30
10 5.50,16.50 5.00,16.00 4.50,15.50 4.00,15.00 3.50,14.50 3.04,14.00 2.63,13.50 2.27,13.00 1.94,12.50 1.19,11.50
11 5.91,17.81 5.41,17.31 4.91,16.81 4.41,16.31 3.91,15.81 3.45,15.31 3.04,14.81 2.67,14.31 2.33,13.81 1.73,12.81
12 7.01,19.00 6.51,18.50 6.01,18.00 5.51,17.50 5.01,17.00 4.51,16.50 4.01,16.00 3.54,15.50 3.12,15.00 2.38,14.00
13 7.42,20.05 6.92,19.55 6.42,19.05 5.92,18.55 5.42,18.05 4.92,17.55 4.42,17.05 3.95,16.55 3.53,16.05 2.78,15.05
14 8.50,21.50 8.00,21.00 7.50,20.50 7.00,20.00 6.50,19.50 6.00,19.00 5.50,18.50 5.00,18.00 4.50,17.50 3.59,16.50
15 9.48,22.52 8.98,22.02 8.48,21.52 7.98,21.02 7.48,20.52 6.98,20.02 6.48,19.52 5.98,19.02 5.48,18.52 4.48,17.52
16 9.99,23.99 9.49,23.49 8.99,22.99 8.49,22.49 7.99,21.99 7.49,21.49 6.99,20.99 6.49,20.49 5.99,19.99 4.99,18.99
17 11.04,25.02 10.54,24.52 10.04,24.02 9.54,23.52 9.04,23.02 8.54,22.52 8.04,22.02 7.54,21.52 7.04,21.02 6.04,20.02
18 11.47,26.16 10.97,25.66 10.47,25.16 9.97,24.66 9.47,24.16 8.97,23.66 8.47,23.16 7.97,22.66 7.47,22.16 6.47,21.16
19 12.51,27.51 12.01,27.01 11.51,26.51 11.01,26.01 10.51,25.51 10.01,25.01 9.51,24.51 9.01,24.01 8.51,23.51 7.51,22.51
20 13.55,28.52 13.05,28.02 12.55,27.52 12.05,27.02 11.55,26.52 11.05,26.02 10.55,25.52 10.05,25.02 9.55,24.52 8.55,23.52

TABLE V. 90% C.L. intervals for the Poisson signal mean m, for total events observed n0 , for known mean background b ranging from
6 to 15.

n0\b 6.0 7.0 8.0 9.0 10.0 11.0 12.0 13.0 14.0 15.0

0 0.00, 0.97 0.00, 0.95 0.00, 0.94 0.00, 0.94 0.00, 0.93 0.00, 0.93 0.00, 0.92 0.00, 0.92 0.00, 0.92 0.00, 0.92
1 0.00, 1.14 0.00, 1.10 0.00, 1.07 0.00, 1.05 0.00, 1.03 0.00, 1.01 0.00, 1.00 0.00, 0.99 0.00, 0.99 0.00, 0.98
2 0.00, 1.57 0.00, 1.38 0.00, 1.27 0.00, 1.21 0.00, 1.15 0.00, 1.11 0.00, 1.09 0.00, 1.08 0.00, 1.06 0.00, 1.05
3 0.00, 2.14 0.00, 1.75 0.00, 1.49 0.00, 1.37 0.00, 1.29 0.00, 1.24 0.00, 1.21 0.00, 1.18 0.00, 1.15 0.00, 1.14
4 0.00, 2.83 0.00, 2.56 0.00, 1.98 0.00, 1.82 0.00, 1.57 0.00, 1.45 0.00, 1.37 0.00, 1.31 0.00, 1.27 0.00, 1.24
5 0.00, 4.07 0.00, 3.28 0.00, 2.60 0.00, 2.38 0.00, 1.85 0.00, 1.70 0.00, 1.58 0.00, 1.48 0.00, 1.39 0.00, 1.32
6 0.00, 5.47 0.00, 4.54 0.00, 3.73 0.00, 3.02 0.00, 2.40 0.00, 2.21 0.00, 1.86 0.00, 1.67 0.00, 1.55 0.00, 1.47
7 0.00, 6.53 0.00, 5.53 0.00, 4.58 0.00, 3.77 0.00, 3.26 0.00, 2.81 0.00, 2.23 0.00, 2.07 0.00, 1.86 0.00, 1.69
8 0.00, 7.99 0.00, 6.99 0.00, 5.99 0.00, 5.05 0.00, 4.22 0.00, 3.49 0.00, 2.83 0.00, 2.62 0.00, 2.11 0.00, 1.95
9 0.00, 9.30 0.00, 8.30 0.00, 7.30 0.00, 6.30 0.00, 5.30 0.00, 4.30 0.00, 3.93 0.00, 3.25 0.00, 2.64 0.00, 2.45
10 0.22,10.50 0.00, 9.50 0.00, 8.50 0.00, 7.50 0.00, 6.50 0.00, 5.56 0.00, 4.71 0.00, 3.95 0.00, 3.27 0.00, 3.00
11 1.01,11.81 0.02,10.81 0.00, 9.81 0.00, 8.81 0.00, 7.81 0.00, 6.81 0.00, 5.81 0.00, 4.81 0.00, 4.39 0.00, 3.69
12 1.57,13.00 0.83,12.00 0.00,11.00 0.00,10.00 0.00, 9.00 0.00, 8.00 0.00, 7.00 0.00, 6.05 0.00, 5.19 0.00, 4.42
13 2.14,14.05 1.50,13.05 0.65,12.05 0.00,11.05 0.00,10.05 0.00, 9.05 0.00, 8.05 0.00, 7.05 0.00, 6.08 0.00, 5.22
14 2.83,15.50 2.13,14.50 1.39,13.50 0.47,12.50 0.00,11.50 0.00,10.50 0.00, 9.50 0.00, 8.50 0.00, 7.50 0.00, 6.55
15 3.48,16.52 2.56,15.52 1.98,14.52 1.26,13.52 0.30,12.52 0.00,11.52 0.00,10.52 0.00, 9.52 0.00, 8.52 0.00, 7.52
16 4.07,17.99 3.28,16.99 2.60,15.99 1.82,14.99 1.13,13.99 0.14,12.99 0.00,11.99 0.00,10.99 0.00, 9.99 0.00, 8.99
17 5.04,19.02 4.11,18.02 3.32,17.02 2.38,16.02 1.81,15.02 0.98,14.02 0.00,13.02 0.00,12.02 0.00,11.02 0.00,10.02
18 5.47,20.16 4.54,19.16 3.73,18.16 3.02,17.16 2.40,16.16 1.70,15.16 0.82,14.16 0.00,13.16 0.00,12.16 0.00,11.16
19 6.51,21.51 5.51,20.51 4.58,19.51 3.77,18.51 3.05,17.51 2.21,16.51 1.58,15.51 0.67,14.51 0.00,13.51 0.00,12.51
20 7.55,22.52 6.55,21.52 5.55,20.52 4.55,19.52 3.55,18.52 2.81,17.52 2.23,16.52 1.48,15.52 0.53,14.52 0.00,13.52
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decides to present the result as a number ± an uncertainty rather than an upper limit.
Such a decision is somehow arbitrary. A method to avoid this problem is the so called
unified approach due to Feldman and Cousins, developed in the frequentist context.

Fig.20 shows the frequentist upper limits obtained as a function of b using the unified
approach that can be directly compared with the bayesian limits shown in Figs.18.

Figure 20. 90% limit sup (Upper end of confidence interval for µ in the
figure) vs. b for di↵erent values of n0. These are the upper limits resulting
from a frequentist treatment in the framework of the so called ”Unified
approach”. The dotted portions of the lines correspond to configuration
where central intervals rather than upper limits should be given. The
dashed portions of the lines correspond to very unlikely configuration
(very small n0 when b is quite large, so that p(n0) is below 1%). (taken
from G.Feldmann, R.Cousins, Phys.Rev.D57 (1998) 3873)

A well known example of a di↵erent result from a bayesian and a frequentist approach
to the same problem is provided by the limit on the electron neutrino mass, based on
the data available in the nineties. In the electron neutrino mass analysis the square mass
m2 is obtained by a fit. In the 1994 edition of PDG a weighted average m2 = �54± 30
eV2 was reported33, the full 1� interval (68%) being in the negative ”unphysical” region.
Is this result ”wrong” ? No, because we know that if the true mass value m2

t is equal
to 0, 16% of the experiments will find a 1� interval entirely in the unphysical region.

33In the last PDG edition the current number is m2 = �0.6± 1.9 eV2.
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The question is how to translate this result in an upper limit. Let’s consider the two
approaches, in both cases the likelihood function is a gaussian with � = 30 eV2.

In the frequentist approach, the 95% CL upper limit is the value ofm2, let’s call itm2
up

such that if m2
t = m2

up, the probability to get a value lower than the one experimentally
found of -54 eV2, is 5%. We obtain m2 < 4.6 eV2. The same argument for a 90% CL
gives the quite ”disturbing” result m2 < �16 eV2.

In the bayesian approach it is possible to constraint m2
t to be positive by using a prior

⇡(m2
t )constant for m

2
t > 0 and 0 for m2

t < 0. From the Bayes theorem the resulting pdf
of m2

t is:

(202) p(m2
t /m

2) =
L(m2/m2

t )⇡(m
2
t )R

dm2
tL(m

2/m2
t )

The 95% CL upper limit is m2
t < 34 eV2 (m2

t < 27 eV2 at 90% CL).
The construction of the upper limit is shown in fig.21 for both approaches.
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Figure 21. Example of the square neutrino mass. Construction of the
upper limit in the frequentist approach (left plot) and in the bayesian
approach (right plot). (left) The red gaussian is the experimental like-
lihood, the blue gaussian corresponds to the 95% CL upper limit that
leaves 5% of possible the experiment outcomes below the present experi-
mental average. (right) The blue curve is the result of the Bayes theorem
when a prior forcing to positive values is applied (eq.202).

7.4. A modified frequentist approach: the CLs method. Now we consider a
method, developed in the last years and applied in many analyses especially from LHC
experiments, including the search for the Higgs boson. It is the modified frequentist
approach to the problem of setting upper/lower limits in search experiments.
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7.4.1. The test statistics. A selection procedure has been applied and for the N selected
events an histogram of the variable x (e.g. an invariant mass) is done with M bins of size
�x. Let’s call ni the number of events in the bin i and yi the number of expected events
in the same bin. yi will be the sum of a number of events due to all known processes
based on the Standard Model bi that we call background and of a number of events due
to the searched particle or new phenomenon, si that we call signal. So we write:

(203) yi = µsi + bi

where we have multiplied the number of signal events by a quantity µ that we call signal
strength that has the following properties: µ = 1 corresponds to the theory expectation,
µ = 0 corresponds to no e↵ect at all, any other value corresponds to a di↵erent rate for
the theory. If we call �th the expected cross-section according to the searched theory,
and � the actual observed cross-section:

(204) µ =
�

�th

Following sect. 6.6 we can write the likelihood function for this histogram:

(205) L(n/µ, ✓) =
MY

i=1

(µsi + bi)nie�(µs
i

+b
i

)

ni!

where we have separated the parameter µ from all the other parameters ✓. µ is the
parameter on which we are interested in making our inference (e.g. estimating an interval
for it) while all other parameters are the nuisance parameters: as already stated, we have
to evaluate them but they are less interesting. The nuisance parameters can be either
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Any constraint on the nuisance parameters can be added as additional terms to ac-
count for systematic uncertainties. For example the expected number of signal events
si depends on the e�ciency for signal events, on the integrated luminosity and on the

34A background-enriched selection is designed in such a way that the probability that signal events
are selected is very low, possibly negligible, so that only Standard Model predictable events are present.
A typical approach consists in reverting one or more cuts of the baseline selection.

35The side-bands defined in sect.4 are an example of background-enriched sample, and are widely
used to constraint the background average value in the signal region.
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theory uncertainties. All these are sources of systematic uncertainties that will a↵ect
the resulting value of µ and its uncertainty, if properly added to the likelihood.

Starting from eq.206, or any similar likelihood we can define the test statistics qµ:

(207) qµ = �2 ln
L(µ, ˆ̂✓)

L(µ̂, ✓̂)

Here we have first of all omitted for simplicity from the arguments of L the ni (so that
we now consider L a function of the parameters) and we have introduced the following

symbols: µ̂ and ✓̂ are the best values of the parameters obtained by maximizing L; ˆ̂✓ are
the values of the nuisance parameters obtained by maximizing L at µ fixed. The test
statistics defined in eq. 207 is a function of µ and is called profile likelihood ratio. Its
value, once plotted as a function of µ shows the behavior of the likelihood for di↵erent
possibile values of the parameter.

In the following the notation f(qµ/µ
0
) is used. It represents the pdf of the test statistics

qµ (defined in eq. 207) for a sample of simulated events generated assuming µ = µ
0
.

The Wilks theorem (see sect.5) has the consequence that under general hypotheses
and in the large sample limit, since qµ is a likelihood ratio, the pdf f(qµ/µ) has a �2

distribution with 1 degree of freedom. In particular the distribution of q0 for a sample
of purely background simulated events has a �2

1 pdf. It is interesting to notice that a �2
1

variable is essentially the square of a standard gaussian variable:

(208) �2
1 =

✓
x� µ

�

◆2

so that its square root is a standard gaussian variable. This allows to use the quantity

(209)
p
q0 =

vuut�2 ln
L(0, ˆ̂✓)

L(µ̂, ✓̂)

as a measure, in number of standard deviation, of the agreement of the data with the
null hypothesis. Such a quantity is used in many circumstances to define the statis-
tical significance that can be reached by an experiment to reject the background-only
hypothesis. The ”score function” defined by eq.59 is an application of this formula.

7.4.2. Discovery. In order to falsify a null hypothesis H0 we need to test the background-
only hypothesis. This can be done by using the test statistics q0, that is eq. 207 for
µ = 0

(210) q0 = �2 ln
L(0, ˆ̂✓)

L(µ̂, ✓̂)

If we call qobs0 the value of q0 obtained using the data, we can easily define a p-value

(211) p0 =

Z 1

qobs0

f(q0/0)dq0

that, for what we have seen in the previous paragraph, is essentially a �2 test. If p0 is
below the defined limit we falsify the hypothesis and we have done the discovery.
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7.4.3. Signal exclusion: CLs+b. We consider now how the test statistics shown in eq.
207 can be used for the exclusion of a given theory. Eq. 207 is rewritten with µ = 136

(212) q1 = �2 ln
L(1, ˆ̂✓)

L(µ̂, ✓̂)

The lower is q1, the more compatible the data are with the theory, and the less compatible
the data are with the pure background expectations. The pdf of q1 can be evaluated
starting from MC samples, either generated with µ = 1 or for samples of pure background
events generated with µ = 0. We call respectively f(q1/1) and f(q1/0) the two pdf’s. A
graphical example of these pdf’s is shown in Figure 22. The separation between the two
pdf’s determines the capability to discriminate the searched model with respect to the
background37.
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Figure 22. Example of q1 distributions in the two hypotheses, namely
µ = 1 and µ = 0. The separation between the two distributions indicate
the capability to discriminate the two hypotheses.

First we evaluate the sensitivity of the experiment. Before doing the measurement,
we want to determine, using the simulation, at which confidence level we can exclude the
signal hypothesis. This expected exclusion of the signal is an important parameter in
the design of the experiment itself and can be obtained using the Montecarlo simulation.
Let’s define how such a sensibility can be determined. With reference to Figure 23 we

36Alternative likelihood ratios can be used for this exclusion test, in particular the L(s + b)/L(b)
likelihood ratio is generally used giving very good performance based on the Neyman-Pearson lemma.

37All the considerations done for the test of hypotheses apply here in the same way.
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µ = 1 and µ = 0. The separation between the two distributions indicate
the capability to discriminate the two hypotheses.
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starting from MC samples, either generated with µ = 1 or for samples of pure background
events generated with µ = 0. We call respectively f(q1/1) and f(q1/0) the two pdf’s. A
graphical example of these pdf’s is shown in Figure 22. The separation between the two
pdf’s determines the capability to discriminate the searched model with respect to the
background37.
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Figure 22. Example of q1 distributions in the two hypotheses, namely
µ = 1 and µ = 0. The separation between the two distributions indicate
the capability to discriminate the two hypotheses.

First we evaluate the sensitivity of the experiment. Before doing the measurement,
we want to determine, using the simulation, at which confidence level we can exclude the
signal hypothesis. This expected exclusion of the signal is an important parameter in
the design of the experiment itself and can be obtained using the Montecarlo simulation.
Let’s define how such a sensibility can be determined. With reference to Figure 23 we

36Alternative likelihood ratios can be used for this exclusion test, in particular the L(s + b)/L(b)
likelihood ratio is generally used giving very good performance based on the Neyman-Pearson lemma.

37All the considerations done for the test of hypotheses apply here in the same way.
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define q̃1 as the median of the f(q1/0) function38. This is a sort of average outcome
for a background-only experiment. The hatched area in Figure 23(a) corresponds to a
probability content that we call CLexp

s+b:
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Figure 23. For the same example of alternative hypotheses shown in
Fig. 22: construction of CLexp

s+b (upper plot) and of CLobs
s+b (lower plot).

In both cases the CL is given by the blue area. In the upper plot the
median q1 from background experiments is indicated as q̃1; in the lower
plot the q1 obtained by data is indicated as qobs1 .

(213) CLexp
s+b =

Z 1

q̃1

f(q1/1)dq1

38The use of the median rather than the mean, is motivated by the fact that we are interested in
evaluating p-values so that integrals of the pdf’s have to be considered.
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that has the following meaning: it is the median CL with which we exclude the signal
in case of a background-only experiment. Clearly, the smaller is the CLexp

s+b obtained in
this way, the higher is the capability of the experiment to exclude the signal.

However, we have determined the median CL only. In actual background-only ex-
periments, we will have background fluctuations, in such a way that q1 values will be
obtained distributed according to f(q1/0). So we can evaluate an interval of confidence

levels, by repeating the procedure above for two positions of q1 , q̃(1)1 and q̃
(2)
1 such that

respectively:

Z q̃
(1)
1

�1
f(q1/0)dq1 =

1� �

2
(214)

Z q̃
(2)
1

�1
f(q1/0)dq1 =

1 + �

2
(215)

with e.g. � = 68.3% to have a gaussian one-std.deviation interval. Confidence levels are

then evaluated applying eq. 213 to q̃
(1)
1 and q̃

(2)
1 .

Up to now only the expected CL’s have been defined. Now we consider the CL that
is obtained once the data have been taken. After data taking, we get a value qobs1 . At
this point we evaluate directly

(216) CLobs
s+b =

Z 1

qobs1

f(q1/1)dq1

and this is the observed confidence level. If it is below, say 5% we exclude the signal
at 95% CL.

7.4.4. Signal exclusion: CLs. A problem in the procedure outlined in the previous sec-
tion has been put in evidence, and a correction to it, the so called modified frequentist
approach has been proposed. We discuss now this method, also called CLs method that
is now widely employed for exclusion of new physics signals.

Let’s consider the situation shown in Figure 24 where the two pdf’s f(q1/0) and
f(q1/1) have a large overlap signaling a small sensitivity. If we evaluate in this situation
CLexp

s+b we find a large value, so that we do not expect to be sensitive to exclusion.

However what happens if qobs1 is the one shown in the same Figure ? The observed
CLobs

s+b is well below 5% and the signal has to be excluded at 95% CL. But, are we sure

that we have to exclude it ? In the same Figure the quantity CLobs
b is reported:

(217) CLobs
b =

Z 1

qobs1

f(q1/0)dq1

that is also very small in this case. Apparently the signal is small and the background
”under-fluctuates”, so that qobs1 is scarcely compatible with the signal+background hy-
pothesis but also with the background-only hypothesis. So, we are excluding the signal,
essentially because the background has fluctuated.

In order to avoid this somehow unmotivated exclusion, the CLs procedure has been
defined. The idea is to use, as confidence level, the CLs quantity, either expected or
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that we have to exclude it ? In the same Figure the quantity CLobs
b is reported:

(217) CLobs
b =

Z 1

qobs1

f(q1/0)dq1

that is also very small in this case. Apparently the signal is small and the background
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define q̃1 as the median of the f(q1/0) function38. This is a sort of average outcome
for a background-only experiment. The hatched area in Figure 23(a) corresponds to a
probability content that we call CLexp

s+b:

0 2 4 6 8 10 12 14 16 18 200

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Test statistics distribution

1
q

/1)
1

f(q

/0)
1

f(q

1
q~

0 2 4 6 8 10 12 14 16 18 200

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Test statistics distribution

/1)
1

f(q

/0)
1

f(q

1
qobs

1
q

Figure 23. For the same example of alternative hypotheses shown in
Fig. 22: construction of CLexp

s+b (upper plot) and of CLobs
s+b (lower plot).

In both cases the CL is given by the blue area. In the upper plot the
median q1 from background experiments is indicated as q̃1; in the lower
plot the q1 obtained by data is indicated as qobs1 .

(213) CLexp
s+b =

Z 1

q̃1

f(q1/1)dq1

38The use of the median rather than the mean, is motivated by the fact that we are interested in
evaluating p-values so that integrals of the pdf’s have to be considered.
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Figure 24. Same construction of Fig. 23 for a situation where the
discrimination between the two hypotheses is particularly poor and the
overlap between the two distributions is high. The CLexp

s+b is high (up-
per plot) but for a particular experiment with a under fluctuation of the
background the CLobs

s+b can be small in such a way to reject the signal

hypothesis (lower plot). In the lower plot the magenta area shows CLobs
b

from which CLs is built. In this case using the CLs prescription rather
than the CLs+b one the signal is not rejected.

observed, defined as

(218) CLs =
CLs+b

CLb

rather than CLs+b. CLs is always larger than CLs+b so that this is a ”conservative
choice”. With this prescription it is more di�cult to exclude signals. In the example of
Figure 24, eq. 218 returns a value above 5% so that the signal is not excluded.
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The CLs method is also said modified frequentist approach. In fact, the confidence
interval obtained in this way has not the coverage properties required by the ”orthodox”
frequentist paradigm. So if we build a confidence interval with a CLs of ↵, the coverage
is in general larger than ↵, so that the Type-I errors are less than 1� ↵.

7.4.5. The upper limit. Using the same approach, upper limits on the signal strength
can be obtained. Let’s go back to the likelihood ratio given in eq. 207. qµ is a function
of µ, the profile likelihood ratio, with a minimum for µ = µ̂. Now we are interested in
determining that value of µ, let’s call it µ⇤ for which CLs is equal to 1� ↵.

For each value of µ the analysis illustrated above for the case µ = 1 has to be repeated.

So that we need the pdf’s f(qµ/µ) and f(qµ/0). From these pdf’s we get expected CL
(µ)
s+b,

CL
(µ)
b and hence CL

(µ)
s values. Then once qobsµ is obtained from the data, we get the

observed CL
(µ)
s :

CL
(µ)
s+b =

Z 1

qobs
µ

f(qµ/µ)dqµ(219)

CL
(µ)
b =

Z 1

qobs
µ

f(qµ/0)dqµ(220)

CL(µ)
s =

CL
(µ)
s+b

CLb
(µ)

(221)

By increasing µ, CL
(µ)
s decreases, and the value µ⇤ such that CL

(µ⇤)
s = 1�↵ is the upper

limit on µ at the required confidence level ↵.

7.5. The Look-Elsewhere e↵ect. Several analyses in elementary particle physics ex-
periments concern the inspection of an invariant mass distribution where a ”peak” over a
background is searched. For these kinds of searches, a distinction has to be done between
two di↵erent situations: when the searched peak is expected to appear at a well-defined
value of the mass, or when the search is done in the full mass range because the mass of
the searched particle is unknown. In case we are searching for a rare or forbidden decay
of a known particle, we look for a peak at the known particle mass in the invariant mass
spectrum of the searched for final state. On the other hand, if we are looking for a new
particle of unknown mass, never observed before, the peak has to be searched in the full
mass range.

Let’s now concentrate on the second situation. The probability to have a positive
event fluctuation at any point in the mass range is larger than the probability to have
the same fluctuation in a defined place. So, in order to make an assessment on the
discovery of a new particle, it is needed to evaluate such probability enhancement to
account properly possible event fluctuations in a large mass range. In order words, given
a local p0 we have to evaluate a global p0. The occurrence of this enhancement is
normally called Look-Elsewhere e↵ect.
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● The POWER of an hypothesis  
test is the probability to reject 
 the null hypothesis when it is indeed 
wrong 
 (the alternate analysis is true)  

●  
 
 
 
 
 
 

● The power of a test increases as  
the rate of type II error decreases 

0 0Pr ( | )ob reject H Hα =

Jan 2018

POWER = Prob(reject H0 |H0 )
H0 = H1

POWER = Prob(reject H0 |H0 )
β = Prob(accept H0 |H0 )
1− β = Prob(reject H0 |H0 )
H0 = H1
1− β = Prob(reject H0 |H1)

H0
H1

!29



CLs	
  method	
  



CLs	
  method	
  

f (q | null ) f (q | alt)

alt like
q

Null  like

If p ≤α reject null

qobs
Eilam Gross Statistics in PP

CLs

Jan 2018!42

palt pnull
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p-value – testing the null hypothesis
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When testing the b hypotheis (null=b), it is custom to set 

α = 2.9 10-7   
! if pb<2.9 10-7 the b hypothesis is rejected  

!Discovery

When testing the s+b hypothesis (null=s+b), set α =5% 
if ps+b<5% the signal hypothesis is rejected at the 95%  

Confidence Level (CL)  
 ! Exclusion
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