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Introduction

Scattering processes at high energy hadron colliders can be
classified as either hard or soft. 1

Quantum Chromodynamics (QCD) is the underlying theory, but
the approach and level of understanding is very different for the
two cases.
For hard processes, (e.g. Higgs boson or high pT jet
production), the rates and event properties can be predicted
with good precision using perturbation theory.
For soft processes, (e.g. the total cross section, the underlying
event etc.), the rates and properties are dominated by
non-perturbative QCD effects, which are less well
understood.
In the following we’ll limit our discussion to the hard processes.

1CHS
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Hard scattering
Monochromatic proton beam can be seen as beam of quarks and

gluons with a wide band of energy.Occasionally hard scattering
(head on) between constituents of incoming protons occurs.

Leading order processes (LO).
Factorization Theorem. Drell and Yan suggested that parton
model ideas developed for deep inelastic scattering could be
extended to certain processes in hadron-hadron collisions.
The paradigm process was the production of a massive lepton
pair by quark-antiquark annihilation(the Drell-Yan process).
It was postulated that the hadronic cross section
σ(AB → µ+µ−+X) could be obtained by weighting the
subprocess cross section (σ̂(qq̄) → µ+µ−) with the parton
distribution functions (pdfs) fq/A(x) extracted from deep
inelastic scattering.
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From Bjorken scaling to hard processes

The Bjorken scaling behavior discussed in the previous lecture
generalize to all high energy hard processes.In the modern QCD
perspective, this generalization can be exemplified by a typical high
energy hadron-hadron scattering process, such as the production of a
lepton-pair with high invariant mass Q = M2

`+`− , AB → `+`− +X.The
dimensionless ratio of the physical cross section to the corresponding
one for point-like scattering particles (analogous σMott):

σAB(s, τ)/σ0(s) = fa ⊗ σ̂ab ⊗ fb =∫∫
dxadxb

∑
a,b

fa/A(xa,Q)fb/B(xb,Q)σ̂ab→ X(xa, xbQ
2/s,αs(Q))

If the parton distributions fa, fb and
the QCD coupling αs were not Q-
dependent , σ(τ, s)/σ0 is a function
of the scaling variable τ = Q2

s is in-
dependent from s the equivalent of
Bjorken scaling in its original form.
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Hard scattering
Simpler writing:

σAB =

∫
dxadxbfa/A(xa)fb/B(xb)σ̂ab→ X

the Drell-Yan process: X = `+`−, ab = qq̄, q̄q. Validity is the
asymptotic scaling limit2: MX ≡M2

`+`− , s→∞, τ = M2
`+`−/s fixed.

good agreement between theoretical predictions and the measured
cross sections =⇒ studies were extended to other hard scattering
processes.
Problem: Large logarithms terms from gluons emitted collinear
with the incoming quarks. As in deep inelastic scattering these
could be absorbed, via the DGLAP equations, in the definition of
the parton distributions.
All logarithms appearing in the Drell-Yan corrections, depending
fon momentum scale Q2 of the process could be factored into
renormalized parton distributions.
Taking into account the leading logarithm corrections =⇒ next

2analogous Bjorken scaling
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Factorization theorem
Taking into account the leading logarithm corrections =⇒ Leading

logarithm cross section :

σAB =

∫
dxadxbfa/A(xa,Q

2)fb/B(xb,Q
2)σ̂ab→ X

σ̂ab→ X hard scattering cross
section, fa/A, fb/B parton dis-
tribution functions, depending
from Q2 is a large momentum
scale that characterizes the hard
scattering, e.g .M2

`+`− , p
2
T ( from

which depend the correction)
• Reminder: The DGLAP equa-
tions determine the Q2 depen-
dence of the pdfs. The x depen-
dence, on the other hand, has to
be obtained from fitting deep in-
elastic and other hard-scattering
data.

Figure : Diagrammatic Structure
of a generic hard scattering process
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Final step

After the logarithms had been factored, there are not universal
correctionshad to be calculated separately for each process,
giving rise to perturbative O(αnS) corrections to the leading logarithm
cross section.

σAB =

∫
dxadxbfa/A(xa,µ

2
F )fb/B(xb,µ

2
F )×

[
σ̂0 + αS(µ2

R)σ̂1 + ....
]
ab→ X

µ2
F is the factorization scale, which can be thought of as the scale that

separates the long- and short-distance physics,µ2
R is the renormalization

scale for the QCD running coupling. The cross section calculated to all
orders in perturbation, is invariant under changes in these parameters,
the µ2

F and µ2
R dependence of the coefficients, e.g. σ1, exactly

compensating the explicit scale dependence of the parton distributions
and the coupling constant.
This compensation becomes more exact as more terms are

included in the perturbation series.
A standard choice is µ2

F = µ2
R = M , the mass of the lepton pair.
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Prediction for SM process cross section
Predictions for Standard Model cross sections3 at pp̄ and pp colliders,

calculated at next-to-leading order in perturbation theory, i.e. including
also the σ1.
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Drell-Yan process

The Drell-Yan process is the production of a lepton pair `+`− of large
invariant mass M, at Tevatron & LHC even W and Z, in hadron-hadron
collisions by the mechanism of quark- antiquark
annihilation(qq̄ → γ∗ → `+`−). From QED:

σ̂(qq̄ → e+e−) =
4πα2

3ŝ

1

N
Q2
q

Q2
q = +2/3, 1/3 is the quark charge, 1

N = 1
3 indicates only when the

colour of the quark matches with the colour of the antiquark can
annihilation into a colour-singlet final state take place.
In general, the incoming quark and antiquark will have a spectrum

of centre-of-mass energies
√
ŝ:

dσ̂

dM2
=

ŝ0

N
Q2
qδ(ŝ − M2), σ̂0 =

4πα2

3M2

M = mass of `+`− or the produced particle.
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In c.m.s of two hadrons the incoming parton momenta:

pµ1 =

√
(s)

2
(x1, 0, 0, x1) pµ2 =

√
(s)

2
(x2, 0, 0, x2)

square of parton c.m.s energy: ŝ = x1x2s. Folding in the pdfs for the
initial state quarks and antiquarks in the colliding beams gives the
hadronic cross section:

dσ

dM2
=

σ̂0

N

∫ 1

0
dx1dx2 δ(x1x2s − M2)

×
[∑

k

Q2
k(qk(x1,M

2)q̄k(x2,M
2) + [1 ↔ 2])

]
qk(x1,M

2), q̄k(x2,M
2) quarks antiquarks parton distribution. Rapidity

and square mass of the produced lepton pair :

y =
1

2
log

x1

x2
x1x2s = M2

x1 =
M√
s
ey x2 =

M√
s
e−y
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dσ

dM2dy
=

σ̂0

Ns
×
[∑

k

Q2
k(qk(x1,M

2)q̄k(x2,M
2) + [1 ↔ 2])

]
x1 =

M√
s
ey x2 =

M√
s
e−y

Thus different values of M and y probe different values of the
parton x of the colliding beams. The formulae relating x1 and x2

to M and y of course also apply to the production of any final
state with this mass and rapidity.
Assuming the factorization scale (Q) is equal to M , the mass of
the final state, the relationship between the parton (x,Q2) values
and the kinematic variables M and y can be illustrated .
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The double differential cross section:
dσ

dM2dy
=

σ̂0

N

[∑
k

Q2
k(qk(x1,M

2)q̄k(x2,M
2) + [1 ↔ 2])

]
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Figure : Relationship between
parton (x,Q2) variables and the
kinematic variables M and y
corresponding to a final state of
mass M produced, the factorization
scale (Q) = M, at

√
s = 14 TeV.

x1,2 = M√
s
e±y

y = 1
2 log x1

x2
Producing

particles at large rapidity
implies very different x for
incoming partons
It can apply to the production
of any final state with this
mass and rapidity.
Different values of M and y
probe different values of the
parton x of the colliding beam.
At y = 0, x1, x2 = M/

√
s

A mass M= 100 GeV and y=4
is produced with 2 partons
with x = 0.00015 and 0.35
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The double differential cross section:

dσ

dM2dy
=

σ̂0

N

[∑
k

Q2
k(qk(x1,M

2)q̄k(x2,M
2) + [1 ↔ 2])

]
Kinematic domains in x and
Q2 probed by fixed-target and
collider experiments.
The incoming partons have
x1,2 = (M/14 TeV)e±y with Q
= M where M is the mass of
the state shown in blue in the
figure.
For example, exclusive J/Ψ
production at high |y| at the
LHC may probe the gluon
PDF down to x ∼ 10−5.
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New heavy particles need relatively large values of x .
Producing particles at large rapidity (y ≈ 2 or more) implies very
different x for incoming partons.
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Next-to-leading order calculation

Lowest order (LO) calculations can in general describe broad
features of a particular process and provide the first estimate of its
cross section, in many cases this approximation is insufficient.
Virtual and real radiation A next-to-leading order(NLO ) QCD
calculation requires the consideration of all diagrams that
contribute an additional strong coupling factor, αs. These
diagrams are obtained from the lowest order ones by adding
additional quarks and gluonsand they can be divided into two
categories, virtual (or loop) contributions and the real radiation
component.

Figure : LO order for W
production at hadron collider

Figure : Virtual diagram included
in NLO order corrections to
Drell-Yan W production at hadron
collider
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NLO k-factor

The K-factor for a given process is a useful shorthand which
encapsulates the strength of the NLO correctionsto the lowest
order cross section. It is calculated by simply taking the ratio of
the NLO to the LO cross section.
K-factor may be very different for various kinematic regions of the
same process.
The K-factor often varies slowly and may be approximated as
theone number.
The PDF should at same order of cross section.
Standard practice to use a NLO pdf (for instance, the CTEQ6M
set) in evaluating the NLO cross section and a LO pdf (such as
CTEQ6L) in the lowest order calculation.
The K-factor can depend quite strongly on the region of phase
spacethat is being studied (e.g.analysis cuts) .

k =
σNLO(PDF NLO)

σLO(PDF LO)
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NLO k-factor

• This approach use calculation at LO and K factor was largely used
from LHC Collaboration until few years ago.
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All order approaches

• Nowdays: rather than systematically calculating to higher and higher
orders in the perturbative expansion of a given observable alternative
methods all-orders approaches are also commonly used to describe the
phenomena observed at high-energy colliders. The merging of such a
description with fixed-order calculations, in order to offer the best of
both worlds, is of course highly desirable. One example:

• Parton shower. It is a numerical approach(program PYTHYA,
HERWIG,SHERPA).By the use of the parton showering process, a few
partons produced in a hard interaction at a high energy scale can be
related to partons at a lower energy scale, where, a universal
non-perturbative model can then be used to provide the transition from
partons to the hadrons that are observed experimentally.This is
possible because the parton showering allows for the evolution, using
the DGLAP formalism, of the parton fragmentation function.
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Pythia
PYTHIA irradiates initial and final partons .
PYTHIA generates as well high pT partons.
Generally parton shower rusums low pT partons and NLO
calculation take care of high pT partons.
In this sense PYTHIA overlies both fields.
PYTHIA does take care of hadronization, dress the partons to
detactable hadrons.

A combination of NLO calculations with parton shower Monte
Carlos leads to the best of both worlds.

The NLO aspect leads to a correct prediction for the rate of the
process and also improves the description of the first hard
parton emission.
The parton shower aspect provides a sensible description of
multiple/soft collinear emissionswith a final state consisting of
hadrons, which can then be input to a detector simulation.
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Hadron collision
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From Parton to Jets
Steps from partons produced
in hard subprocess to color
neutral hadrons:

Fragmentation: partons
can split into other partons
(parton shower) → QCD:
resummation of leading
logarithmic contributions
Hadronization: parton
shower forms hadrons →
non-perturbative, only
models
Decay of unstable
hadrons→ pert. QCD,
electroweak theory

In practice: all of the above
handled by Monte Carlo (MC)
simulations
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Parton luminosity

Scattering at the LHC is not simply rescaled scattering at the
Tevatron.
For many of the key processes the typical momentum fractions
x are small; thus, there is a dominance of sea quark and
gluonscattering as compared to valence quark scattering at the
Tevatron.
There is a large phase space for gluon emission and thus intensive
QCD backgrounds for many of the signatures of new physics.
Useful to define the differential parton-parton luminosity dLij

dŝdy

and its integral dLij
dŝ

4

4rapidity: y = 1
2
log x1

x2
, parton centre-of-mass energy ŝ = x1x2s ,−→ partonic

cross section decrease with 1
ŝ
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Parton luminosity

dLij

dŝdy
=

1

s

1

1 + δij

[
fi(x1, µ)fj(x2, µ) + 1 ↔ 2

]
s = centre-of-mass energy, µ is the it factorization scale, which can be
thought as separation between long- and short- distance physics, Factor
with Kronecker delta avoids double-counting when partons are
identical(δij).
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Parton luminosity

dLij

dŝdy
=

1

s

1

1 + δij

[
fi(x1, µ)fj(x2, µ) + 1 ↔ 2

]

The generic parton-model formula:

σ =
∑
i,j

∫ 1

0
dx1dx2fi(x1, µ)fj(x2, µ)σ̂ij

can be written as

σ =
∑
i,j

∫ (dŝ

ŝ
dy
)( dLij

dŝ dy

)
(ŝσ̂ij)

This

result is easily derived by defining τ ≡ x1x2 = ŝ
s and observing that

the Jacobian ∂(τ,y)
∂(x1,x2) = 1:
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Parton luminosity

σ =
∑
i,j

∫
dŝ dy

( dLij

dŝ dy

)
σ̂ij(ŝ)

σ =
∑
i,j

∫
dŝ
(dLij

dŝ

)
σ̂ij(ŝ)

• This can be used to estimate the production rate for
subprocesses at LHC or other colliders.
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Parton luminosity

Figure shows parton-parton luminosities at
√
s = 14 TeV(integrated

on y) for various parton combinations, calculated using the CTEQ6.1
parton distribution functions and scale µ =

√
ŝ 5.

σ =
∑
i,j

∫
dŝ
(dLij

dŝ

)
σ̂ij(ŝ)

All energy and mass
dependence is contained in
parton luminosity function.
Useful combination are
gg,
∑

i(gqi + gq̄i + qig +
q̄ig),

∑
i qiq̄i + q̄iqi(qi =

d, u, s, c, d)

Widths of curves estimate
PDF uncertainties

Figure : Green = gg , Blue =∑
i(gqi + gq̄i + qig + q̄ig), Red

=
∑

i qiq̄i + q̄iqi(qi = d, u, s, c, d)

5see alsoW.J. Stirling, private communication:
http://www.hep.ph.ic.ac.uk/ wstirlin/plots/plots.html
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Parton luminosity

Figure : Green = gg , Blue =∑
i(gqi + gq̄i + qig + q̄ig), Red

=
∑

i qiq̄i + q̄iqi(qi = d, u, s, c, d)

As expected, the gg
luminosity is large at low√
ŝ but falls rapidly with

respect to the other parton
luminosities.
The gq luminosity is large
large over the entire
kinematic region plotted.
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Parton luminosity

The precedent expression not in-
tegrated in y was:

σ =
∑
i,j

∫ (dŝ

ŝ
dy
)( dLij

dŝ dy

)
(ŝσ̂ij)

σ =
∑
i,j

∫
dŝ dy

( dLij

dŝ dy

)
σ̂ij(ŝ)

• Masseles partons in final
state
The second product σ̂ij(ŝ)for
various 2 ↔ 2 partonic pro-
cesses has been calculated for
massive and masseles partons in
final state for parton with pT >
0.1×

√
ŝ

Figure : Parton level cross section
σ̂ij(ŝ) involving massless partons
final states
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Parton luminosity

The precedent expression not in-
tegrated in y was:

σ =
∑
i,j

∫ (dŝ

ŝ
dy
)( dLij

dŝ dy

)
(ŝσ̂ij)

σ =
∑
i,j

∫
dŝ dy

( dLij

dŝ dy

)
σ̂ij(ŝ)

• Massive partons in final
state

There is a threshold
behaviour not present with
massless partons.
The threshold behaviour is
different for qq and gg
initial states. The gg
processes can proceed
through the t-channel as
well as the s-channel and
this is responsible for the
extra structure.

Figure : Parton level cross section
σ̂ij(ŝ) involving massive partons
final states
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Parton luminosity

• Estimation of the QCD production cross sections for a given ∆ŝ
and interval and a particular cut on pT

ŝ

Figure : Parton level cross sections
σ̂ij(ŝ) involving massless partons
final states vs pT

ŝ

σ =
∆ŝ

ŝ

(dLij

dŝ

)
(σ̂ij(ŝ))

♣ example: gluon-gluon pair
production rate gg → gg
at ŝ = 1 TeV, ∆ŝ = 0.01ŝ

∆ŝ
ŝ(
dLij

dŝ

)
' 103pb

(σ̂ij( ˆsgg ŝ)·) ' 20

=⇒' 200 pb(pT > 0.1×
√
ŝ)
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Parton luminosity

One can further specify the parton-parton luminosity for a specific
rapidity y and ŝ and

(
dLij

dŝ dy

)

Figure :
(

dLij

dŝ dy

)
at rapidity (right to left) y = 0, 2, 4, 6. Green = gg , Blue

=
∑

i(gqi + gq̄i + qig + q̄ig), Red =
∑

i qiq̄i + q̄iqi(qi = d, u, s, c, d)
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Tevatron vs LHC

• LHC vs Tevatron

Figure : The parton-parton
luminosity

(
dLij

dŝ

)
in pb integrated

over y. Green = gg , Blue =∑
i(gqi + gq̄i + qig + q̄ig), Red

=∑
i qiq̄i + q̄iqi(qi = d, u, s, c, b).The

top family of curves are for the
LHC and the bottom for the
Tevatron.

The increase in pdf luminosity
at the LHC comes from gg ini-
tial states, followed by gq initial
states and then qq̄ initial states.
The latter ratio is smallest be-
cause of the availability of va-
lence antiquarks at the Tevatron
at moderate to large x.
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Parton luminosity- advantages

Hard process cross section calculation independent from particle
accelerator or center of mass - except for kinematic phase space
factors and requirements
Parton luminosity allows to compare cross sections at different
energies and between proton-proton vs proton-antiproton
If event rates for signal and backgrounds are known, by calculation
or by measurement,for some point (

√
s,
√
ŝ), the parton

luminosities can be used to estimate the rates at other points, at
an accuracy satisfactory for orientation for past (Tevatron)
present(LHC) future accelerators.
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Parton luminosity- examples

Gluon-Gluon Fusion 6

Figure : Parton luminosity gg
interactions

loss of magnitude running√
s= 14 TeV or 7 TeV

reduction in cross section
implies longer data taking
period to accumulate same
number of events needed
for discovery or exclusion
N = L · σ
identical for pp and pp̄
gluon-gluon fusion critical
for Higgs discovery at LHC

6http://www.hep.ph.ic.ac.uk/ wstirlin/plots/plots.html, C.Quigg,LHC Potential
vs. energy:Consideration for2011Run https://arxiv.org/pdf/1101.3201
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Parton luminosity- examples

ud̄

Figure : Parton luminosity ud̄
interactions

In pp collisions ud̄ is a
valence-sea combination.
in pp̄ collisions ud̄ is
valence-valence
The difference is reflected
in the excess of the
Tevatron luminosities over
the proton-proton
luminosities at

√
s = 2

TeV.
Smaller gain for higher
center of mass energy at
LHC
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Parton luminosity- examples

lightquark-lightquark

Figure : Parton luminosity light
quarks interactions

The parton luminosities for
light-quark-light-quark
interactions in pp collisions
examples of valence-valence
interactions leading to final
states such as two jets:
Combination of
(u + d)(1) ⊗ (u + d)(2) for pp
Combination of
(u + d)(p) ⊗ (ū + d̄)(p̄) for
pp̄(2TeV Tevatron
interpretation )
Moderate but not huge gain at
LHC even at 14 TeV
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Parton luminosity- examples

gluon-lightquark

Figure : Parton luminosity light
quarks gluon interactions

Displayed (u + d)(1) ⊗ g(2)

For pp the gq luminosity is is
twice what is shown in Figure
(u + d)(1) ⊗ g(2) + (u +
d)(2) ⊗ g(1)

For pp̄ (u + d)(p) ⊗ g(p̄) (gq
collisions) or q(p) ⊗ (ū + d̄)(p̄)

(gq̄ collisions) (2TeV Tevatron
interpretation )
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Parton luminosity-Ratio

Ratios of parton luminosities are especially useful for addressing what
is gained or lost by running at one energy instead of another.

Figure : Comparison of parton
luminosity for gg interactions at
specified energies at 14 TeV

At
√
ŝ ≈ 0.4 TeV (tt̄

production) the gg
luminosity rises by three
orders of magnitude from
the 2-TeV Tevatron to the
14-TeV LHC.
This rise is the source of
the computed increase in
gg → tt̄ cross section from
Tevatron to LHC.
The gg → tt̄ yield drops by
a bit more than a factor of
6 between 14 TeV and 7
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Higgs

To first approximation, accumulating a tt̄ sample of specified size at√
s = 7 TeV will require about 6× the integrated luminosity that would

have been needed at
√
s = 14 TeV.

The dominant mechanism for light Higgs-boson production at both
the Tevatron and the LHC is gg → top-quark loop → H, so the rates
are determined by gg luminosity,

Figure : Production diagramms
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Higgs
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