Some notes (under construction)

Paolo Maria Santini

1 Dynamical systems and vector fields

Here we summarise some known facts on dynamical systems (systems of
ODEs).
The dynamical system

ddf =ui(Z,t), 1=1,...,N (d—f:ﬁ(f,t) )
Q(7,1) = (Wi(F,1), ..., u(7,1) € RY, (1)
f:($1,...,£€N)ERN, Vf:(axl, ,8xN),

together with the initial condition Z(ty) = #y € RY, define a flow (a trajec-
tory in the phase space RY), tangent to the vector field (7, t) (see Fig. 1).

The general solution of (1), depending on N arbitrary constants ¢, is
characterized by the system of nondifferential equations:

goj(f,t):cj, j:]_,...7N, (2)

where the ¢;’s are N independent constants. Solving the system wrt &, if

A(p1,-0N)

Ter—ony» One obtains the general solution of (1):

7= X(t,0a). (3)

Definition 1. I(Z,t) is an integral of motion of (1) iff I satisfies the linear
PDE:
ILi+4-Vzl =0 (4)

(I is constant on the characteristic curves (integral curves) of (1)).

Definition 2. Equation (4) can be written as

al =0, (5)
N+1

=0, +u-Vy= > w0, uNTt=1 2Vt =¢ (6)
k=1



where the first order linear operator u is also called vector field
associated with the ODE (1).
The application of @ to a scalar differentiable function f(Z,t):

uf (1) (7)

is the “directional derivative of f, at the point (Z,t) € RN of the extended
phase space, in the direction of the vector (1,u(Z,t)) (whose components
are the coefficients of the vector field @)”. We are therefore identifying the
extended vector field (1,4(Z,t)) = (1,u', ..., u") with the operator 4, that
takes a directional derivative in the direction of (1,)! One of the advantages
of such identification is that & does not depend on coordinates.

Definition 3. A dynamical system (1) is Hamiltonian, and the associated
vector field 4 is Hamiltonian, if N = 2n is even and there exists a function
H(z) such that the ODE (1) and @ can be written in the form:

2n

b= 3 JRH = (o' H}s, i=1,.,2n, (§ = JVzH), (8)

where

and the expression {f, g}z is the Poisson bracket

2n

{f,9}z:= Zl T k5% = (Vaf, JVzg). (11)

a,b=

Introducing the canonical variables (g, p) as follows

q, Z_Q)T = (q17 "qnapla "apn)T7

f:
12
Vi = (Vg V) = Oyts e OgrsOpro s Oy (12)

the dynamical system takes the familiar form of the Hamilton equations

dt_a—pi_{q’,H}g@ Z—l,...,n_37 3
dpi — aH(gﬂﬂyt) o H . 1 ( )
dat o dq; - {p’H }g,g; 1 = g "n,’




where

" (of O af o
Vb =10k =3 (s~ 5ok ) = Val VgVl Vag (1

k=1

and the Hamiltonian vector field (6) reads
a:8t+{'7H}f:at+{'7H}g£. (15)

Definition 4. The vector field @(Z,t) (a) is divergence - less iff Vz - @ = 0.
Lemma 1.
1. A dynamical system (1) associated with a divergence-less vector field

@ gives rise to volume preserving flows (prove it!).

2. A Hamiltonian vector field is divergence-less (check it!), but the op-
posite may not be true..

3. A two-dimensional divergence-less vector field is Hamiltonian (check
it!).
Proposition 1.

1. Vector fields u form a Lie algebra whose Lie bracket is given by the
usual commutator. Indeed (check it!):

[, 9] = b, (16)

where

- (17)

2. If the vector fields 1, Uo
ﬁj :0tj +ﬁ] 'va j = 1727
u; = (u}(f,t), o ,uj-v(f,t)), j=1,2,

are Hamiltonian, with Hamiltonians H;, Hs, then the following identity
holds true (check it !):

n
Aa OHiz 0  OHiz2 O _
[ula u2] - 1:21 ( Bqli2 Op; ap? aqi> o (19>

(ViHiz) -V, = (VpHiz) - Vg = {Haz,  fo = {Hi2,  Fops

(18)

where
Hio = {Hy, Hy}qp — Hoy + Hyy,. (20)



1.1 Symmetries of ODEs, commutation of vector fields
and involutivity

Proposition 2 The following statements are equivalent.

1. The two dynamical systems

% = IZII(fvﬂa {: (t17t2>7
di _ = (= (21)
dts = (7, 1)

commute (or the flows generated by them commute; or one dynamical
system is symmetry of the other).

2. The vector fields 4y and @y defined in (18) commute (see Fig. 2):
[y, @] = 0. (22)
3. The following two linear PDEs
Urt) =tz =0 (23)

are satisfied for the same eigenfunction v (the two ODEs share the
same constant of motion 1)).

4. The following quasilinear PDEs of hydrodynamic type for the compo-
nents of the vectors iy (7, 1), il(7, ) are satisfied:

— —

Uty = Uslly & Uy, + (Ur - V)t = uqy, + (U - V)u;.  (24)
Proposition 3. If the two commuting vector fields are Hamiltonian, then
(check it!):

Hip = {H1, Hagp — Hoyy + Hiy, =0 = [, 4] =0, (25)

[t1,02] =0 = Hip=c (Hi2is a numerical constant,)  (26)

and usually such a numerical constant is 0. In this case, if the two Hamil-
tonians Hy, H, do not depend explicitely on ¢, then the commutation of the
two Hamiltonian vector fields is equivalent to the condition

{H17H2}q,p =0, (27>

called “involutivity” of Hy, H,.



u
U, !
x(t) u;
%, . [0, . 0,1=0
Fig. 1 The flow generated by . Fig. 2 Commuting vector fields.

2 Linear and quasi-linear PDEs of the first
order

Consider the evolution equation in N + 1 dimensions:

Ui + i e = h. (28)
k=1
Different cases
1. If the coefficients
ub = uF(Z,t) e RY, h = h(Z,t) € R, (29)

are given functions, then equation (28) is a linear first order PDE in
N + 1 dimensions for the unknown ¢ (Z,t).

2. If the arguments of the u"’s and h depend also on the unknown v (Z, t):
u'=ul(T,t,9), h=h@ 1), (30)

equation (28) is a quasi-linear PDE (linear in the highest derivatives)
of the first order in NV + 1 dimensions for the unknown (&, t).

3. If h =0, it is a homogeneous equation in the derivatives.



2.1 Quasi-linear PDEs vs systems of ODEs

Consider the first order quasi-linear PDE in M dimensions

S PHz )i = Q) (Pe) Vet = Q. v).  (3D)

where z = (2!, ..., 2M). If one of the independent variables is time ¢t = 2,
the PDE becomes, more conveniently,
aw —( = —

where x = (Z,t) and
P! PN o)
P_M, e ey P_M) P_M7

It turns out that the system of PDEs (31) (or (32)) is intimately related
to the following system of M ODEs:

F= (', .2, d=( , h= N=M-1. (33)

dp_wll:...:dlf_i\f:%_ (34)

becoming
+ ) 9 35
%—ﬂf’ = h(z,1). (35)

if t = 2™. Now we show the deep relations between equations (31) and (34).
Proposition. Any solution ¢ (Z,t) of the PDE (31) (or (32)) defines a so-
lution of the system of ODEs (34) (or (35)). Let 1(z) be a solution of (31),

defined by the implicit equation:

p(z,1) =c (36)

(if g—i # 0, we can solve it wrt ¢, obtaing a solution ¢ (z) of (31)). Equation
(36) defines an integral surface S of (31)) in the (M + 1)-dimensional (z, )
space (an hypersurface of dimension M).
Since, from (36), it follows
Iy

Ve + @ng =0, (37)
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if %2% # 0, we can replace V1 by —V,p(d¢/0¢)~" in (31), obtaining

PV + Q55 = (2@ (Varduo =0 (38)
Since the gradient of ¢: (V,, /0y )p is normal to the integral surface S, the
(M + 1)-dimensional vector V = (P, Q) is tangent to S at the point (z,v),
and defines a direction on S at that point. Moving along that direction, one
construct a “characteristic curve”, always tangent to S. If s is the arc length
parameter along the characteristic curve, then (dz/ds,di/ds) is parallel to

V, ie.:
dz di
= — P R
- =nP, o= pQ (39)

for some scalar u, implying the system of M ODEs (34) (or (35)), character-
izing the characteristic curves.

More rapidly, if the solutions (%, t) of (32) is assumed to be known, then
u(@,t,1p(7, 1)) is also known. Consider now the vector ODE

W (@ 0(z.1). (10)
and its solution Z(¢). Then
d S B
ZU(E(), 1) = b+ ;Wﬁ =iy + - Vs = h. (41)

Therefore the PDE (32) is transformed into the (more convenient) system of
ODEs (35).

The opposite is also true; we show it for equations (32) and (35).
Proposition . Any solution of the system of ODEs (35) defines a solution
(@, t) of the PDE (32). More in general, the general solution of the system
of N+ 1 ODEs (35) generates the general solution of the first order quasi-
linear PDE in N + 1 dimensions (32).

Proof. Indeed, consider a solution of (35) described implicitely by the system
of equations
oi(Z, t, ) =¢;, j=1,...,N+1, (42)

We first show that a single equation of the above system defines a particular
solution of the PDE (32). Take the jth equation above: ¢;(Z(t),t,¥(t)) = ¢;,



wher Z(t) and 1 (t) are solutions of (35); then, applying to the equation d/dt,
one obtains

dp;

—= =0. 43
o (13)
On the other hand, if dp;/0¢ # 0, we can interprete the jth equation as a
way to define function (%, t;¢;): ¢;(Z,t,9¥(Z,t; ¢j)) = ¢;, and taking partial
derivatives of such equation, we obtain:

@jt+ﬁ-V59@j+h

0p; 0p;
Vzp; + a—wjvflb =0, ¢+ 8_J¢t = 0. (44)

Using these last equations, one finally shows that equation (43) becomes (32).
Now we show how to obtain the general solution of (32). The general
solution of (35) is described by the M = N + 1 equations

@j(f,t,w>:Cj, jzl,,N+1, (45)

where the cs are N + 1 independent constants. Their independence is ex-
pressed by the relation ¢(cq,...,cyp1) = 0 among them, where ¢(-,..,-) is
an “arbitrary” differentiable function of N 41 variables. So that we can also
write:

plcrs.yent1) =0, = vy =Fla, ... cn) (46)

since d¢/0cy i1 # 0, due to the above independence, where F' is an arbitrary
differentiable function of N arguments. Therefore:

90N+1(f>t7w) = F(§01<f7t71/}>7 cee 7()0N(f7t7w>> . (47>

Solving (47) wrt to 1) = (&, t), one obtains the general solution of the PDE
(31), given in terms of an arbitrary function F' of N variables. (Show it!).
O

Find, using the method of characteristics, the general solution of v; +v¢ "™, =
1, n=1,2.

2.2 Linear PDEs and vector field equations

In the linear case, equation (32) reduces to

¢t + 77:(567 t) ’ Vf¢ = ho(fv t) + hl(fa t>¢7 (48>



and solutions of (48) are in one to one correspondence with solutions of the
system of ODEs: )

:% = ﬁ(f,ﬁ t), .

at = ho(l’, t) + h1($7 t)@[)
which is now decoupled, and the characteristic curves, defined by (49a), do
not depend on ¢ .

(49)

2.2.1 Homogeneous case: the vector field equation
In the important subcase hy = hy = 0, we obtain the vector field equation:
wp =y + u(Z,t) - Vap =0, (50)

that we are going to discuss from now on. Solutions of (50) are in one to one
correspondence with solutions of the system of ODEs:

= u(Z,1),

(= %= cxn). (51

SIS

Indeed, from solutions of (50) one obtains solutions of (51) specializing the
procedure presented in the above section. Viceversa, from the general solu-
tion of (51), we construct the general solution of (50). Indeed, the general
solution of (5la) is characterized by the system of nondifferential equations

¢;(Z,t)=¢;, j=1,....,N (= Z=7Z(t,c1,...,cn)); (52)
from the usual condition cyi; = F(cy,...,cn) it follows that the general
solution of the PDE (50) reads

77D<'f7t) :F(¢1(f7t)7a¢]\/(fat))v (53)

where F'is an arbitrary differentiale function of N arguments. It is straight-
forward to verify that the N functions ¢;(Z,t), j=1,..., N are particular
solutions of (50):

0= SO,E0.0) = 6y +T-Vaby, j=1.. N (54)

The following proposition summarizes the important properties of the solu-
tions of a vector field equation.

Proposition 5



1. Equation (50) admits N independent solutions.
Proof. Suppose we have N + 1 solutions

vi(Z,t), i=1,...,N+1, (55)
of (50); then the corresponding system
Vi +U-Va; =0, i=1,...,N+1, (56)

viewed as an algebraic system of N + 1 equations for the N 4+ 1 com-
ponents of (1, ), gives rise to a nontrivial solution iff

01, -, ¥nt1)
= 0; 57
6(x1,...,xN,t) , ( )
i.e., the N + 1 solutions 91, ...,1yNy1 of the PDE (48) are dependent

0.

2. The solution space of (50) is a ring; i.e., an arbitrary differentiable
function f(41,...,1¥n) of solutions of (50) is a solution of (50) (check
it!). Also, if {¢1,...,%¥n} are N independent solutions of (50), they
are a basis in the ring, and any solution v of (50) can be written in the
form

Vv =F(t1,...,¥n), (58)

for some differentiable function F of N arguments (compare with (52)).

3. If the vector field associated with (48) is Hamiltonian, then the solution
space of (50) is also a Lie algebra, whose Lie bracket is the Poisson
bracket.

Proof. If ¢y, 15 are solutions of (48) and « is Hamiltonian:

a¢]:w]t+ﬁVf¢j:w]t+{¢],H}:O, ]:1,2 (59)
Then

@, o} = {r, ot + {{thr, o}, HY = {1y, oo} + {01, ¥y} —
{{Hv 1/}1}7 77ZJ2} - {{¢27 H}7 ,lvbl} =
{¢1,¢2t+{¢27H}}+{¢1t+{¢1,H},¢2} :O, ( )
60
having used the Jacobi identity, implying that also {1, 1} is solution
of (48) O.

Find, using the method of characteristics, the general solution of xv, +y, +
z1p, = 0 and a good basis in the space of solutions.

10



2.3 Homogeneous version of the quasi-linear PDE (31)
fQ=h=0:
Y+ U@, 1, ¢) - Vah = 0; (61)

then 1 is constant on the characteristic curves defined by (35):

d
=0 = U=4
& = U(T,t, ) = 4T t, A).

(62)

The general solution of (62b) is characterized by the N nondifferential equa-
tions:
(p](f,t,A):gj, j:]_,7N (63)

where E = (&,...,&y) is an arbitrary constant vector, and, as above, A =
F(&). Therefore the general solution of (61) is characterized by the following
implicit equation

v =F(@(@,t,1)) (64)
or, equivalently, by the system

B(F,t, F(£) = €, -

v="F@. (%)

(where one solves (65a) wrt £ = £(&,t) and then replace it into (65b), ob-

—

taining ¢ = F(&(Z,t))).
Basic example We consider, as basic example (with p = 1)), the following
first order quasi-linear PDE in multidimension:

pe+u(p) - Vazp =0, p = p(,1), (66)

which is nothing but the continuity equation

a.J(p) (67)

for some “density” p and some “flux vector” J(p) = pii(p). If N = 1 and
u(p) = p, this equation reduces to the famous Riemann-Hopf equation:

pr+ ppz =0, (68)

11



the simplest prototypical model in the description of the gradient catastrophe
(wave breaking) of one dimensional waves.

From the above considerations, the solution p(Z,t) = A of (66) is constant
on the characteristic curves defined by the system of ODEs:

dzr

o = lp(Z,1)) = u(A). (69)

Therefore (69) can be trivially integrated:

—

7 — a(F(A)t =€ (70)

where 5 is an arbitrary N-dimensional contant vector, describing an N-
parameter family of characteristic straight lines in R¥*!, and the constant
value A of p on the straight line labelled by 5 is A=F (E), where F'is an
arbitrary scalar function of N variables. Therefore the solution p(Z,t) of (66)
is characterized by the non-differential equations

—

(e,0) = F(&),
) ()

8

—

Solving (71b) wrt & € = £(Z,t), and replacing it in (71a), one obtains:

—

p(.’E,t) = F(ﬁ(f’ t))v (72>

where F' is an arbitrary scalar function of N variables.
Equivalently, this general solution is also characterized by the implicit
nondifferential equation

p=F(T—(p)t). (73)
If we add, for instance, the initial condition

p(Z,0) = po(T), TeRY, (74)

then F' = py and
p = po(Z — u(p)t) (75)
is the equation defining implicitely the solution of the Cauchy problem

pe+1(p) - Vap =0, p(T,0) = po(Z). (76)

12



3 Analytic aspects of wave-breaking in 141
dimensions

For the geometric aspects, see [3, 4]; for the analytic aspects, see [5] and
below.
Consider the evolution of a localized one-dimensional wave according to
the Hopf equation
uy + uu, = 0.

u(z,0) = F(x), v€R (77)
Such evolution is described by the implicit equation

¢ =z—F(Q)H,

in which equation (78b) must be solved with respect to (, obtaining ¢ =
((z,t), and substituted in (78a), to get the solution u = F({(x,1)).

Such inversion is possible if the (-derivative of (78b) is different from zero.
Therefore the 1-dimensional (movable) Singularity Manifold (SM) of
(77) is described by the equation:

1
SCH=1+FOt=0 = t= Gl (79)
Since
G =1rr &= ~Thm (50)
up = Felo = s = Felo = — i

the wave breaks on the singularity manifold.
We are interested in the first time ¢, in which the breaking of the solution
occurs, corresponding to the characteristic values &, such that

ty = t(¢y) = global min{t(¢)} >0 =
Fee(G) =0, Fe(G) <0, Feee(G) >0,

& is an inflection point of the initial profile.
At t,, the wave breaks in the point x; of the z-axis defined by

ry = F(G)ty + G (82)

Now we study the solution (78) near breaking:

(81)

z=m+a, t=t+t, (=G+(, (83)
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where 2/, t/, (’ are small:

C=x—FOt = P4+t —yX(@,¢) =0, (84)
where
6F,
bt') = et = yFet, X(@#)=a' = Ft, y=f—  (85)

corresponding to the maximal balance
X|=0x1),  I¢l = o(e'1'"?). (86)

In (85) and in the rest of this section, unless explicitely specified, F' and
its derivatives wrt ( are evaluated at ( = (,. At the same order, the SM
equation reads:

F,
SM: 0=38(Ct) ~ Fet' + %tbc?. (87)

The singularity manifold

ORI £, ;

The three roots of this cubic are given by the well-known Cardano’s for-
mula:

Clo (1) = (A})% + (AL)3,
¢ @) = 3 (A3 + (A0)4) + 94 (A0 - (4)

Wl

) | (88)

where

(89)



Once ('(2/,t') is known from the solution of the cubic, implying also:

1 ¢
,/ - > // = t F 5
Gy S Corar = —toFecc S

(90)

then the solution of the Hopf equation and its derivatives are then approxi-
mated, near breaking, by the formulae:

u(z,t) ~ F(G+ (),
U (0, 1) ~ F'(C)Cy ~ —SG) (91)

F tl+ CCC <l2t

tga(,8) ~ F'(O)(CL)* + FI(O)CL,

Before breaking
Ift <t (f <0), S and A are strictly positive, and only the root & is real;
correspondingly, the real solution of (77) is single valued:

u~ F(G+ (@', 1). (92)

and the slope u, of the profile, finite Vx, reaches its minimum at the inflection
point z¢(t'), at wich X =0 = & =0,£, =0, uy, = 0:
xp(t') =ap + F(G)t (X —x—xf(t’l)), (93)
w(zyp(t),t) = F(G), ualzyp(t),t) = =, taa(ay(t),1) = 0.

To analyse the solution in a smaller region around the inflection point, we
choose

| X| = |z — 24 ()] = O('["), p>1/2. (94)
Then ¢’ ~ [t'|P, ¢* << b(' ~ =X, the solution becomes more explicit:
, X o —=Ft
~— = 95
C b Fct, Y ( )

and the real solution of (77) reduces to the exact similarity solution of the

Hopf equation:
r — Ty

F(G+ ()~ 0

describing the tangent to the profile at the inflection point.

(96)
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Xf(t) Xp

The analytic expression of the slope of the profile:

-1
F, — (1)’
u$N_<|t—tb|+ “Ct;f(x 2 ))> . (97)
2 tt,

uy ~ (t —t,)~" in this very thin region; but u, = O(1) in the region |z —

zp(8)] = O(Jt']).

At breaking

In the limit ¢ 1 t3,

i) the inflection point reaches the breaking point: z¢(t) — x,, and the tangent
to the inflection point becomes the vertical line z = xy,.

ii) the solution of the cubic simplifies:

(= —m), (98)

and, correspondingly,

O ) IR e ) St

describing the typical vertical inflection at ¢ = t;, in the neighborhood of xy:

16



X‘b
X
f o

After breaking

The singularity manifold

ty

€, £, £

The line t = const, t > t, intersects the SM in the two points

() =G xCu, Cu= \/w:ia/%@(t—tb)- (100)

Corresponding points on the physical axes:

et () =ap + F(t —t) + % (= ty)3/2. (101)

17



are obtained by the condition A = 0, defining the singularity manifold in
physical space-time.
If ) < Cu(t) (= () <z <at(t), A =Q°+ R?> <0 and all the three

roots of the cubic are real, and the solution of (77) becomes three-valued:

Uo(wat) = F(Cb + C/0($/7t/)>7 ui(‘xat) = F(Cb + C/:I:(x/7t/>>‘ (1O2>

X, X0 X )

4 Discontinuous shock wave regularization

Now we replace, after breaking, the regular, but multivalued solution, by the
discontinuous, but single valued one, whose discontinuity is characterized,
for t > t;, by the following system of three equations [3]:

s =G+ F(Q)t =G+ F(GQ)t, (103)

F(G)+F(G) (104)

S = 2

with initial conditions
s(ty) = oy, Ci(ty) = G(ty) = G, (105)

where s(t) is the position of the shock wave front and (;(t), (2(f) are two
of the three parameters of the characteristic curves meeting at ¢ > ¢, (¢1(t)

18



is the maximum and (»(¢) is the minimum of these three parameters). We
remark that (104) is the equal area condition, corresponding to cutting the
three valud profile with a vertical line removing equal area lobi. Solving
equations (103) we obtain, in principle, (; 2 as functions of s and ¢: (; 2(s, ).
Then (104) is an ODE for s(t), whose solution yields the three functions s(t),
C12(s(t),t) characterizing the discontinuous shock solution of (77) for ¢ > t:

w=F(C), v=C+FOL @ # ()
u=F(Q), xds(t); u=F(&), =1 s(), (106)

while, for 0 <t < t,, the solution is that constructed in the previous section:
u=F({(), r=(+F()t, R (107)

To get a more explicit result, let us investigate the system (103), (104) im-
mediately after breaking; then equations simplify to

{,23 + VFCt,C{Q = 7(5’/ - ft/)7

¥ PGt ), (108)

where F, I are evaluated at ¢, and

Cla(t') = Calt) = G, (12(0) = G,
Sy = s~y SO =0 (109)

Therefore (; 5 are explicit functions of §', ¢/, defined by:
G ) =G, 1), (s t) = (s, 1); (110)

Substituting (110) into (104), one gets the ODE &' = [F((1(s, ')+ F (Ca(s',t))] /2
whose solution yields s'(t') and, consequently, (1 2(t'). Taking account of (86),
we simplify further the problem setting:

S() = Ft' = Bt'2, (ia(t) = arat’?, (111)

then the problem is reduced to that of finding the constants oy » and 3 from
the algebraic system
o9 +yFean s =70,

8= %(al + ag). (112)
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