Chapter 10

Symmetries

H. Weyl: “Symmetry, as wide or as narrow as you may define its meaning, is one idea by
which man through the ages has tried to comprehend and create order, beauty, and perfection.”

The solution of a physical problem can be considerably simplified if it allows some sym-
metries. Let us consider for example the equations of Newtonian gravity. It is easy to find a
solution which is spherically symmetric, but it may be difficult to find the analytic solution
for an arbitrary mass distribution.

In euclidean space a symmetry is related to an invariance with respect to some opera-
tion. For example plane symmetry implies invariance of the physical variables with respect
to translations on a plane, spherically symmetric solutions are invariant with respect to
translation on a sphere, and the equations of Newtonian gravity are symmetric with respect
to time translations

t—=t+T

Thus, a symmetry corresponds to invariance under translations along certain lines or over
certain surfaces. This definition can be applied and extended to Riemannian geometry. A
solution of Einstein’s equations has a symmetry if there exists an n-dimensional manifold,
with 1 < n < 4, such that the solution is invariant under translations which bring a point
of this manifold into another point of the same manifold. For example, for spherically
symmetric solutions the manifold is the 2-sphere, and n=2. This is a simple example, but
there exhist more complicated four-dimensional symmetries. These definitions can be made
more precise by introducing the notion of Killing vectors.

10.1 The Killing vectors

— —

Consider a vector field £(z*) defined at every point x® of a spacetime region. ¢ identifies
a symmetry if an infinitesimal translation along ¢ leaves the line-element unchanged, i.e.

§(ds?) = 6(gapda®dz®) = 0. (10.1)

This implies that
0gapdr"da’ + gop [0(da®)da" + dz”5(da")] = 0. (10.2)
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5 is the tangent vector to some curve z%(\) ,ie. &%= , therefore an infinitesimal

dX

translation in the direction of { is an infinitesimal translation along the curve from a point

P()) to the point P'(A + d)). Putting

B dz®

5% = 2%(A + d\) — 2%(\) = ——d\ = £7d),

dX
the coordinates of P(\) and P’(A + d)\) are, respectively,

and P’ = (2 + dx).

.

X1

X
When we move from P to P’ the metric components change as follows

/ 0Ge
9ap(P") =~ gap(P) + é(])\ﬂd)\+...

hence
5gaﬁ = gaﬁ,ugﬂd)‘-

Moreover, since the operators ¢ and d commute, we find

5(dz®) = d(6z®) = d(£7d\) = dE®dA
8 (6%
a;da:“d)\ = €odad).

Thus, using egs. (10.5) and (10.4), eq. (10.2) becomes

Jop " dNdzdz® + gop [ﬁjjgdxﬂdmxﬁ + gﬁdﬁdmxa] =0,

and, after relabelling the indices,

[Qaﬂ,ufﬂ + 9580, + gaaﬁfg} dz®dz’d\ = 0.

P = (2%, 2%)
P = (2 + 0z', 2% + 62?)

(10.3)

(10.4)

(10.5)

(10.6)

(10.7)

In conclusion, a solution of Einstein’s equations is invariant under translations along &, if

and only if
gaﬁ,ugu + 9555,604 + gaéé‘fﬁ = 0.

(10.8)
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In order to find the Killing vectors of a given a metric g,5 we need to solve eq. (10.8),

which is a system of differential equations for the components of 5 . If eq. (10.8) does
not admit a solution, the spacetime has no symmetries. It may look like eq. (10.8) is not
covariant, since it contains partial derivatives, but it is easy to show that it is equivalent to
the following covariant equation (see appendix A)

ga;ﬁ + gﬂ;a =0. (109)

This is the Killing equation.

10.1.1 Lie-derivative

The variation of a tensor under an infinitesimal translation along the direction of a vector
field ¢ is the Lie-derivative ( ¢ must not necessarily be a Killing vector), and it is

indicated as Lg. For a ( (2) > tensor

LeTos = Tap € + Tog€l, + TasEly - (10.10)

For the metric tensor
Legap = Gapué" + 95880 + 9a6€% = &aip + &pia ; (10.11)

if E is a Killing vector the Lie-derivative of g.g vanishes.

10.1.2 Killing vectors and the choice of coordinate systems

The existence of Killing vectors remarkably simplifies the problem of choosing a coordinate
system appropriate to solve Einstein’s equations. For instance, if we are looking for a solution
which admits a timelike Killing vector 5, it is convenient to choose, at each point of the
manifold, the timelike basis vector €(o) aligned with 5, with this choice, the time coordinate
lines coincide with the worldlines to which 5 is tangent, i.e. with the congruence of
worldlines of {, and the components of 5 are

£ =(¢°,0,0,0) . (10.12)

If we parametrize the coordinate curves associated to 5 in such a way that £° is constant
or equal unity, then

£ =(1,0,0,0), (10.13)
and from eq. (10.8) it follows that
agaﬂ
=0. 10.14
0z0 ( )

This means that if the metric admits a timelike Killing vector, with an appropriate
choice of the coordinate system it can be made independent of time.

A similar procedure can be used if the metric admits a spacelike Killing vector. In this
case, by choosing one of the spacelike basis vectors, say the vector €, parallel to 5, and
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by a suitable reparametrization of the corresponding conguence of coordinate lines, one can
write
€ =(0,1,0,0) , (10.15)
and with this choice the metric is independent of ', i.e. 9gns/dz" = 0.
If the Killing vector is null, starting from the coordinate basis vectors €(), €n1), €2), €3),
it is convenient to construct a set of new basis vectors

Elary = Nvls) (10.16)

such that the vector €y is a null vector. Then, the vector €y can be chosen to be parallel

to E at each point of the manifold, and by a suitable reparametrization of the corresponding
coordinate lines

£ =(1,0,0,0), (10.17)
and the metric is independent of z°', i.e. 09as/ 9z" = 0.
The map
ft . M — M

under which the metric is unchanged is called an isometry, and the Killing vector field is the
generator of the isometry.
The congruence of worldlines of the vector £ can be found by integrating the equations

oxt il
Iy = & (x®). (10.18)

10.2 Examples

1) Killing vectors of flat spacetime
The Killing vectors of Minkowski’s spacetime can be obtained very easily using cartesian
coordinates. Since all Christoffel symbols vanish, the Killing equation becomes

ga,B + 557a =0. (1019)

By combining the following equations

bopy T80y =0,  &ratpa=0,  &agt+ars=0, (10.20)

and by using eq. (10.19) we find
§apy =0, (10.21)

whose general solution is
fa = Ca + €ay@” (10.22)

where ¢,, €44 are constants. By substituting this expression into eq. (10.19) we find
em:ﬂﬂ + ey, = ea,ydg + €3,0) = €ap + €sa = 0
Therefore eq. (10.22) is the solution of eq. (10.19) only if

€ap = —€Ba - (10.23)
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The general Killing vector field of the form (10.22) can be written as the linear combination of
ten Killing vector fields €A = {¢M) @) ¢[00 corresponding to ten independent choices
of the constants c,, €qp:

N =M +edar A=1,...,10. (10.24)
For instance, we can choose
1 n _
V= (1,0,0,0) e =0
2) _ 2 _
P = (0,1,0,0) ep=0
3) _ @) _
¥ = (0,0,1,0) ey=0
4y _ () _
M = (0,0,0,1) €u3=0
0 100
“a 0 cas 0 000
0 000
010
@ =0 =l 190 0
000
0 01
@ =0 =l g g0 o0
1000
0O 0 00
®) _ (8) _ 0 0 10
Ca 0 “s=|0o 10 0
0 0 0O
0 0 00
© _ ) _ 0 0 01
“a 0 “«s=|0 0 00
0 -1 00
00 0 O
(10) _ (10) _ 00 0 O
Co 0 €up 00 0 1 (10.25)
00 -1 0
Therefore, flat spacetime admits ten linearly independent Killing vectors.
The symmetries generated by the Killing vectors with A = 1,...,4 are spacetime transla-

tions; the symmetries generated by the Killing vectors with A = 5,6, 7 are Lorentz’s boosts;
the symmetries generated by the Killing vectors with A = 8,9, 10 are space rotations.

2) Killing vectors of a spherical surface

Let us consider a sphere of unit radius

ds® = dO® + sin*0dp* = (dx')? + sin’z' (da?)? . (10.26)
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Eq. (10.8) ) )
Gop " + 95885 + 9as€s = 0

gives
1) a==1 205 =0-¢ =0 (10.27)
2) a=1,=2 9525,614‘9165,62IO—>£,12—|—sin2<9£i =0
3) a=p=2 gnk'+ 295252 =0 — cosf¢! + sin 95?2 =0.

The general solution is

¢ = Asin(p +a), & = Acos(p + a)cotd + b. (10.28)

Therefore a spherical surface admits three linearly independent Killing vectors, associated
to the choice of the integration constants (A, a,b).

10.3 Conserved quantities in geodesic motion

Killing vectors are important because they are associated to conserved quantities, which may
be hidden by an unsuitable coordinate choice.

Let us consider a massive particle moving along a geodesic of a spacetime which admits
a Killing vector E The geodesic equations written in terms of the particle four-velocity
U =

‘Zf—: read
au~
I, UPUY = 0. 10.29
o t1% (10.29)
By contracting eq. (10.29) with € we find
au® d(&,U”) d¢
« Fal/ﬁu: - -ye=>= Fayﬁya. 10.
& d7'+ BUU:| dr Ud7'+ s UPUYE (10.30)
Since de de 0€s 52" o
a%a _ 508 p 0SB 0L g 0GB 10.31
v dr v dr U(?:E”dT UU@x”’ (10:31)
eq. (10.30) becomes
d(fan‘) 8§B
— L _UPUY | 2L T8, =0, 10.32
dr {81:” v ( )
le. de U
(i}“) —UPUY¢4, =0 . (10.33)
-

Since &g, is antisymmetric in 3 and v, while UPU” is symmetric, the term UPU"&g,, vanishes,
and eq. (10.33) finally becomes

d(&.U%)
dr

=0 — ELUY = const | (10.34)
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i.e. the quantity (£,U?) is a constant of the particle motion. Thus, for every Killing vector
there exists an associated conserved quantity.
Eq. (10.34) can be written as follows:

Gop MU = const . (10.35)

Let us now assume that E is a timelike Killing vector. In section 10.1.2 we have shown that
the coordinate system can be chosen in such a way that &* = {1,0,0,0}, in which case eq.
(10.35) becomes

Ga0&’U® = const — GaoU® = const . (10.36)

If the metric is asymptotically flat, as it is for instance when the gravitational field is gener-
ated by a distribution of matter confined in a finite region of space, at infinity g.s reduces
to the Minkowski metric 7,4, and eq. (10.36) becomes

nooU° = const — U° = const . (10.37)

Since in flat spacetime the energy-momentum vector of a massive particle is p* = mcU® =
{E/c,mviy}, the previous equation becomes

E
— = const , (10.38)
c

i.e. at infinity the conservation law associated to a timelike Killing vector reduces to the
energy conservation for the particle motion. For this reason we say that, when the metric
admits a timelike Killing vector, eq. (10.34) expresses the energy conservation for the particle
motion along the geodesic.

If the Killing vector is spacelike, by choosing the coordinate system such that, say, {* =
{0,1,0,0}, eq. (10.34) reduces to

GarE1U® = const — g1 U% = const .

At infinity this equation becomes

1
nmiU" = const — P _ const,
mce
showing that the component of the energy-momentum vector along the x! direction is con-
stant; thus, when the metric admit a spacelike Killing vector eq. (10.34) expresses momentum
conservation along the geodesic motion.

If the particle is massless, the geodesic equation cannot be parametrized with the proper
time. In this case the particle worldline has to be parametrized using an affine parameter
A such that the geodesic equation takes the form (10.29), and the particle four-velocity is
Ue = C{f—;. The derivation of the constants of motion associated to a spacetime symmetry,
i.e. to a Killing vector, is similar as for massive particles, reminding that by a suitable choice
of the parameter along the geodesic p* = {F, p'}.

It should be mentioned that in Riemannian spaces there may exist conservation laws
which cannot be traced back to the presence of a symmetry, and therefore to the existence
of a Killing vector field.
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10.4 Killing vectors and conservation laws
In Chapter 7 we have shown that the stress-energy tensor satisfies the “conservation law”
T, =0, (10.39)

and we have shown that in general this is not a genuine conservation law. If the spacetime
admits a Killing vector, then

(6T™),, = & T™ + &I, = 0. (10.40)
Indeed, the second term vanishes because of eq. (10.39) and the first vanishes because &,
is antisymmetric in g an v, whereas T*” is symmetric.

Since there is a contraction on the index g, the quantity (£, 7"") is a vector, and according
to eq. (8.69)

) 1 0
Ve = =

therefore eq. (10.40) is equivalent to

(V=gv") (10.41)

1 0
V=g O0xV

which expresses the conservation of the following quantity and accordingly, a conserved
quantity can be defined as

V=g =0, (10.42)

T= ] V=9 (§1"°) da' da®da® | (10.43)
as shown in Chapter 7.

In classical mechanics energy is conserved when the hamiltonian is independent of time;
thus, conservation of energy is associated to a symmetry with respect to time translations.
In section 10.1.2 we have shown that if a metric admits a timelike Killing vector, with a
suitable choice of coordinates it can me made time independent (where now “time” indicates
more generally the 2°-coordinate). Thus, in this case it is natural to interpret the quantity
defined in eq. (10.43) as a conserved energy.

In a similar way, when the metric addmits a spacelike Killing vector, the associated
conserved quantities are indicated as “momentum” or “angular momentum”, although this
is more a matter of definition.

It should be stressed that the energy of a gravitational system can be defined in a non
ambiguous way only if there exists a timelike Killing vector field.

10.5 Hypersurface orthogonal vector fields

Given a vector field V it identifies a congruence of worldlines, i.e. the set of curves to
which the vector is tangent at any point of the considered region. If there exists a family
of surfaces  f(x*) = const such that, at each point, the worldlines of the congruence



CHAPTER 10. SYMMETRIES 111

are perpendicular to that surface, V s said to be hypersurface orthogonal. This is
equivalent to require that V' is orthogonal to all vectors ¢ tangent to the hypersurface, i.e.

V=0 — tVPgs=0. (10.44)

We shall now show that, as consequence, V s parallel to the gradient of f. As described
in Chapter 3, section 5, the gradient of a function f(z*) is a one-form

- af of o
df — (855075;1"”851) = {fa}. (10.45)

When we say that V is parallel to ch we mean that the one-form dual to ‘7, ie. Vo
{gagVﬁ = V,} satisfies the equation

Va = Af,oz s (1046)

where A is a function of the coordinates {z*}. This equation is equivalent to eq. (10.44).

Indeed, given any curve z%(s) lying on the hypersurface, and being t* = dz®/ds its tangent

vector, since f(z#) = const the directional derivative of f(x#*) along the curve vanishes, i.e.
df  Of dx*

T T aea gy el = AWt =0, (10.47)

ie. eq. (10.44).
If (10.46) is satisfied, it follows that

Va;ﬁ - Vﬁ;a = ()‘f,a);/j - (Af,ﬁ);a (10.48)
= A (fya;ﬁ - fﬁ;ﬂ) + fyoz/\;ﬁ - fﬁ)‘;a =

A (f,a,,@ - f,ﬁ,a - FH,Baf,u + Fuaﬁf,u) =+ f,oz)\,ﬁ - f,ﬁ)\,a
g A

= V=2 -Vt
PR
ie. ) )
Vg — Ve = Vo 28 — V322 (10.49)
’ ’ A A
If we now define the following quantity, which is said rotation
1
W’ = Eeéaﬂﬂv[aﬂvu , (10.50)

using the definition of the antisymmetric unit pseudotensor €**#* given in Appendix B, it
follows that
W’ =0. (10.51)

Then, if the vector field V is hypersurface horthogonal, (10.51) is satisfied. Actually,
(10.51) is a necessary and sufficient condition for V' to be hypersurface horthogonal; this
result is the Frobenius theorem.
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10.5.1 Hypersurface-orthogonal vector fields and the choice of co-
ordinate systems
The existence of a hypersurface-orthogonal vector field allows to choose a coordinate frame

such that the metric has a much simpler form. Let us consider, for the sake of simplicity, a
three-dimensional spacetime (z°, 2!, z?).

S,
\Y VE;)V

0

S,

Be S; and Sy two surfaces of the family f(x*) = cost, to which the vector field Vis orthog-
onal. As an example, we shall assume that V is timelike, but a similar procedure can be
used if V' is spacelike. If V' is timelike, it is convenient to choose the basis vector €(g) parallel

to ‘7, and the remaining basis vectors as the tangent vectors to some curves lying on the
surface, so that

goo = 9(€(0), €(0)) = €(0) * €0y 7 0 (10.52)
g0i = 9(€0), €4)) = 0, i=1,2.
Thus, with this choice, the metric becomes
ds* = goo(dfﬁo)2 + gik(dﬂfi)(d!ﬂk), Lk=1,2. (10.53)

The generalization of this example to the four-dimensional spacetime, in which case the
surface S is a hypersurface, is straightforward.

In general, given a timelike vector field ‘7, we can always choose a coordinate frame such
that € is parallel to ‘7, so that in this frame

Ve(xt) = (VO(x#),0,0,0). (10.54)

Such coordinate system is said comoving. If, in addition, V is hypersurface-horthogonal,
then go; = 0 and, as a consequence, the one-form associated to V' also has the form

Va(a#) = (Vo(2*),0,0,0), (10.55)

since V; = g;,V# = GioVO + g VF = 0.
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10.6 Appendix A
We want to show that eq. (10.8) is equivalent to eq. (10.9).
S = (9aul") g (10.56)
gaug;uﬁ = Gau (gftﬁ + Fuéﬁga) )

hence

Saip T 880 = Gau (fff@ + F“éﬁfa) (10.57)

+ ga (88 4 T"0s8)
gaué% + gﬂ,uf,lfy + (gauruﬁﬁ + gﬂul—wazi) 56'

The term in parenthesis can be written as

1 o o
By [gaugu (géa,ﬁ + 908,06 — 95,3,0) + g,@ugu (gaa,5 + Gob,00 — goztS,a)]

2
1 g (o

= 5 [6a (950,,3 + gU,B,(S - 955,0') + 53 (goza,é + Goba — gaé,a)} (1058)
1

=35 (950,38 + Japs — 9s8.a + Gaps + 985.a — Jass)

= GaB,s,

and eq. (10.57) becomes

£aip + €80 = Jaulls + 9pul + Gap o€’ (10.59)
which coincides with eq. (10.8).

10.7 Appendix B: The Levi-Civita completely antisym-
metric pseudotensor

We define the Levi-Civita symbol (also said Levi-Civita tensor density), eqas s, as an object
whose components change sign under interchange of any pair of indices, and whose non-zero
components are +1. Since it is completely antisymmetric, all the components with two
equal indices are zero, and the only non-vanishing components are those for which all four
indices are different. We set

eo1o3 = 1. (10.60)

Under general coordinate transformations, e,g,s does not transform as a tensor; indeed,
under the transformation x® — x,

Oz 0xP OxY 0z

Oz dzb Oz Oxd Capys = J Cargrysr

where J is defined (see Chapter 7) as

(10.61)

J = det (EM ) (10.62)

axa/
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and we have used the definiton of determinant.
We now define the Levi-Civita pseudo-tensor as

€apys =V —9€CaBys - (1063)

Since, from (8.26), for a coordinate transformation x* — =

Vg
]| = ek (10.64)

then
0z® 0z° 07 0x°
Bz’ DB’ D’ D P
Thus, €485 1S not a tensor but a pseudo-tensor, because it transforms as a tensor times the
sign of the Jacobian of the transformation. It transforms as a tensor only under a subset of
the general coordinate transformations, i.e. that with sign(J) = +1.

Warning: do not confuse the Levi-Civita symbol, eqg,s, with the Levi-Civita pseudo-
tensor, €,8+5 -

€apys = Carprys = sign(J) (10.65)



