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NSs are among the most promising sources of GWVs

for ground based interferometers
(Advanced Virgo/LIGO, KAGRA, ET, etc.)

Three main emission processes:

& Compact binary coalescence

Q@ Rotation of a non-axisymmetric NS
(“mountains’ or “wobble”)

Q Stellar oscillations
(quasi-normal modes)

All these processes carry the imprint of the NS EoS!

| will discuss the last two
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Rotation of a non-axisymmetric NS

NSs do rotate, with rotation frequencies which are of the order
of hundreds of Hz: in the middle of the Virgo/LIGO bandwidth.

However, an axisymmetric source does not emit GVWVs.
Emission require an asymmetry, like for instance:

& A tri-axial ellipsoid (“mountain”)

& A symmetry axis non coincidend with a rotation axis (“wobble™)

The easiest way to compute the GW signal from a
rotating NS is to use the quadrupole formula
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Rotation of a non-axisymmetric NS

The quadrupole formula

A very simple and powerful formula, which allows to compute
the GW emission from a compact source by finding
an approximate solution of Einstein’s equation.

This approach can be applied if the following conditions are satistied:

1) WWeak gravitational field: g,, =1, +hw |, [Puv.ael <1

2) Small source: lengthscale € ¢ <« Aoy = 2mc

W

(equivalent to slow motion viypicar ~ ew K )

Leonardo Gualtieri VESF School Monte Porzio Observatory (Rome), April 2013



Rotation of a non-axisymmetric NS

The quadrupole formula

If these hypotheses are satisfied, the GW in the T T-gauge is

TT
huo = 0
2G C d?
hig (tr) = —/—- |55 Qi
J 647“ _dt2 J
where
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Qij = Qij_§5iijl77
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Rotation of a non-axisymmetric NS
The quadrupole formula

The GW energy flux can only be defined as an average
over several wavelengths:

2
dbew ¢’ Z dhngT (t,7)
dtdS 327G dt

ik
2
- i (2 (@ 0-D))
J
tow = [ G a5 = (37 @ (1=5) 0 (= 1)
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Rotation of a non-axisymmetric NS

GWs from a rotating star:
consider an non-rotating ellipsoid of constant density p

2 2 2
(E3) 4 (22) 4 (52 =1 W
a b C 3

Quadrupole moment (traceless):

1 1
Qij — /V P (CUZCEJ — §T25ij> dBCIZ‘ = — (IZJ — §5ZJTTI>

where
Iy 0 O
_ 28 . lnd) . .
lij = / p(redy — x'a’) = 0 I 0 inertia tensor
4 0O 0 Ij
1 2 2 1 2 2 1 2 2
Ilng(b + ¢*) IQZgM(C + a”) Igng(CL + b°)
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Rotation of a non-axisymmetric NS

If the ellipsoid rotates with () around one of its principal axes, e.g. |3
define a co-rotating frame {x’'} and an inertial frame {x'}

cos{2t st 0

i Rija:’j R;; = —sin 2t cosQt O
0 0 1
Iy 0 O
I= 0 I 0 I;; = (RI'R");,
0O 0 I3
1 ..
Qij — — Iij — §5 ijTI‘I
T cos20t  sin20t 0
I : = sin 2§t —cos20t 0 + constant

0 0 0
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Rotation of a non-axisymmetric NS

cos20 sin2€% O

I, — 1
Qij = = ! sin 202t —cos20t 0 | 4 constant
0 0 0
: 1 2 2 1 2 2
Since 11:5M(b + ¢°) IQZgM(c + a“)

if a2=b? (axisymmetry), no gravitational wave is emitted!

We need a#b, which implies || #1.
In practice, this breaking of axisymmetry, if present, is very small.
To parametrize the deviation from axisymmetry we define the

oblateness €
a—2b - IQ —Il
(CL‘I‘b)/Q N [3

- O(e?)

E =
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Rotation of a non-axisymmetric NS

In terms of oblateness,

7 cos20t  sin2Qt O
Qij = -2 sin 262t —cos20t 0 | + constant
2 0 0 0

replacing in the quadrupole formula we find

— cos 2() (t — %) — sin 2 (t — %) 0
h.,: = hg | P —SiHQQ(t—%) COSQQ(t—%) 0
0 0 0

where hg is the amplitude of the wave:

4G Q° 1672 : :
ho = G4 I3 € = 467T G2 I3 (T rotation period)
C'Tr C™ T
Note that Vaw = 2ot (Q = 271y 0r)
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Rotation of a non-axisymmetric NS
167°G1e

ctril’?
also arise in a “realistic” case (not ellipsoidal NS, p=p(r)).
The (small) departure from axisymmetry is described by the

quadrupole ellipticity e=Q/l (Q: mass quadrupole moment of the NY).
This feature is often called “mountain”. But how large € can be!

Similar expressions for the GW wave amplitude kg ~

Most model suggest € ~10¢ , but some of them allow larger values.
Note that € ~10° would mean a “mountain” as high as ~2cm!

¢ Detailed models of crustal strain suggest € < 2 10" (Ubreak/0.01)
where upreak~0.01 is the crustal break strain. (Haskell et al,06)
Recent studies suggest Ubreak ~0.| (Hotowits, Kadau, *06)

< In case of “exotic” matter, the maximal oblateness can be larger:
® £ < 6 10 (Ubreak/0.01) for a strange quark star (owen et al, '05)

€ < 103 (ubreak/0.01) for a color superconducting

quark star (Haskell et al, 07)
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Rotation of a non-axisymmetric NS

1672 G I
Similar expressions for the GW wave amplitude sy ~ GZ ;2 -
CTr

also arise in a “realistic” case (not ellipsoidal NS, p=p(r)).
The (small) departure from axisymmetry is described by the

quadrupole ellipticity e=Q/l (Q: mass quadrupole moment of the NY).
This feature is often called “mountain”. But how large € can be!

& A different possibility: when the NS is born, a strong magnetic
field reaches a stationary configuration and deforms the star
before the crust is formed. Then, the deformation persists after
crust formation, and the crust breaking bound may be overcame.

In this case we could have _ 194 B )

106G
(Haskell et al.’08; Colaiuda et al., ’08; Ciolfi et al. ’09; Lander & Jones "09)

€D - -5 B H crit
w For a superconducting core e ~ 10 T ASTIEE

Summarizing, most models predict €<10-%, but in some of them &<10-*
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Rotation of a non-axisymmetric NS

. 1672 .
The wave amplitude j,, = oG Is ¢ can be normalized as
ct rT?
_ 2 [Kpel | I3 11 €
ho = 4.21 10724 | 72| —
’ T r | [1033Kgm?2 | L10-6

Energy flux: replacing the expression for Qj; into the flux formula,

32G
Low = — Q%I
HeP

Change in the rotational energy FE. , = %IQQ

is due to GWV emission but also to other processes (e.g. EM emission)

. . 326G
Erot| = IQIQ| > Law = 47 Ivpot|Uror| > 5—5(27wmt)652]2
C
5]\ 5GI|
< = => ho < hgsq =
- = Cud (5127’(’4GV5[> 0= T0sd 2¢31r2y
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Rotation of a non-axisymmetric NS

Spin-down limit
(assuming I1=10°3kgm?)

Limits on oblateness: name vew (Hz) €5
1/2 Vela 29 1.8-1073
_ ( 5¢°| /] > Crab 60 7.5-107
€ X Esd = Wl Geminga 8.4 2.3-1073
sl2m*Grel PSR B 1509-68 13.2 1.4-10°2
PSR B 1706-44 20 1.9 1073
PSR B 1957+20 1242 1.6- 1077
Limits on GW amplitude: =~ PSR J 04374715 348 29107
. 1/2
o 5GI0|\ "
0 < Nosd =
° 2c3r%y

Most promising sources: Crab (r=2kpc),Vela (r=300pc)

Assuming GW only:  hos¢“™®=1.4 102*  hgq"*?=0.9 10-*

More refined computation: hgs¢“*=5.5 102>  hg*?=3.5 10-2
(taking into account EM emission)
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Rotation of a non-axisymmetric NS
Results from LIGO/Virgo:

“Beating the spin-down limit on GW emission from the Crab/Vela pulsar”
(Abbot et al, Ap.J. 683, L45 08;ApJ. 737,93,’1 | )

_____ _________________ ________ . |—yuniform prior
R '\ |---restricted prior |
—spin—down limit]|

gm©
0.1 o~

2z
.

%
i
:
|
|
|
|
!

Crab pulsar

moment of inertia / 10°°k
N

ellipticity

An analogue (but different) approach fore the Vela pulsar shows
that the spin-down limit can be overcome (to a smaller amount)
for this pulsar as well.
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Rotation of a non-axisymmetric NS

Other possibility: ~ a=b (l/=I,) but wobble angle 0<<I| between
symmetry axis (I3) and rotation axis.

This is the relevant process for magnetic field-induced deformation!

cos{2t —sint —0sin
In this case R = sin {2t  cos ()t 6 cos (2t + 0(92)
0 —0 1

and quadrupole formula yields

[ 0 0 sinQ (¢t —Z) '\
hg;-T:ho P 0 0 —cosﬂ(t—%)
] Sinﬂ(t—g) —COSQ(t—%) 0 )
with  vow = v, (Q = 2TV t) and ho = 81°G ([, — I3)
r0 rO0 0 (34 - T2 1 3)6

GWs are emitted for this process at small frequencies
(Il Hz for Vela, 30 Hz for Crab), at which detectors are less sensitive.

However, it is not clear whether O is rapidly damped.
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Non-radial oscillations of NSs

When a neutron star (or a black hole) is perturbed
by an internal or an external event,
it can be set into non-radial oscillations,
emitting GWs at the characteristic frequencies of its

quasi-normal modes (QNMs) : W=2TTL+i/T
They are damped oscillations (=> complex frequency) due to GWVs

Several kinds of processes can excite NS oscillations:

& glitches (see lan’s lecture)

& gravitational collapse giving birth to the NS

& compact binary inspiral and coalescence (ringing phase)
& phase transition of the matter composing the star

& accretion from a companion star

% EM activity, as in magnetar giant flares (see lan’s lecture)
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Non-radial oscillations of NSs

Many sets of general relativistic equations have been derived in the years
(Thorne & Campolattaro °67; Lindblom & Detweiler °85; Chandrasekhar & Ferrari °90).

We follow the notation of Lindblom & Detweiler (LD).
The perturbed spacetime metric is expanded
in tensor spherical harmonics, in the frequency domain:

ds®* = —ev (1 + reHnggmei“t) dt? + e (1 + reHnggmei“t) dr? — in’r”lengmeiwtdtd’r
+72 (1 = r* K™Yy e™?) (d9? + sin? 0dp?)
E(t,r, 3, @) = 2 IWI ()Y, (9, @) el
u' = ul + 6ut = (¢7¥/%,0,0,0) +iwe "/(0,5,,89,E5),  Eot.r,0,0) = —r' VI () dgYpm(D, )
Ep(t,1,0,0) = —r' V™) dpYu(F, @)e" .

Einstein’s equations, linearized in the metric perturbations,
yield a 4*"-order system of ODEs inside the star,
a single 2"%-order equation (the Zerilli equation) in vacuum.
They are solved assuming regularity at the center, continuity at the surface
(together with Ap=0 as r=R), outgoing wave boundary conditions at infinity.
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Non-radial oscillations of NSs

Inside the star: Lindblom-Detweiler equations

1 2M e A
H™ = - [E + 14+ Te + 4mr2e (p — e)] + 67 [H™ + K'™ — 167 (e + p) V'™ ]
1 ((0+1) (+1 ¢’ er/?
Klm/ _ _Hlm Hlm . Klm . Im
- 0 + o 1 [ - 9 87T(€—|—p)—,r |44
—1/2
wimr _€+1Wlm_|_re>\/2 € sz_f(£+1)vzm+lﬂém+[(lm
r (€ 4+ p)c? T2 2
/2 /
r 2 r 2 2r 2 r
1 2 r2 —)\/2 4
_€<€ + >¢lvlm _“ 47'('(6 _|_p)€)\/2 +w 6)\/2 (VI € w/ Wlm
TRe r 2 r2
Outside the star: Zerilli equation
2 r7lm
a7z | 2 Im __ 20 (n+ 1)rd + 6n*Mr? 4+ 18nM?r + 18 M3
W VZ (T) Z - O Vz=e A
d’l“>|2< r3(nr + 3M)?

Solutions only exist for a discrete set of complex frequencies
w=2mVv +i/T:
the QNMs of the star.
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Non-radial oscillations of NSs

Detection of the GW emission from a NS in radial oscillations
will allow us to measure the frequencies and damping times of its QNMs
which would give us unvaluable information on the matter composing the star.

We probably know how it is organized matter in the crust of a NS,
maybe also in the outer core, but we do not know
the behaviour of matter in the inner core of a NS

where it reaches supranuclear densities p ~ 10'> g/cm?
which cannot be reproduced in the laboratory.

Hadron interactions play a crucial role [a simplified NS model based on based on
the Fermi pressure of neutrons alone, predicts Mmax=0.7Mo, while we observe M=1.4M,]

Our lack of knowledge on the NS Equation of State (EoS)
(we do not even know the particle content in the core:
Hadrons?! Hyperons! Meson condensates!?
Deconfined quark matter [i.e. Strange Stars as in Witten ’84]?)
reflects our ignorance on the non-perturbative regime of QCD.

Even a simple information such as the value of the NS radius R (a “clean”
observation of R in the EM spectrum is very difficult) would be important.
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Non-radial oscillations of NSs

MPA1
AP3

ENG

SQM3 “

(Demorest et al., Nature ’10)

N \)ga\"‘\’ AP4
C

2.0 1614-2230

SQM PAL6

1.5F

Double NS Systems

Mass (solar)

1.0F

0.5¢

Nucleoqs | Strange Quark Matter

0'07 8 9 10 11 12 13 14 15
Radius (km)

Nuclear physicists have proposed several possible EoS describing the matter
in the stellar core, which differ in the assumptions (different particle content,
nuclear many body vs. mean field) and in the computational techniques.
Astrophysical observations are useful to constrain the EoS, but only GW
detection could give us a definite answer to these questions!
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Non-radial oscillations of NSs

A GW-detection from a NS pulsating in its QNMs could allow us:
Q to infer the value of the NS radius R, strongly constraining the EoS
(N. Andersson & K. Kokkotas, ’98, O. Benhar et al.’04,’07)
Q to discriminate between different possible EoS
Q to establish whether the emitting source is a NS or a quark star,
Q if it is a quark star, to costrain the quark star EoS.

QNMs of NSs are functions of their mass and radius, irrespective of the EoS.
If we measure (through GWV detection) the frequencies and damping time
of the f- and pi- modes, we know M and R, useful to understand the NS EoS!

f-mode frequency
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Non-radial oscillations of NSs

A GW-detection from a NS pulsating in its QNMs could allow us:
Q@ to infer the value of the NS radius R, strongly constraining the EoS
(N. Andersson & K. Kokkotas, ’98, O. Benhar et al.’04,’07)
Q to discriminate between different possible EoS
Q@ to establish whether the emitting source is a NS or a quark star,
Q if it is a quark star, to costrain the quark star EoS.
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Non-radial oscillations of NSs

However, there is much more than the f-mode of non-rotating cold stars.
In recent years, a lot of effort has been devoted in many groups to model
different kinds of NS oscillations including more and more physics in the game:

& QNMs of rotating NSs
They are extremely impotant, becauase these modes
can become unstable, with a large gravitational emission

& QNMs of magnetized NSs
Expecially oscillations of the crust, eventually coupled
with the core. Interplay of magnetic field and crustal strain.
Results can be compares with observational data (giant flares in magnetars)
& QNMs of hot, newly born NSs
In the first tens of seconds after the bounce, thermodynamics and
neutrinos strongly affect the stellar structure and its QNM spectrum

& QNMs of superfluid NSs
NSs (if not too young) are superfluid (see lan’s lecture).
This feature (in particular, having two fluids) significantly affect the

QNM spectrum.
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Conclusions

A neutron star can radiate gravitational waves
in various astrophysical processes.

In particular, deformed rotating NSs and oscillating NSs
are promising sources for ground based interferometers

such as Advanced LIGO/Virgo, KAGRA, ET.

Gravitational waves will hopefully be detected soon.

Such a detection would provide unvaluble information:

on the astrophysical processes involving NSs

D ©

on the behaviour of matter in their cores
(and then, on the nature of hadronic interaction)

©

finally (even though it was not discussed in this lecture)
on the nature of the gravitational interaction
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