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"Hegel remarks somewhere that all great, world-
historical facts and personages occur (...) twice.
He has forgotten to add: the first time as tragedy,

the second as farce." [Karl Marx, The 18th
Brumaire of Louis Bonaparte|

Despite this famous sentence, in this
chapter a story is told, neither tragic nor
farcical, which happened at least three
times in the 20 century: in a scattering
experiment, a projectile probes the deep
structure of the target; the scale of the
observation depends on the energy of
the probe:

1. 1911 (Rutherford) a particles — gold
(nucleus) [— FNSN];

2. 1950-60 (Hofstadter) e~ — H/D/He
(nuclear structure);

3. 1965-80 (SLAC/CERN) e/v —
hadronic matter (quarks/partons)

5

4. 20xx [possibly, maybe you]l a new
substructure emerging ?7?7?

The deep meaning of the mechanism
resides in Quantum Mechanics, which
relates the space scale of a phenomenon
with the (transverse) momentum of the
scattered particles.

The role of technology is also important:
the observation is possible because of
powerful accelerators and detectors.

We will follow the history and therefore
will study phenomena of ever smaller
size [look the contents pagel].
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the treasure map for scattering Bl

Start from ]
2 COmp L T form
of : erplay
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actor
Perimer; and theory, target NOT Ho?

point-like

o,Au: point-
Rutherford like, no spin,
my >>m

anomalous
mag. moment
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' dependence
e,N: Dirac
Mott* fermions, on Q2 ? Rosenbluth
spin %
Bjorken
scaling
Mott N recoil
ftgezes, quarks/ Standard

assume point-like target partons ? Model
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the scattering experiment =l

P

Q: isthe target a pointlike simple object ? if not, Path:

how to probe its shape ? 1. study the kinematics *);
A: (a la Rutherford, but (a) he used o particles, 2 compute (e"T) for pointlike nuclei in classical

(b) he did NOT see the nucleus size) electrodynamics (Rutherford formula);

> take a probe: e.g. an electron (e7), 3. ditto in QM for spin % electrons and pointlike

> study the scattering e"T, [T=Nucl-eus/on] nuclei (Mott formula);

> measure the cross section o(e™T), 4. detect deviations from these models — derive

> ...and the angular distribution of the e~; informations on nuclear structure;

> . and detect the excited states or the 5. new theory @ smaller distance (i.e. higher
final state hadronic system ("inelastic Q?) — experiment — deviations — newer
interactions"). theory — ... = ... = (possibly ad infinitum)

(*) We call "kinematics" the
equations which follow from

OL/ e space / angular momentum
o — - conservation and mass. The
game is to study the

I

'dynamics”" after imposing
the "kinematical" constraints.
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> Nuclei are bound states of protons (p) Therefore:

and neutrons (n).
(n) * well-shaped potential (L), identical for

> A simple model: the Fermi gas: p/n, i.e. only interactions p<>p n<>n;

* Fermi statistics — two p/n per energy

* p, nidentical, but charge :
g & level (spin T);

o little spheres r =r,, mass = m;
o spin % fermions, pure Dirac-like; [...next page...]

o bound inside the nucleus, otherwise
free to move; -

e define:

0 Npeurr. (= N), Norot. (=2),A=N+Z, protons  neutrons

> pFermi (= pF)' EFermi (= EF);
—> Vua [o¢ Al = 4nr*A/3;

* no e.m. interactions, only nuclear
— N =27Z=A/2, p; =pp, EX = E [better

approx (not here):different interactions — pf = p}l;

* uncertainty principle — each p/n fills

Vphase space = [27‘[h]3. \_ J

2 SR S S &t
R S S &t




Conclusions :

From those approximations, an
elementary computation :

Z
nn’TT :nn’U :np,ﬂ :np,U :E:—:—:
2 2 4
_ |:Vspacevmom :ITOT _ %Tfr;AX%TCp? B
= = 3 =
|:Vspacevmom :|each part [27'C ]
_2Arp]
or * '
K 4Krp;

; P =—3/9/8;

2 9n°’ ry
P ~250 MeV,

rn~1.2fm-—><
° {E';'“ =pz/2m=~33 MeV.

p, E << m, so non-relativistic approx

fit from form factors (see later)

~ 4 3

Y.
space . € A ’

nuc
P, Er not dependent on A (!!!);
large pg, small kin. energy;

when p/n hit by probe (e*/v), if E
>> 30 MeV — ignore Fermi motion.

probe

[more elaborated model, e.qg. add e.m. and spin
interactions, etc. — see literature]

bhopd [y
byl
N
bhoyd |




77 Rutherford scattering

The birth of nuclear physics

(Manchester, 1908-13): already discussed in FNSN
(pag 25);

OL(ZOFZ; Aa=4) N AU(ZAU=79, AAU=197) do NOT repeat the math,
simply recall the results;

e actually performed by H.Geiger and discussion of the physics;

E.Marsden [E.M. was 20 y.o. !]; preparation  for  further
steps.
 alternative model by J.J.Thompson,

with a diffused mass/charge ("soft

n,
matter ), modern S|mu|at|on (Iook)' L Lord Ernest Rutherford

https://phet.colorado.edu/en/

 the first "fixed target" scattering
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https://phet.colorado.edu/en/

[an incredible mix of genius, skill and luck] e a key point: the nucleus is small
enough, that the a "sees" always its full

» a-particles (i.e. ionized He) — Au foil;
charge;

* EN" ~ few MeV;

* sometimes, the o was scattered by 0 >
90°;, *VERY* rare in reality, but
impossible if matter were soft and
homogeneous;

* [remember the Gauss' theorem: if
impact parameter b > ry,..,s, only see
an effective point-like charge]

* but the matter is neutral ! yes, but the
electrons are so light, that they cannot

* only explanation: "matter" actually stop/deflect the a (m,/m, = 1/8,000)
e o ’ ’

concentrated in small heavy bodies
("nuclei");

— the "matter" is essentially empty;

* how model the scattering ? Rutherford
tried with a two-body scattering;

* notice: Coulomb (electrostatic), non- b
relativistic, no QM (obviously); a{

* success !!!  [within  their limited
observation capabilities] -
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Rutherford scattering: the math

e

(m, z) > nucleus (M, Z):

- - _ - _ O'
Vounlt v, Voc final — V Vnucleus -
ﬁ

p=mv,p =mv', m<< M;
Coulomb force only (F);

Vv << ¢ = non-relativistic;
elastic > |p'| = |p|;
conserve E, ang. mom L ;

Ap, = 0 because of symmetry,
only Ap, matters;

integral over 3, the angle wrt y;

if attractive force (e.g. +-), M —>
the other focus of the hyperbola.
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F/Vs A

Apzlp—p'|:2psin(9/2)' 52

dp 5
L= rxmv|=[rxm(—r+r
L @B v o (7 dtB

zZe cosf3
Ap,=2psin(6/2) dtF, = =
Py=2P / '[ I— 4me, r(t)’
2
—j( 0)/2 zZe* coszB X zZe’ mcos(O/Z)
=012 4me, b 2me, pb
Z 2
n(0/2) =2 Mg, M __d0
4ne, p°b 4me, p° 2sin®(6/2)
2 2
do = 2nbdb = 21| 225 sl —
4me,p” ) 2tan(6/2)sin*(0/2)
2 2
do [ zZe’m 1 [ zze’m 1
dQ | 4ne, ) 4p*sin®(0/2) | 2me, ) |p-p'*

d[1/tan(0/2)]=d[cos(6/2)/sin(6/2)]
=—d(0/2)[1+cos*(0/2)sin*(6/2)].

dQ =271sin8dO = 47sin(0/2)cos(6/2)d6




Rutherford scattering: more math

Useful formulas

z7¢e°

= rmin(b = O) =
21, mv’

2
:d—o 1+—1 ;
2 sin(0/2)
do & N
dQ 16sin*(6/2) 0*

~
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[if force attractive (e.g. +-), F > —?, then 6 —
—0, but everything else equal, e.g. same do/dQ;]
consider a particle p, with b=0 — 0, = 180°;

> define d, = "distance of closest approach”,
i.e. r., (When r=d,, the particle is at rest);
> d,is computed from energy conservation;
define d, = (zZe?)/(2me,;mv?) also for b+0;
write 8 and do/dQ as functions of d;

defined as ..., when b#0;

min’
d is computed from E and [ conservation [hint in
the box, v, is the velocity in d]:

L conserv. ->mbv =mdv, >v,/v=Db/d
E conserv — ¥mv’ =%mv, +2Ze” /(4ne,d) =
=%mv, +¥%mv’d, /d

—(vo/v) =(b/d) =1-d,/d—>

—d*—dd,-b*=0—>d=....

X
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Rutherford scattering: do/dQ

~

dQ

7
b 0—|do|

J

[the calculations above are *NOT* difficult in
math: Newton could have done all 200 years
earlier, had the correct model been made];

the real difficulty was to assess whether the
matter is soft and continuous or granular and
”empty”;

b large —> 0 small - do/dQQ — oo [cutoff
provided by other Au nuclei].

A long and thorough investigation:

1909: found some events 0 > 90°: big shock;

1911: falsification of the Thomson model,
correct assumptions, check of do/dQ in the
range 30°-50°;

1913: check of do/dQ in the range 5°-150°;

Paolo Bagnaia - PP - 02

EXin = 8 MeV
[1 barn=10%8 m?
=100 fm?]

do/dQ (barn/sr)
106 L

104
102

10°

Silver, Z=47

Aluminum, Z=13

10_4 1 1 1 1 1
0° 30° 60° 90° 120° 150°

check that yield o thickness of Au foil;
other nuclei : check that yield oc Z? [roughly];

however Rutherford model clearly
inconsistent  in its  "planetary"  part:
acceleration of charged electrons — radiation
— collapse;

after birth of QM, Rutherford computation

redone in Born approx : — same do/dQ [big
luck ! + no more inconsistency [next slides].

180°

12




Rutherford scattering: R_ ...

How large is the nucleus ?

* [remember the Gauss' theorem]

e if the o trajectory is completely external to the
nucleus, it does probe its (possible) structure;

* the Rutherford experiment could only limit R, jeus <
10 m [still an important result !];

* to "see" 10> m — probes with E,;, > 20+30 MeV.

1012 10-12
EX" = 8 MeV
d non-
d[=r,l o (m) .. .
(m) relativistic ?
10+ Gold, Z=79 1013 |
Gold, Z=79
10 Silver, =47 104
Aluminum, Z=13
Silver, Z=47
Aluminum, Z=13 —(MeV)
1015 1 1 1 1 1 10-15 1
0° 30° 60° 90° 120° 150° 0 180° 0 10 20 30 40
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4 I\

* plot [A]: b and r,, could *NOT* be measured
: C 7=2,A=4 =82,A=
directly for each event, but Rutherford point-like . Gip 31600 as:;nigfn ii'EAkmzm)
Ia_w (rp/) relates b <> 6; in fact IDsmall <« elarge; [Rev.Mod.Phys 33, 190 (1961)]
e plot [B]: the Gauss' theorem predicts a deviation N
from rpl, when (EX" large) = (r.. < R ieus) = \\,
shielding — "smaller 0"; 07 ""\:_{“ GORRECTED
e plot [C] (1961 !!!): a "Rutherford-like" scattering ,"%J A '\?EHTI\E/[W”
o-Pb; at 6=60°, deviation for Eo'ji” > 25 MeV; o L T~
o -
. . . =~ I
* at high 0, point-like target — larger o, soft target s ! .
— smaller ¢ (deviations from rpl related to size of °r : 7
target) [please, remember]. ! &
(3 | 'y
\ : *
I 0
T R N e T
N ALPHA-PARTICLE ENERGY(MEV)
4
Ab ,B N
a{ w”. Q. find r,, for Pb, 0 = 60°, EX" = 25 MeV
N o~ y A ri = (¥ formula] = 14 fm.




kinematics

4 I
This is a collection of kinematical computations. It is — ) —
probably useful to have all in the same place. Notice that e N e H
here we work in the LAB sys (= N at rest), not in the CM.
Nucleus (E’,p")
This chapter (and many others) deals with scattering. (M, 0)
A "probe", usually assumed point-like (e.g. e*) hits a —eo—> QO 2 >
hadronic complex system (a nucleus) [see box]. Electron e~
(E, ) .
In the final state, the probe emerges unchanged, (Eyy F’Hg\‘
while the nucleus may or may not survive intact:

* elastic scattering, when the nucleus is unchanged,
i.e. identical initial and final state particles (W=M);

) {(E, p; m) [init]
electrone : -
(E, p'5 m) [fin]

(M, 0; M) [init.]
had. sys. :{(EHI 5. W) [fin.]

e excitation, when the nucleus in the final state is
excited, i.e. heavier (W = M* > M);

* a new hadronic system, with n particles (i=1...n):

—

E, = in=1 Ei; BHz in=1 Pi

_ _ E+M=E+E_;
W = \/(EH)Z_(pH)Z - |v'had.sys. > M. 4-mom cons. —){ —, "
p+0=p '+ Py-

The underlying idea is to study (understand ?) the
structure of the hadrons by observing the scattering.

Paolo Bagnaia - PP - 02 16




* To begin with, assume elastic scattering,
i.e. "H" = N;
e Define, in the target nucleus ref.sys. :

eIectrone+:{(E’ p; m) [init]
(E'I P '; m) [fln]

{mm 0; M) [init.]
nucleus
(Ey, Py M) [fin]

p+0=p'+p,;

« 4-mom cons. —
E+M=E+E,.

* The relation between the observed quantities
(E, E', ©) is [next slide] :

1 E E 1
E'= . ~p'l;

E 2E
1+—(1-cosO) 1+ =—sin*(0/2
M( cos6) |\/Ism( /2)

* Therefore, for known initial energy E and fixed
M, the final state is defined by one
independent variable (E' or 0).

(E, p)

e N—>eN

Nucleus
(M, 0)

—eo—> Q
Electron e~

E/Msmall > E'~E

~

0 >

(EHI BH)

— py = 0 — no recail,
independent of 0.

04 r
03 r
0.2 r
0.1 r

------ E=10GeV,A=1
------ E=0.5GeV,A=1
—— E=10GeV, A=50
—— E=0.5GeV, A=50

0.0




kinematics: elastic scattering -E'vs 0 4%

(

N

e, (E p;m); e.  (E',p;m); N(ucleat;s (E";'V'
M)
Ninit (M’O’M)’ Hﬁn (EHIpHIM)I — > O 0 >
Electron e~
(E, F) K

4-momentum | E+M=E'+E, ->E,=E+M-E'; (v, Py
conservation | p+0=p+p, —>p,=p—-p; e y
Square and (E )2_(p )Z_MZ_(EZ+M2+E|2+2EM_2EE|_2MEI)_(p2+p|2_2pp|cose)

subtract " & :

Ultra-relativistic approx. | = + M + K" +2EM—2EE'—2ME'— £~ — K >+ 2EE'cos 6;
(m, <<E,E') > (p~E,p'~E") |0 =EM-EE'-ME'+EE'cos®=EM—E'[ E(1-cos0)+M |;

EM E NB — The reaction is planar (why?). The final

Bl — = .e.d.
M+E(1—cos0) 1+2—Esin2 0 A state is defined by 6 variables. There are 3
M 2 (E, p) conservations and 2 (m2=E2—p?) rules.
g Therefore: 6-5=1 independent variable.
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—

* in the following, (E, p, E', p', m, M, 0); Study the kinematical limits:

[m=m,_small > E=|p]|, E'=|p'|] «0=0°: E'=E, Q2=0;

M+2E EM _ 2E?
M+2E M+2E~ M+2E
g=p-—p'| "'momentum transfer"; (E>>M): E=E' ~ E — E' ~ 0;

* new (not independent) variable: e 0=180°FE—F'=FE

:E/M small>p'=p— |q|:2|p|sin(9/2)] e in conclusion E>E'>"0".

(.« relativistic equivalent (p and p' are 4-mom): \ - Plot Q? vs 2M(E-E'): only a segment
1 | ” d l l 1 tt. eee |-
q =p—p [:(E—E B—p )]4 allowed [useless for elastic scatt., but ...]
2 2 1 1 ~ 4 N
—q ——(2me—2EE+2|p||p |cos|9)~ a4 E<0
z4EE'sin2(0/2):Q2 li.e. Qz >0]; 0 = 180° forbidden
E'~0
L EM 3 EM B
M+2Esin®(6/2) M+Q*/(2E') B
1 0=0° 0
2K EM
=2Ef/| ~—2EM=2E'M+Q° =E
el 2ME
—|Q*=2ME-E')| [E'=E-Q*/(2M) elastic
~ ; 3 ; o scattering
* [for elastic scattering one independent 0 >
variable — E' = E'(0)=E'(Q?), Q2 = Q(E")]; _? 2M(E-E') )




[ ] [ ] ﬁ
| kinematics: why |q|, Q3
The variable q is *very* important: Comments:

» [if relativistic, use Q? or its root VQ?J; * large || — large E, but not necessarily
* it is related to the deBroglie wavelength the opposite: high-energy & large
of the probe: A =h/|q|; distance processes do exist;

* it represents the "scale" of the °* the quest for smaller scales leads
scattering; inevitably to larger Q% and therefore to

e i.e. structures smaller than X ~ 1/|q| are larger E [ money and resources...]

not "visible" to the probe;

[as usual] sometimes in the literature the

* [the uncertainty principle ApAx > /2 notation is confusing: Q? = —t, see later.

leads to the same conclusion — actually it
is exactly the same argument;

W*.

e popular understanding: * conclusion:
higher Q> — smaller distance — Q? is an important variable, possibly the

— "better microscope". most important in modern particle physics.
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kinematics: the inelastic case

[in general, €N — €'H (€,€" generic
leptons); the kinematics is the same, if
Eg, Eg.>>m,, m,]

[ Kinematical variables (EN—>E'H):

[6'=€, H=N — elastic];
e 4-mom. in LAB sys (= had CM);
* P1=P, P =P P3=p, Py =Py

* g=p-—p'[asin previous slides];

p' (E’, B';m)

v* : q(E-E', p-p'; -92=Q?)

Ph (Ew By W)

Paolo Bagnaia - PP - 02

e . . . N
Lorentz — invariant variables:

* v=q-P/M=E-E'[=energy lost by e ];

* Q2 = - g% = 2(EE' — pp’cosO) — 2m? ~
4 EE' sin? (0/2) [= — module of the 4-
momentum transfer];

* x =Q? / (2Mv) [later : x-Bjorken xg, the
fraction of the hadron 4-momentum
carried by the interacting parton];

*yv=(q-P)/(p-P)=v/E[=the fraction
of the energy lost by the lepton in the
target frame];

* W= (py)?=(P+q)>=M>-Q%+2 Mv
[=(mass)? of the hadron system in the
final state] : W = M if elastic;

g = (p+p)2 — (p'+pH)2 = |\/|(|V|+2E) [the
(energy)? in the CM].

- )

[computations in next slide]

21



kinematics: Q?, v, x, y, W2 X

g . _ pl pl’ P, PHI ql QZ/ Mr V/ X; V, |
e.. P (E;p;m, ) e, P (E,p,im,); W2 Lorentz invariant; |
N,. P (M,0;M ); Hin Py (Ey P W); E,E', ... Lab sys (=P at rest).

m <<E,M (safe approx.)

q=p—p' =(E-E,p—p');

0
q° =m’ +m’ —2EE'+2pp'cosO ~ —2EE'(1 —cos0) = —4EE'sin2(Ej = 5G%-

P ®
warning: xg is very

interesting, see later

C(E-E')M E-E' v

2Mv p-P  EM E E

v* : q(E-E', p-p'; -92=Q?)

’

Py (Ep Py W)
W? =pZ =(P+q)’ =M* —Q° +2Mv;

L s=(P+P)" =(p"+p,)" ¥ X + M’ +2p-P=M’"+2ME.
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kinematics: the inelastic case - remarks

Remarks : * in the analysis, choose two among all

, _ _ variables, according to convenience, e.g.:
 a lot of kinematical relations, e.g.

' 2
W2 = M2 + 2MEy(1-x); (E ’ 9), (Q ’ V); (X; Y)-
QF =2MExy; Q*=(p-p'") ~(E~E) =(B,) ~(E, ~M)’ =
= M-+ + X _
s m?+Q?/(xy); = (B, ) —E% =M +2E,M =2E, M — 2\ =
* in the elastic case eN — eN [ep — ep], V lastic
and Q2 are NOT independent : =2M(E,, —M)———>2MT
2- N2 = 2 -2 — N2 2 E 2 ,
W2=M?=(P+q)’=M?-Q?+2Myv EH=Q—+I\/I; —“:1+Q2 Q4
S Q2=2Mv > Q2/ 2MVv)=x=1; M M M
« therefore (obviously) in the elastic case, (elastic,no recoil)
there is only one independent - e 5 ~
parameter (E' or 0, choice according to Ao @
the meas.);

instead, in the inelastic scattering :

Q2= M2+2Mv—W2=
=2Mv — (W2 - M?) <2Mv —» x < 1;

v*:q(E-E', p-p’; -a’=Q?)

if W not fixed, Q2 and v are independent; Py (Ep B W)
Mass
* therefore, in the inelastic case, there are @ }=W
two independent variables; Y @ Y,
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Redefine the kinematics of the scattering process in
the plane (Q% vs v) [more precisely (Q? vs 2Mv)]:

both are Lorentz-invariant [but usually used in the
lab. frame, where the initial state hadron is at rest] ;

Q? =4 EE'sin? (6/2) > 0 — only the 15t quadrant;
v =E-E'—>0<v<E— onlyaband is allowed;

X =Q2/ (2Mv) £1 -5 0<x <1 — only "lower
triangle";

y =(@-P)/(p-P)=v/E>0<y<1;

W2 = M? + 2Mv - Q?> — the bisector x=1 ("/")

defines the elastic scattering, where W? = M?;

on the bisector, only O varies:0=0—>Q?=v =0;
the loci W'? = constant are lines parallel to the
bisector — some of them define the excited states
(one shown in fig.);

at higher distance from the bisector we have the
deep inelastic_scattering (DIS) and (possibly) new

physics.
[see next slide]
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kinematics: deep inelastic scattering

X

s N
A
Q2 | | kinematically
forbidden
\
reso-
X= nances
W2= M2 —~ '
&J x<1
inelastic
S scattering
2M >
Y ~ Vo




\
4 b A E'/E=1| |E'/E=0.75 E'/E=0.5
v~0 v=E/4 v=E/2
Q-0 |[ly=025 y=0.5
2]
Ve Ly
A — elastic scatt.
1 Q2=2ME
ame | )
M2=M2+ME/2
\ ’ T =
0 < x <1 \
0 < vy«<1
0O < v <E Q2=ME/2
M2 < W2 <M2+2ME
0 < Q?<2ME
O < E'<E -
0° < O <180° = p— ’A )
limits (some only if E >> M). ;12(;(3 Wz_MzJ,ZME/

You are Kindly (but  strongfy) requested to [ook
carefully to this slid;

e and get used to these variables.

THANKS.
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1/4

elastic scattering

In the '20s QM entered in the game;

Rutherford formula works also in QM;
non-relativistic g.m. + Born approx.;
Coulomb potential;

initial (i) and final (f) particle as plane
waves [see introduction + box];
negligible recoil;

d=|p— p'l (as usual);

h=c=1;

V(r=o0) does NOT contribute, because
of other nuclei — in the last

e-N : Rutherford + q.m.

+

p
zZo. , _
V(r)=—7; d=Ap=p—p"; q=|q|=2psin(6/2);

dn  4np?®
.:elpr \/6; :elpr \/5" = ;
V=t NG =t NG ey

= 1 —ip" Ty yf=2\ DT g3
mﬁ=<wf|V(r)|wi>=6Ie PTV(F)e™" d? i

——JAJ‘J.ZZ—OLe"‘r *drsin0d0de =

integration, do not use the value at
r=c0 [YN1, 135 has a cutoff "u"]. ﬁ

do| 1 dn @
_G :_|:27c‘_ﬂ/lﬁ‘2 n —_
dQ| 4n dE' V'
_1lanzzal OE® |42°Z0’E”
O | 21 4

J an@rrdrjl dcosfe™ ! =2r dr[ e"dt [t=rcos6)

27’[ dr( iar —|qr) 21 1|:e
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* However, the scattering a-Nucleus takes
place between two nuclei (e.g. He**-Au);

* not suitable for measuring a (possible)
nucleus structure — replace the a with a
better (?) point-like probe: electron (e7);

* the dynamics of the eN scattering can be
described by the Rutherford formula with
an adjustment [/ater], due to Mott :

*
[d_c} :{d—c} ><(1—[3>zsin2 9)—)
dQ Mott dQ Ruthe 2

rford

B 2 212
PERIE-T dc} cos’ O_4ZaE" cos’ 9
Ruthe 2 2

| dO lal*

rford

Nucleus
—_— = .
Electron e

* similar to the Rutherford formula, the
Mott* cross-section neglects

a) the nucleus dimension, if any;
b) its recoil*;

* unlike Rutherford, Mott
account the e spin (=)4).

takes into

NB The "*" in the name "Mott*" means that the "no-
recoil" approximation is used — leave it out when the
recoil is considered ("Mott*" — "Mott"].

Sir Nevill Francis Mott



//upload.wikimedia.org/wikipedia/en/c/ca/Sir_Nevill_Francis_Mott.jpg

The cos?(6/2) factor in [do/dQ],,,; COMes
from Dirac equation; it is understood by
considering the extreme case of 6~180°.

For relativistic particles (f—1), the helicity h
(the projection of spin along momentum) is
conserved :

— =

__>Pb
|s]-Ip]
The conservation requires the "spin flip" of

the electron between initial and final state,
because the momentum also flips at 6=180°.

In this condition, the angular momentum is
NOT conserved, if the nucleus does NOT
absorb the spin variation (e.g. because it is
spinless). Therefore the scattering for
0~180° is forbidden.

The factor cos?(6/2) in the Mott formula is
connected to the spin and describes the
magnetic part of the interaction.

Ve

> 0

(E, P)

(5 P')

~

=1-—> hg,=1

X

A




elastic scattering e-N : experiment

Is the experiment consistent with the : b, = 495 MeV/c .
kinematics of the elastic scattering ? 2 s00k | I§=35ég°f 1 2
c - qiih = £. m- =
Get e + 12C data. o — =
S [ [12C* excitation
The plot of the number of events, for O S00F|__ energy Fe
. . ) [o) i 1+—(1—cosB)
fixed E; .. at fixed 0, shows many peaks: = a00f- M
* the expected elastic (E' ~ p' = 482 -g - N33
B = =
MeV), S 300f . 2 |
. . . 2 | °= 3
* a rich structure, due to inelastic 200 > ©3% 8
scattering: g == 2 3
[ =9 ;. ¥
e+ 12C _y o + 12C* . 100 I
. A [
[12C* = excited carbon, mass M*]. Meinz, A TR L s
450 455 460 465 470 475 480 485
p' (MeV)
( the expected elastic [e + 12C — e + 12C] is there;
Nucleus ’ but "more things in heaven, than in your philosophy";
—>0 back to elastic scattering !
Electron e~ ) ] )
kinematics ok, dynamics ?
— measure do/dQ vs 0 !!!
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* The experimental do/dQ agrees with the ( b
Mott one only for small 0, i.e. small |q|; 10-2 3 W m—
 otherwise, the cross section is "funny"; e+¥C
E =420 MeV
* possibly the reason is the structure of the 10-30 (Hofstadter, ’50) i
nucleus, which results in a smaller J o |::ar:1:hg;;ephere
effective charge, as seen by the projectile ocO4
(Gauss' theorem); = 109 the shape with
define [p(X)=Zef(x), [flxi’x=1; E sharp minima is
S due to p(r).
— define the form factor 7{q), as the 3|8 10 |- -
Fourier transform of the charge
distribution function:
(ﬁi] 10-33 | =
L — 0~51°
— h 3¢ |- — R _A. ’
T(Q)—je f(x)d’x|; |a=p-p’|; 1= q/f ~ 1.8 fm?
10-3¢ it
* pointlike: f(X)=8(x) —» %{q)=1. L 30 50 70 90
0 _J

* if p(x) depends only on |X| [next slides]:
do

[in the following, we will discuss only

_dG i F (o> 2 form factors are the case with spherical svmmetr
[dQ} :lidQ} X‘ (q )‘ N measurable, at p y y
exp

Mott

least in principle. |  P(r), when F{(q) depends on q=|q]].



form factors: qm definition -+

( )

V(r) = J‘da ' ZOU]c(r)

g.m. calculation [Thomson, 166]

* non-relativistic g.m. + Born approx.;

e Coulomb potential; W N NS \szei(p"x‘Et)/\/a;
* negligible recoil;

_ _i —ip"r AP 43,
* initial (i) and final (f) particle as plane I —<wf|V(r)|wi>—®je V(r)e™d'r =

ith A << | i littl . '
\[;v:):/]?s wi << nucleus size [see little _ 1 - Zouf(r') g
’ O Anfr—r!|
* charge distribution f(f), normalized to 1; |
‘ f _>I, ibution f(r) | __ 1 gateriger Z0f(r) ooy
« g=p—p' and Fg?) as defined before. D 4rmfr —r|
1 ¢, i
= —= [ =R x| [f(FnedPr |4
Lo 2o e
4 ' N\ :_ﬂ/lfri)omtxf(q) R:r_rl
A Jrore L€ Joorn

® = volume
\_
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In principle, the function p(r) may be Compute the symmetrical caselt); neglect the
computed by measuring F{g?) and then,  nuclearrecoil :

e.g. numerically: F(o) = %J’eiqx fX)d’x = [f(x)=f(r) =]

e i

(r)= Fl(g*)e " d’q.
" (2n) j i i _2m e _flr) rzer. e’ dcos0 =
However, the range of g accessible to S
experiments is limited; therefore, the :275 f(r) ; Ei[e ar e—iql’]dr:
behavior of F{q?) for g2 large (i.e. r small, S 2iqr
the interesting region) has to Dbe A7t o , sin(qgr)
extrapolated with reasonable assumptions. :?.o f(r) ' qr ’

In the next slides, examples of p(r) and
Fla?) are computed (e.g. the case of a
homogeneous sphere of radius R).

4 I

5:4nj'ooof(r) r’dr  [=1if normalized];

1) ds/dQ, both Rutherford and Mott, is scale-
independent. However, if p(r) depends on a
scale (e.g. by a sphere radius), form factors
break the scale invariance of the dynamics.




form factors: examples
fir)y=1(rl) T }

! 2y (% ey 2 SIn(ar)
f(r):(ZR)ajT(q Je ™ d'g T(q)_MLf(r)r qr ar

Charge
distribution

point-like o(r)/(4m) || constant 1

r

3
exponential EHfEm, E dipolar 1/(1+qg*/a?)?

exp(-ar)

e
: 2/(2m)3/2 E : -0° i :
gaussian e[jp{(—aflz/zl) gaussian e)zgz[ag]/ oLi

example

homog. 3/(4nR3) r<R oscill 3o3(sino-oicosol)

sphere 0 r>R o=|q|R ~ (see)

40Ca

sphere with Po/ '
soft surface | [1+ e (mo)/a] \ oscill.

—

Fermi (Woods- (1) the proton shape depends on QZ: from a
Saxon) function pointlike body to a quark/gluon composite.
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Homogeneous sphere with unit charge : By comparing the first minimum with the
experiment of 12C (q/h ~ 1.8 fm), we get :

3
=— r<R
o(r) = f(r) = Po = o3 R~4.5r . =45/1.8~2.5fm
0 r>R i.,e. 2C is approximately a sphere with
radius of 2.5 fm.
o sin(qgr)
F(q*) =4n| f(r)r’ dr =

-‘-0 () qr 2R~5fm
_ 4mpq .Rrsin(qr)dr: w=qr;W =gR

q 7o d

2({~2
Anp, (W Amp, ;. W T2(a?)

=— wsinwdw =—2[sinw —wcosw| ~ =

q °° q 1e-01

ar .

:—qfo [sm(qR)—chos(qR)] =

; A
= e [sin(qR)—chos(qR)] 1e-03 | A\

ifgR[=t] >0 first minimum :
F~3/t3[(t —13/6) - dR =tan(qR)

—> R~ 4.5

— t(1-t?/2)] = 1.




Study the behavior forq —> 0 : The parameter <r?> is a measure of the

| (size)? of the [charge of the] particle.
F(qg*) = ﬂje'qmse f(r)r’drdcos0dp =

1+iqrcosO—
:2njwf(r)r2drj.1 1. o dcos0 =
0 -1 —E(qr) cos’0+...
_4nI0 f(r)r dr+0—?q '[0 f(r)r'dr+...= Y:z(qz)
. F?2 —» F—> <r>>
=1-=qg*<r’>+..
60I
. 2 2 £\ A3y * 2 2 /\
with <r®>= J-”r f(x)d x—4n_“0 r“f(r)r-dr. l A




s

<
Simple problem : check that for the
homogeneous sphere, both directly
and from the definition :

\<r2> = 3R?/5.

TZ 2
\ (a%) F2 5 F—s <>

=[x = T v -
_4AnR™ 4nR"+3 3
V n+3 n+3 4nR° f\
__3 A
T n+3
)3
2 <r2>—5R2 /\

[ged, too easy to enjoy]



The limits g — 0, — o have a deep meaning:

= g is (approximately) the conjugate variable
of b, the impact parameter of the
projectile wrt the target center:

— for g very small (i.e. b very large), the
target behave as a point-like object;

— for g quite small (i.e. b quite large) it
behaves as a coherent homogeneous
charged sphere with radius \<r2>:

— large q probes the nucleus at small b;
= "new physics" (a substructure emerging at
very small distance) requires very large q,

which in turn is only possible if a large
projectile energy is available.

a=p-p|
g v
S

The same story has repeated many times,
from Rutherford to the LHC, but at smaller b
(i.,e. larger q). This fact is the main
justification for higher energy accelerators ...

. and (unfortunately) larger experiments,
larger groups, more expensive detectors,
politics, troubles, ... [the usual "laudatio
temporis acti", forgive me]

Yz(qz)
AW

F2 5 Fo<r>

gR




form factors: shape of nuclei

Summary of systematic study of the form ¢ light nuclei (*He, ©’Li, °Be) more

factors for nuclei [just results, no details]: Gaussian-like;
* heavy nuclei : * all these nuclei have spherical symmetry;
»NOT "homogeneous spheres” with a . |3nthanides (rare earths) are more like
sharp edge; ellipsoids [think to an experiment to
> similar to spheres with a soft edge; show it].

> charge distribution is well reproduced
by a standard Fermi function :

pcharge(r) = pO/ [1 te (r—c)/a]’. 0,10

- Barrett and Jackson, Nuclear Sizes
and Structure, 1977

> for large A (see figure) : e
2
c~1.07 fm x AY3 ["radius"] 20
a~0.54fm ["skin"]; )2 2Ni
E 62
> 150 SM
Vnucleus cA—>cCcr Fnucleus ¢ Al/3 ) 23? Pb
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Compute the nuclear densitiesof pand n  * in fair agreement with "c" [previous

[a, pg=da/dV, m,p,=dm_ /dV] : slide] and with the slope of the fig.:
e assume homogeneous and equal ro|®® =1.23 fm.
distribution of p and n;
 then:
> Pq= P, = proton density; i
> p, = neutron density = p,; i
> pr = nuclear density = p_ +p, ; T ""°:9 =
e compute : _ i ] e
> Pr=p,tPa=p,+tNp,/Z=Ap/Z; L or
> A =Vpr=9/3Rpy; o
» pr= 017 nucleons / fm’ b A e e
(from p, of previous slide); ; e
. 4TCR3=ﬂr§’A N S ,jla o
3 3

R 3 1
r, = = =3 )Q( —~1.12 fml for light nuclei, the model is
IYn Amp, K NOT valid: do NOT plot them.




=l

e )
Probing smaller space scales requires larger Description of the scattering

energies, both in the initial and final state
[today experiments work at the TeV scale —

\Lno electron spin, no magn. moment, notice E'

~1018 m = 103 fm]. do 4720,
High-energy + q.m. corrections to the {E futhe :—|q|4 ;
Rutherford formula [1° already discussed]: rford - cosz(e/z)
* consider the electron spin [Rutherford had J + etectron spin /
only bosons !!1]; . ~
* include the target recoil in the Mott cross [d_cs} :{d_cs} x|1— 2sinzg;
section [Perkins-1971, 197]; A€ Jyorr [ dE2 JRuthe 2
e use 4-vectors p and p’ to describe the L rec
scattering [instead of p and p’]:
q2 :(p—p')2 =2m’ —Z(EE'— pHp'|c059) |:d_6i| :|:d_6:| * XE_I;
~—4EE'sin®(0/2); A2 o LA Jere E "
QZ = _qZ z4EE'S|n2(9/2) \L+magn. moment /
 for scattering eN, consider thfe magne.tic los do Q’z .0
moment of the nucleons, by introducing 4O bt = 10 X| 1+2 i tan S|
the parameter t1=Q?/(4M?) [next slide]. spin’ Mott
- J




For particles of mass m, charge e: > sin%(0/2) [cfr. the "Mott* factor"];
> point-like, > 1/cos?(0/2) (to remove the non-flip
1 1 .
> spin 7; dependence);
the Dirac equation assigns an intrinsic > W2 (o 1/M2);
magnetic dipole moment > Q2 (mag field induced by the e )?;
uc=geh/(4m); do do Q’ 0
g = "gyromagnetic ratio" = 2; ” [_} :[_} X(1+2 > tan’ _j'
’ dC2 feoint, | dQD |\0ue AM 2

spin’z

an ideal "Dirac-electron” has a magnetic
dipole moment * Therefore the spin-flip is particularly

u, =eh/(2m,) = 5.79 x 10> eV/T; relevant for large Q2 and large 0.
e’ el ¥ 2. :

4 )

the first measurements roughly
confirmed this value.

electron spin

for neutral particles (neutron ?) u, = 0;
"Dirac electron"

this effect adds to the cross-section a
term, corresponding to the "spin flip"
probability, proportional to [Povh 8 6.1]:

electron magnetic
dipole moment p

J




In the nuclei and nucleons sector the
experiments measured the following
guantities :

© nuclear magnetism is a combination of
the intrinsic magnetic moments of the
nucleons and their relative orbital
motions;

© all nuclei with Z=even and N=even
have Hnuclei = O;

> define for the nucleons (proton and
neutron) the Dirac value
Wy = eh/(4my) = 3.1525x101* MeV/T;
> if p and n were ideal Dirac particles,
they should have
Mo = 21y, Mo =0,

i.e. in conventional notation
8,/2=p,/uy=1, 8,/2=0;

® instead, experiments found anomalies
g,/2 = +(2.7928473508+0.0000000085),

g8./2 =—(1.91304273  +0.00000045);

© therefore, there are other effects
which contribute to the magnetic
moments, i.e. p and n are NOT ideal
spin-% point-like Dirac particles;

© [maybe] they are NOT point-like;

© in this case, their "g" is due to their
(possibly complicated) internal
structure, in analogy with the nuclear

case.




In the eN scattering, the main contribution
is from single photon exchange [see fig.].

The eey* vertex is well under control, with
three point-like, well-understood particles.

Instead, the NN'y* vertex is the unknown,
due to the internal structure of the proton.

rStrategy : assume a simpler process (N =)
Dirac fermion), compare it with exp., then
modify the theory, inserting parameters
Lwhich model the nucleon structure.

Take also into account the spin and
magnetic moment, both of the electron

and the nucleon.

"Generalize" the cross section by defining
the Rosenbluth cross-section, function of
TWO form factors, both dependent on Q?:
* G,(Q?) for the electric part (no spin-flip);
* G,,(Q?) for the magnetic one (spin-flip).

[formerly : G,(Q?) = F(Q?), no G,,].

For a charged Dirac fermion fy, proton,
neutron :

>fy :GLany Q?) =1, G,(anyQ?)=1;
>p :Gy(Q?=0)=1, G, (Q*<0)=~2.79;
>n :GMQ?2=0)=0, G (Q*=0)~-1.91.

Ve

2 2
[dc} :{dc} y GE+TGM+2'CG§,|
dQ) |Rosen dQ Mott 1+71
bluth
Q2
v OO

0
tan’ —j;
2




5/5

e-N scattering: remarks on Gy . biuth

A non-exhaustive personal classification*)
of "physics formulae":

1. "principles” [I_f = ma] — They require the
a-priori  knowledge of all entities
involved; not direct empirical laws;

2. "natural laws" [the gravitational/Hooke
law] — (semi-)empirical descriptions of
the behavior of the Nature;

3. "positions" [K = ¥4mv?] — They define a
new entity, using other well-known
entities;

4. "theorems" [the Gauss law] — Relations
among well-known entities, math

derived from other laws;
5. ... other types (??7?) ...

+

The "Rosenbluth formula" is another type
of math-logical relation:

* it is a model, which includes some
constraints (e.g. the 0O dependence
cannot be modified);

* but it is "open" (e.g. G; and G,, depends
on the unknown Nucleon structure);

* it contains in-se no full predictive power;

e but it is a powerful working tool to study
the phenomena and incorporate new
knowledge in a (quasi-)formal theory.

A "frontier" approach, quite common in
modern research, which requires some
care by the users/students.

d G: +1G’ 4
G} x| 2T M 4 2162 tan® > |.
Mott 2

1+7
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Proton structure: Mark 3 Linac

Maybe you think that this is old and obsolete;
in this case, go and look:
https://home.cern/news/news/physics/meet-amber

Mark 3 electron Linac - Stanford University — 1953
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https://home.cern/news/news/physics/meet-amber

Proton structure: setup

N

GAS TARGET CHAMBER
/ ELECTRON BEAM [
\ |
=] 1

~ 3

/ — Stanford - 1956

SPEGTROMETER
AGCCEPTANGE ANGLE

BEAM CONVERGES FROM
MAGNET AT DISTANCE OF 9 FEET

TEST ABSORBER

EVAGUATED n
SGATTERING CHAMBER

Robert Hofstadter

MYLAR
WINDOW

SPECTROMETER ENTRANCE SLIT

MAGNET
SECONDARY ELECTRON
MONITOR

/ L |

POLE FACES OQF MAGNETIC PROBE

=
DOUBLE FOCUSING SPECTROMETER / L-i\
{SCHEMATIC) VACUUM PIPE FARADAY CUP
REFOCUSING
MAGNET GUNMOUNT WAYS
B ENERGY DEFINING TARGET
/ SuT SHIELD SHIELD PLATFORM
( h A DEFLECTING MAGNET
§osrscron
—‘Eo_l&rﬂt
e [ 3
AN J B
VIEW A-A
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4 N [ )

Hofstadter et al., Phys. Rev. 92, 978 (1953)
p(e”) = 125 MeV

10°

Fe
SHIELDING

ACCESS TO
COUNTERS
{0PEN) FOCALN ] /

POINT

/
:
dN/dcosO (arbitrary scale)

TWIN 5" GUN MOUNT

=1

1/
\

.
=
|

-
(=]
-
wn
(=]
=
(=]
wn
i
(=]

TOTAL WEIGHT
~ 135 TONS

A summary of Hofstadter
experiments, see later



Proton structure: MAMI-B

( N
Spectromater A
e _rrr——; Speciromeler B
= FTT = Spectrometer C
= obis o MAMIS
. | _

Deteckor L TN [ - [Mainzer
systemn "=t ey Mikrotron]

Shaslding

| ':'55552157%

.I. 1“.7
. . ‘-'
Beam tube 'h'&&\‘i"'ﬁ _1:.

i

Magmnet support

modern magnetic
spectrometer

Scattering chamber -7 4 g
Tuin lable

J-Spectrometer facility
at IllAHI accelerator
7

N

Paolo Bagnaia - PP - 02 48




In 1956 the Hofstadter spectrometer B e A "
measured the elastic ep — ep. It “T 1 | | T
measured O in the range 35°-138°, and wT:: [ R
therefore Q?, using the relations : s 1 R
E 80 \ ' w0l — )
E'= . \ s M- '00‘& ‘H2~|3o\
’ 40~ 20
1+E(1-cos0)/M T\ VPV TN
Qz :ZEEl(l—COSO). 57:&15\/
g Plot E' for E = 185 MeV at fixed 6 (60°,
" \.\ﬁ\ _ 100°, 130°) [in a perfect experiment,
Elfc \\K expect 6Dirac] :
E INCIDENT ENERGY= 187 ME\'.}\
%' \\ Show the plot E' = E'(0).
§|4c -..;\
6130 Result:
E' * Kinematics ok. Experiment under
" control.
1005—i6 2030 40 50 60 70 80 90 100 110 120 130 140 50 ® StUdy the dynamics.

LABCRATORY ANGLE (DEGREES)



Proton structure: results
Study [do/dQ],,, (— legend):

' R
* small 6 (= small Q2 - do/dQ independent e""V’Od.Phys %
from G,,): all formulas agree — G.(Q?=0) = 1; 214

1 —_ 1
_ ELECTRON SCATTERING
* large O (= large Q7 small distance, do/dQ) | 4-es \ FROM HYDROGEN ——ee)
dependent on G,,): it disagrees with ANY \ (188 MEV LAB)
theoretical prediction - G, G, ?; '
* the disagreement with (a) and (b) was [N
c
foreseen (proton gp 7 2 ); POINT CHARGE,
. -0 POINT MOMENT
* the one with (c) shows a dependence on Q? % 10 {ANOMALOUS) B
IR proton is NOT point-like § E CURVE
o=
. Hofstadter measured (rrms—\/<r2 , see) : = I
a
rms (O 77%0. 10) x 101> m = MOTT CURVE
re . =(1.61+0.03) x 10> m & o X
. = ™\
. and got the 1961 Nobel Prize in Physics. 2 ﬂ EXPERIMENTAL CURVE e \i
L 7p] ';\.A
(a) Mott | (b) Dirac |(c) A-Dirac| (d)Exp. | & D!{I-'tij.»]ﬂtc //'\\\
G 1 1 1fix  |G(Q)~1]| & CURVE B
Gy, no 1 2.79 fix | G,(Q3?)? !
. Q n n .‘32
point-ikep?| ves e ves'? [N © 30 50 70 90 10 130 150
fit low Q2 ? yes yes yes def.
fit high Q2 ? o o o def LABORATORY ANGLE OF SCATTERING (IN DEGREES)
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Write the Rosenbluth formula, at fixed Q2, :

2 2
{dc} {ds} _| G 70w +21G;, tan 2 |
dC2 |Rosen d€ |\ou 1+ 2

bluth

— Ratio(E, 0, fixed Q2) = A + B tan%(0/2);

— measure (A, B at fixed Q?) vs tan?(0/2);

— get G, G, (G}, G}) at fixed Q?
(example shown)

0.016 1 T T
o L Q2=2.5Q8eV2 )
&
0.014 -
0.012 -
'\ B
0.010 L4 -
A 1 1 L
0 0.05 0.10 0.15

tan?(6/2)

remember:
Q? = 4EE'sin%(0/2)

By repeating it at many Q?,
the full dependence can
be measured (SLAC, '60s).

1.0

0.8

0.6

0.4

0.2

-0.2

s & ¥ ¥ 3 4
‘i. n
G, |
0.2 0.4 0.6 0.8 1.0 1.2

Q2 [(GeV/c)?)

J



 The fig. shows that the electric and * From the values at Q?=0:
magnetic form factors tend to a

dG(q’
"universal" function of Q?, with a dipolar <1t >yo0e =—6n° (? )
shape : 1 I
Gp QZ Gn QZ _12~ )
GE(QZ) ~ M( )z M( )zG(QZ): ——2~0.66 fm<;
2.79 -1.91 a
1 > =0. :
= _; A*~0.71GeV? <1 >apoe ~0-811m
(1+Q*/A%)
1.0
* From the curve, it is possible to derive the G 5GP
function p(r), at least where the 3- and 4- o8
.. . i §=GP/279
momentum coincide, i.e. at small Q2. It 06} liugII B
turns out : ﬂ,ﬁ E=G/-1.91)
(r) = p, e, a~ 4.27 fml T g
p 0 ’ e f;i[.? F {.

* The nucleons do NOT look like peirtlike '}
Barheles, nor hermegorcaus—seheres, but ‘ SO U ' -SG.,
like diffused non-homogeneous systems. 0.2 : |

Q 0.2 0.4 0.6 0.8 1.0 1.2
Q2 [(GeV/c)?)




bluth

2 2 2
:(w+216§ﬂtanzgj; |:’C a }

[dc} [dc} _
dQ Rosen dQ Mott

1+1 AMP

. do do
therefore lim| — = — )
TN dQ Jposen LA o

The form factors of the nucleons show
three different ranges :

1. @* <<m? : 1 small, Gy dominates the
cross section; in this range we measure
the average radius of the electric
charge : <r;>=0.85%0.02 fm;

2. 0.02<Q?<3GeV?:
Gg and G, are equally important;

3. Q? >3 GeV?: G, dominates.

4 I
G, Point particle

09 % — GK=92Z-
" — 11 2.5 S— 1Y)
o8 --= NLG - == L&

%9 070 20 32 40 50 60 70 80
\_ Q? [fm?]

Notice also that, if the proton were point-
like, one would find :

G;(Q?) = G},(Q?) = 1, independent of Q?

[and in addition would not understand why "2.79"].

|||||||||||

Q? [fm?] )




Proton structure: interpretation =

P

Differences between nuclei and nucleons : e - ~

1. nuclei exhibit diffraction maxima/
minima; this fact corresponds to charge
distributions similar to homogeneous
spheres with thin skin; ) . N q

\

/—

2. nucleons have diffused, dipolarly
distributed form factors — exp. charge; — >

3. at this level, it is unclear whether the L . T
nucleons have substructure(s) — need r, g NOT
experiments at smaller value of same scale

distances (i.e. larger values of Q2);

4. [maybe that] the structure of the _ .
nucleons in the elastic scattering, a. elastic scattering : ep — ep;
described by the Rosenbluth formula, is b

o o ) . excitation :ep — e "p*"
an average with insufficient resolution;

(e.g. ep — eAt, A* — pn?);

5. at higher Q?, one can expect a wider

. C. new states:ep — eX*
variety of phenomena :

(X* = system of many particles).
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dN/dE'

400

300

200

100

higher Q%: H,0

on 180 nucleons.

6 2
o MME-W W T=E'd
2| M+2Esin*(0/2) ] [MT =E'T
\.
T T I T |
MAMI-A (Mainz
( ) Elastic peak ep :
e~ (H, 1e0) 2 -
- E'= -
y E =246 MeV 1+E(1-cos6)/M
0 =148.5°
~160 MeV.
|Elastic __scattering / i

Nuclear excitations +

+ )
ep - eA". elastic on 160.
| | | NA
50 100 150 200 250
E', (MeV)
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Send 246 MeV electrons — water vapor.

The scattering shows a  complex
distribution, with different phenomena in
the same plot. At fixed 0 of the electron in
the final state, with increasing E' :

ep — e A*(excitation of p from H);

e p/n— e p/n ("elastic" on 0 nucleons);
ep —ep(elasticonH, E'*160 MeV);

ep — e X" (nuclear excitations);

e 1°0 — e 180 (nucl. exc. / elastic)

The distribution depends also on the
electron energy E and the final state angle

0.

[Problem: the A* has m ~ 1230 MeV, I" ~ 120 MeV. In
the plot only the tail of ep—>eA* is shown. "Compute"
the effect of the Breit-Wigner in mass in the E' variable.
Is it sufficient to predict the E' plot ?]
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Another of these experiments (Hofstadter 1956,
see fig.). Observe :

-- the elastic peak for ep — ep at the same E
and 0, shown for comparison [no problem];

A. the elastic scattering e *He [ok, expected];

BCDEF. the elastic scattering ep / en (p/n acting
as free particles in “*He) [maybe unexpected,

but understandable]; notice the peak width,
due to the Fermi motion of nucleons inside
the nucleus;

. the production of m (i.e. of A's), which
enhances the cross section (otherwise F.);

notice : smaller E' — larger energy transfer

[the new entry in the gamel].

- 700 T
= 4
§ e *He -5 X
< | | E(e) =400 MeV
0 A
sool—| 0 =45 i
ELASTIC PROTON PEAK—
400
ELASTIC ALPHA-PARTICLE PEAK
300 —
INELASTIC ALPHA-PARTICLE G
200 DISTRIBUTION————_ '\‘
B
00 e P '.r'°1/ J
s \ T
.—;—L;—'—l——r:-_—,'ﬁ/ *\ K
gL === L .
200 250 300 350 400
E' (MeV)
. M? +2ME — W?> o wT=Ed
— , e
2| M+ 2Esin’ (0/2) | MT =E'T



140,

|

e *He - X Eanc ALPHA PARTICLE PEAK
120} vl | 7

E(e) = 400 MeV | - _ l ﬂ/
100 0 =60° : £
K INELASTIC ALPHA PARTICLE PEAK—~ ' t1
80} “\ ; j ﬁi II T t ‘ I ‘
T SFRIE '&

MESONS ' ? T |

40 \\ \\/}, | 11l J"ﬁ;m

M ’\ /f/ " | ProToN PEAK x5 R 1

3 AN ; |

20 I,—§_-f Yo KGROUND W 1 .

50 100 150 200 250 300 350 400
E' (MeV)

Same as before, but 0 = 60°, i.e. larger Q>  Possible conclusions [possibly wrong] :
[Q?~4EE'sin?(0/2)]. Notice :

dN/dE’

e everything under control for elastic and

* smaller elastic peak, both for (e~ “He) guasi-elastic data;
and (e7p); * the high-Q? part shows no evidence for
» wider ep/en (p/n inside “He) peak; sub-structures;
* (roughly) constant © production (seems * maybe QZ is still too small (or maybe
independent from Q?, as expected for there are no substructures ... 1?);

point-like (?) particles; — go to even higher Q2 !!!



higher Q?: summary =

Follow [BJ 444] to understand the

dependence of do/dQ on Q2: f eA—eA*| |eA—eA h
A (excited) | |(elastic) A ep—ep
* scattering electron ("e™) nucleus o
("A"),' 3 ep—ep % Aonr] [eAsen
'8 E (elastic)

« A with "N" nucleons (use "p", but
neutrons similar); (a) /\\ (b)
| \{ > | | >
RVl hypothetical components /N 1 x /N 1 x
(llqll); A

ep*—ep* A
e plot vs adimensional variable

(excited) eq—eq
x=Q?/(2Mv), 0 <x < 1; L
° 2 .
from (a) to (d), Q? increases; (c) /\ (d)
@2, ~E} T T

a) at small there are both (N 1/ 1 1/(‘nN)1‘/N 1
scatterings with A and p;

do/dQ
ﬁi
E/H
do/dQ)

b) increasing Q?, the eA scattering \[just a sketch, not a reproduction of real experiments]/
disappears, while the ep
scattering stays constant;

d) finally, at very large Q?, the most (~ only)
c) increasing Q?, the constituents (if important process is eq — eq (with all the
any) appears as eq — eq; possible inelastic companions).
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Scattering ep — eX (DESY 1968) :

* Electron energy ~ 5 GeV (higher
than SLAC);

* resonances (R) production ep —
eR clearly visible;

* new region at small E' ( = high W);
* in this "new" region :

> continuum (NO peaks);

> rich production of hadrons;

> NO new particles, only (p n
n's); i.e. the proton breaks, but
(different from the nucleus)
NO constituent appears;

> the constituents, if any, do not
show up as free particles;

DESY Elektrosynchrotron — 1968 ﬁ
__ 1500 | {
E E = 4.879 GeV i
& 0=10° #
2 i b
© 1000 |- l!{ i i
e Litl! { }]ﬂl Wt
= } {l I{
500 |- — l
A(1232) 1,{ ‘J
A(1688) N(1450) ">>
(new) . )
elastic x 15
|:| | 1 1 1 1 1 1 1 l\ |
28 3.0 3.2 34 3.6 3.8 4.0 4.2 4.4 4.6
E' [GeV]
L 1 1 1 1 ]
2.0 1.8 1.6 1.4 1.2 1.0
W [GeV/c?]
— Do quarks exist ???
are they confined ??? why ???
[NB in 1968 color was proposed but not

really understood, QCD did not exist]




Deep inelastic scattering: structure functions

The usual parameterization of the cross section in 4 ™

p'(E', B m) @

the DIS region is the formula:

d’c _ d_G 2 2 29 _
LQdE'LS —{dQLOJWZ(Q ,v)+2W1(Q ,v)tan 2}_

470’ (he)'E” L, 0
ac’
B 4a2E|2

e the inelastic cross section requires 2
final-state variables; since Q2 and v are L-
invariant, they are more convenient;

* W, and W, are combinations of G¢ and
G,, for DIS [next slide]; sometimes a
different normalization is used:

F1(X;Q2) = MW1(O~2;V);

F,(x,Q2) = vVW,(Q2,Vv).

Paolo Bagnaia - PP - 02

c052E>{W2(O\2,v)+zwl(Qz,v)tan2 g} -

o >{W2 (Qz,v)cos2 g +2W, (Of,v)sin2 g}

e the dynamics of the scattering depend on
the structure of the target; RZPRI(ZE).
are the "containers" of this information;

e they are known as QeI ilaile )i

and must be measured (or computed in a
deeper theory);

* [no deep difference W, , <> F,,;
— use the most convenient, but modern
papers at high s use only Fy,.]




Deep melastlc scattering : G ,,vs W, ,

Summary of G's for p:

* Mott and Rosenbluth
o's;

* the relation Ggy vs
W, ,and Fy,.

* notice:
(QI V, M) ~ El;

(T, Ggpy F1y) ~E

(Wl,z) ~ B
c,do/dQQ ~E2
* also:

(Ge e Fir2 12)‘]‘((12)

An interesting question.
Do you understand why ?

dG | 40’E” , 0 E' _40’E° L0

dQ = Q4 COS 5 E = . a COS E,

L JIMott B erl;trze —Mott* —Mott Q

[ do | 40’E® L0 G’ +1G? 0

= —| = ——cos” — Ze T 49162 tan ;

| dQQ |Rosen EQ 2 1+t 2 | >Rosen
bluth = Mott bluth

[ d%c | 12a%"

| dQdE' froen  EQ

G, +1G, 0 0
£ 1M 057 = 421G sin’ — |;
1+t 2 2

2 212
do 2 { (Q v)cos 9+2W (Qz,v)sinZQ};
_deE'_DIs Q! 2 2
2 ( ) 2 3O~2 2.
(@) = M _ETGM 4EM? ow
) E(xy) 3(G+1G,) 3(4MG;+Q’G,
(@) = v E\ 1+t ) E| am+Q@® |
\ ¢ » +Q )

Rutherford, Mott* and Mott
Rosenbluth do/dQ depends

do/dQ's do NOT depend on the proton mass.

on 1 (Q*/4M?) + any hidden dependence in Gg .

F,, do *NOT* depend: wait'n see.
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Deep inelastic scattering : SLAC

SLAC

Stanford Linear
Accelerator Center

2 miles long

the beginning of the story (1960)

Paolo Bagnaia - PP - 02



Deep inelastic scattering : SLAC experiment

PERRARACT 21 SOk REl

Ay
. "

P

The 8 GeV spectrometer — 1968 (notice the men at the bottom)
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Deep inelastic scattering : layout

=] - amm——
3 Exit Beam

Detectors
_ (.Y
Shielding

8 Gey

LSl . NI AL W LI I L WL T, L LY W

Layout of the three spectrometers : they can be rotated about their pivot, as shown in
the figure. [75 ft ~ 23 m]
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Deep inelastic scattering : layout details

DETECTOR
SHIELDING

INCIDENT
BEAM

1.6 GeV
SPECTROME TER
S
512 ‘ 70m TO

BEAM DUMP

/8 Gev

PLAN VIEW HoDOSCOPES  TT-€ DISCRIMINATOR

a big effort for physics and engineering of 50 years ago !!!
not to be compared with modern experiments ...

Draw of the 8 GeV
spectrometer [the 20
GeV is NOT shown]:

B : bending magnets
(dipoles);

Q : quadrupoles;
Cerenkov counters;

scintillation
hodoscopes,

shower counters for
e-nt discrimination;

dE/dx counters.
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ep — eX, 0 = 4°, d’c/dQdE' vs W (= hadr. mass)

Notice :

* the intervals in W and Q2, due to fixed E and 0;
* the elastic scattering (W = M) is out of scale;

* the decrease in cross section (the vertical
scale) when E increases;

* the presence of excited states of the nucleon
(resonances — peaks), e.g. A*(1232);

* the "fading out" of resonances, when W
increases at fixed E and O;

* the continuum at high W, with ~const ¢ (1-2
ub / GeV sr, independent from E and Q?).

27?7

- (ub/GeVsr)

d?o

dQd E

T T T T T T T T =&
0=4° E(GeV)  Q(GeV/c)?
1,2 ' ‘
',
10 b et 20 1,45-1,84 -
08 ) N s i
’ W ' ’m-‘*fw
06 |
04 - A ]
0,2 Fo P g 18 1,15-150 -|
gk 3 g A ]
L
05 [ W
0 '"|I "Il \"f\“ ,
! | \ .
R s 6 087-119
:’g F 1 I'.. ..!.' M-W~'- o
T -
05 [ b |
0L at, i J
4 D 13 053-0,79
2k & :‘|
Al
oL i N
10 { FRWPANE 1
; N
AWE | 10 027-047 -
0 ,I III !\ |
i
= \
30 g 0%
T AW a
w0l ! Iy 7 0,09-023
AL R D
oL/
Iy
80 'rn | |\
W0 / b b |
2 - N 45 0,06-0,09 -
0 1{_¥I_.1_J :l\,lj‘:'i L 1 O O [
10 12 14 16 18 20 22 24 26 28 30
W (GeV/c?)




Ratio R = exp./Mott = W, + 2 W, tan?20/2 = R(Q?).

Notice that the structure functions appear to be nearly
independent|of Q2. Instead, the elastic scattering for a
non-pointlike target has a strong Q2 dependence !!!

1

l.e., for DIS, the target (whatever it be), behaves likea | ¢ W—
| point-like particle [F{Q2?)=const] , cfr the Rutherford o W=30GeV

formula] !!! [NB constant, but << 1] 107 F o - W=35GeV

This Q2 independence is another confirmation that the
DIS "breaks" the proton : the scattering happens with 02
one of its constituents. The constituents looks "quasi- :
free" and "quasi-pointlike", at least at this scale of Q2.

T T T T

o Zig) ) N O —\ |10
~ 4tMx/Q2
\/\/\/\ ‘/MWWWWWW dipole form factor:
Lo @ ;
* R(Q*=0) = 1;
large A (— small Q?) small A (— large Q?2) " * R(Q2) c Q8
\_coherent scattering ep ) \_scattering eq ) \




Plot the data as F, and F, vs x and Q2 from the DIS formula the Callan-Gross
* F, depends on x, but NOT on Q?; relation can be derived [next slide] :
e are F, and F, correlated ? if the nucleons 2xF,(x) = F,(x)

are made by point-like, spin ¥ objects,

Seen as functions of x and Q?, F, , appear NOT to depend on Q? for a large range of it.

SLAC ep dat2

/
\




Bjorken scaling : Callan-Gross formula

+

constituents of mass m :
Q% =2mv =2Mvx = m = xM;

Fl(x)_ Q’ M_2mvM_ M 1
F, (x 2

v 4am®v 2m 2x’

F,(x). Callan-Gross

Adm

x
~
I

(a) the cross sections of pointlike spin 7 particle of mass m (a la Rosenbluth with GE=GM=1):\

dZG 12a2E'2 , . 29
; = 7| €os” —+2tsin”— |;
dQ2dE point-like, EQ 2 2
- “spinl/2
[ dc | A02E" 0
° - y [Wz cos’ —+2W, sin* = |;
_deE'_DIS Q 2 |
0 0 3 0 0
chosz—+2W15in2—=—{cosz—+215in2— ,-
2 2 E 2 2
3 3 W, F(x Z
W]_:_T; WZZ_; 1: 1( )l:»r: QZ’-
i EE W, R(x)M 4m

b) from the kinematics of elastic scattering of point-like

%

Assume the nucleon (mass M,
spin %) be made of pointlike
costituents g (mass m, spin ).

Warnings :

 don't confuse the inelastic
scattering ep with the elastic
scattering eq;

X refers to the inelastic case;

an hypothetical [nobody uses it]
variable &, analogous to x but
for the constituent scattering; in
this case, Q>=2mv§¢, = 1;

we learn that x = m/M
[REMEMBER].

Paolo Bagnaia - PP - 02



Assume that the nucleon be made of | Q| | ,
partons (point-like, spin %2, mass m;), which R x= mv | MW,(Q*,v) —EZF; f(x)
scatter elastically in the ep process. 3

Q? 2 2
Then the DIS cross section F {X - va} =VW,(Q*,v)= ijej f(x)
2 22 N
de _ 40‘5 |:Wz c0529+2W15in2 9} i.e. F, and F, do NOT depend on Q2 and v
dQdE' Q 2 2 separately, but only on their ratio. F, and

reduces to an incoherent sum of F, are also related by the Callan-Gross
constituent cross sections, O..c«ron€i P€INE  equation.

the charge of each of them :
& - - This mechanism (the Bjorken scaling) was

e’| cos 9+ Q’ s,an interpreted by Feynman in 1969 as the
d’c | 4a’E” 2 2m’ 2 )| dominance of partons in the nucleon
deE'm. ot Zi [ sz ’ dynamics (the parton model).
ol v———
i 2m, |

where the 06() means that, at the
constituent level, the scattering is elastic,
i.e. Q2 =2myv.

For such partons [next 2 slides]:

Richard Feynman » James Bjorken
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Bjorken scaling : 6, > W, ,

X

DIS formula for ep, p NOT pointlike, mass=M:

(B), 446-460)

if B(x=x,)=0— e
j AX)S[B(X)Jdx = Alx,) /[B'(X,)|,

- 4(;25'2 {Wz (Qz,v)cos2 (gj +2W, (Of,v)sin2 (gﬂ

(3

dQdE' |

2 2
B(x)=v— Q —> X, = Q ;
2Mx 2Mv

2Mv? d’c
Q] dQdE' |, .

Elastic scattering e"q",

QZ
2Mx* )

—>B'(x,) =

A0’E”| , L(0) , Q7
= i e cos|— |te 5
Q 2 2m

pointlike, spin %, charge e, mass m=Mx:

-

W, |, ng‘ (v _;)‘_;j _ 49“;?:2 6(\; _ ZCI\)‘/IZXJ; [at fixed Xx] L 1)
f(x) : x-distribution of (a single) substructure;
W :j4e|\2/|(3:2 6[ _Mjf( jf(X)dX ( - 2CI3/:XJ =| |k =e| V- 2(I3/:x ;
e f( 2 m(zf\l/lzvj_z 21\312 } ity = e V_2C|\l/jx =
- ezf(X)(2_2+2_1)(M_2+2‘1)(QZ“”Z)(vz‘z )= e;{\(ﬂx), ol =<« 23; - ezxj 2
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Bjorken scaling : W, , > F,, S

previous
Pase . d’c | A0’E” | 0 0
= W, (Q?,v)cos +2W. (Q?,v)sin’| = | |;
daee ), e | (@t (3 ram (a3
[ d%c | 4aE?[ , L(0) ,Q* .,(6 Q>
) N = e cos’| — |+e sin“| — [|0| v—— |;
this form ("X...") is actually dQdE' | . . Q* 2 m? p) m
very important (why ?) ) h ) , ,
: _ _ e f(x) _ exf(x)
a single substructure {e, m=Mx} — W, = ;W =
2M \%
Many sub-structures: for each {e, x, f(x)}—){ej,xj,fj(x)}:
e’ f(x) € f(X) 1 2
W, =—° SW, =) e =y —)MleFl(x):EZjej]‘j(x),

A ]

W, = e’xf(x) W, = ZM VW, =F,(x)=x>_ e*f(x)
J AV J

— |Callan—Gross : 2xF, (x) =F,(x)|.
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The parton model

Summary: the nucleons are made up of ,
later identified with quarks; partons are:

point-like (at least at the scale of Q? accessible
to the experiments, both then and now);

spin % fermions;

. = =4
define : Xeeynman =Xk = |Pparton| / |Pruceon| =

long
~ I ppartonl / |Bnucleon I

[cfr. Xgjorken = Xg = Q%/(2MVv) = m/M];

the interaction e-parton is so fast and violent,
that they behave like free particles (similar,
mutatis mutandis, to the collision
approximation in classical mechanics);

the other partons [at least in 1%t approx.] do
NOT take part in the interaction ("spectators");

it follows x; = xg = x [next slide];

the DIS is an incoherent sum of processes on
the partons; at high Q? the nucleons as such
are mere containers, with no role [F; , = X...].

Paolo Bagnaia - PP - 02

-

Despite the formal identity between x; and
Xg, they have a different dynamical origin :

* Xx; is defined in the hadronic system (=
fraction of the nucleon momentum);

* X3 Ccomes
(momentum
energies).

from the
transfer

lepton
and

part
lepton

73



The parton model : x, < x, +

ShOW : Xceynman = X¢ = Xgjorken = X Warning : the equality holds only in the
IMF. It is also a reasonable approx. in the
"ultra-relativistic" case, when the masses
are negligible wrt momenta.

In the "infinite momentum frame" (IMF),
where all the masses are negligible :

- .
plnntlcleon IMF = (p’plolo)l
p
init init .
pparton IMF - XFpnucIeon - (XFp'XFp' O' O)'
fin __init . _
pparton IME pparton + qtransf’ e
fin 2 init 2
(pparton) - O - (pparton + qtransf ) -
2 init .
4 = O + qtransf + 2(pparton .qtransf )’ P
init . . . . ]
(Pparton * Giranst) iS L-invariant; compute it
in the lab frame: -
init _ A\. init _ .
Poroton| pg = (M,0); Prarton| g = (Mxe., 0); In the following (also next chapters):
Qiranst | ag = (E-E'=v,0q); * drop the subscript x; = x5 = X;
ini . lly interpret x a la Feynman, as
\>_ 2 :QZ :2( Init . )ZZMX V% usua )
Gtranst Parton Giranst F the fraction of the nucleon 4-mom.
X, :Qz/(ZMv)sz, carried by the parton.
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Remarks and comments (discuss the 3 U R
proton, the neutron is similar): - dex [fPO] = 2 <lpjl>/ |ppl <1,

« experimentally, it is enough to control with the same caveats over the sum.
the initial state (E., M) + measure the

o * if partons are spin %, then the Callan-
leptonic final state (E', 0);

Gross relation PRXGARIIELRINS) holds;

e the model implies that 2. x, = 1, when

* instead, spin=0—>1=0— F/(x) =0;
the sum runs over ALL the partons;

. it ? it! 1l
* at the time there was no clue about the but ... can we measure it ? YES, it's OK !l

nature of the partons, nor if they are - N
. . . A.Bodek et al., Phys.Rev. D20, 1471 (1979).
charged or neutral (i.e. not interacting Y —

with the electrons); therefore:

S

(the sum is only over those partons, - tg% j *
n.% $ ? wk## ........ - €= spin %

_—
T

which interact with the electron);

e given the intrinsic g.m. structure of the

. 05 2<q’<4 GeV® ]
nucleon, the values x, are not fixed, but MR
described by a distribution fP(x) for _
Hen J 00 - 0|2 N 0|4 N .Ols. N 0|8 - 1 4—spln0
partons of type "j" in the proton: L : : : 8 x )
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The parton model

A summary of the model, with final formulae
[box and next slide]:

at high Q% a hadron (p/n) behaves as a
mixture of small components, the partons.

partons are pointlike, spin 7%;

each parton in each interaction is described by
its fraction of the 4-momentum of the hadron,
. —part —

Le. B 1/ 1B = x;

: summary

-

T* (-q?=Q’)

- J
* the x, are gm variables, described
by their distribution functions e A
dc 4u°E’ 0 0
fP(x) [called "PDF"]; = {w Q%,v)cos’—+2W, (Q?,v sinz—}
dQdE'’ Q* (@) 2 (@) 2
* in principle the PDF are different o Anols

for each parton and each hadron; =—
dxdy Q

Zj Idx x fP(x) <1,

parton spin = %2 — Callan-Gross
2xF,(x) = F,(x).

\_

(% BC) =MW, (Q° V)= 3 €1,
(x,}S{z ) =VvW,(Q%,v) = xzjejz]‘j(x).

xR, (% )+ (L-y )R ()
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The parton model : d?c/dxdy X

s=2EM; v=E-E'; y=——1—E— E'=E(1-v); QZ:4EE'sin2(9j:4E2(1—y)sin29;
E E 2 2
i C2E(1- 2
X = Q :4E2(1—Y)sin2(9j 1 ( y)sm (Gj' d'o —
2Mv 2 ZMEy My 2 dOdE'
12
sinz(gjz Mxy : cosz(gjzl—sinz(gjzl. 4oc : W, cos’ 9+2W sin’ 9
2) 2E(1-y) 2 2 Q’ p) p)
ox OX osin (9/2) 2E 1-vy _El—y_ _ [YN1], probl. 17.7 :
dcos® 0Osin®(0/2) dcos6 —2M vy My page 697, 698, 911.
OX OX L-inv:s, M, v, x, y, Q2.
j_|Ocos® O _1-y Labo : E, E', §, Q.
oY Oy My .
ﬁébs\e OF' link

d’c B 2T d’c B 21tMy 4a2E2(1_y)2 ) F2 (le)cosz(ej_i_ 2F1 (X,Y) Mxy B result
dxdy |J| dcosBdE' 1-y Q’ M 2E(1-y)

_ sty4o’K (1 —y){F2 (x,y

Q* Ry

)+XF1(x,y)XE8’_y)}: 4(7;?2 s[(1-v)F (x,¥) +xF, (x,y) ]
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partons = quarks ??7?

In the SM the answer is YES:
the quark-parton model.

Which is the dynamical meaning of F, ?
Can we measure them ? [yes, of course]

in principle the proton and the neutron
have different structure functions;

also a given process could result in a

different structure [e.g. the electron
scattering could "see" different F,, from
neutrino- or hadron-hadron interactions];

in this picture, e.g. we will refer to
"F,"(x)", meaning F,(x) for the proton,
when probed in DIS by an electron;

similarly "F5P(x)", "FS"(x)", "F,P(x)", ...
however, these functions are NOT
independent : if they parametrize the

actual structure of nucleons, they must
be correlated.

assume that the nucleons are made by
three quarks [Nature
complicated, but wait ...];

is much more

call them "valence quarks" [why ???];

each of them is described by a x
distribution, identified with "f;?(x)" [e.g.
"uP(x)" = the x distribution for u-quarks
in the proton];

e.g. uP(x)dx = number of u quarks in the
proton, with x in the interval (x, x+dx);

then dP(x), GP(x), uP(x), u™(x), u"(x),...;

— the g"(x) [g=u,d,q,...; N=p,n], the PDF

(parton distribution functions), tell
the structure of nucleons at high Q2.

(continue ...)



The gq-p model: u?, u, d?, d", ...

(... continue)

Some obvious relations hold [the green ones
with a (*) are provisional, we'll modify them] :

* particle-antiparticle symmetry : uP(x) = GP(x);

e quark model + isospin invariance : uP(x) = d"(x);

ditto : uP(x) = 2 u"(x);

ditto : d"(x) = 2 dP(x);

(*) for valence quarks only, GP(x) = 0;

e (*) for valence quarks only, sP(x) = 0;

* (*) therefore, e.g.

)

erp(x):ijejzfj(x)zx

4uP (x) + d°(x)
9

... many more formula, all quite intuitive.
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3/9

The gq-p model :

e According to the uncertainty principle,
for short intervals g.m. allows quark-
antiquark pairs to exist in the nucleons;

* in the hadrons some neutral particles
exist, called gluons [??? ... wait].

Therefore, let us modify the scheme:
* in the nucleons, 3 types of particles :

> valence quarks [already seen] with
distribution q,(x) [e.g u (x) [already
defined with the simpler notation uP(x)];
> sea quarks, i.e. the quark-antiquark
pairs, described by distributions g.(x)
[e.g ug(x), sc(x), Te(x), 5¢(x)];
> gluons, described by the distributions
gP(x) and g"(x).
Obviously only sums can be measured:
uP(x) = uy(x) + ug(x);
dP(x) = dy(x) +dg(x);

Paolo Bagnaia - PP - 02

valence and sea

GP(x) =TL(x) +T(x) = TL(x);
sP(x) =sb(x) +sb(x) =se(x);

Relations (final, no further refinement) :
 particle-antiparticle constraint :
uP(x) = GP(x);
* from quark model + isospin invariance :
uy(x) = dij(x) = uy(x);
dy(x) = uj(x) = dy(x);
* from quark model : u(x) ~ 2 uj(x);
* from quark model : d{(x) ~ 2 d{(x);
* from quantum mechanics and isospin
invariance [and neglecting quark masses] :

ub(x)= U (x) =d2(x) = db(x) ~
~ se(X) = 55(x) = g (x) = 93 (x);
e ... many more, all quite intuitive.

the "valence-ness" is not an observable, i.e. a
u-quark "does not know" whether (s)he is v or s.



The q-p model : Frroton(x) vs Freutron(x)

Putting everything together, we have [neglecting heavier quarks] :
4 - 1 — 1 _
eP(y) — v ) | P —p = AP p el P p _
F; (x)—x{g_u (x)+ T (x)]+9[d (x)+d (x)]+9[s (x)+5 (x)]}_ d
rop
4. 1 1 the P
:x{g_uV(x)+2qs(x)]+§[dv(x)+2qs(x)]+§[2qs(x)]}:
4 1 4 use iso- X
—x{guv(x)+9dv(x)+3qs(x)}, \ )
4 I
{1 ( ) 4d ( ) 4 ( )} . A.Bodek et al., PL 51B (1974) 417.
F"(x) =x{=u, (x) +—=d,(x) +—=0a,(x) ; " T T T T T
> ) g Vg WSS 09 1
1 08 - ﬁc%u F,"(x)/F,%P(x)
ern /erp _ Rnp — s L A
[4d, (x) +u, (x)]/[4u, (x)+d,(X)] (b). = %
(a) if sea dominates (see little sketch); Z’: :
(b) if valence dominates [if (u,>>d,) —> R, = %]. 03 @15°19° 26°, 34° é%#
o2 o 18°, 26°,34°
The measurement shows that case (a) happens B o P
at low x, while (b) dominates at high x. S W . N B
Ol 0.2 0.3 04 05 06 0.7 08 09 X
In other words, there are plenty of qq pairs at - J

small momentum, while valence is important at high x....
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( N
1
. A ~
Zpartons J-O ij(X)dX < 1’
1 . Dirac point-like
Z J. f,(x)dx =undefined (but large). = particle >
L partons Jo )
. >
Sum rules (from momentum conservation) : 1, 1 X
.1 _ 1
dx| u”(x)— TP (x) | = j dXuf (x) = 2;
..01 : _ 01 three free :
1, dx _dp(X) — dp(x)] = IO dxd? (x) =1; / quarks >
[ ax[ y .
dx| s”(x) —Ep(x)} =0. 3
"0 - three bound
quarks = e—— =
Hypothetical (NOT CORRECT) shapes of O Y 1 W : -
F,(x) from naive dynamical models :
>
|
(a naive artist view h /s 1
of aproton ____ / more
o . ¥ \ complicated =~ == >
(= reality ?) e
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The g-p model : F,?(x) — F,e"(x)

From:

F32(x) = x [4uy(x) + dy(x) + 12 q5(x)] / 9;
F5"(x) = x [ uy(x) +4d(x) + 12 q¢(x)] / 9;
we get

F57(x) — F$"(x) = x [uy(x) — dy(x)] / 3;

If, moreover, from the naive quark model
uy(x) = 2 dy(x)

we get

F32(x) = F5"(x) = x dy(x) / 3;

i.e. this difference, which is an observable,
roughly corresponds to %%x x [the x-
distribution of the "lone" valence quark (ds
or uy)].
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Friedman, Kendall - Ann.Rev.Nucl.Sci. 22, 203 (1972)

0,08 0,08 0,10 012

0,0

IR
““ . m”*n

I

'f

£.00 o

D.O»

~

no valence at x=0

(111)
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The g-p model : the gluon

The integrals of F,(x) are both calculable and

measurable. By neglecting the small
contribution of ss :
jldszep(x) = 4 .1x_up(x) +Gp(x)_dx +
0 9-0 L _
1pp a4, 1
+—| x| d’(x)+d°(x) [dx=—Ff, +—f,;
S b0+ a0 Joe=2f, o,
AXE () = [ x[ P (x) + 3 () ]dx +
Oxzx—g.ox_ X X) |dx
101 ¢ 4 1
+—| x| (x)+u’(x) [dx=—F, +—=Ff ;
3 Jo XU 00+ T () Jox ==+,

where f,, are the fractions of the proton
momentum carried by the quark u,d (+ the
respective q).

From direct measurement, we get ;

Result (important) :

fu+fq=50 %.

Only = % of the nucleon momentum
is carried by quarks and antiquarks.

The rest is "invisible" in the DIS by a
charged lepton.

This was one of the first (and VERY
convincing) evidences for the
existence of the gluons, the carriers
of the hadronic force.

The gluons are neutral and do not
"see" the e.m. interactions.

o1 4 1 S .
. dxF*(x)=—f,+—=f, #0.18; f, = 0.36;

Z 2 f,=0.18;
o1
.deFz (X)=§fd+§]‘uz0.12; f,+f,~0.54.
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The g-p model : ep vs vp DIS

Compute F$"(x) for an isoscalar target N, i.e. a target with n_ ..o =
both quasi-free (Fermi-gas approx) :

nneutrons' 4 1 1

— — _ _ — _ _ n: "o

70 =x{ [ W00+ T 00 J+ [ )+ (0 [+ [ 00 +5°(x }; why fisoscalar” :
A - I _ - B because (especially
er“(x):x{— d®(x)+ d”(x) |+ —=| u(x)+ u®(x) [+ =| s"(x) +S"(x) }, in v scattering) the
9- - 9- - 9" - target has to be
. FP (x) + F"(x) heavy, i.e. made of
R (x) =2 2 = heavy nuclei, well

2 reproduced by this

SIp P p qp 1o =P ximation.
:x{E[u (x)+ TP (x) + d°(x) + d (x)]+§[s (x)+53 (X)]}—>neglects approximation

N 3[up(x)+ap(x)+dp(x) +d°(x) |

18 i.e. the structure
Notice that in neutrino DIS (see) the dynamics is different, but the functions depend
effective structure function for an isoscalar target turns out to be on real properties

very similar, up to a factor, as in the purely e.m. case : of the nucleon
structure, and are

B0 = x| U (x) + TP (x) + d°(x) + d° (x) | =F;"(x) / > not dependent on
18 the interaction.

The experimental value (see) is F,eN / F,YN = 0.29 + 0.02, very
compatible with this prediction (5/18 = 0.278).
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The gq-p model : hadrons in the final state

Consider the hadrons on the on the bottom right:
is it possible ?

-

 free quarks do NOT exists (§ 2 and § 6);

* only (qqq) (44q) (aqg) hadrons observable (§ 6);

e therefore some "recombination" must occur
[see a possible example, in general it is more
complicated];

* these effects are called "final state interactions"
[f.s.i.];

e usually f.s.i. are factorized, i.e. they are treated
as a '"phase 2" process, which does NOT
interfere with "phase 1" (i.e. the DIS);

* at higher energy and higher Q?, quarks in the
final state fragment into hadron jets.

[all that — and much more — for next semester, e.g.
in the "Collider Physics" course: see you there].
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Modern experiments have probed the
nucleon to very high values of Q2.
Now electrons are often replaced with
muons, which have the advantage of
intense beams of higher momenta.
Or, even better, the experiments are
carried out at e p Colliders (HERA).

There are data up to Q*> ~ 10> GeVZ:
when plotting F, as function of Q° at
fixed x, some Q?-dependence appears,
incompatible with Bjorken scaling [see
plot and sketch, and the next slides].

F,(xQ2)

g

A bigh Q?

sRNE,

X low x

MX
In Q2

‘ F,(x,Q?)

[
»

-
[ ]
*
- x=0.00005 Proton
7 Lo x=0.00008
% 10 Y *=0,00013 ® HI+ZEUS
L o - dv  BCDMS
= .-'. Joue  X70-0002 O  E66S
6 L gy x=0.00032 ] NMC
10 eot® " oeees X=0.0005 A SLAC
s * s x=0.0008
ot et T 00013
5 ** ettt -
10 ass ..n...“'. I *»=0.002
. x=0.0032
-.. ..'."l LLJ
_ T Cveews  XS0.005
4 - .0'... -
10 o G. : ‘.-.l.! sps s cin® x=0.008
» -um-.:f»y . qesaee? se ate 8% 0 x=0.013
103 o u--‘?nlu.nm.'n-'*n T R LR L espeet x=0.020
oo m BT L seaesee s eee ssasly x=0.032
ot B B0
et Lgnemi eetesssssesastets x=0.05
g ooag
102 o ;.gnnlﬂ'*’":'a‘_’ s 80 ses tanente s B x=0.08
pud e BERLROY O WSS S sanegee¥ey, o @ x=0.13
atested 10 bn o HEmEatGHe ¢ 50 sse Le00000 o , § x=0.18
10 b Moo 5 LLLE T T T Y .« * 8 ¥=0.25
e B o R \
b oy o0 o‘...a.. .., + %=0.4
1 L]
.
by §
.1 . LI _
10 S R +++ # x=0.65
h%‘%’e &
LA | x=0.75
-2
10 %"‘mﬂ
4 x=085 (i,=1)
-3
10 R 2 3 4 5 6
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F,(x,Q2?) : Q? evolution

However, this effect (scaling violations), is

NOT attributed to sub-structures or other
novel physics, but to a dynamical change
in F,, well understood in QCD.

Zpal’tons j:xfj(x)dx < l,

In QCD :
* higher Q?

— smaller size probed
— more gqg and gluons
— less valence quarks.

> s Jo £(X)dx =undefined (but large).

] 0.9 [
] A S
0.8 F
1 ot
E N
E 05 [
1 el
4 0.3 % b
E 02 [

. 0.1

| \\\HH‘ | I —— Ok | \\\HH‘ | L L LIl SEee SN

1 [ \\\H‘ T T TTTIT T T TTTTT

g/10

xf(x,n2=10% GeV?)-

L\

103 102 101 1 108
X

102 10 1

X

# Quark # Antiquark

a modern parameterization
of the PDF [NNPDF3.0-
(NNLO)] shows clearly the
difference in the PDF when
Q2% = 10+-10* GeV?:

* uy, d, —> down;

* 4,4, [=ugd,] g — up;

* s, c, b —> up (more phase

space)
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For modern experiments with hadrons the |* In practice, all the computations (e.g. the
knowledge of Fg’"(x) iS a necessary Higgs production) must use a numerical
ingredient of the data analysis. parameterization of the PDF's, and take
into account their uncertainties.

* The structure functions are an effect of
the hadronic forces. However, being a . the PDF's are probabilistic, i.e. the value
complicated result of an ill-defined of x is different for each event Il
number of bodies in non-perturbative

regime, they cannot be reliably -« consequence: the 4-mom conservation at

computed with today's technology parton level is a difficult constraint in the
(lattice QCD is still a hope). computation !!! (see later)
» Similar to the chemistry of complicated - N

molecules, which is a difficult subject,
although the fundamental interactions
are [supposed to be] well understood.

* When studying hadron interactions at
large Q?, the initial state is parameterized '

by its structure function, as an An artist's view of the pp interaction
incoherent sum of all the PDF's, including [from the CERN ATLAS www site]
the gluon. - J
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