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ABSTRACT

The choice of priors may become an insoluble prob-
lem if priors and Bayes’ rule are not seen and accepted in
the framework of subjectivism. Therefore, the meaning
and the role of subjectivity in science is considered and
defended from the pragmatic point of view of an «experi-
enced scientist». The case for the use of subjective priors
is then supported and some recommendations for routine
and frontier measurement applications are given. The
issue of reference priors is also considered from the prac-
tical point of view and in the general context of
«Bayesian dogmatism».

RESUMEN

Superando la ansiedad producida por las
distribuciones iniciales

La eleccion de distribuciones iniciales puede resultar un
problema insoluble si las distribuciones iniciales y la
regla de Bayes no son aceptadas en un marco sub-
jetivista. Consecuentemente, consideramos el sig-
nificado y el papel de la subjetividad en las ciencias de-
sde el punto de vista de pragmdtico de un «cientifico
experimentado». Se defiende el uso de distribuciones ini-
ciales subjetivas, y se ofrecen recomendaciones para
aplicaciones, tanto rutinarias como punteras. El tema de
las distribuciones de referencia es asimismo considerado,
tanto desde el punto de vista prictico como en el con-
texto general del «dogmatismo Bayesiano».

1. INTRODUCTION

The main resistance scientists have to Bayesian theory
seems to be due to their reaction in the face of words such
as «subjective»,«belief» and «priors» (to which the word
«bet» might also be added). These words sound blas-

phemous to those who pursue the ideal of an objective
Science. Given this premise, it is not surprising that fre-
quentistic ideas, which advertise objective methods at
low cost in a kind of demagogical way, became popular
very quickly and are still the most widely used in all
fields of application, despite the fact that they are inde-
fensible from a rational point of view. As in commer-
cials, what often matters is just the slogan, not the quality
of the product, at least in the short term. And advertised
objective methods are certainly easier to sell than subjec-
tive ones. When one adds to these psychological effects
yet others based upon political reasons [see, for example,
the very interesting philosophical and historical introduc-
tion to Lad, 1996], life gets really hard for subjective
probability. Moving from the slogan to the product, it is
not difficult to see that, if they were to be taken literally,
frequentistic ideas would lead nowhere. Indeed their suc-
cess seems due to a mjsmatch between what they state
and how scientists interpret them in good faith. In other
words, frequentistic methods make sense only if they are
—when they can be— reinterpreted from a subjective
point of view. Otherwise they may cause serious mis-
takes to be made. In recent years I have investigated this
question among particle physicists (D’Agostini, 1998,
1999). For the convenience of the reader, I report here
the main conclusions contained in D’ Agostini (1998):

¢ there is a contradiction between a cultural back-
ground in statistics and the good sense of physicists;
physicists’ intuition is closer to the Bayesian ap-
proach than one might naively think;

® there are cases in which good sense alone is not
enough and serious mistakes can be made; it is then
that the philosophical and practical advantages of-
fered by the Bayesian approach become of crucial
importance;

® there is a chance that the Bayesian approach can be-
come widely accepted, if it is presented in a way
which is close to physicists’ intuition and if it can
solve the «existential» problem of reconciling two
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aspects which seem irreconcilable: subjective prob-
ability and the honest ideal of objectivity that scien-
tists have.

This last point was just sketched in the original paper,
and I would like to discuss it here in a bit more detail, and
to relate it to the «problem» of priors, the main subject of
this article. I think, in fact, that it is impossible to talk
about priors without putting them into the framework to
which they belong. Only when one is aware of the role
they have in Bayes’ theorem, and of the role of Bayes’
theorem itself, can one have a relaxed relationship with
them. Once this is achieved, depending on the specific
problem, one may choose the most suitable priors or ig-
nore them if they are irrelevant; or one may decide, in-
stead, that priors are so relevant that only Bayes’ factors
can be provided; alternatively one may even skip the
Bayes’ theorem altogether, or use it in a reverse mode to
discover which kind of priors might give rise to the final
beliefs that one unconsciously has. These situations will
be illustrated by examples.

Before going any further, some clarifications are in or-
der. First, my comments will be from the viewpoint of
the «experienced scientist» (i.e. the scientist who is used
to everyday confrontation with real data); this point of
view is often neglected, since priors (and questions of
subjectivity/objectivity) tend to be debated among math-
ematicians, statisticians and philosophers. Second, since
I am an experimental particle physicist, I am aware that
my knowledge about the literature concerning the argu-
ments I am going to talk about is necessarily limited and
fragmentary. I therefore apologize if people who may
have expressed opinions similar to those stated in this
paper are not acknowledged here.

2. SUBJECTIVE DEGREES OF BELIEF AND
OBJETIVE SCIENCE

The question «can subjective degrees of belief build an
objective Science?» is subtle. If we take it literally, the
answer is NO. But this is not because of the subjective
degrees of belief in themselves. It is simply because,
from a logical point of view, «objective Science» is a
contradiction in terms, if «Science» stand for Knowledge
concerning Nature, and «objective» for something which
has the same logical strenght as a mathematical theorem.
This has been pointed out many times by philosophers,
the strongest defence of this point of view being due to
Hume (1748), to whom there is little to reply.

If, instead, «objective Science» stands for what scien-
tists refer to by this expression, the question hecomes a
tautology. In fact, using Galison’ (1987), «experiments
begin and end a matrix of beliefs. .. beliefs in instrument
types, in programs of experimental enquiry, in the
trained, individual judgements about every local behav-
iour of pieces of apparatus...». Any scientist knows al-

ready that the only objective thing in science is the read-
ing of digital scales. When we want to transform this in-
formation into scientific knowledge we have to make use
of many implicit and explicit beliefs.

However, many scientists are reluctant to use the word
«belief»' for professional purposes. It seems to me that
the reason for this attitude is due to a misuse of the word
«belief», which has somehow led to a deterioration of its
meaning. In this connection I think a few remarks are of
particular importance. The first is that we should have
Hume’s distinction between «belief» and «imagination»
clear in mind (Hume, 1748). Then, once we agree on
what «belief» is, and on the fact that it can have a degree,
and that this degree depends necessarily on the subject
who evaluates it, another important concept which enters
the game is that of de Finetti (1974) «coherent bet». The
«coherent bet» plays the crucial role of neatly separating
«subjective» from «arbitrary». In fact, coherence has the
normative role of forcing people to be honest and to
make the best (i.e. the «most objective») assessments of
their degree of belief’. Finally comes Bayes’ (1764) rule,
which is the logical tool for updating degrees of belief.

In my opinion there is a really good chance that this
way of presenting the Bayesian theory will be accepted
by scientists. In fact the ideal of objectivity is easily re-
covered, although in terms of intersubjectivity, if scien-
tific knowledge is regarded as a very solid Bayesian net-
work (Pearl, 1988) [Galison (1987) «matrix of beliefs»],
based on centuries of experimentation, with fuzzy bor-
ders which correspond to the areas of current investiga-
tion.

3. CHOOSING PRIORS: FEAR,
MISCONCEPTION AND GOOD FAITH

Once we have specified the exact meaning of each of
the ingredients entering probabilistic induction (degree
of belief —coherent bet— Bayes’ rule), there should, in
principle, no longer be a problem. However, all
Bayesians know by experience that the most serious con-
cerns scientists have are related to the choice of priors
(sometimes due to real technical problems, but more of-
ten due only to «prejudices on priors»). In fact, practi-
tioners can avoid talking about «degree of belief» in their
papers, replacing it by the nobler term «probability»;
they can accept the use of Bayes’ theorem, because it is a
theorem; but it seems they cannot escape from priors.
And they often get stuck, or simply go back to «objec-

' But many other scientists, usually prominent ones, do. And, para-
doxically, objective science is, for those who avoid the word «belief»,
nothing but the set of beliefs held by the most influential scientists in
whom they believe...

2 The coherence is also important to avoid making the confusion
between «belief» and «convenience» (or «wish»). In other words, the
tasks of assessing probability and of decision making shoud be kept
separate.
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tive» frequentistic methods. In fact, the choice of the
prior is usually felt to be a vital problem by all those who
approach the Bayesian methods with a purely utilitarian
spirit, that is, without having assimilated the spirit of sub-
jective probability. Some use «Bayesian formulae» sim-
ply because they «have been proved», by Monte Carlo
simulation, to work in a particular application. Others
seem convinced by the power of Bayesian reasoning, but
they are embarrassed because of the apparent «arbitrari-
ness» of the choice of priors.

It might seem that reference priors [see e.g. (Bernardo
and Smith, 1994) and references therein, although in this
paper I will refer only to Jeffreys’ priors, the most com-
mon in Physics applications) have a chance of attracting
people to Bayesian theory. In fact, reference priors en-
able practitioners to avoid the responsibility for choosing
priors, and give them an illusion of objectivity analogous
to that offered by frequentistic procedures (Berger and
Berry, 1988). However I have some perplexity about un-
critical use of reference priors, for philosophical, sociologi-
cal and pactical reasons which I am now going to explain.

3.1. Bayesian dogmatism and its dangers

Although I agree, in principle, that a «concept of a
“minimal informative’’ prior specification - appro-
priately defined!» (Bernardo and Smith, 1994) is valid,
those who are not fully aware of the intentions and limits
of reference analysis perceive the Bayesian approach to
be dogmatic. Indeed, one can find indiscriminate use and
uncritical recommendation of reference priors in books,
lecture notes, articles and conference proceedings on
Bayesian theory and applications. This gives to practi-
tioners the impression that only those priors blessed by
the official Bayesian literature are valid. This would be a
minor problem if the use of reference priors, instead of
more motivated ones, merely caused a greater or lesser
difference in the numerical result. However, the question
becomes more serious when the —perhaps unwanted—
dogmatism is turned against the Bayesian theory itself. I
would like to give an example of this kind wich concerns
me very much, because it may influence the High Energy
Physics community to wich I belong. In a paper wich
appeared last year Feldman and Cousins (1998) stated
that

«For a parameter u which is restricted to [0, 0], a
common non-informative prior in the statistical litera-
ture is p(u,) = 1/, ... In contrast the PDG* description
is equivalent to using a prior wich is uniform in g,.
This prior has no basis that we know of in Bayesian
theory».

* PDG stands for «Particle Data Group», a committee that every se-
cond year publishes the Review of Particle Properties (14), a very in-
fluential collection of data, formulae and methods, including sections
on Probability and Statistics.

This example should be taken really very seriously.
The authors, in fact, use the pulpit of a prestigious jour-
nal to make it seem as if they understand deeply both the
Bayesian approach and the frequentistic approach and,
on this basis, they discourage the use of Bayesian
methods («We then obtain confidence intervals which
are never unphysical or empty. Thus they remove an
original intention for the description of Bayesian inter-
vals by the PDG» (Feldman and Cousins, 1998).

So it seems to me that there is a risk that indiscriminate
use of reference priors might harm the Bayesian theory in
the long term, in a similar way to that which happened at
the end o last century, as a consequence of the abuse of
the uniform distribution. This worry is well expressed in
Earman’s conclusions to his «critical examination of
Bayesian confirmation theory» (Earman, 1992):

«We then seem to be faced with a dilemma. On the
one hand, Bayesian considerations seem indispens-
able in formulating and evaluating scientific infer-
ence. But on the other hand, the use of the full
Bayesian apparatus seems to commit the user to a
form of dogmatism.»

3.2. Unstated motivations behind Jeffreys’ priors?

Coming now to the specific case of Jeffreys’ priors, I
must admit that, from the most general (and abstract)
point of view, it is not difficult to agree that «in one-
dimensional continuous regular problems, Jeffreys’
prior is appropriate» (Bernardo and Smith, 1994). Un-
fortunately, it is rarely the case that in practical situations
the status of prior knowledge is equivalent to that ex-
pressed by the Jeffreys’ priors, as 1 will discuss later.
Reading «between the lines», it seems to me that the rea-
sons for choosing these priors are essentially psychologi-
cal and sociological. For instance, when utilized to infer
W (typically associated with the «true value») from
«Gaussian small samples», the use of prior of the kind
folp, 0) oc 1/0 has two apparent benefits:

e first, the mathematical solution is simple (this re-
minds me of the story of the drunk under the street-
lamp, looking for the key lost in the dark alley);

¢ second, one recovers the Student distribution, and
for some it seems to be reassuring that a Bayesian
result gets blessed by «well established» frequentis-
tic methods. («We kow that this is the right sol-
ution», a convinced Bayesian once told me...)

But these arguments, never explicitly stated, cannot be
accepted, for obvious reasons. I would like only to com-
ment on the Student distribution. This is the «standard
way» for handling small samples, although there is, in
fact, no deep reason for aiming to get such a distribution
for the posterior. This becomes clear to anyone who, hav-
ing measured the size of this page twice and having



314 Giulio D’ Agostini

Rev.R.Acad.Cienc.Exact.Fis.Nat. (Esp), 1999; 93

found a difference of 0.3 mm between the measurements,
then has to base his conclusion on that distribution. Any
rational person will refuse to state that, in order to be
99.9 % confident in the result, the uncertainty interval
should be 9.5 cm wide (any carpenter would laugh...).
This might be the reason why, as far as I know, physicists
dont’s use the Student distribution.

Another typical application of the Jeffreys’ prior is in
the case of inference on the A parameter of a Poisson
distribution, having observed a certain number of events
x. Many people have, in fact, a reluctance to accept, as an
estimate to A, a value which differs from the observed
number of counts (for example, E(1) = x + 1 starting from
a uniform prior) and which is deemed to be distorted by
the «distorted» frequentistic criteria used to analyse the
problem [see e.g. D’ Agostini, 1999]. In my opinion, in
this case one should simply educate the practitioners
about the difference between the concept of maximum
belief and that of prevision (or expected value). An
example in which the choice of priors becomes crucial, is
the case where no counts are observed, a typical situation
for frontier physics, where new and rare phenomena are
constantly looked for. Any reasonable prior consistent
with what I like to call the «positive attitude of the physi-
cists who have pursued the research», allows reasonable
upper limits compatible with the sensitivity of the experi-
ment to be calculated (even a uniform priors is good for
the purpose). Instead, a prior of the kind f,(4) oc 1/4 pre-
vents use of probabilistic statements to summarize the
outcome of the experiment, and the same result (0 £+ 0) is
obtained, independently of the size sensitivity and run-
ning time of the experiment.

I will return below to such critical situations which are
typical of frontier science.

4. PRIORS FOR ROUTINE APPLICATIONS

Let us discuss now the reasons which indicate that ex-
perimentally motivated priors for «routine measure-
ments» are quite different from Jeffreys’ priors. This re-
quires a brief reminder about how measurements are
actually performed. I will also take the opportunity to
introduce the International Organization for Standardiz-
ation (ISO) recomendations concerning measurement
uncertainty.

4.1. Unavoidable prior knowledge
behind any measurement

To understand why an «experienced scientist» has dif-
ficulty in accepting a prior of the kind fy(o) oc 1/o (or
foln(o)) = k), one has to remember that the process of
measurement is very complex (even in everyday situ-
ations, like measuring the size of the page You are read-
ing now, just to avoid abstract problems):

® first one has to define the measurad, i.e. the quantity
one is interested in;

¢ then one has to choose the appropriate instrument,
one which has known properties, well-suited range
and resolution, and in which one has some confi-
dence, achieved on the basis of previous measure-
ments;

¢ the measurement is performed and, if possible, re-
peated several times;

¢ then, if one judges that this is appropriate, one ap-
plies corrections, also based on previous experience
with that kind of measurement, in order to take into
account known (within uncertainty) systematic er-
Iors;

e finally* one gets a credibility interval for the quantity
(usually a best estimate with a related uncertainty);

Each step involves some prior knowledge and, typically,
each person who performs the measurement (be it a
physicist, a biologist, or a carpenter) operates in his field
of expertise. This means that he is well aware of the error
he might make, and therefore of the uncertainty asso-
ciated with the result. This is also true if only a single
observation has been performed’: try to ask a carpenter
how much he believes in his result, possibly helping him
to quantify the uncertainty using the concept of the co-
herent bet.

There is also nother important aspect of the «single
measurement». One should note that many measure-
ments, which seem to be due to a single observation, con-
sist, in fact, of several observations made within a short
time: for example, measuring a length with a design
ruler, one checks the alignment of the zero mark with the
beginning of the segment to be measuremed several
times; or, measuring a voltage with a voltmeter or a mass
with a balance, one waits until the reading is well stabil-
ized. Experts use unconsciously also information of this
kind when they have to figure out the uncertainty they
attribute to the result, althought they are unable to use it
explicitly because this information cannot be accom-
modated in the standard way of evaluating uncertainty
based on frequentistic methods (D’ Agostini, 1998).

The fact that the evaluation of uncertainty does not
necessarily come from repeated measurements has also

4 This is not really the end of the story, if a researcher wishes his
result to have some impact on the scientific community. Only if other
people trust him will they use the result in further scientific reasoning,
as if it were their own result. This is the reason why one has to undergo
an apprenticeship during one’s youth, when one must build up one’s
reputation (i.e. again beliefs) in the eyes of one’s colleagues.

° This defence of the possibility of quoting an uncertainty from a
single measurement has nothing to do with the mathematical games
like those of (Rodriguez, 1999).
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been recognized by the International Organization for
Standardization (ISO) in its «Guide to the expression of
uncertainty in measurement» (1993). There the uncer-
tainty is classified.

«into two categories according to the way their nu-
merical value is estimated:

A. those which are evaluated by statistical
methods®;

B. those which are evaluated by other means»;

Then, illustrating the ways to evaluate the «type B stan-
dard uncertainty», the Guide states that

«the associated estimated variance u*(x,) or the stan-
dard uncertaintyu u(x;) is evaluated by scientific
judgement based on all of the available information
on the possible variability of X,. The pool of informa-
tion may include

— previous measurement data;

— experience with or general knowledge of the be-
haviour and properties of relevant materials and in-
struments;

— manufacturer’s specifications;
— data provided in calibration and other certificates;

— uncertainties assigned to reference data taken from
handbooks.»

It is easy to see that the above statements have sense only
if the probability is interpreted as degree of belief, as ex-
plicitly recognized by the Guide:

«... Type B standard uncertainty is obtained from an
assumed probability density function based on the de-
gree of belief that an event will occur (often called
subjective probability...).»

It is also interesting to read the concern of the Guide re-
garding the uncritical use of statistical methods and of
abstract formulae:

«the evaluation of uncertainty is neither a routine task
nor a purely mathematical one; it depends on detailed
knowledge of the nature of the measurand and of the
measurement. The quality and utility of the uncertain-
ty quoted for the result of a measurement therefore
ultimately depend on the understanding, critical
analysis, and integrity of those who contribute to the
assignment of its value».

¢ Here «statistical» should be seen as referring to «repeated observa-
tions on the same measurand», and not to general meaning of «probabi-
listic».

This appears to me perfectly in line with the lesson of
genuine subjectivism, accompanied by the normative
rule of coherence.

4.2. Rough modelling of realistic priors

After these comments on measurement, it should be
clear why a prior of the kind f,(1, 6) oc 1/¢ does not look
natural. As far as ¢ is concerned, this prior would imply,
in fact, that standard deviations ranging over many («in-
finite», in principle) orders of magnitude would be
equally possible. This is unreasonable in most cases. For
example, measuring the size of this page with a design
ruler, no one would expect ¢ = @ (10 cm) or O
(1 um). As for pu, the choice f(u) = k is acceptable until
o < u (the so called Savage (1962) principle of precise
measurement). But when the order of magnitude of ¢ is
uncertain, the prior on pu should also be revised (for
example, most of the directly measured quantities are
positively defined).

Some priors which, in my experience, are closer to the
typical prior knowledge of the person who makes routine
measurements are those concerning the order of magni-
tude of o, or the order of magnitude of the precision
(quantifield by the variation coefficient v = ag/lul). For
example’, one might expect a r.m.s. error of 1 mm, but
values of 0.5 or 2.0 mm would not look surprising. Even
0.2 or 4 mm would look possible, but certainly not 1 um
or 10 cm. So, depending on whether one is uncertain on
the absolute or the relative error, a distribution which
seems suitable for a rough modelling of this kind of prior
is a lognormal in either ¢ or v. For instance, the above
example could be modeled with In ¢ normally distributed
with average 0 (= In 1) and standard deviation 0.4. The 1,
2 and 3 standard deviation interval on g/mm would be
(0.7, 1.5), (0.5, 2.2) and (0.3, 3.3), respectively, in quali-
tative agreement with the prior knowledge.

In the case of more sophisticated measurements, in
which the measurand is a positive defined quantity of un-
known order of magnitude, a suitable prior would again
be a normal (or, at limit, a constant) in In p (before the
first measurement one may be uncertain on the order of
magnitude that will be obtained), while ¢ is somehow
correlated to u (again v can be reasonably described by a
lognormal). One might imagine of other possible
measurements which give rise to other priors, but I find it
very difficult to imagine a real situation for which Jef-
freys’ priors are appropriate.

" For the sake of simplicity, let us stick to the case in which the
fluctuations are larger than the instrumental resolution. Otherwise one
needs to model the prior (and the likelihood) with a discrete distribu-
tion.
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4.3. Mathematics versus good sense

The case of small samples seems to lead to an impasse.
Either we have a simple and standard solution to a fic-
tious problem, given by the Student distribution, or we
have to face complicated calculations if we want to solve
specifically the problem we have in mind, formulated by
modeling experience motivated priors. I do not think that
experimenters would be willing to calculte lognormal in-
tegrals to report the results of a couple of measurements.
This could be done once, perhaps, to get a feeling of what
is going on, or to solve an academic exercise, but certain-
ly not as routine.

The suggestions sketched above were in the frame-
work of the Bayes’ theorem paradigm. But I don’t want
to give the impression that this is the only way to pro-
ceed. The most important teaching of subjective prob-
ability is that probability is always conditioned by a
given status of information. The probability is updated in
the light of any new information. But it is not always
possible to describe the updating mechanism using the
neat scheme of the Bayes’ theorem. This is well known
in many fields, and, in principle, there is no reason for
considering the use of the Bayes theorem to be indispens-
able to assessing uncertainty in scientific measurements.
The idea is to force the expert to declare (using the coher-
ent bet) some quantiles in which he believes is contained
the true value, on the basis of a few observations. It may
be easier for him to estimate the uncertainty in this way,
drawing on his past experience, rather than trying to
model some priors and playing with the Bayes’ theorem.
The message is what experimentalists intuitively do:
when you have just a few observations, what you already
know is more important than what the standard deviation
of the data teaches you.

Some will probably be worried by the arbitrariness of
this conclusion, but it has to be remembered that: an expert
can make very good guesses in his field; 20, 30, or even
50 % uncertainty in the uncertainty is not considered as
significantly spoiling the quality of a measurement; there
are usually many other sources of uncertainty, due to poss-
ible systematic effects of unknown size, which can easily
be more critical. I am much more worried by the attitude
of giving up prior knowledge to a mathematical conveni-
ence, since this can sometimes lead to paradoxical results.

4.4. Uniform prior for u, 4 and p in routine
measurements

I find, on the other hand, that for routine applications the
use of the uniform distribution for the center parameter
of the normal distribution, usually associated to the true
value, is very much justified. This is because, apart from
pathological situations, or from particular cases in fron-
tier research, even if one does not know if the associated
uncertainty will be 0.1, 1, or 10 %, the prior knowledge

on u is so vague that it can be considered uniform for all
practical purposes. The same holds when one is interest-
ed in 4 of a Poisson distribution (counting experiments)
or to p of the binomial distribution (measurements of
proportions), under the condition that normal approxi-
mation is roughly satisfied, which is a kind of desider-
atum for the planning of a good routine experiment
(otherwise it becomes a non-routine one). Taking into ac-
count the fact that, for routine measurements, the differ-
ence between mode and average of the final distribution
is much smaller than o(A) or a(p), we «recover» maxi-
mum likelihood results, but with a natural, i.e. subjective,
interpretation of the results. This corresponds, in fact, to
the case where the intuitive «dog-hunter probability in-
version» (D’Agostini, 1998, 1999) is reasonable. For
example, indicating by x the number of observed events
in the case of Poisson distribution or of successes in the
case of the binomial one, with the number of trials of the
latter indicated by n, we get, simply

L~ M, /%) o))

s /£<1_£>1, @
n n n n

where 72(-, -) is short hand for normal distribution of
given average and standard deviation.

The recommendation I usually like to give, to check «a
posteriori» if the uniform prior is suitable or not is the
following: first evaluate central value and standard devi-
ation according to the approximations (1) and (2); then
try to judge if the central value «disturbs» you, and/or the
standard deviation seems to be of the order of your prior
vagueness; if this is the case, it is now that you need to
model down some priors, which will actually affect the
posteriors; otherwise, priors will have no appreciable ef-
fect and the approximated result is good enough.

This «a posteriori» consideration of priors might seem
questionable, but I find it absolutely consistent with the
spirit of subjective probability. In fact, the priors one has
plug into Bayes’ theorem should reflect the status of
knowledge as it is felt to be by the subject who performs
the inference. But sometimes it can be difficult to model
this information consciously, or it might simply take too
much time. The comparison of the approximate result got
from a uniform prior with the result that the researcher was
ready to accept can help, indeed, to raise this status of
prior knowledge from the unconscious to the conscious.

5. PRIORS FOR FRONTIER SCIENCE

The question is completely reversed when one is inter-
ested in quantities whose value might be at the edge or
beyond the sensitivity of the experiment (perhaps even
orders of magnitudes beyond it) and if the quantity itself
makes sense at all. This is a typical situation in particle
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physics or in astrophysics, and it is only to these kind of
measurements that I will refer to as «frontier science
measurements». However, even though they are «fron-
tier», most of the measurements performed in the above
mentioned fields belong, in fact, to the class of «routine
measurements».

I would like to illustrate this new situation with a nu-
merical example. Let us imagine that an experiment has
been run for one year looking for rare events, like mag-
netic monopoles, proton decays, or gravitational waves.
The physics quantity of interest (i.e. a decay rate, or a
flux) is related to the intensity r of a Poisson process.
Usually there is also an additional Poisson process to be
considered, associated with the physical or instrumental
background which produces observables indistinguish-
able from the process of interest (r,). The easy, although
ideal, case is when the background is exactly zero and at
least one event is observed. This case prompts re-
searchers to make a discovery claim. Let us consider, in-
stead, the situation when no candidate events are ob-
served, still with zero background. The likelihood,
considering 1 year as unit time, is f(x = 0|r) = e”". Con-
sidering a uniform prior for r, we get f(r|x =0) = e™" (see
figure 1), from which a 95 % probability upper limit (r,)
can be evaluated. This comes out to be r, = 3 events/year
and it is a kind of standard way in HEP of reporting a
negative search result®. The usual interpretation of this
result is that, if the process looked for exists at all, then
there is 95 % probability that r is not greater then r,. But,
I find that often one does not pay enough attention to all
the logical implications contained in this statement, or in
all the infinite probabilistic statements which can be de-
rived from f(r|x = 0). This can be highlighted consider-
ing statements complementary to the standard ones, es-
pecially in those cases in which the experimenters feel
that the detector sensitivity is not suitable for searching
for such a rare process. The embarrassing reply to ques-
tions like «do you really believe 5 % that t is greater than
1,7, or «<would you really place a 1 to 19 bet ont > r»
shows that, often, f(r|x = 0) does not describe coherent
beliefs. And this is due to the fact that the priors were not
appropriate to the problem. For example, a reasearcher
could run a cheap monopole experiment for one day, us-
ing a 1 m? detector, find no candidates and present, with-
out hesitation, his 95 % upper limit as r, = 3 mono-
poles/m?/day, or 1095 monopoles/m?/year. But he would
react immediately if we made him aware that he is also
saying that there is 5 % chance that the monopole flux is
above 1095 monopoles/m?/year, because he knows that
©(1000) m* detectors have been run for many years with-
out observing a convincing signal.

8 It is worth noting that many physicists are convinced that the rea-
son for this value is due to the fact that the probability of getting O from
a Poisson of 4 = 3 is 5%. This is the classical arbitrary probability
inversion (3) which in this case comes out to be correct, assuming a flat
prior, due to the property of the exponential under integration.

Figure 1. Final distribution for the Poisson intensity parameter r,
obtained from a uniform prior and with the following values of ex-
pected background and observed events: 0, 0 (continous); 1, 1 (dashed);
1, 5 (dotted).

The situation becomes even more complicated when
one has a non zero expected background and a number of
observed candidates superior to it. For example, re-
searchers could expect a background of 1 event per day
and obsere 5 events. Differently from the above example
of the monopole seach, let usimagine that the prior
knowledge is not so strong that all the 5 events can be
attributed with near certainty to background. Instead, let
us imagine that the experimenters are here in serious
trouble: the p-value is below 0.5 %; they do not believe
strongly that the excess is due to the searched for effect;
but neither do they feel that the probability is so low that
they can decide not to publish the result and miss the
chance of a discovery. If they perform a standard
Bayesian analysis using a flat prior they will get a final
distribution peaked at 4 which looks like a convincing
signal, since it seems to be well sparated from O (see fig-
ure 1). They could use, instead, a Jeffreys’ prior and find
no result, since P(r < r,)/P(r > r,) = co for any r, > 0.
It is easy to see that in such a situation pedantic use of the
Bayesian theory («Prior, Likelihodd — Final») leads to
an embarrassing outcome whatever one does.

Therefore, in the case of real frontier science observ-
ables, the best solution seems to be that one has to abstain
from providing final distributions and publish only likeli-
hoods, which are degrees of beliefs too, but they are
much less critical than priors. But reporting the likeli-
hoods as such can be inconvenient, because often they do
not give an intuitive and direct idea of the power of dif-
ferent experiments. Recently, faced with problems of the
kind described above, I have realized that a very con-
venient quantity to use is a function that gives the bayes
factor of a generic value of interest with respect to the
asymptotic value for which the experimental sensitivity
is lost (if the asymptotic value exists and the Bayes factor
is finite) (Zeuss, 1999; D’ Agostini and Degrassi, 1999;
Astone and D’ Agostini 1999). In the simple case of the
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Poisson process with background that we are consider-
ing, we have

_ J&Ir 1)
RO = FGlr=0.rp @

The advantage of this function is that it has a simple intu-
itive interpretation of shape distortion function of the
p.d.f. (or a relative belief updating ratio®) introduced by
the new observations. As long as Z is 1 it means that the
experiment is not sensitive and the shape of the p.d.f.
(and hence the relative beliefs) remain unchanged. In-
stead, when & goes to zero the beliefs go to zero too, no
matter how strong they were before. Moreover, since the
& differs from the likelihood only by a multiplicative
factor, it can be used directly in the Bayes’ formula when
a scientist wants to turn them into probabilities, using
subjective priors. Different experiments can easily be
compared and the combination of independent data is
performed multiplying the different 2’s.

The function & is particularly intuitive when plotted
with the abscissa in log scale. For example, figure 2,
shows the result in terms of the & function for the same
cases shown in figure 1. Looking at the plot, one can
immediately get an idea of what is going on. For
example, it also becomes clear where the problems with
the flat prior and with the Jeffreys’ prior come from. We
can also now understand which kind of priors the hesitant
researchers of the above example had in mind. Their prior
beliefs were concentrated some order of magnitudes be-
low the peak of &, but with tails which could also accom-
modate r ~ @(4). This is in agreement with the fact that
after the observations the intuitive probability for r >
O(1) becomes sizable (5, 10, 30 %?) and the researchers
do not have the courage not to publish the result.

R

10

0.1

0.01

0.01 0.1 1 10

Figure 2. Bayes factor with respect to r = 0 for the Poisson intensity
parameter r obtained from the following values of expected background
and observed events: 0, 0 (continuous); 1, 1 (dashed); 1, 5 (dotted).

% In fact, in the case fy(r) # O one can rewrite (3) in the following

way
O lf)
f(r = OLx. r,) fi(r = 0)

&(r)

Finally, let us comment on upper (or lower) limits. It is
clear now that, exactly in those frontier situations in
which the limit would be pertinent, a highly intersubjec-
tive 95 % probability limit does not exist. Therefore one
has to be very vareful in providing such a quantity. How-
ever, looking at the plots of Figure 2 it is also clear that
one can talk somehow about a bound which roughly sep-
arates the region of «possible» values from that of «im-
possible» ones. One could then take a conventional
bound, which could be the value of r for which 2 = 0.05,
or 0.5, or any other. The important thing is to avoid call-
ing this conventional bound a 95 % or a 50 % probability
limit. If instead one really wants to give a probability
limits, one has to go through priors, which should be pre-
cisely stated. In this case, if I really had to recommend a
prior, it would be the uniform distribution. This is not,
only, for mathematical convenience, but also because it
seems to me that it can do a good job in many cases of
interest. In fact, one can see that it gives the same result
as any other reasonable prior consistent with the positive
attitude of the researchers which have planned and fi-
nanced the experiment (for example, if an experimental
team performs a dedicated proton decay experiment with
the intention of making a good investment of public
money, it means that the physicists really do hope to ob-
serve a reasonabe amount of signal events for the plan-
ned sensitivity of the experiment).

6. CONCLUSION

The key point expressed in this paper is that there is no
need to «objectivise» Bayesian theory, treating subjec-
tivism as if it were something we should be ashamed of.
Only when this point is accepted and Bayes’ theorem is
correctly placed within the framework of subjective
probability, with clear role and limitations, can the
anxiety about priors and their choice be overcome. Once
this is achieved, either we can choose the priors which
best describe the prior knowledge for a specific problem;
or we can «ignore» them in routine aplications, thus «re-
covering» maximum likelihood results, but with trans-
parent subjective interpretation, and with awareness of
the assumptions we are using; or we can decide that
priors are so critical that only likelihoods or Bayes fac-
tors can be provided as the outcome of the experiment; or
we can use the Bayes theorem in a reverse mode, to find,
out which priors we had, unconsciously, that give rise to
the beliefs we have after the new observation; finally
there are some cases in which it is even more practical to
skip the Bayes’ theorem and to assess directly the degree
of belief. With respect to this last point, I would like to
remind the reader that, in fact, if one thinks that probabil-
ities must only be calculated using the Bayes’ rule, one
gets trapped in an endless prior-final chain.
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As far as reference priors are concerned, they could,
indeed, simplify the life of the practitioners in some well
defined cases. However, their uncritical use should be
discouraged. First, because they could lead to wrong, or
even absurd, results in critical situations, if reference
priors are preferred to case motivated priors just for for-
mal convenience. Second, and more important, because
of they might give the impression of dogmatism, which,
together with the absurd results obtained through their
misuse, could seriously damage the credibility of the
Bayesian theory itself.

REFERENCES

1. Astone, P. and D’ Agostini, G. (1999). Inferring the inten-
sity of Poisson processes at the limit of the detector sensi-
tivity (with a case study on gravitational wave burst
search), Tech. Rep. CERN-EP/99-126.

2. Bayes, T. (1764). An assay toward solving a problem in
the doctrine of chances, Philosophical Transactions of the
Royal Society, 53, 370-418. Reprinted in S. J. Press,
Bayesian Statistics: Principles, Models, and Applications.
John Wiley & Sons Ltd.

3. Berger, J. O. and Berry, D. A. (1988). Statistical analysis
and the illusion of objectivity, American Scientist 76, 159.

4. Bernardo, J. M. (1997). Non-informative priors do not
exist, J. Stat. Plan. and Inf. 65, 159-189. (With dis-
cussion.)

5. Bernardo, J. M. and Smith, A. F. M. (1994). Bayesian
Theory. John Wiley & Sons Ltd.

6. D’Agostini, G. (1999). Bayesian reasoning in High En-
ergy Physics - principles and applications. Report CERN
99-03.

7. D’Agostini, G. (1996). Bayesian reasoning versus con-
ventional statistics in High Energy Physics, Proc. of the
XVIII International Workshop on Maximum Entropy and

10.

11.

12.
13.

14.

15.
16.

17.

18.

19.

20.
21.

Bayesian Methods, Garching (Germany). (V. Dose, W.
von der Linden, R. Fischer, and R. Preuss, eds.) Kluwer
Academic Publishers.

D’Agostini, G. and Degrassi, G. (1999). Constraints on
the Higgs boson mass from direct searches and precision
measurements, Eur Phys J. C. 663-675.

De Finetti, B. (1974). Theory of Probability, J. Wiley &
Sons.

Earman, J. (1992). A critical examination of Bayesian
confirmation theory, Bayes or bust? The MIT Press.
Feldman, G. J. and Cousins, R. D. (1998). Unified ap-
proach to the classical statistical analysis of small signals,
Phys. Rev. D 57, 3873.

Galison, P. L. (1987). How Experiments End. The Univer-
sity of Chicago Press.

Hume, D. (1748). Enquiry Concerning Human Under-
standing. Abailable at /www.utm.edu/research/hume/
wri/lenq/.

International Organization for Standardization (ISO)
(1993). Guide to the Expression of Uncertainty in
Measurement, Geneva, Switzerland.

Jeffreys, H. (1961). Theory of Probability, Oxford Uni-
versity Press.

Lad, F. (1996). Operational Subjective Statistical
Methods - A Mathematical, Philosophical, and Historical
Introduction. John Wiley & Sons Ltd.

‘Particle Data Group, Barnet, R. M., et al. (1996). Review
of particle properties, Phys. Rev. D 54, 1-794.

Pearl, J. (1988). Probabilistic Reasoning in Intelligent
Systems: Networks of Plausible Inference. Morgan Kauf-
mann Publishers.

Rodriguez, C. C. (1999) Confidence intervals from one
observation, (Tech. Rep. available at/omega.albany.
edu:8008)).

Savage, L. J., et al. (1962). The Foundations of Statistical
Inference: A Discusion. Methuen.

ZEUS Collaboration and Breitweg J., et al. (1999).
Search for contact interactions in deep inelastic etp —
e* X scattering at HERA (to appen), Eur. Phys. J. C.


http://www.utm.edu/research/hume/

