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Abstract

Bayesianreasoningis appliedto the databy the ROG Collaboration,in which grav-
itational wave (g.w.) signalsare searchedfor in a coincidenceexperimentbetween
ExplorerandNautilus.Theuseof Bayesianreasoningallows,underwell definedhy-
potheses,eventiny piecesof evidencein favor of eachmodelto beextractedfrom the
data.Thecombinationof thedataof several experimentscanthereforebeperformed
in anoptimalandefficientway. Somemodelsfor Galacticsourcesareconsideredand,
within eachmodel,theexperimentalresultis summarizedwith thelikelihoodrescaled
to theinsensitivity limit value(“

�
function”). Themodelcomparisonresultis givenin

in termsof Bayesfactors,whichquantifyhow theratioof beliefsabouttwo alternative
modelsaremodifiedby theexperimentalobservation.

1 Intr oduction

A recentanalysisof datafrom theresonantg.w. detectorsExplorerandNautilus[1]
hasshown somehintsof apossiblesignalover thebackgroundexpectedfrom random
coincidences.Theindicationappearsonly whenthedataareanalyzedasa functionof
thesiderealtime. Reference[1] doesnotcontainstatementsconcerningtheprobability
thatsomeof theobservedcoincidencescouldbedueto g.w.’s ratherthanbackground.
Only bottomplots of Fig. 5 andFig. 7 of that papergivesp-values(the meaningof
‘p-value‘, to which physicistsarenot accustomed,will beclarified later) for eachbin
in siderealtime, giventheaverageobservedbackgroundat thatbin. But p-valuesare
not probabilitiesthat the ‘only background’hypothesisis true, thoughthey areoften
erroneouslytakenassuch,leadingto unpleasantconsequencesin theinterpretationof
thedata[2]. Indeed,in thiscasetoo,Fig. 5 andFig. 7 of Ref. [1] mighthave produced
in somereadersentimentsdifferentfrom thoseof the membersof the ROG Collab-
oration,who do not believe with high probability to have observed g.w.’s. However,
the fact remainsthat the dataaresomewhat intriguing, and it is thereforeimportant
to quantifyhow muchwe canreasonablybelieve thehypothesisthat they might con-
tain someg.w. events. The aim of this paperis to show how to makea quantitative
assessmentof how muchtheexperimentaldatapreferthedifferentmodelsin hand.

Thechoiceof theBayesianapproachis quitenaturalto tacklethesekind of prob-
lems, in which we are finally interestedin the comparisonof the probabilitiesthat
differentmodelscouldexplain theobserveddata.In fact,theconceptof probabilityof
hypotheses,probabilityof ‘true values’,probabilityof causes,etc.,areonly meaning-
ful in this approach.Thealternative (‘frequentistic’)approachforbidsto speakabout
probability of hypotheses.Frequentistic‘hypothesistest’ resultsare given in terms
of ‘statisticalsignificance’,a conceptswhich notoriouslyconfusesmostpractitioners,
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Figure 1: Explorer-Nautilus coincidenceevents (upperplot) and backgroundestimates
(lowerplot) asa functionof thesiderealtime in 1/2hourbins.

sinceit is commonly(incorrectly!) interpretedas it would be the probability of the
‘null hypothesis’[2]. Moreover, this approachprovidesonly ‘accepted/rejected’con-
clusions,andthusit is notsuitedto extractevidencefrom noisydataandto combineit
with otherevidenceprovidedby otherdata.

In the next sectionwe presentshortly theexperimentaldata,referringto Ref. [1]
and referencesthereinfor details. Thenwe review how the problemis approached
in conventionalstatistics,explaining the reasonswhy we think that is unsatisfactory.
Finally, weillustratetheBayesianalternativefor parametricinferenceandmodelcom-
parison,andapplyit to theROGdata.

2 Experimental data

Thisanalysishasbeenperformedonadatasetof Explorer-Nautiluscoincidenceswith
an energy filter veto (i.e. requiringagreementbetweenthe event energiesof the two
antennae)andwith a fixedtime window of �����	� s. Datawe arereferringto arethose
obtainedusingrunslongerthan12 hours. Thedataaregroupedin half hour bins of
siderealtime, asshown in Fig. 1. Theupperplot of the figurereportsthenumberof
observedcoincidences( 
�� ), while thelowerplot givestheaveragenumberof theback-
groundeventsestimatedby off-time techniques.It is worth remarkingthatthemethod
we aregoing to usedoesnot dependcritically on thewidth of thebins,providedthat
thewidth is smallenoughto assurea goodresolutionof theantennapattern.(To state
it clearly, contraryto other methodsin which somebinning is requiredand the re-
sultingsignificancedependsdramaticallyon thechoiceof thebinning,in our method
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we couldhave, virtually, binsof arbitrarysmallwidth. Rebinningdoesnot spoilsthe
quality of theinformation,aslong asthebinningis finer thanthestructuresexhibited
by the antennapatternandthereareno clusteringof eventswithin a bin. The latter
possibilityis excludedby inspectingthearrival timeof theindividualevents,asshown
in Ref.[1] for theeventsaround4:00.)

As farasthebackgroundis concerned,werecallthattherandomcoincidenceback-
groundis well describedby a Poissondistribution [1], andthatthesiderealhourfluc-
tuationsof the averagesis compatiblewith the grandaverageover the 24 hoursof��	���������	��� events/hour. For thesereasons,webelieve thatthethevalueof ������� ���
is the most reasonablevalue to useas parameterof the Poissondistribution which
modelsthebackgroundfluctuationin the0.5-hourbins.

3 P-valueanalysisof the ‘statistical significance’of the
data

P-valueis the term preferredin modernstatisticsto describewhat physicistscall, in
simplewords,“probability of thetail(s),” or “probability to observetheeventsactually
observed,or rarerones,given anull hypothesis”(note‘given’: theprobabilityof what-
ever has been observed,without thespecificationof a particularcondition,is always
unity). In thefrequentisticapproach,thenull hypothesisis rejectedwith asignificance
level � if thep-valuegetsbelow � , where � is typically chosento be ��� or ��� . Be-
sidesthe recognizedmisinterpretationof the p-valueresult (seee.g. [2]), thereare
oftendisputesabouthow this reasoningshouldbeapplied,becauseit is easyto show
that thereis mucharbitrarinessin the kind of test to be performed(it is well known
thatpractitioneroftenseeksfor the testthat tells what they like, moving for ��� -test,
to run-testandto othertestswith fancy names,if thepreviously tried testswere“not
sensitive to the effect”) andin the datato includein the test,asit is sketchedin the
following subsections.

3.1 P-valuebasedon the overall number of events

Theexpectednumberof eventsdueto thenull hypothesis "!#� “only background”is
27.4( �$���	���&%('*) ). Having observed34 eventsweget:

p-value+ integral ��,.-/
��#0��1'2+436517�8 �:9<; =?> �@�?A��$B (1)

a valuethat it is not considered‘significative’. However, theobviouscriticism to this
procedureis that we have only usedthe integratednumberof coincidences,losing
completelythe detailedinformationprovidedby the time distribution. The problem
canbebetterunderstoodin thelimiting caseof 1000bins,anexpectedbackgroundof
1 event/bin,andanexperimentalresultin which999binshavecontentswhich ‘nicely’
(Poisson)fluctuatearound1, anda singlebin exhibiting a spikeof 31 counts. The
p-valuewouldbeof 16%,acceptingthehypothesisthatthedataareexplainedwell by
backgroundalone.

3.2 P-valuebasedon the bin presentingthe highestexcess

Thenäıvesolutionto thisparadoxis to calculateap-valueusingonly thebinpresenting
thehighestfluctuation.This approachwould give a very smallnumber( ��	�C%D�?�*E�FHG )
in our 1000bin example,andwould remainbelow the ��� thresholdeven if thespike
hasonly 5 eventsoverabackgroundof 1. Applying this reasoningto theROGdatawe
get

p-value+max �I,"-J
��K0�'2+436517L8 ! ; M:9<> �IA�	)N%O��� ELF B (2)
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a p-valuewhich maybeconsidered‘significative’. (Notethat,if we usedtheobserved
backgroundof Fig. 1, thatwedonotbelieveit is thecorrectnumberto use,thep-value
wouldbe ���	AN%O�?�*EL= .)

3.3 P-value basedon the argument that the highest excesscould
haveshownup everywhere in the time distrib ution

Again, thepreviousprocedurecanbe easilycriticized,because“the bin to which the
testhasbeenappliedhasbeenchosenafter having observed the data,while a peak
would have beenarisen,a priori, everywherein theplot.” Thestandardprocedureto
overcomethiscriticismis to calculatetheprobabilitythatapeakof thator highervalue
wouldhave shown up everywherein thedata,i.e.

p-value+ scan �@�KP QSRJTVUWX 8ZY�[ -/�6+43 5 7 > B (3)

where 
�\ X Q is thenumberof binsand [ -^] > standsfor thecumulative distribution (the
productin Eq.(3) is basedontheassumptionof independenceof thebins). In ourcase
we get13%or 23%dependingwhethera constantor varyingbackgroundis assumed,
i.e. p-valuesabove any over-optimisticchoiceof thep-valuethreshold.

It is interestingto notethat the �?��� p-valuecanbe reobtainedapproximatelyas
p-value+ scan _ 
 \ X Q % p-value+max, showing thatevenaverypronouncedexcesscan
beconsiderednotsignificantif a largenumberof observationalbinsareinvolvedin the
experiment(andpractitionersrestrictarbitrarytheregion to which the testis applied,
if they wantthetestto statewhatthey would like. . . ). Thedependenceof theresultof
themethodon observationsfar from theregion wheretherecouldbea goodphysical
reasonto have a signal is annoying(andfor this reason,practitionerswho choosea
suitableregion aroundthe peakdo, intuitively, somethingcorrect.. . ). On the other
hand,the reasoningdoesnot takeinto accountthatotherbins couldbe interestedby
thesignal.

Weshallseein Sec.4.3how to useproperlytheprior knowledgethata(physically
motivated)signalcouldhave appearedeverywherein thehistogram.

3.4 Why not to usep-values

To concludethissection,let ussummarizethereasonsfor not to useproceduresbased
on p-values.` Theinterpretationof p-valuesis misleading,becausethey do notprovide proba-

bilities of hypotheses,thoughthey soundandarecommonlyinterpretedassuch.` Methodsbasedon p-valuespretendto provide answersonly basedon thestatis-
tical propertiesof the null hypothesis,without taking into accountif otherhy-
pothesesareconceivable,andhow thealternative hypothesesdescribethedata.
For example,thesemethodsdonottakeinto accountthefactthatasupposedsig-
nal appearsat a givenplaceratherthanelsewhere,which binscouldbeaffected
by a physicalmodelandhow reasonablea modelis.` Thesemethodsprovide only binary answers,accepted/rejected.As a conse-
quencethey arenotefficientenoughto analyzerarephenomena,whichcanonly
bediscoveredby a propercombinationof (evenvery)smallpiecesof evidence.



4 TheBayesianwayout: how to useof experimentaldatato updatethecredibility of
hypotheses 5

4 The Bayesianway out: how to useof experimental
data to update the credibility of hypotheses

We think that the solution to the above problemsconsistsin changingradically our
attitude,insteadof seekingfor new ‘prescriptions’whichmightcureatroublebut gen-
erateothers.ThesocalledBayesianapproach,basedonthenaturalideaof probability
as‘degreeof belief’ andontherulesof logic, seemsto usto betheproperway to deal
with our problem. A key role in this approachis playedby Bayes’ theorem,which,
apartfrom normalizationconstant,canbestatedas,"-J X + Data B:a ! >�b ,"- Data +c X B:a ! > ]?,"-/ X +ca ! > B (4)

where  X standthehypothesesthatcouldproducetheData with likelihood ,"- Data + X Bda<! > . ,"-J X + Data B:a<! > and ,"-J X +^ae! > are, respectively, the posterior and prior
probabilities,i.e. with or without taking into accountthe information provided by
theData. a ! standsfor thegeneralstatusof information,which is usuallyconsidered
implicit andwill thenbeomittedin thefollowing formulae.

Thepresenceof priors,considereda weakpoint by opposersof theBayesianthe-
ory, is oneof the pointsof forceof the theory. First, becausepriorsarenecessaryto
makethe ‘probability inversion’of Eq. (4). Second,becausein this approachall rel-
evantconditionsmustbeclearlystated,insteadof beinghiddenin themethodor left
to thearbitrarinessof thepractitioner. Third, becauseprior knowledgecanbeproperly
incorporatedin theanalysisto integratemissingor deterioratedexperimentalinforma-
tion (andwhatever it is doneshouldbe statedexplicitly!). Finally, becausetheclear
separationof prior andlikelihoodin Eq.(4) allowsto publishtheresultsin awayinde-
pendentfrom ,"-/ X +ca ! > , if thepriorsmight differ largely within themembersof the
scientificcommunity. In particular, theBayesfactor, definedasf [ X	g � ,"- Data +c X >,"- Data +c g > B (5)

is the factor which changesthe ‘bet odds’ (i.e. probability ratios) in the light of the
new data.In fact, dividing memberto memberEq. (4) written for hypotheses X and g , weget

posterioroddsX	g � f [ X	g ] prior oddsX	g � (6)

Sincewe shallspeaklateraboutmodelsh X , theoddratio updatingis givenby,"-ih X + Data >,.-ih g + Data > � ,"- Data +jh X >,.- Data +kh g >l m?n o
Bayes factor

] ,�p1-ih X >, p -qh g > (7)

Somegeneralremarksarein order.` Conclusionsdependonly on theobserveddataandon thepreviousknowledge.
In particularthey donotdependonunobserveddatawhicharerarerthanthedata
really observed(that is whatp-valuesimply).` At leasttwo modelshave to be takeninto account,andthe likelihood for each
modelmustbespecified.` Thereis no needto consider‘all possiblemodels’(for which we canonly wait
the endof Humanityor of other intelligent beings.. . ), sincewhat mattersare
relativebeliefs.` Similarly, thereis no needthat the modelmustbe declaredbeforethe dataare
taken,or analyzed.What mattersis that the initial beliefsshouldbe basedon
generalargumentsabouttheplausibility of eachmodelandon agreementwith
otherexperimentalinformation,otherthanData.
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An analogueof Eq. (4) appliesto theparametersof a model.For example,if, givena
model h , weareinterestedto therateof g.w. on Earth, r , Bayes’theoremgivess -/r#+ctNu�vJuwBch > _ s -JtNu�vJux+cr1Bch > % s p -/r1Bch > B (8)

where
s - > standfor probability densityfunctions(pdf) Also in this case,a prior in-

dependentway of reportingthe result is possible. The difficulty of dealingwith an
infinite numberof Bayesfactors(preciselyyz� , giveneachr X and r g ) canbeovercome
defininga function

�
of r whichgivestheBayesfactorwith respectto areferencer p .

This functionis particularlyusefulif r p is chosento betheasymptoticvalueat which
theexperimentloosescompletelysensitivity. For g.w. searchthis asymptoticvalueis
simply r|{}� . In othercasesit couldbeaninfinite particlemass[3] or aninfinite mass
scale[4]. In thecaseof g.w. rate r , extensively discussedin Ref. [5], we get�(~ -/r > � s -/tNu�v/uC+^r1Bch >s -/t&u�vJux+cr6�$��Bch > � � ~ -/r >� ~ -/r6�$� > B (9)

where � ~ -Jr > is the modeldependentlikelihood. [Note that, indeed,in the limit ofr�{ � the likelihood dependsonly on the backgroundexpectationandnot on the
specificmodel. Therefore� ~ -JrO�}� > { � ~O� , where h�p standsfor the model
“backgroundalone”.] This

�
function hasthe meaningof relative belief updating

factor [5], sinceit tells us how we must modify our beliefs of the different values
of r , given the observed data. In the region where

�
vanishes,the corresponding

valuesof r areexcluded. On the otherhand,in the region where
�

is aboutunity,
thedataareunableto changeour beliefs,i.e. we have lost sensitivity. The region of
transitionbetween0 and1 definesthesensitivity bound, aconceptthatdoesnothave a
probabilisticmeaningand,sinceit doesnot refersto termssuchas‘confidence’,does
not causethe typical misinterpretationsof the frequentistic‘confidenceupper/lower
limits’ (for a recentexampleof resultsusing theseideasseeRef. [8]). Valuesof r
preferredby the dataarespottedby large valueof

�
. We shall in the sequelhow a

plot of the
�

functiongivesanimmediaterepresentationof whatthedatatell abouta
parameter(Figs.3 and4). Anotherinterestingfeatureof this functionis that,if several
independentdatasetsareavailable,eachproviding someinformationaboutmodel h ,
theglobalinformationis obtainedmultiplying thevarious

�
functions:� ~ -Jr�� All data > � W X � ~ -/rK� Data X > � (10)

4.1 Models for Galactic sourcesof gravitational waves

Having seenthattheanalysishastobebasedonmodelsfor theemissionof g.w.’s, letus
focuson somepopularmodelswithin Galaxy. This limitation is dueto thesensitivity
of theROGdetectors.Themodelstakeninto accountare:emissiononly from sources
concentratedin theGalacticCenter(GC);emissionfrom sourcesuniformly distributed
over theGalacticDisk (GD); emissionfrom sourcesdistributedastheknown visible
massof Galaxy(GMD). In additionwe have alsoincludedthenon-Galacticmodelof
sourcesisotropicallydistributedaroundEarth(ISO). In this context, this lattermodel
canjustbeseenasanacademicexampleto givea feelingof whattheanalysismethod
wouldproducein sucha scenario.

The pattern3 ~ -J� > of the two detectorsExplorerandNautilus to signalsdueto
thesemodelsareshown in Fig. 2. Thesepatternsareall given asa function of the
siderealtime. 3 ~ -/� > dependson the spaceandenergy distributionsof g.w. sources
describedby a model,takingalsointo accountthevariationof thedetectorefficiency
with the siderealtime, due to the varying orientationof the antennaerespectto the
sources. It dependsalso on the (unknown) energies of g.w. signals,on the noise,
andon thecoordinates(latitude,longitude,azimuth)of thedetectorson Earth. Simply
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Figure 2: Antennapatternsfor thevariousmodelsconsideredin theanalysis.

speaking,for variousmodelsof the spacedistribution of sourcesof g.w., we expect
differentresponsesfrom thecoincidenceexperiment,i.e. different‘antennapatterns’,
seenasa functionof thesiderealtime.

Thecalculationof 3 ~ -/� > dependsontheexpectedg.w. energy andsomeassump-
tionsareneeded.Thesignal’samplitude� is unknown,andthuswehaveevaluatedthe
patternsby integratingover a uniform distribution of � values,ranging– on Earth–
from �6%O�?�*E Yj� upto ���	�&%��?�*E Yj� . Dif ferentreasoningsmaybedonehere,leadingto
differentchoicesfor theamplitudesrangeandfor thedistributionsof thesignals.We
havedonethesimplestchoice,supposingthatwedonotknow anythingonthesignals,
but thefact thatno signalshave beenobservedat thedetectorswith amplitudegreater
than ���	�C%��?�*E Y4� . The lowestlimit hasbeenchosenconsideringthe fact that thede-
tector’s efficienciesbelow �x%����*E Yj� is very small (lessthan _ �?��� ). Note that the
considered� valuesarebasedon‘standard’assumptionsabouttheg.w. energy release
in cryogenicbars. The GalacticDisk (GD) modelhasbeenconstructedconsidering
g.w. sourcesuniformly distributedover theGalacticplane,whichmeansa distribution
of sourceswhich is not uniform aroundtheEarth,giventhe fact that theEarthis )��	�
kpcfrom theCenterof Galaxy, whichis thecenterof thedisk(whoseradiusis A� kpc).
The GMD distribution, taking into accountthe massdistribution in Galaxy, is much
moreinterestingthantheGD model. In fact we do not expecta uniform distribution
of thesourcesover theGD, but a distributionwhich is concentratedneartheGC[7].

4.2 Relativebelief updating factor for a givenmodel

Having introducedthegeneralideas,let usapply themto thedataof our interest. In
the � -th bin in siderealtime (seeFig. 1) we have 
���-J� > observedcoincidences,with an
expectednumber� � dueto backgroundandanexpectednumber� ~ � -/� > �I��%"3 ~ -J� > (11)

dueto the detectorsresponseto g.w. signals,which dependson the model. The pa-
rameter� is proportionalto therate r of g.w. events,expressedasevents/daythrough
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Figure 3: � functionfor thefour modelsconsidered:GalacticCenter(continuous);Galac-
tic Disk (dashed);GMD (dotted);isotropic(dot-dashed).

theoverall efficiency of detection,� , andthetotalobservationtime, ���k\^� :����rC%(�w�j\^�|%�� (12)

Theefficiency of detectionis calculatedfrom theantennapatternas

����� QSR4T�U<�X 3 ~ -J� >
 \ X Q � %O� (13)

We have thenthefollowing likelihoodfor eachmodel:

� ~ -/� > � s -/t&u�vJux+^�KBch > � W X � E 51�"� X�� � ~ -J� > QS� � X��
���-/� ><  B (14)

with � ~ -/� > �I���¡�� ~� -/� > � (15)� ~ � -J� > is theparameterof thePoissondistributionthatdescribestheg.w. signalgiven
model h . It canbesaid,in simplewords,to bethenumberof g.w. eventsthatcould
bepresentin eachbin in a coincidenceexperimenthaving performanceandexposure
timeasthatdescribedin Ref.[1]. Hence,
�¢d£ � �I��%¥¤ X 3 ~ -/� > (16)

givesthetotalnumberof suchg.w. events.Our interestis, via � , to infer 
�¢:£ � andthe
rate r . However, giventhestrongdependenceof theinferencefrom thepriors,typical
for this kind of frontier measurements,we prefer to report the result in termsof

�
functions,asdiscussedabove. Theresulting

� ~ -/� > ’s areshown in Fig. 3. Notethat
thefiguresarein log-logscaleto makeit clearthatmany ordersof magnitudeof � are
involved.

The resultsaresummarizedin Tab. 1. �Z¦"§ is the valuethatmaximizes
�

. The
symbolML remindsthat �Z¦"§ is thevaluethatmaximesthelikelihood(likelihoodand�

function differ by a factor). Indeed,this is the resultthat a Maximum Likelihood
(ML) analysiswould producefor � . Theparameter� is turnedinto g.w. rateusing



4.2 Relativebeliefupdatingfactorfor a givenmodel 9

Table 1: Summaryof � function for eachmodel,togetherwith the parametricinference
basedon MaximumLikelihoodor on theBayesformulaassumingauniform prior for ¨ .

Model GC GD GMD ISO©«ª*¬Dj®c¯
4.7 6.1 4.4 12° (%) 9.8 13 9.2 25��±�²<³ 21 7.2 8.2 1.9

(events)¨�´�µ 2.1 1.6 2.2 0.5¶ ´�µ  ¨ ¯ 1.0 0.9 1.2 0.5
E ·�¨O¸<¹*º  ¨ ¯#»½¼¾

2.3 1.8 2.5 0.7¶ ·�¨�¸e¹ º  ¨ ¯#»½¼¾
1.0 0.9 1.2 0.4

(events)¿wÀ?ÁÃÂjÄ&Å 10 10 10 7¶ ´�µ  ¿ÆÀ�ÁÃÂ ¯ 5 5 5 6
E · ¿ À�ÁÃÂ ¸e¹*º  ¨ ¯6»½¼¾

11 11 11 9¶ · ¿ÆÀ�ÁÃÂ ¸e¹ º  ¨ ¯#»Ç¼¾
5 6 5 5

(events/day)È ´�µ 1.1 0.9 1.2 0.3¶ ´�µ  È ¯ 0.5 0.5 0.7 0.3
E · È ¸<¹ º  ¨ ¯|»Ç¼¾

1.2 1.0 1.3 0.4¶ · È ¸<¹ º  ¨ ¯#»Ç¼¾
0.6 0.5 0.6 0.2

Eq. (12).
�(ÉËÊ:Ì

giveshow muchthe belief for �$�Í� ¦"§ increaseswith respectto�z�Ç� . Thehigherrelative belief updatingfactor is obtainedfor the GalacticCenter
model. Within this model, the pdf for r around1.2 events/daygetsenhancedby a
factor21 with respectto r2�$� .

Figure3 showsclearlyhow theinitial beliefsabout � (andthereforeon r ) areup-
dated,within eachmodel.We wantto stressthat thefinal conclusiondependsstill on
the prior beliefs. If someonethoughtthat � hadto be above 10 this personhad to
reconsidercompletelyhis/herbeliefs,independentlyfrom the model; if anotherper-
sonbelieved thatonly valuesbelow 0.01werereasonable,theexperimentwould not
affect at all his/herbeliefs,independentlyof themodel.For this reason,theML value�Z¦"§ couldbe misleadingif erroneouslyassociated,asit oftenhappens,to thevalue
aroundwhich our confidenceis finally concentrated,independentlyfrom any prior
knowledge.Nevertheless,andwith thesewarnings,we reportin Tab. 1 alsotheresults
obtainedfrom a ML analysisandfrom a näıve Bayesianinferencethatassumesa uni-
form prior on � (andthereforeon r and 
 ¢:£ � , sincethey differby factors).Î¦"§�-/� > has
beenevaluatedfrom thecurvatureof theminus-log-likelihoodaroundits minimum,i.e.Î Ew�¦"§ �$ÏL�?Ð�Ï�����-jPÒÑÔÓ � -/� >^> + ÕSÖK× . The resultsof the ‘naı̈ve Bayesianinference’are
reportedasexpectedvaluesE ØÔ] Ù andstandarddeviationsevaluatedfrom thefinal dis-
tribution. The condition

s p*-/� > hasbeenwritten explicitly in E ØÔ] Ù and Î�ØÔ] Ù , according
to theBayesianspirit. Notethat,for obviousreasons,themodeof theposteriorcalcu-
latedusinga uniformprior is exactly equivalentto theML estimate.Thisobservation
is importantto understandtheslightly differentresultsobtainedwith thetwo methods.
Theposteriorexpectedvalueis alwayslargerthantheML one,simply becauseof the
asymmetryof � .

Perhaps
 ¢:£ � is the most interestingquantity to understandthe conclusionsof
thesemodel dependent analysesthat, we like to repeatit, do not take properly into
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account prior knowledge. The threephysicalmodel suggestabout10 coincidences
dueto g.w.’s, with a 50% uncertainty. Instead,for the unphysicalmodel (ISO) less
eventsarefoundandwith largeruncertainty. Notethat,for thismodel,themodeof the
posterior(or, equivalently, the ÚÜÛ estimate)givesanumberof candidateeventsthatis
thedifferencebetweenthetotalnumberof observedeventsandthatexpectedfrom the
backgroundalone. Instead,for the threeGalacticmodels,a numberof eventslarger
thanthis differenceis attributedto the signal,asa consequenceof a ‘possibly good’
time modulationrecognizedin the data(in otherwords, the method‘likes to think’
that,given a time distribution shapethat remindsthe patternof the Galacticmodels,
thebackgroundhasmostlikely underfluctuatedwithin what is reasonablyallowedby
its probabilitydistribution).

To summarizethis subsection,thethreeGalacticmodelsshow goodagreementin
indicatingfor which valuesof g.w. events,or eventrate,we must increase our beliefs.
But thefinal beliefsdependon our initial ones,asexplainedintroducingtheBayesian
approach.If you think that,givenyour bestknowledgeof themodelsof g.w.’s sources
andof g.w. interactionwith cryogenicdetectors,a g.w. rateon Earthof up to ÝÞ-^� >
event/dayis quitepossible,thedatamakeyou to believe that this rateis _ ��� �#�����	�
event/dayandthatthey contain _ ���K�z� genuineg.w. coincidences.

4.3 Model comparison taking into account the a priori possible
valuesof the model parameters

While in theprevioussubsectionwehavebeeninterestedto learnabout� or r within a
model(andthen,sinceall resultsareconditionedby thatmodel,it makesnosensefrom
thatperspectivetostateif themodelis right orwrong),let usseenow how tomodify our
beliefson eachmodel. This is a delicatequestionto betreatedwith care. Intuitively,
we canimaginethatwe have to makeuseof the

�
values,in thesensethatthehigher

is thevalueandthemost‘the hypothesis’increasesits credibility. Thecrucialpoint is
to understandthat‘the hypothesis’is, indeed,acomplex (somewhatmultidimensional)
hypothesis. Another importantpoint is that, given a non null backgroundand the
propertiesof the Poissondistribution, we arenever certain that the observationsare
notdueto backgroundalone(this is thereasonwhy the

�
functiondoesnotvanishfor�ß{}� ).

The first point canbe well understoodmakingan examplebasedon Fig. 3 and
Tab. 1. Comparing

� ¦"§ for the differentmodelsonecould cometo the rashcon-
clusionthattheGalacticCentermodelis enhancedby 21 with respectto thenong.w.
hypothesis,or thattheGalacticCentermodelis enhancedby afactor A��?Ð�� with respect
to thehypothesisof signalsfrom sourcesuniformly distributedover theGalacticDisk.
However theseconclusionswould be correctonly in the casethateachmodelwould
admitonly thatvalueof theparameterwhich maximizes

�
, i.e.f [�àZá �âÕ*8 �e; Y �Jã àÆä �âÕ*8ZY ; G � � s - Data +^å&æNB*���IA�Ô� >s - Data +^åNçÒB����Ü��� è > (17)

� é � Data ê àZá ã Õ*8 �<; Y �é � Data ê BKGD alone �é � Data ê àwä ã ÕS8ZY ; G �é � Data ê BKGD alone � �
� àëá -/A��Ô� >� àwä -^���	è > _

A�� �I��
But we are,indeed,interestedin

f [ àëá ã àÆä andnot in
f [ÃàZá �âÕ*8 �e; Y �Jã àwä �âÕ*8ZY ; G � . We

musttakeinto accountthe fact thata wide rangeof � valuescould be associatedto
eachmodel.

Let us taketheBayesfactordefinedin Eq. (7). Theprobability theoryteachesus
promptlywhatto do wheneachmodeldependson parameters:

,.- Data +kh > �$ì�,.- Data +kh}Bdí > s -Jí > díNB (18)
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where í standsfor thesetof themodelparametersand
s -/í > for their pdf. Applying

this formulato theBayesfactorsof our interestwe getf [ ~ T ã ~�î � ,"- Data +jh X >,.- Data +kh g > � ï � ~ T -/�Þ� Data > s p:� T -/� > d�ï � ~ î -/�Þ� Data > s p � î -J� > d� (19)

where
s p -/� > is the(modeldependent)prior about � . NotethattheBayesfactorswith

respectto h ! � ”backgroundalone”getthesimpleexpressionf [ ~ ã ~Dð �$ì �(~ -J� > s p ��-J� > d�Þ� (20)

Equation(19) showsthatthe‘goodness’of themodeldependson theintegratedlikeli-
hood ì � ~ -J�(��ç"ñóòdñ > s p �O-/� > d� (21)

which is sometimescalled‘evidence’(in thesensethat“the higheris thisnumber, the
higher is the evidencethat the dataprovide in favor of the model”). It is important
to note that � ~ -/�Þ�Lç"ñóòdñ > hasits maximumvaluearoundthe ML point � ¦"§ , but
Eq. (21) takesinto accountall prior possibilitiesof theparameter. Thus,in general,it
is not enoughthatonemodelfits thedatabetterthanits alternative (think, e.g.,at the
minimum � � asa measureof fit goodness)to preferfinally thatmodel.First thereare
themodelpriors,which we have to takeinto account.Second,theevidence(21) takes
into accounttheparameterspacepreferredby thelikelihood(i.e. thevaluesaroundthe
ML point) with respectto the parameterspaceallowed a priori by the model. In the
extremecase,onecouldhaveamodelthatcanfit ‘perfectly’ theexperimentaldataafter
having adjusteddozensof parameters,but this modelyields a very small ‘evidence’
andit is thereforedisregarded.This automaticfiltering againstcomplicatedmodelsis
a nicefeatureof theBayesiantheoryandremindstheOckham’Razorcriterion[9].

To betterunderstandthe role of the parameterprior in Eq. (21), let us take the
exampleof amodel(whichwedonotconsiderrealisticand,hence,wehave discarded
a priori in our analysis)thatgivesa signalonly in oneof the1/2 hoursbins,beingall
bins a priori equallypossible.This model h�� would dependon two parameters,�
and ò � , where ò � is thecenterof the time bin. Considering� and ò � independent,the
parameterprior is

s p -/�KBjòd� > � s p -/� > ] s p -Ôòd� > , where
s p -Ôòd� > ���?Ð1'*) is a probability

functionfor thediscretevariableò � . The‘evidence’for this modelwouldbe

¤jô � ì � ~ � -J�KBjòd�Z� Data > s p -J� > s p -�òd� > d�ß� ¤kô � �'S) ì � ~ � -J��Bkòd�Z� Data > s p -/� > d�
If the datashow a very large peakin correspondenceof ò � �õò � ÖK× , we have that� ~ � -/�KBkò � ÖK×6� Data >�ö � ~ � -/�KBkò �N÷��ò � Ö�×&� Data > andthen

¤jô � ì � ~ � -J��Bkòd�Z��ç"ñ1òdñ > s p -J� > s p -�òd� > d� _ �'*) ì � ~ � -/�KBjòd�cÖ�×|�Lç"ñóòdñ > s p -J� > d�
This modelis automaticallysuppressedby a factor _ 'S) with respectto othermodels
thatdo nothave thetimepositionasfreeparameter. Notethatthissuppressiongoesin
thesamedirectionof thereasoningdescribedin Sec.3.3. But theBayesianapproach
tellsuswhenandhow thissuppressionhasto beapplied.Certainlynot in theGalactic
modelswe areconsidering.

As we have seen,while the Bayesfactorsfor simplehypotheses(‘simple’ in the
sensethat they have no internalparameters)provide a prior-free informationof how
to modify thebeliefs,in thecaseof modelswith freeparametersBayesfactorsremain
independentfrom thebeliefsaboutthemodels,but do dependon thepriorsaboutthe
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modelparameters.In our casethey dependon thepriorsabout � , which mightbedif-
ferentfor differentmodels.If wewerecomparingdifferentmodels,eachwith its

s p�-J� >
aboutwhich thereis full agreementin thescientificcommunity, all furthercalculations
wouldbestraightforward.However, we donot think to bein sucha nicetext-booksit-
uation,dealingwith openproblemsin frontier physics(for example,notethat � , and
then r and 
�¢:£ � , dependon theg.w. crosssectionon cryogenicbars,andwe do not
believe thattheunderstandingof theunderlyingmechanismsis completelysettled).In
principle every physicistwhich have formedhis/herideasaboutsomemodelandits
parametersshouldinserthis/herfunctionsin theformulaeandseefrom theresulthow
he/sheshouldchangehis/heropinion aboutthe differentmodels. Virtually our task
ends here, having giventhe

�
functions,whichcanbeseenasthebestsummaryof an

experimentalfact,andhaving indicatedhow to proceed(for recentexamplesof appli-
cationsof this methodin astrophysicsandcosmologyseeRefs.[10, 11, 12]). Indeed,
weproceed,showing how beliefscanchangegivensomepossiblescenariosfor

s p*-J� > .
Thefirst scenariois that in which thepossiblevalueof � areconsideredsosmall

that
s p -/� > is equalto zerofor �zø@�� �� . Theresult is simple: thedataareirrelevant

andbeliefson thedifferentmodelsarenotupdatedby thedata.
Otherscenariosmight allow thepossibility that

s p*-J� > is positive for valuesup toÝÞ-^� > andmore. We shallusethreedifferentpdf’s for � asexamplesof prior beliefs,
thatwe call ‘sceptical’,‘moderate’and’uniform’ (up to ���«��� ). The‘moderate’pdf
correspondsto a ratewhich is rapidly going to zeroaroundthevaluewhich we have
measured.Theinitial pdf is modelledwith ahalf-Gaussianwith ÎÒ�@� . The‘sceptical’
pdf hasa Î ten timessmaller. The ‘uniform’ considersequallylikely all � up to the
lastdecadein whichthe

�
functionsaresizablydifferentfrom zero.Herearethethrees p�-/� > : s p -J�(+ sceptical>ùb ú -J��B����Ô� > -J�Oø�� > (22)s p -J�û+ moderate>ùb ú -J��Bw� > -/��ø�� > (23)s p -/�Ò+ uniform> � ü -/�&ýþ�Dýÿ�?� > B (24)

whereú -���B:Î > standsfor aGaussiandistribution.For simplicity, weusethesamesets
of priorsfor all models,thoughthey could,andprobablyshould,bedifferentfor each
model.But wethink thatthis is sufficient for thepurposeof thisexercise,which is that
of illustratingthemethod.

Using thesethreepdf’s for the parameter� , we can finally calculateall Bayes
factors. We report in Tab. 2 the Bayesfactorsof the modelsof Fig. 2 with respect
to model h ! � “only background”,using Eq. (20). All other Bayesfactorscan
be calculatedasratio of these.The interpretationof the numbersis straightforward,
rememberingEq.(5). If thepreferencewasfor � valuesbelow 0.1(the‘sceptical’),the
dataproducea Bayesfactorjustabove 1 for all models,indicatingthattheexperiment
hasslightly increasedour conviction, but essentiallythereis no model particularly
preferred. If, instead,we think, thoughwith low probability that even valuesof �
above 1 arepossible(i.e. r��«���	� event/day),thenBayesfactorsareobtainedwhich
that can sizably increaseour suspicionthat someeventscould be really due to one
of thesemodels.1 Within this ‘moderate’scenariothereis somepreferencefor the
GalacticCentermodelwith a Bayesfactorabout2 with respectto eachothermodel.
This resultcontradictthenäıve judgmentbasedon observationof a ‘peak’ at around
4:00. The responseof theBayesiancomparisontakesinto accountall featuresof the
modelpattern,includingthewidth of thepeaks.

1To understandthe quantitative role of the Bayesfactors,let us makesomeexamples:8.4 meansthat if
someonewasin seriousdoubtto believe or not (i.e. �����
	�� ), in thelight of thedatahis/herbelief increases
to 89%. A BF of 100would makethesameperson‘practically sure’(99%),or would bring into seriousdoubt
a scepticalperson(whohadaninitial beliefof 1%).
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Table 2: Bayesfactors,for the four modelsof Fig. 2 with respectto model �� » “only
background”dependingon threechoicesfor ¹ º  ¨ ¯ . The thumbnailsshowing ¹ º  ¨ ¯ are
log-log plotswith abscissascalesexactly asin Fig. 3.

‘sceptical’ ‘moderate’ ‘uniform’¹��  ¨ ¯
Model

0.01 0.1 1 10

0.01

0.1

1

10

0.01 0.1 1 10

0.01

0.1

1

10

0.01 0.1 1 10

0.01

0.1

1

10

5 10 15 20 24
sth

0.05

0.1

0.15

0.2

0.30.3
Signal

1.3 8.4 5.4

5 10 15 20 24
sth

0.05

0.1

0.15

0.2

0.30.3
Signal

1.4 4.1 1.7

5 10 15 20 24
sth

0.05

0.1

0.15

0.2

0.30.3
Signal

1.2 3.9 2.6

5 10 15 20 24
sth

0.1

0.2

0.3
Signal

1.2 1.4 0.2

5 Conclusionand discussion

Thispaperis mainlyonmethodologicalissuesrelatedto modelcomparisonsin critical,
frontier physicscaseswheretheprior knowledgeis relevant.

We have givenreasonsof why ‘conventionalstatistics’(i.e. thecollectionof fre-
quentisticprescriptions)doesnot adequatelyapproachtheproblemof modelcompar-
ison,mainly becauseof impossibilityof classifyhypothesesin a probabilityscaleand
of the pretensionthat goodcriteria to statewhat is ‘significant’ canbe derived from
thepropertiesof thenull hypothesisalone,withoutconsideringthedetailsof thealter-
nativehypotheses.2

Within the so calledBayesianframework, we have startedfrom the basicobser-
vation that the mosta probability theoryshoulddo is to provide rulesto modify our
beliefson thelight of experimentaldata.Beliefscanbeaboutthevaluesof theparam-
etersof a modelor aboutalternative models. As far asbeliefson modelparameters
are concerned,we have shown that the likelihood, rescaledto its insensitivity limit
value(the

�
function,or ‘relativebelief updatingfactor’), representsa good,prior in-

dependentwayof summarizingtheinformationcontainedin thedatawith respectto a
givenmodel.Indeed,whenthis methodis appliedto theExplorer-Nautilusdata,from
thevisual inspectionof the

�
functionthereadergets,for eachmodel,an immediate

overview of whatthedatasayaboutthenumberof eventsinvolvedin theobservation
( �«�}rÞ%O� �k\^� %�� ). The � valuesfor which the relative belief updatingfactor is
maximumcorrespondto a total numberof g.w. eventsin thedata( 
 ¢:£ � ) about10 for
all threeGalacticmodels. For thosewho sharebeliefsthat numbersof this orderof

2If you arepuzzledby thequestion“why do frequentistichypothesistestoften work?”, you might give a
look atChap.10 of Ref. [2].
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0.01 0.1 1 10 �
0.01

0.1

1

10

100
R

Figure 4: SameasFig. 3, but for datagroupedin solartime bins
.

magnitudeor morearepossible(andthatoneof the threemodelsis thecorrectone),
the
�

canbetranslatedinto aresult 
 ¢:£ � _ ������� (or a rateon Earthof _ ���	������	� ).
Goingto themodelcomparison,wehave shown theunavoidablecomplicationdue

to the fact that eachmodeldependson a free parameter( � ) and,hence,the Bayes
factorsdependon theprior pdf of this parameter, i.e.

s p:��-J� > . Sincethemodelsused
donotcomewith akind of reference

s p:��-/� > (wehopethatmorework will bedonein
thisdirection)wehadto dosomechoicesandwehavegiventheresultsunderdifferent
scenarios,from the mostnegative one(“there is no chancethat the modelsproduce
somethingobservable,giventhepresentenergy sensitivity”) to someothersin which� above1areconceivable(describedby thepriorswehavecalledin thetext ‘moderate’
and’uniform’). Giventhesescenariosthe GalacticCentermodelgetspreferredover
theothersby a Bayesfactorof about2:1.

We would like to endreplying to the objection,arisenoften in discussions,that
“the plot with coincidencesgroupedin binsof siderealtime providesthesameinfor-
mationof that in which coincidencesaregroupedin bins of solartime”. This might
be true if one is blindly looking for “statistical significance”,following strictly fre-
quentisticprescriptions,which,asexplainedabove,wedonotconsidertheproperway
to go [many igNobelpricesshouldhave beengivenin thepastdecadesto (especially
particle-)physicistswho finally foundagood“statisticalsignificance”.. . ].

To answerthis objectionwe have donetheexerciseof applyingexactly thesame
analysiswith thesamemodelsto thedatagroupedin bins of solartime. Theresults
aregivenin Fig. 4 andTab. 3, which have theanalogousmeaningof Fig. 3 andTab. 2.
The

�
functionsdo notshow valuesof � particularlypreferredby thedata:they have

approximatelyasmoothedstep-functionshapewhichdividestheordersof magnitudes
of � (on the right side) that areexcludedfrom thosein which the experimentloses
sensitivity. This is moreore lesswhatwe couldgetdistributing 34 entriesin 48 bins
accordingto a multinomial distribution: small differencesin the shapeof

� ~ -J� >
dependon theindividualoccurrenceof themultinomialdataset(but never forget that
themultinomialdistributiondoesnot forbid strongclusteringof theentriesaroundone
bin!).

The lessonfrom this exerciseis that the Explorer-Nautilus2001data,plottedas
a function of a sensiblephysicalquantity and comparedwith physically motivated
models,doesnot provide the sameinformationof any randomsample. Indeed,the
evidencein supportof themodelsis not enoughto modify stronglyour beliefs,but it
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Table 3: SameasTab. 2, but for datagroupedin solartimebins
‘sceptical’ ‘moderate’ ‘uniform’¹��  ¨ ¯

Model
0.01 0.1 1 10

0.01

0.1

1

10

0.01 0.1 1 10

0.01

0.1

1

10

0.01 0.1 1 10

0.01

0.1

1

10

5 10 15 20 24
sth

0.05

0.1

0.15

0.2

0.30.3
Signal

1.0 0.5 0.1

5 10 15 20 24
sth

0.05

0.1

0.15

0.2

0.30.3
Signal

1.1 1.2 0.3

5 10 15 20 24
sth

0.05

0.1

0.15

0.2

0.30.3
Signal

1.0 0.9 0.2

5 10 15 20 24
sth

0.1

0.2

0.3
Signal

1.2 1.2 0.2

is certainlyat thelevel of “stay tuned”,waiting for resultsof the2003run.
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