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Neyman Construction
θ ≡ strue x ≡ smeasured pdf f (x |θ ) is known
for each prospectiveθ generate x
construct an interval in DATA phase− space

Interval =
xl

xh∫ f (x |θ )dx = 68%

repeat for eachθ

Use the Confidence belt to construct the
CI = [θ1,θ2 ] ( for a given xobs )
inθ phase− space

Figure from K Cranmer
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Figura 3.1. Illustrazione della costruzione grafica di Neyman. L:area tratteggiata rappresenta la 
cintura di confidenza derivante dalla densità di probabilità di x per un dato livello di confidenza α. 
Nel grafico di destra, dato il valore sperimentale x0, viene illustrata la costruzione dell:intervallo 
frequentista per µ. Nel grafico di sinistra di mostra il concetto di copertura: in una frazione α degli 
esperimenti ottengo un valore compreso tra x0(inf) e x0(sup) 

È istruttivo utilizzare la cosiddetta costruzione grafica di Neyman per comprendere al me-

glio il significato della copertura frequentista. Ci riferiamo ai grafici illustrati in Fig. 3.1 

relativi ad una densità di probabilità qualsiasi, nei quali la variabile x è in ascissa ed il valo-

re atteso del misurando µ è in ordinata. Stabilita la modalità di costruzione dell1intervallo 

di confidenza, la conoscenza della densità di probabilità f(x/µ) consente di individuare, per 

ogni valore di µ, i due estremi dell1intervallo in x. Si tratta infatti dei valori x1 e x2 entrambi 

funzione di µ, per i quali: 
 

	 =
)(

)(

2

1

)/(

µ

µ

αµ
x

x

dxxf  (3.10) 

 

I luoghi geometrici rispettivamente degli estremi inferiori e degli estremi superiori di tali inter-

valli costituiscono due curve nel piano x
 
k

 µ che delimitano una zona detta cintura di confiden-
za. Si tratta dell1area tratteggiata di Fig. 3.1. A questo punto, dato il risultato x0 dell1espe-

rimento, traccio una retta verticale per x0 che intercetta le due curve in due punti. Le ordinate di 

tali punti costituiscono gli estremi µ1 e µ2 dell1intervallo cercato (Fig. 3.1 di sinistra). 

La costruzione grafica permette di apprezzare il significato dell1intervallo. I suoi 

due estremi sono rispettivamente quei valori di µ, µ1 e µ2, tali che, se il valor vero fos-

se pari a µ1, la probabilità di misurare un valore più piccolo di x0 sarebbe pari a (1
 
k

 α)
 
/
 
2, se invece fosse µ2, la probabilità di misurare un valore più grande di x0 sarebbe 

pure di (1
 
k

 α)
 
/
 
2. 

Che l1intervallo trovato abbia copertura α lo si vede osservando che, detto µ* il valore at-

teso della popolazione del misurando, per qualsiasi valore di x ed in particolare per x0 vale la: 
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P(x1(µ*) < x0 < x2 (µ* )) = α  (3.11) 
 

Dunque, se ripeto N volte l1esperimento e ogni volta determino il mio intervallo con la co-

struzione di Neyman, tutte e sole le volte in cui x0 si trova tra x1(µ*) e x2(µ*) (i valori 

x0(inf) e x0(sup) della Fig. 3.1 di destra) io sto GcoprendoH µ*. Questo accade in una frazio-

ne α dei casi. Viceversa, le volte in cui x0 si trova al di fuori dell1intervallo compreso tra 

x0(inf) e x0(sup), io non sto GcoprendoH µ* e questo accade in una frazione 1 k α dei casi. 

La copertura è dunque α come previsto. 

Nel caso semplice ma molto comune in cui la f(x/µ) sia una distribuzione normale, la 

cintura di confidenza si riduce allo spazio tra due rette parallele come illustrato in Fig. 3.2. 

Nel caso in cui α = 68.3% gli estremi µ1 e µ2 saranno semplicemente x0
 ± σ come riportato 

nelle considerazioni all1inizio del paragrafo (equazione (3.4)). 

 

 
 

Figura 3.2. Costruzione grafica di Neyman per il caso gaussiano con α = 68.3% 

3.1.3. L<inferenza bayesiana 

Un secondo approccio al problema dell1inferenza è dato dal metodo dell<inferenza baye-
siana al quale accenniamo ora brevemente. L1aspetto concettualmente importante di questo 

metodo è dato dal fatto che il valor vero µ viene qui considerato, a differenza dell1approc-

cio frequentista, a tutti gli effetti una variabile casuale. Il problema dell1inferenza è dunque 

quello di determinare al meglio la funzione di distribuzione di tale variabile casuale. 

Mettendo da parte anche in questo caso gli eventuali effetti sistematici, ed utilizzando le 

definizioni date in (3.1.1), possiamo chiamare f(µ/xm) la funzione di distribuzione di µ dato xm, 

Coverage: suppose µ* the true value 

Neyman’s construction 

µ1(x0)  

µ2(x0)  

x1(µ)  

x2(µ)  

x0  

µ* 

x1(µ*)  x2(µ*)  
x0  

By construction the probability to measure  x0’<x0 if the true value µ=µ1(x0) is (1-α)/2 
         x0’>x0 if the true value µ=µ2(x0) is (1-α)/2 
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Fig. 7.1 Graphical illustration of Neyman belt construction (left) and inversion (right)

7.2.1 Construction of the Confidence Belt

In the first step, the confidence belt is determined by scanning the parameter space,
varying ! within its allowed range. For each fixed value of the parameter ! D !0,
the corresponding PDF, which describes the distribution of x; f .x j !0/, is known.

According to the PDF f .x j !0/, an interval Œxlo.!0/; xup.!0/" is determined whose
corresponding probability is equal to the specified confidence level, defined as CL D
1 ! ˛, and usually equal to 68.27% .1#/ , 90 or 95%:

1 ! ˛ D
Z xup.!0/

xlo.!0/
f .x j !0/ dx : (7.1)

Neyman’s construction of the confidence belt is graphically illustrated in Fig. 7.1,
left.

Equation (7.1) can be satisfied exactly for a continous random variable x. In case
of a discrete variable, instead, it’s usually difficult to find an interval that corresponds
exactly to the desired confidence level, and the interval will be constructed in
order to correspond to a probability at least equal to the desired confidence level
(overcoverage).

The choice of xlo.!0/ and xup.!0/ has still some arbitrariness, since there are
different possible intervals having the same probability, according to the condition
in Eq. (7.1). The choice of the interval is often called ordering rule. This arbi-
trariness was already encountered in Sect. 3.5.2 when discussing Bayesian credible
intervals.

For instance, one could chose an interval centered around the central value Nx of x
corresponding to !0, i.e. an interval:

Œxlo.!0/; xup.!0/" D Œ Nx.!0/ ! ı; Nx.!0/C ı" ; (7.2)
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7.2.2 Inversion of the Confidence Belt

In the second step of the Neyman procedure, given a measurement x D x0, the
confidence interval for ! is determined by inverting the Neyman belt (Fig. 7.1, right):
two extreme values ! lo.x0/ and !up.x0/ are determined as the intersections of the
vertical line at x D x0 with the two boundary curves of the belt.

The interval Œ! lo.x0/; !up.x0/" has, by construction, a coverage equal to the
desired confidence level, 1 ! ˛. This means that, if ! is equal to the true value
! true, extracting x D x0 randomly according to the PDF f .x j ! true/, ! true will be
included in the determined confidence interval Œ! lo.x0/; !up.x0/" in a fraction 1 ! ˛
of the cases, in the limit of a very large number of extractions.

In case of a discrete random variable, the confidence belt provides at least the
desired confidence level and the interval Œ! lo.x0/; !up.x0/" contains the true value in
a fraction " 1 ! ˛ of the cases, in the limit of large numbers, i.e. it will overcover.

Example 7.22 Neyman Belt: Gaussian Case
The Neyman belt for the parameter # of a Gaussian distribution with $ D
1 is shown in Fig. 7.3 for a 68.27% confidence level with the choice of a
central interval. The inversion of the belt is straightforward and gives the
usual result # D x˙ $ , as in Ex. 5.17.
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Fig. 7.3 Neyman belt for the parameter # of a Gaussian with $ D 1 at the 68.27%
confidence level
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da cui si vede che valore atteso e varianza di p sono leggermente spostate rispetto alle 

(3.35)-(3.36). La moda è invece pari a n
 
/
 
N. Lo spostamento di valore atteso e varianza di-

venta trascurabile per N grandi. 

3.2.5. Il caso di zero conteggi: limiti superiori e inferiori 

A completamento dei due paragrafi precedenti, consideriamo ora il caso in cui l1esito 

dell1esperimento di conteggio consista nell1aver contato n
 
=

 
0 nel tempo ∆t. Applicando 

direttamente la prescrizione (3.39), dovremmo concludere che la nostra migliore stima del 

rate è pari a 0
 ± 

0, cioè, prendendo il risultato alla lettera, affermeremmo non solo che il 

rate di quel conteggio è esattamente nullo ma che lo è senza alcuna incertezza. Analoga-

mente, se misurassimmo l1efficienza di un rivelatore e contassimo 0 o N su N particelle in 

ingresso, secondo le (3.35) e (3.36) dovremmo concludere di avere osservato, nei due casi, 

efficienze pari, rispettivamente a 0
 ± 

0 o 1
 ± 

0. 

Si tratta naturalmente di conclusioni erronee. Per convincersene basta osservare che il 

fatto di aver contato 0 nel tempo ∆t non ci garantisce in alcun modo che attendendo per un 

tempo più lungo non arrivi ad un certo punto un conteggio. D1altra parte, aver contato 0 è 

un1informazione rilevante, che punta nella direzione che il rate di quel fenomeno, seppure 

non esattamente 0, sarà comunque GpiccoloH al di sotto di un certo valore. 

Abbiamo già accennato in ambedue i precedenti paragrafi al fatto che per bassi valori di 

N l1applicazione dell1inferenza bayesiana conduce ai risultati (3.34) e (3.38) diversi da 

quelli qui indicati. In particolare l1applicazione della (3.34) darebbe, per zero conteggi un 

risultato, 1
 ± 

1, che starebbe ad indicare un intervallo tra 0 e 2. 

Vediamo ora quale è un modo corretto di dare il risultato della misura nel caso di zero 

conteggi. Ci riferiamo al caso del conteggio poissoniano e applichiamo in primo luogo le 

considerazioni frequentiste sviluppate nel par. (3.1.2). 

Supponiamo dunque di aver misurato n
 
=

 
0 conteggi e di voler determinare un intervallo 

di confidenza per λ caratterizzato da un certo valore della probabilità, diciamo α. Nel caso di 

zero conteggi, il limite inferiore di tale intervallo è chiaramente λ 
=

 
0, dunque si tratta di de-

terminare il limite superiore per λ. Nel paragrado (3.1.2) abbiamo visto che gli estremi di un 

intervallo di confidenza possono essere definiti come quei due valori del parametro, in questo 

caso λ, tali che se ciascuno di essi fosse il valore vero, vi sarebbe una probabilità (1
 
k

 α)/2 di 

ottenere un risultato rispettivamente inferiore o superiore al valore osservato. Nel caso in cui 

il valore osservato è 0, dovremo adattare l1argomento tenendo conto che abbiamo una sola 

coda nella distribuzione, il limite inferiore essendo definito. Quindi cercheremo quel valore di 

λ tale che, se esso fosse il valor vero, la probabilità di ottenere un valore inferiore a quello 

misurato sarebbe non (1
 
k

 α)/2 ma semplicemente (1
 
k

 α), o equivalentemente sarebbe α la 

probabilità di avere un valore superiore a quello misurato, cioè a 0. Otteniamo dunque: 
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λ
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 (3.39) 

Upper limit  (lower limit =0) 
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da questa relazione determiniamo il limite superiore λ : 
 

)1ln( αλ −−=  (3.40) 
 

Allo stesso risultato si giunge muovendosi nel contesto bayesiano. In tal caso infatti, la 

densità di probabilità di λ, nell1ipotesi di distribuzione a priori uniforme sarà data da: 
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Si tratterà in questo caso di trovare quel valore di λ, diciamo λ , tale che: 
 

αλλλ λ
λ

λ =−==< −−	 edep 1)(
0

 (3.42) 

 

equivalente al risultato frequentista (3.39). In Fig. 3.3 è riportata la distribuzione di λ ed in 

tabella sono riportati i limiti superiori per λ per tre diversi intervalli di confidenza. 

 

 90% 95% 99% 

λ 2.3 3.0 4.6 

 

Quindi, nel caso di Gconteggio zeroH in un tempo ∆t, il risultato corretto per il rate del fe-

nomeno sarà: 
 

t
r

∆
< λ  al livello di confidenza α. 

 

 
 

Figura 3.3. Distribuzione di probabilità del parametro λ di una poissoniana quando ho contato n = 0, 
secondo il teorema di Bayes. L:area tratteggiata costituisce un intervallo di probabilità del 95% 
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Suppose Poisson variable and  n=0 is measured (no background)  
=> 0±0 (freq) or 1±1 (Beyes) ? 
By construction the probability to measure  x0’<x0 if the true value µ=µ1(x0) is (1-α) (only one limit) 
or the probability to measure x0’> x0 if the true value µ=µ1(x0) is α 
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Fig. 9.9 Upper limits at a confidence level of 1 - f3 = 0.95 for different numbers of events 
observed nabs and as a function of the expected number of background events Vb. (a) The 
classical limit. (b) The Bayesian limit based on a uniform prior density for Vs' 

Taking rr(vs ) to be constant for Vs 2:: 0 and zero for Vs < 0, the upper limit 
at a confidence level of 1 - j3 is given by 

1- j3 = 

= 

f;:P L( nobs Ivs ) dvs 

fooo 
L(nobslvs)dvs 

(9.53) 

The integrals can be related to incomplete gamma functions (see e.g. [Arf95]), 
or since nobs is a positive integer, they can be solved by making the substitution 
x = Vs + Vb and integrating by parts nobs times. Equation (9.53) then becomes 

(9.54) 

This can be solved numerically for the upper limit The upper limit as a 
function of Vb is shown in Fig. 9.9(b) for various values of nobs. For the case 
without background, setting Vb = 0 gives 

nob. ( Up)n 
j3 _vup L Vs -e' ---- n! ' 

n=O 
(9.55) 

which is identical to the equation for the classical upper limit (9.16). This can 
be seen by comparing Figs 9.9(a) and (b). The Bayesian limit is always greater 
than or equal to the corresponding classical one, with the two agreeing only for 
Vb = O. 

Poisson 
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�  Given the uncertainties on Ncand, ε and Nb, how can we 
estimate the uncertainty on NX ? 

� ! Uncertainty Propagation. General formulation 

 
σ (NX )
NX

!

"
#

$

%
&

2

=
σ (ε)
ε

!

"
#

$

%
&
2

+
σ 2 (Ncand )+σ

2 (Nb )
(Ncand − Nb )

2

Assumption: three indipendent contributions 
NB:  if Ncand ≈  Nb the relative uncertainty becomes very large (the  
Formula cannot be applied anymore…)  
Can we say we have really observed a signal ???  
Or we are simply observing some fluctuation of the background ? 



Have we really observed the final state 
X ? - I 
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�  We need a criterium to say ok, we have seen the signal or our 
data are compatible with the background. 

�  Which statistical uncertainty have we on NX ?  
� Assume a Poisson statistics to describe Ncand negligible 

uncertainty on ε. We call (using more “popular” symbols): 

� N = Ncand 

�  B =Nb  
�  S=N-B = Nx 

 Additional assumption: σ2(B)<< N 
σ(S)/S is the relative uncertainty on S, its inverse is “how many 
st.devs. away from 0” " S/√B when low signals on top of large bck 

σ (NX )
NX

⎛

⎝
⎜

⎞

⎠
⎟

2

=
σ 2 (N )+σ 2 (B)

S2
=
N +σ 2 (B)

S2

NX

σ (NX )
=

S
σ (S)

=
S

N +σ 2 (B)
=

S
S +B



Have we really observed the final state 
X ? - II 
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�  This quantity is the “significance” of the signal. The higher is 
S/σ(S) = S/√S+B , the larger is the number of std.dev. away 
from 0 of my measurement of S  (SCORE FUNCTION) 
�   S/√S+B < 3 probably I have not osserved any signal (my 

candidates can be simply a fluctuation of the background) 
�  3 <S/√S+B< 5  probably I have observed a signal (probability 

of a background fluctuation very small), however no definite 
conclusion, more data needed.! evidence 

�  S/√S+B> 5 observation is accepted. ! observation 
�  NB1: All this is “conventional” it can be discussed 
�  NB2: S/√S+B is an approximate figure, it relies on some 

assumptions (see previous slide).  



How to optimize a selection ? - I 
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�  The perfect selection is the one with  
�  ε = 1 
�  Nb = 0 

�  Intermediate situations ? Assume a given ε and a given Nb.  
 
 
�  By moving the cut we change each single ingredient. We want to 

see for which choice of the cut we get the lower statistical error 
on NX. 
�  Again: if we assume a Poisson statistics to describe Ncand , negligible 

uncertainty on ε and on Nb we have to minimize the uncertainty on 
S=Ncand-Nb  

�  S/sqrt(S+B) ≈ S/sqrt(B) is the good choice: the higher it is the 
higher is our sensitivity to the final state X. It is the “score function”. 

€ 

NX =
Ncand − Nb

ε



Example - I 
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B=10000 
σx (B) = 15 
S=3000 
σx(S) = 5 
 



Example - II 
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B=10000 
σx (B) = 15 
S=200 
σx(S) = 5 
 



Example - III 
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B=10000 
σx (B) = 15 
S=200 
σx(S) = 1 
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•  Cut based analysis 
•  Multivariate selection  e.g. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
•  Discriminant analysis e.g. 

(not only linear combinations -> non linear correlations among variables) 
•  Multivariate analysis 

e.g. neural network, Boosted decision tree etc..  
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x2 respectively the two variables, in the case of the figure a more e↵ective cut can be
applied on a linear combination of the two variables:

(53) ↵x1 + �x2 < �

with ↵, � and � three numbers optimized by looking at the 2-D plot.
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Figure 4. This canvas shows an example of 2-dimensional plot with
two populations we want to discriminate. In the upper left plot the
scatter-plot is shown with a diagonal cut. In the upper right ad lower
left plots, the X and Y projections are shown, illustrating how smaller
is the discrimination capability in case of a 1-dimensional cut. Finally
the lower right plot shows the e↵ect of the combination of 2 independent
cuts on the same 2-dimensional plot. This example shows the benefit of
the most simple multivariate selection.

By generalizing this concept, given N discriminating variables, a linear combination
of them t can be defined and a single overall cut can be applied on it.

(54) t =
NX

i=1

↵ixi < tcut

The coe�cients ↵i have to be defined by optimizing the separation between MC signal
and background samples. This is a simple form of what is in general calledDiscriminant
analysis.

The use of linear combinations of the discriminating variables can be in many cases a
limitation. In fact a non-linear correlation between the discriminating variables can be
present in some cases so that one can think of a way to introduce these correlations to get
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By generalizing this concept, given N discriminating variables, a linear combination
of them t can be defined and a single overall cut can be applied on it.

(54) t =
NX

i=1
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The coe�cients ↵i have to be defined by optimizing the separation between MC signal
and background samples. This is a simple form of what is in general calledDiscriminant
analysis.

The use of linear combinations of the discriminating variables can be in many cases a
limitation. In fact a non-linear correlation between the discriminating variables can be
present in some cases so that one can think of a way to introduce these correlations to get
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Figure 5. Comparison between MC signal (blue) and MC background
(red) distributions for the 6 chosen discriminating variables entering in
the multivariate analysis (taken from A.Calandri thesis, Sapienza Uni-
versity, A.A. 2011-2012).

signal events content in the candidate sample and the lower background content, but
which combination of S and B allows to get the optimum selection? We need a score
function to define the optimum cut.

Let’s call N the number of events we have at the end of our selection, that is the sum
of S and B, the number of signal and background events respectively, so that our best
estimate of S is:

(55) S = N �B

with uncertainty

(56) �2(S) = �2(N) + �2(B) = N + �2(B)

where we have assumed that N is characterized by a poissonian fluctuation. Notice that
here �(B) is the uncertainty on the estimated average value of B, so that, in case we
estimate it with a large MC statistics, this uncertainty can be low and hence negligible.
Let’s assume it is indeed negligible. In this case we have:

(57)
S

�(S)
=

Sp
N

=
Sp

S +B

This quantity gives us the number of std.deviations away from 0 of the signal, a
quantity that should be as large as possible, so that it is a good score function for our
purpose, a function that we can maximize. In case we are looking for small signals out
of large backgrounds (S << B) we can use an approximate form of the score function:

(58)
S

�(S)
⇠ Sp

B

Multivariate analysis: 
N discriminant variables 
Training phase on MC signal and MC background samples 
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Figure 6. Comparison between MC signal (blue) and MC back-
ground(red) BDT variable. The points are for the ”training” samples,
while the histograms correspond to the ”test” samples. In the insert the
results of compatibility tests between training and test results are given
(taken from A.Calandri thesis, Sapienza University, A.A. 2011-2012).

This is a good starting point to optimize a selection in case we wish to select a small
signal out of a large background. The score function as a function of the value of tcut is
shown in Fig.7 for the same case shown in Figs.5 and 6. The green curve here is called
significance and is the quantity given in eq.57. It is a non-dimensional number, whose
meaning is how well we can ”see” the signal in number of standard deviations. Values
of the significance below 3 mean that there is not enough statistical power to observe
the signal. Values between 3 and 5 mean that we are close to observe the signal, values
larger than 5 mean that if the signal is there we’ll observe it. In the case of Fig.7 the
maximum of the score function is close to 1. This means that with that statistics there
is no way to find a selection capable to allow an observation of the signal (for which
a score function of at least 3 should be needed). Moreover notice that all these score
functions are built in such a way that given a selection procedure, an increase in the
integrated luminosity L translates in an increase of the score function that goes as

p
L.

Training phase, evaluation of t discriminant variable (e.g. evaluations of coefficients α in linear case) 
Test phase, on independent MC samples  (t does not depend on specific features of the training sample 
(overtraining) e.g. a statistical fluactuation) 

t 
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We anticipate here that another score function is used in several applications based
on the likelihood ratio test (see sect.7 and discussion of eq.209):

(59)

s

2(S +B) ln

✓
1 +

S

B

◆
� 2S

The same considerations done for the other score functions apply to the resulting nu-
merical value of this quantity that also depend on S and B.
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Figure 7. Several quantities are shown as a function of the possible
value of tcut, the cut on the BDT variable. Blue and red curves show
respectively the signal and background e�ciency while the green curve is
the score function that, in this case, has a maximum around tcut = 0.25
although with a very low significance (below 1). (taken from A.Calandri
thesis, Sapienza University, A.A. 2011-2012)

3.5. Sample purity and contamination. Once the selection has been defined we are
left with a sample of N candidate events. If we take one of these events randomly,
how big is the probability that it is a ”signal event”? We have to understand well this
question. In fact all the candidate events are equal from the point of view of the selection.
If they had some di↵erences we could have used the di↵erence to select the events, but
at the end of the selection all of them are equal. So that we cannot distinguish signal
and background events on an event-by-event basis, but only in a ”statistical” sense,
by evaluating the probability that a given event is a signal event.

Optimization of the cut on t   => significance as score function  
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the score function that, in this case, has a maximum around tcut = 0.25
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3.5. Sample purity and contamination. Once the selection has been defined we are
left with a sample of N candidate events. If we take one of these events randomly,
how big is the probability that it is a ”signal event”? We have to understand well this
question. In fact all the candidate events are equal from the point of view of the selection.
If they had some di↵erences we could have used the di↵erence to select the events, but
at the end of the selection all of them are equal. So that we cannot distinguish signal
and background events on an event-by-event basis, but only in a ”statistical” sense,
by evaluating the probability that a given event is a signal event.

Optimization of the cut on t   => significance as score function  

Signal observed? 
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and type-II errors. We call ↵ and � respectively the probabilities associated to the two
kinds of errors:

(64) P (type� Ierrors) = 1� ✏ = ↵

(65) P (type� IIerrors) =
1

R
= �

Given the two hypotheses Hs and Hb and given a set of K discriminating variables x1,
x2,...xK , we can define the two ”likelihoods”

(66) L(x1, ..., xK/Hs) = P (x1, ...xK/Hs)

(67) L(x1, ..., xK/Hb) = P (x1, ...xK/Hb)

equal to the probabilities to have a given set of values xi given the two hypotheses, and
the likelihood ratio defined as

(68) �(x1, ...xK) =
L(x1, ..., xK/Hs)

L(x1, ..., xK/Hb)

that is also a discriminating variable. The Neyman-Pearson Lemma states that, once ↵
is fixed, a selection based on � is the one that allows to have the lowest � value. This
theorem, even if of somehow di�cult use in practice, shows that the ”likelihood ratio”
is the most powerful quantity to discriminate between hypotheses. In the following we’ll
see several examples of likelihood ratios.

15

3. Event selection

3.1. Introduction. Let us assume that in our experiment we have collected a certain
number of triggers1, corresponding to the sample of events stored in our tapes2. Each
event is essentially a sequence of numbers, related to the responses of the detector cells.
The reconstruction program will transform these informations in higher level quantities,
like energies, momenta, multiplicities and so on. From the point of view of the data
analysis, an event is a sequence of physics objects, organized in data structures containing
the informations we have to rely on in order to analyze and identify the event itself.

Then suppose that we are interested in studying a certain reaction, so that we want
to select only events corresponding to the final state of that reaction. We have to define
a procedure, called selection that loops on all events and decides whether to accept
or to discard each of them. At the end of the selection we’ll be left with a sample of
candidates.

In order to define this procedure, it is very useful to have samples of simulated events
(Montecarlo events, MC in the following). In particular, we need two categories of
simulated events: the signal events (namely the complete simulation of the final states
corresponding to the reaction we want to study) and the background events (namely
all those categories of events that are not due to the reaction we want to study but
that have similar characteristics of those we are looking for). These two categories
correspond to the two hypotheses we want to discriminate: the ”signal hypothesis” Hs

and the ”background hypothesis” Hb. The selection procedure is an hypothesis test
applied to each single trigger collected by the experiment.

In order to test and optimize the selection procedure, we apply it to the two MC sam-
ples. If we call S0 and B0 respectively the number of simulated events in the two samples
and Sf and Bf the numbers of simulated events selected by the defined procedure, we
define:

(51) ✏ =
Sf

S0

(52) R =
B0

Bf

selection e�ciency (✏) and rejection (R) respectively. These two quantities define the
quality of the selection procedure. A perfect selection procedure is one for which ✏=1
and 1/R=0. Unfortunately the two defined quantities are in general anti-correlated:
higher e�ciencies correspond to lower rejection power and vice-versa. The analyst has
to find a compromise. In the following we’ll see how one can define a good compromise.

In any case e�ciency losses correspond to the so-called ”Type-I errors”: signal events
are discarded. On the other side, rejection power losses correspond to the so-called
”Type-II errors”: background events contaminate the candidate sample.

1The extremely important concept of ”trigger” is assumed to be known to the student. A trigger is
an event that for some reason the ”logic” of the experiment decides to retain for o✏ine analysis.

2The Data Acquisition System (DAQ) of any experiment writes in the form of a sequence of bits each
trigger in a data storage (the term tape is a jargon related to the way in the past the data were stored).
The sequence of bits include all the informations from the detector on the event itself.

Efficiency:     Probability that a signal event is identified as signal = ε
 
Rejection:    Probability that a background event is identified as signal = 1/R 

Type –I errors: 
Efficiency losses, i.e. some signal  events discarded 
 
Type-II errors: 
Background events contaminate the signal sample 

Once the selection is performed, CANDIDATE events cannot be distinguished as 
signal or background on event-by-event basis, only statistically 
=> probability that a given event is a signal event 
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In order to evaluate this probability we use the Bayes theorem7. As usual the Bayes
theorem needs two ingredients.

• The so called likelihood (we will make use of this word several times in the
following). In this context we need essentially on one side the probability that
a signal event is identified as signal, and on the other side, the probability that
a background event is identified as signal. These two quantities are respectively
the e�ciency ✏ and the inverse of the rejection power � = 1/R defined above.

• The so called prior probabilities. In our case they are the expected ”cross-
sections” of signal and background events respectively.

We call P (t > tcut/S) and P (t > tcut/B) the two likelihood functions we need8, and ⇡S
and ⇡B the two prior functions. The Bayes theorem gives:

(60) P (S/t > tcut) =
P (t > tcut/S)⇡S

P (t > tcut/S)⇡S + P (t > tcut/B)⇡B

This probability can be regarded as a purity of the sample. It is interesting to write it
as follows:

(61) purity = P (S/t > tcut) =
1

1 + P (t>t
cut

/B)⇡
B

P (t>t
cut

/S)⇡
S

=
1

1 + ⇡
B

R✏⇡
S

showing that a high purity can be reached only if

(62) R✏ >>
⇡B
⇡S

that imposes a condition on the goodness of the selection procedure based on the ex-
pected signal and background cross-sections. This is something that one needs to eval-
uate in the design phase of an experiment. If we apply this formula to the MC data of
Table 1, where we use the !⇡0 sample as the only background of the analysis, R✏ = 6284
and since ⇡B/⇡S ⇠ 102 we have a purity of ⇠ 98.4%.

The purity defined above can also be used to evaluate the fake rate that is an
important quantity, especially when the rate is an important issue, as in trigger design9.
If we call r the rate of selected events, the fake rate f is:

(63) f = r(1� purity)

3.6. The Neyman-Pearson Lemma. We complete this section on event selection by
quoting an interesting theorem, called Neyman-Pearson Lemma. We have already seen
that whatever is the selection procedure defined, we encounter two types of errors: type-I

7The Bayes theorem is a crucial ingredient in the EPP data analysis. In several points of these lectures
it will be used. We assume that the students are familiar with it.

8Here and in the following we will make use of the standard notation for the conditional probability,
namely p(A/H) the probability of the event A given the hypothesis H. The same notation is extended
to pdf’s like f(x/✓).

9In modern experiments the trigger design is conceptually similar to the o✏ine event selection. So
that a trigger e�ciency and a trigger rejection power can be defined, together with a fake rate. A large
trigger rate can give rise to dead time and hence to e�ciency losses, so that fake trigger rates have to
be kept very low.

ε

1/R 
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Maximize the purity for a given efficiency 



24/10/18 Methods in Experimental Particle Physics 21 

16

In this context the e�ciency includes also the so called acceptance. Acceptance is
defined as the ratio of signal events whose final states are geometrically included in the
detector. Any detector is limited geometrically (for example a collider detector cannot
detect particles produced within the beam pipe). In many cases it is useful to factorize
the e�ciency as the product of the acceptance times the detection e�ciency that is the
probability that an event in acceptance is detected. In the following by e�ciency we
mean the overall e�ciency including the acceptance.

3.2. Cut-based selection. The most natural way to proceed is to apply cuts. We
find among the physical quantities of each event those that are more ”discriminant” and
we apply cuts on these variables or on combinations of these variables. The selection
procedure is a sequence of cuts, and is typically well described by tables or plots that
are called ”Cut-Flows”. An example of cut-flow is shown in Table 1. The choice of each
single cut is motivated by the shape of the MC signal and background distributions in
the di↵erent variables. From the cut-flow shown in Table 1 we get: ✏ = 2240/11763 =

Table 1. Example of cut-flow. The selection of ⌘⇡0� final state with
⌘ ! ⇡+⇡�⇡0 from e+e� collisions at the � peak (

p
s = 1019 MeV,

is based on the list of cuts given in the first column. The number of
surviving events after each cut is shown in the di↵erent columns for the
MC signal (column 2) and for the main MC backgrounds (other columns).
(taken from D. Leone, thesis , Sapienza University A.A. 2000-2001).

Cut ⌘⇡0� !⇡0 ⌘� KS ! neutrals KS ! charged
Generated Events 11763 33000 95000 96921 112335
Event Classification 6482 17602 55813 18815 14711
2 tracks + 5 photons 3112 724 110 371 3100

Etot � k~Ptotk 2976 539 39 118 1171
Kinematic fit I 2714 236 5 24 66
Combinations 2649 129 1 19 0
Kinematic fit II 2247 2 0 1 0
Erad > 20 MeV 2240 1 0 0 0

(19.04 ± 0.36)%3 and R = 33000 for !⇡0. For the other background channels only a
lower limit on R can be given, since in the end no events pass the selection.

3.3. Multivariate selection. In many cases a cut-based selection is not the best option.
Let’s consider for example the case described in Fig.4. If we have two variables and we
plot the 2-dimensional histogram (also named ”scatter-plot” for historical reasons), we
can discover that, due to the correlation between the two variables4, cutting on each
variable has not the same power than cutting on the scatter plot. If we call x1 and

3The uncertainty on the e�ciency is evaluated assuming a binomial statistics, see eq.79 below
4The degree of correlation between two variables is normally well defined by the sample correlation

coe�cient, that is a non-dimensional quantity defined between -1 and 1.
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that whatever is the selection procedure defined, we encounter two types of errors: type-I
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trigger rate can give rise to dead time and hence to e�ciency losses, so that fake trigger rates have to
be kept very low.
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Neyman-Person Lemma 

23

and type-II errors. We call ↵ and � respectively the probabilities associated to the two
kinds of errors:

(64) P (type� Ierrors) = 1� ✏ = ↵

(65) P (type� IIerrors) =
1

R
= �

Given the two hypotheses Hs and Hb and given a set of K discriminating variables x1,
x2,...xK , we can define the two ”likelihoods”

(66) L(x1, ..., xK/Hs) = P (x1, ...xK/Hs)

(67) L(x1, ..., xK/Hb) = P (x1, ...xK/Hb)

equal to the probabilities to have a given set of values xi given the two hypotheses, and
the likelihood ratio defined as

(68) �(x1, ...xK) =
L(x1, ..., xK/Hs)

L(x1, ..., xK/Hb)

that is also a discriminating variable. The Neyman-Pearson Lemma states that, once ↵
is fixed, a selection based on � is the one that allows to have the lowest � value. This
theorem, even if of somehow di�cult use in practice, shows that the ”likelihood ratio”
is the most powerful quantity to discriminate between hypotheses. In the following we’ll
see several examples of likelihood ratios.
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Neyman-Person Lemma: 
For fixed α value, a selection based on the discriminant variable λ has the lowest β value. 
 
=> The “likelihood ratio” is the most powerful quantity to discriminate between hypotheses. 



Normalization 
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�  In order to get quantities that can be compared with theory, once 
we have found a given final state and estimated NX with its 
uncertainty we need to normalize to “how many collisions” took 
place. 

�  Measurement of: 
�  Luminosity (in case of colliding beam experiments); 
�  Number of decaying particles (in case I want to study a decay); 
�  Projectile rate and target densities (in case of a fixed target 

experiements). 
�  Several techniques to do that, all introducing additional 

uncertainties (discussed later in the course). 
�  Absolute vs. Relative measurements. 



The simplest case: rate measurement 
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�  Rate: r = counts /unit time (normally given in Hz). We 
count N in a time Δt (neglect any possible background) and 
assume a Poisson process with mean λ  

�  NB: the higher is N, the larger is the absolute uncertainty on 
r but the lower the relative uncertainty. 

 
�  Only for large N (N>20) it is a 68% probability interval. 

r = λ
Δt

=
N
Δt
±

N
Δt

σ (r)
r

=
1
N



Cosmic ray “absolute” flux 
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�  Rate in events/unit surface and time 
�  My detector has a surface S, I take data for a time Δt with a 

detector that has an efficiency ε  and I count N events (again with 
no background). The absolute rate r is: 

�  Uncertainty: I combine “in quadrature” all the potential 
uncertainties.  

�  Distinction between “statistical” and “systematic” uncertainty 

r = N
εΔtS

σ (r)
r
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N
+
σ (ε)
ε
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Combination of uncertainties 
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�  Back to the previous formula. 

1.  Suppose we have a certain “unreducible” uncertainty on S 
and/or on ε (the uncertainty on Δt we assume is anyhow 
negligible..). Is it useful to go on to take data ? Or there is a 
limit above which it is no more useful to go on ? 

2.  Suppose that we have a limited amount of time to take data 
N is fixed: is it useful to improve our knowledge on ε ? 
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Uncertainty combination 
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 central value ± stat.uncert. ± syst.uncert. 
Can we combine stat. and syst. ? If yes how ? 
The two uncertainties might have different probability 
meaning: typically one is a gaussian 68% C.L., the other is a 
“maximum” uncertainty, so in general it is better to hold them 
separate. 
If needed better to add in quadrature rather than linearly. 


