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Motivation

Composite quantum system in pure or mixed state

nonlocal — contextual features J.S. Bell

entanglement

Basis for quantum communication and teleportation,

quantum information and computing −→ new area in physics

Aim: understand features of entanglement

phenomenological −→ conceptual −→ mathematical aspects

elementary particles — massive, internal symmetries, decays

K
0
K̄

0 – system strangeness interesting systems

B
0
B̄

0 – system beauty

Stability of quantum system

understand decoherence — entanglement loss
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Part I

Bell inequality
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Bell’s Theorem

Bell’s Theorem 1964

J.S. Bell: “. . . in a certain experimental

situation all LRT (local realistic theories) are

incompatible with QM. ”
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spin singlet state
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Alice
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Bob

EPR–type experiment
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Expectation value

A(n, λ) values of observable AQM (n) −→ ~σ(1) · ~n
B(m, λ) BQM (m) −→ ~σ(2) · ~m

λ...hidden variable n, m...quantisation directions |A|, |B| ≤ 1

A(n, λ) =







+1 ⇑

0 no detection

−1 ⇓

particle 1 at Alice

B(m, λ) =







+1 ⇑

0 no detection

−1 ⇓

particle 2 at Bob

Expectation value for combined spin measurement

E(n, m) =
∫

dλ ρ(λ)A(n, λ)B(m, λ) with
∫

dλ ρ(λ) = 1

independent of m n Bell’s locality hypothesis
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Bell inequality

Expectation value in terms of probabilities

E(n, m) = P (n ⇑, m ⇑) + P (n ⇓, m ⇓) − P (n ⇑, m ⇓) − P (n ⇓, m ⇑)

= −1 + 4 P (n ⇑, m ⇑)

construct Bell inequality of Wigner–type for 3 different quantization directions

P (n, m) ≤ P (n, n
′) + P (n′

, m) BI

Quantum mechanics: |ψ〉 = 1√
2

(
|⇑n〉|⇓m〉 − |⇓n〉|⇑m〉

)
spin entangled state

Result: QM violates BI ! no separable state

Conclusion: QM nonlocal !

Experiments: Measurements of polarization of entangled photons

in accordance with predictions of QM !
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Spooky
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Literature – Introduction to BI’s

J.S. Bell: Speakables and Unspeakables in QM, Cambr.Uni.Press 1987

theory

R.A. Bertlmann, A. Zeilinger: Quantum [Un]speakables, Springer 2002

theory and experiments

A. Einstein, B. Podolsky, N. Rosen: Phys.Rev. 47, 777 (1935)

E. Schrödinger: Naturwissenschaften 23, 807, 823, 844 (1935)
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Part II

Bell inequality for strange mesons
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QM of K-mesons

Strangeness eigenstates

S |K0〉 = +|K0〉 S |K̄0〉 = −|K̄0〉

CP -transformation P ... parity C... charge conjugation

CP |K0〉 = −|K̄0〉 CP |K̄0〉 = −|K0〉

CP eigenstates

CP |K0
1 〉 = +|K0

1 〉 |K0
1 〉 = 1√

2

(
|K0〉 − |K̄0〉

)

CP |K0
2 〉 = −|K0

2 〉 |K0
2 〉 = 1√

2

(
|K0〉 + |K̄0〉

)

strong interactions: CP conservation

weak interactions: small CP violation almost conserved
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K-meson decays

K–decay
KS ≈ K0

1 −→ 2π τS ≈ 10−10 sec short-lived

KL ≈ K0
2 −→ 3π τL ≈ 5 · 10−8 sec long-lived

physical masses mS , mL with ∆m = mL − mS = 3.5 · 10−6 eV small

CP -violation KL −→ 2π small

short-lived, long-lived states |ε| ≈ 10−3 CP -violating parameter

|KS〉 =
1

N

(
p |K0〉 − q |K̄0〉

)
p = 1 + ε, q = 1 − ε

|KL〉 =
1

N

(
p |K0〉 + q |K̄0〉

)
N2 = |p|2 + |q|2

decaying states evolve in time −→ Weisskopf-Wigner approximation

|KS

L

(t)〉 = e
−iλS

L

t|KS

L

〉 with λS

L

= mS

L

− i

2
ΓS

L

and ΓS

L

∼ τ
−1
S

L

=⇒ time evolution for K0 and K̄0
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“Quasi-spin” of K-mesons

K0 ∼ ⇑ K̄0 ∼ ⇓ 2-dim Hilbertspace

strangeness +1 up −1 down

operators in “quasi-spin” space: S ∼ σ3 CP ∼ −σ1 CP
/∖

∼ σ2

Hamiltonian H = M − i
2
Γ = 1

2

(
a · 1 + ~h · ~σ

)
with |KS

L

〉 eigenstates

Analogy

K-meson spin- 1
2

photon

|K0〉 |⇑〉z |V 〉
|K̄0〉 |⇓〉z |H〉
|KS〉 |⇒〉y |L〉 = 1√

2
(|V 〉 − i|H〉)

|KL〉 |⇐〉y |R〉 = 1√
2
(|V 〉 + i|H〉)
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Bell inequality for K-mesons

consider K0K̄0 system in analogy to ⇑⇓ system

construct Bell inequality á la Wigner

choose: fix time — vary quasi-spin of K-meson rotation in quasi-spin space

for BI we need 3 different “angles” – quasi-spins: |KS〉 , |K̄0〉 , |K0
1 〉 choice

=⇒ Bell inequality of Wigner-type

P (KS , K̄
0) ≤ P (KS , K

0
1 ) + P (K0

1 , K̄
0)

contains unphysical CP -even state |K0
1 〉 P ... probability

But!

BI =⇒ inequality on physical CP -parameter — experimentally testable !

how does it come ?
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Experiment

consider transition amplitudes

〈K̄0|KS〉 = − q

N
〈K̄0|K0

1 〉 = − 1√
2

〈KS |K0
1 〉 = 1√

2N
(p∗ + q∗)

BI =⇒ optimal Inequality for complex weights p, q of |KS〉 , |K̄0〉 , |K0
1 〉

| p | ≤ | q | experimentally testable !

Experiment:
semileptonic decay of strange mesons quark level

K0(ds̄) −→ π−(dū) l+ νl s̄ −→ ū l+ νl

K̄0(d̄s) −→ π+(d̄u) l− ν̄l s −→ u l− ν̄l

=⇒ l+ tags K0 in KL state |p|2 . . . probability for K0 in KL

l− tags K̄0 l = µ, e |q|2 . . . probability for K̄0 in KL

charge asymmetry

δ = Γ(KL→π−l+νl)−Γ(KL→π+l−ν̄l)

Γ(KL→π−l+νl)+Γ(KL→π+l−ν̄l)
= |p|2−|q|2

|p|2+|q|2
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Conclusion

|p|≤|q|−−−−→ Bell inequality for δ

δ ≤ 0 Experiment: δexp = (3.27 ± 0.12) · 10−3

BI violated !

• consider 2 BI’s δ ≤ 0 and δ ≥ 0 K̄0 −→ K0, p ←→ q

=⇒ δ = 0 CP conservation

in contradiction to experiment !

Conclusion

LRT are only compatible with strict CP conservation in K0K̄0 mixing !

δ 6= 0 ⇐⇒ K0K̄0 entanglement

CP violation nonlocal — contextual
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Literature – BI’s for K-mesons

R.A. Bertlmann, B.C. Hiesmayr: Phys.Rev.A 63, 062112 (2001)

R.A. Bertlmann, W. Grimus, B.C. Hiesmayr: Phys.Lett.A 289, 21 (2001)

F. Uchiyama: Phys.Lett.A 231, 295 (1997)

A. Bramon, M. Nowakowski: Phys.Rev.Lett. 83, 1 (1990)

N. Gisin, A. Go: Am.J.Phys. 69 (3), 264 (2001)

G.C. Ghirardi, R. Grassi, R. Ragazzon: DAΦNE Physics Handbook, Vol.I,

p.283 (1992)

J.S. Bell: Speakables and Unspeakables in QM, Cambr.Uni.Press 1987

R.A. Bertlmann, A. Zeilinger: Quantum [Un]speakables, Springer 2002
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Part III

Decoherence of entangled strangeness
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Entangled strangeness

how to measure possible decoherence in entangled state ?

=⇒ information on quality of entangled state

Practical procedure:

assume creation of entangled kaon state – propagates in time

¾ -hK K

1−−left right

k1 k2

QM

|ψ(tl, tr)〉 =
NSL√

2

{
|KS(tl)〉l ⊗ |KL(tr)〉r − |KL(tl)〉l ⊗ |KS(tr)〉r

}

detect quasi-spin: |k1〉l on left side ←→ |k2〉r on right side
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Decoherence parameter

Probability

∣
∣
∣〈k1|〈k2|ψ(tl, tr)〉

∣
∣
∣

2

=

|NSL|2
2

{

∣
∣〈k1|KS(tl)〉l

∣
∣2

∣
∣〈k2|KL(tr)〉r

∣
∣2 +

∣
∣〈k1|KL(tl)〉l

∣
∣2

∣
∣〈k2|KS(tr)〉r

∣
∣2

− 2 (1 − ζ)
︸ ︷︷ ︸

modification

ℜe
[

〈k1|KS(tl)〉∗l 〈k2|KL(tr)〉∗r〈k1|KL(tl)〉l〈k2|KS(tr)〉r
]
}

decoherence parameter as measure

0 ≤ ζ ≤ 1

ր տ
pure QM total decoherence Furry–Schrödinger

spontaneous factorization of wavefunction

Aim: determine range of ζ by experimental data
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Experiment

consider as detected particles

like-strangeness (K0, K0) , (K̄0, K̄0) and unlike-strangeness (K0, K̄0) , (K̄0, K0)

Asymmetry of Probabilities directly sensitive to interference term

A(tl, tr) =
Punlike(tl, tr) − Plike(tl, tr)

Punlike(tl, tr) + Plike(tl, tr)

Aζ(tl, tr) = (1 − ζ) A
QM(tl, tr) with A

QM(tl, tr) =
cos∆m ∆t

cosh( 1
2
∆Γ∆t)

Aexper =⇒ ζexper CPLEAR experiment pp̄ −→ K0K̄0

=⇒ result for decoherence parameter range

ζ = 0.13+0.16
−0.15

ւ ց
close to 0 1 far away

QM total decoherence, LRT

Message: Interference effect of massive system over macro distances ≈ 7 cm !
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Theory of decoherence

Open quantum system — system S interacts with environment E

dissipation: energy flow

decoherence: mixing of states
S←→ E

Quantum master equation for density matrix ρ = |ψ〉〈ψ|

dρ

dt
= −iHρ + iρH

† − D[ρ]

Model for decoherence dissipator — projectors to eigenstates of H

D[ρ] = λ (PiρPj + PjρPi) with Pj = |ej〉〈ej | (j = 1, 2)

calculate probabilities: Pλ(K0tl, K
0tr), Pλ(K0tl, K̄

0tr), . . .

comparison ζ ←→ λ decoherence parameters

=⇒ Relation as test of the model, is very characteristic !

ζ(tl, tr) = 1 − e
−λ min(tl,tr)
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Entanglement measure

Measure for entanglement via entropy of system

von Neumann entropy for pure states S
(
ρ(t)

)
= −Tr { ρ(t) log2 ρ(t) }

Entanglement of formation E ←→ concurrence C for mixed states Bennett

E(ρ) = min
∑

i

pi S(ρl
i) ≡ E(C) with 0 ≤ E, C ≤ 1

average entanglement of pure states, least expected entanglement of ensemble

Loss of entanglement Bertlmann-Durstberger-Hiesmayr

1 − C
(
ρ(t)

)
= ζ(t)

1 − E
(
ρ(t)

) .
=

1

ln 2
ζ(t)

.
=

λ

ln 2
t

Proposition ↑ ↑
• loss of entanglement = decoherence parameter

measuring ζ or λ =⇒ 1 − E entanglement loss quantitative !
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