
ℓ points on a circle

1, . . . , r rotate, r + 1, . . . , ℓ are fixed
{

α̇ = ω
β̇ = 0

⇒ |ω · ν| > 1
C|ν|τ , ν ∈ Z

r

Then

{

α = ψ
β = β0

are data on torus T
ℓ

Motion ψ → ψ + ωt.

Interaction

{

α̈ = −ε∂ αf(α,β)
β̈ = −ε∂ βf(α,β)

f(β)
def
=

∫

f(α,β) dα
2π

∂ βf(β0) = 0 expected. ε 6= 0 ?
{

α = ψ + h(ψ)
β = β0 + k(ψ)

such that ψ → ψ + ωt ??

Th.: h,k admit formal power series: “Lindstedt”

Represent h via “Feynman graph”: ⇒ trees
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A tree graph θ with 12 nodes and their hamonics νj .
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A tree graph θ with 12 nodes and their hamonics νj .

(1) To node v attach a harmonic ν ∈ Z
ρ

(2) To line λ ≡ v′v attach current ν(λ) =
∑

w≤(v νw
(3) and two component labels j′λ, jλ
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v → Jv = (j0, . . . , jp) and ∂Jvfνv (β0) are defined.

(4) Value : Val(θ) = 1
k!

(

∏

v
ε∂ Jvfνv (β0)

)(
∏

linesλ

giλjλ
)

gij
def
=

δij
(ω·ν(λ))2 , gij =

(

0 0
0 ε∂ 2

ββf(β0)

)

hν ≡ ∑∗
θ Val(θ) :

∗ → no trivial node with 0 harmonic

Estimate: |h(k)
ν | ≤ bBkεkk!2τ → !! Results:

ε-planeε ∈ E; E dense at 0

elliptic: ε < 0,

∂ 2
ββf(β0) < 0

4



ε > 0, hyperbolic case

(∂ 2
ββf(β0) < 0)

analyticity region

common to all ε > 0

BUT estimate k!3τ

5

Need k!2 for Borel summability (but 3τ ≥ 3).

Question: is there uniqueness ? Are others’ results
the same ? (Delshams, LLave, Zhou ℓ = 3, r = 2,
Treshev ε > 0 only)

Inserting a node with 0 harmonic (⇒ ν 6= 0) get

i i0 j0 j

0ν ν ⇒Simple modification of propagator

Let Mi0j0

def
=

(

0 0
0 ε∂2f(β0)

)

δij
(ω·ν)2 → δij0

(ω·ν)2

(

Mi0j0
δj0j

(ω·ν)2

)

Can form chains

i i0 j0 i1 j1 j

δij
(ω·ν)2 → 1

(ω·ν)2

(

M 1
(ω·ν)2

)k
and can sum over k.

“Simplify” trees by excluding trivial nodes: price

1
(ω·ν)2 ⇒ 1

(ω·ν)2

∑∞
k=0

(

M 1
(ω·ν)2

)k ≡ 1
(ω·ν)2−εM

BUT z = M 1
(ω·ν)2 < 1 ? NO so we are using

∑

2k = 1 + 2 + 4 + 8 + 16 + .. = −1



If accepted 1
(ω·ν)2 ⇒ 1

(ω·ν)2

∑∞
k=0

(

M 1
(ω·ν)2

)k ≡ 1
(ω·ν)2−εM

gives ε > 0 “easier” than ε < 0.
For ε < 0 expect to exclude ε s.t |ω · ν| = ±√−εµj.

Key: Siegel theorem
Given a tree θ let Nn be the number of lines of scale n:
i.e. 2−n < C|ω · ν| ≤ 2−n+1, n = 0, 1, . . . IF no pair
lines λ′ < λ with ν(λ′) = ν(λ) with only lower scale
intermediates THEN

Nn ≤ 4N2−n/τ k

Trivial bound (ε > 0):
∏

v |∂Jv

fνvf(β0)| ≤
∏

N |Jv |F k ≤ N2k

∏

λ |propagators| ≤ C2k
(
∏∞

n=0 2
2nn2−n/τ )k

number of harmonics ≤ (2N + 1)k

number of trees ≤ 4kk!

Convergence for |ε| <
(

N2(2N+1)ℓF32−8N
∑

n
n2−n/τ )−1

PROBLEM: there are LOTS of other chains !


