
B 1Divergent series summation in Hamilton Ja
obi equationG. Gentile, G.G.
Eq. Motion: �� = �"� �f(�)



2 B
� = (�1; : : : ; �`) 2 T`f(�) analyti
 orf(�) = X�2Z̀ f� ei���; f� � 0 if j�j > NEquations of motions �� = �" � �f(�)



B 3Resonan
e of order s with frequen
ies !0 2 Rr (unperturbed)� motions with rotation ! = (!0;0) 2 Rr � Rs; ` = r + sj!0 � �j > 1Cj�j� ; 8 0 6= � 2 Zr� def= (
;�) 2 Tr � Ts; t! (
 + !0t;�)
= \fast angles", �="slow angles"



4 BHamilton-Ja
obi: Find h( ) def= �g( )k( )�;  2 Tr; �0 2 Ts withg( );k( ) 2 Rr � Rsso that �� = �"� �f(�), � � (
;�), is solved by
 =  + g( ); � = �0 + k( );  !  + !0tThis means (!0 � �  )2�g( )k( )� = �" � �f� + g( );�0 + k( )�Resonan
e ) dimensionality drop from ` to r ) � �f(�0) = 0,Let f(�) def= R d
(2�)r f(
;�). Condition det �2��f(�0) 6= 0



B 5Proposition: 9 power series solution (elementary)uroot# � �0 �1�2 �3�4 �5�6�7�8�11�10 1Notation: f(
;�) def= X�2Zr f�(�) ei
�� ,�jf�(�0) def= i�jf�(�0); �jf�(�0) def= ��jf�(�0);� Jf�(�0) def= �j0;:::;jpf�(�0); J = (j0; : : : ; jp)



6 B(1) To node v atta
h a harmoni
 �v 2 Zr(2) To line � � v0v atta
h 
urrent �(�) =Pw�v �w(3) and two 
omponent labels j0�; j�j0 jv0 v j0 j1 j2jpvComponent labels around vv ! Jv = (j0; : : : ; jp) and �Jvf�v(�0) are de�ned.(4) Value : Val(�) = 1k! �Qv "� Jvf�v(�0)�� Qlines� gj�j0��gij def= Æij(!��(�))2 ; or gij = �0 00 ("� 2�f(�0))�1� if �(�) = 0h� �P�� Val(�) : � ! no trivial node with 0 in
oming 
urrentEstimate: jh(k)� j � bBk"kk!2� ! !! Results:



B 7
Theorem: The tree series 
an be rearranged to yield a 
onvergent seriesrepresentation of h, hen
e its existen
e, in"-plane" 2 E; E dense at 0ellipti
: " < 0,� 2��f(�0) < 0 3The set E � (�"0; 0℄ has open dense 
omplement but 0 is a (Lebesgue) density point



8 B
" > 0, hyperboli
 
ase(� 2��f(�0) < 0)analyti
ity region
ommon to all " > 0BUT estimate k!3� 4

Need k!2 for Borel summability (but 3� � 3).Question: is there uniqueness ? Are others' results the same ? (Delshams, Llave,Zhou ` = 3; r = 2, Treshev " > 0 only)



B 9
Inserting a \trivial" node with 0 harmoni
 () � 6= 0)i i0 j0 j0� � Let M0;i0j0 def= �0 00 "�2f(�0)� 5get Æij(!��)2 ! Æii0(!��)2 �M0;i0j0 Æj0j(!��)2 � ) propagator modi�
ationM0;i0j0 = �0 00 "� 2i0j0f0(�0)� ; f0(�0) � f(�0)



10 BCan form 
hains of trivial nodes (large values k!2�)i i0 j0 i1 j1 j 6Æij(! � �)2 ! 1(! � �)2 �M0 1(! � �)2 �k.\Simplify": NO trivial nodes; pri
e :1(! � �)2 ) 1(! � �)2 1Xk=0 �M0 1(! � �)2 �k � 1(! � �)2 �M0BUT z = M0 1(!��)2 < 1 ? NO !



B 11so we are using P1k=0 zk = 11�z , z 6= 1, e.g.P1k=0 2k = 1 + 2 + 4 + 8 + 16 + � � �= �1If a

epted 1(!��)2 ) 1(!��)2 P1k=0 �M0 1(!��)2 �k � 1(!��)2�M0M0 = � 0 00 "�2�f(�0)� gives " > 0 \easier" than " < 0.For " < 0 expe
t to ex
lude " s.t j! � �j = �p�"�j.



12 BPROBLEM: there are LOTS of other 
hains ! They 
ause values k!�, � > 0IDEA: eliminate them \by resummation": left with 
onvergent seriesKEY: Siegel's theoremGiven a tree � let Nn be the number of lines of s
ale n: i.e. s.t.2�n < Cj! � �j � 2�n+1n = 0; 1; : : :. IF no pair lines �0 < � with �(�0) = �(�) with only lower s
aleintermediates THEN Nn � 4N2�n=� k



B 13Nn � 4N2�n=� k ))Yv 1(!0 � �)2 � C2k 1Yn=0 22nNn � C2k� 1Yn=0 22n(4N2�n=� )�kTrivial bound (" > 0):Yv j�Jvf�v(�0)j �Yv N jJvjF k � N2kF knumber of harmoni
s �: � (2N + 1)k, number of trees � kk�1Convergen
e: j"j < �N2 � C2 � (2N + 1)` � 3 � F � 28NPn n2�n=� ��1



14 BMultis
ale analysis: Organize the lines of � into 
lustersDe�nition: A 
luster of s
ale n is a maximal 
onne
ted set of lines of � with s
alesp � n and with one line at least of s
ale n. 7Self energy 
lusters �in = �out�out �in 8



B 15Eliminate self energy 
lusters by resummationsNe
essary multis
ale analysis to avoid \overlapping divergen
es"First identify the self energy 
lusters of s
ale [0℄i.e. with x def= C! � � with 1 � x2 and resum all 
hainsgianttree gianttree� � � � 9Key remark: ea
h s.e. 
luster does not 
ontain s.e. 
lustersSumming over the 
ontents of ea
h s.e. 
luster ) 
onvergent sum by Siegel's lemma.



16 BSumming over s.e. 
lusters of s
ale [0℄ leads tomodify propagators of lines on s
ale [� 1℄gianttree gianttree� � � � 9
g[�1℄(x) = 1x2 �M0 ! 1x2 �M0 1Xn=0(M1 1x2 �M0 )nwhi
h be
omes 1x2 �M0 �M1and graphs simplify with no s.e. subgraphs of s
ale [0℄.Iterate! at every step only graphs with no s.e. subgraphs have to be 
onsidered; )
onvergent additions made on propagators



B 17
In the hyperboli
 
ase no real new problems arise.In the ellipti
 the situation is very di�erent.As the s
ale de
reases the s
ale 2�n ' " is rea
hed andx2 �M0 �M1 � : : :�Mn�1 
an vanish )(a) More values of " ex
luded(b)The su

essive s
ales must be measured by the size of x2�M0�M1� : : :; analysisbe
omes deli
ate:



18 B
DIFFICULTY: even in the hyperboli
 
ase it is ne
essary to 
he
k that the renormal-ized propagators have the same size as the bare onesSiegel's lemma applies only to graphs in whi
h the propagators size is of the order ofx2 � (! � �)�2.Not automati
 but 
he
ked via the 
an
ellation me
hanism of the KAM theory: thistime the 
an
ellations are only partial but still enough.



B 19OPEN PROBLEM:uniqueness (and relation with alternative existen
e results)
omplex"�plane 10



20 BPre
ise formulation in HJ (�xed ! (C; �)-Diophant.)F (A0;�) def= 12�A0 + � ��(A0;�)�2 + "f(�)9 A0n����!n!1 A01 and �n; � su
h that in S�n(A0n)� (T`)��n(A0n;�)) ( � ��n����!n!1 eH(�); � A0�n����!n!1 eh(�)� 2��n����!n!1 eH 0(�); � 2�;A0�n����!n!1 eH 00(�)) 8>><>>: 12 (A01 + eH(�))2 + " f(�) = E = �� indep:�A0F (A0n;�)����!n!1 ! = �+ eh(�) !� =  + h( ) (t) =  + ! t is solution


