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Renormalization theory and ultraviolet stability for scalar fields via

renormalization group methods
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A self-contained analysis is given of the simplest quantum fields from the renormalization group
point of view: multiscale decomposition, general renormalization theory, resummations of renor-
malized series via equations of the Callan—Symanzik type, asymptotic freedom, and proof of
ultraviolet stability for sin-Gordon fields in two dimensions and for other super-renormalizable
scalar fields. Renormalization in four dimensions (Hepp’s theorem and De Calan—Rivasseau n!
bound) is presented and applications are made to the Coulomb gases in two dimensions and tot he
convergence of the planar graph expansion in four dimensional field theories (t’Hooft—Rivasseau

theorem).
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1. Introduction

The aim of this work is to provide a self—contained
introduction to field theory illustrating, at the same time,
most of the known properties of the simplest fields.

I shall develop some of the ideas and methods of con-
structive field theory whenever they exist, providing the
construction (nonperturbative) of various field with one
of the few methods available (which I consider conceptu-
ally the simplest).

While I have no pretension of saying something new,
particularly to the theoretical physicists, I hope that this
review might be useful, as many mathematical physicists
have never worked on field theory and are not familiar
with its remarkable problems, and as many physicists
never had any wish or need to look at the rigorous version
of statements that they consider obvious.

In this section I review some of the philosophy behind
the setting of quantum field theory, mostly for complete-
ness and with the hope that this might help some begin-
ners.

The special theory of relativity, in spite of its elegance
and simplicity, raises a large number of problems by im-
posing the rejection of the notion of action at distance to
describe interacting mechanical systems.

In fact, the electromagnetic field in the vacuum or
the free particles provide simple examples of relativis-
tic systems, but it is difficult to describe relativistically
invariant interactions between fields; however, in classi-
cal mechanics there is only one field, the electromagnetic
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field (gravitation is not considered here), and a variety
of particles which seem to interact only through it, be-
ing charged entities. Their interaction with the electro-
magnetic field is hard to describe in a fundamental way
because of the infinite self energy that it implies.

There has been, and still there is, great hope that the
electromagnetic field quantization, or more generally the
quantization of systems of fields, would lead to the unifi-
cation of the field—particle dualism and to the possibility
of a description of relativistic quantum interactions be-
tween particles and fields. In the remaining part of this
section I summarize the heuristic reasoning behind this
hope.

Classically a field describes the configurational state
of an elastic body. As a primitive example, consider the
case of a one-dimensional vibrating string: describe it
through the value ¢(x) of the transversal deformation in
the point of abscissa x; see Fig. 1,

o() 1

x
The string parameters will be the density u, its ten-

sion pc? (with ¢ the wave propagation speed), and the

restoring constant pw?’: i.e. the string Lagrangian is

B
£=4 [ (s - A(F@) - tew?) e (1)

where «, 0 are the points where the string endpoints are
attached (o« = —o0,3 = 400) if one wishes relativistic
covariance.

The equation of motion is therefore

2
(1) - 22 (@) + () = 0

2 (1.2)

which describes a relativistically invariant field (if o =
—00, # = +00), because if (z,t) — ¢(z,t) solves (1.2),
so does (x,t) — @(R(x,t)) for any Lorentz transforma-
tion R:

sinh y

[ coshy
o cosh y

sinh y )’ yz0,c=1

The solutions of (1.2), with a« = —o0, = 400, can be
developed in plane waves:

¢! (hz—e(R)t) k € R, (1.3)

where

1/2

e(k) = £(w? + A2k?) (1.4)

Via the correspondenceprinciple and Bohr’s relations

p=nhk, E=he (1.5)
with i = 5= x (Planck’sconstant), one sees that the quan-
tized vibrationg string should describe particles for which

the relationship between momentum p and velocity v is

e & _a
dk w2+ c2k2 ho\Jw? + (cp/h)?

(1.6)

whe™2
= ) ——@
P V1—v2/c?

i.e. the quantized string describes relativistic particles
with restmass

my = wh/c? (1.7)
It would be easy to convince oneself that such particles
do not interact mutually.

However, it is easy to introduce an interaction bew-
teen them which is relativistically invariant. The sim-
plest way is to modify the classical Lagrangian (1.1) by
nonquadratic terms and then quantize it. Consider

B
c=b [ (etar - (G @)+

_ (m002

)% 6(@)? — I(e(x))) da

(1.8)

where I(p) is some function of .

The nonlinearity of the resulting wave equation pro-
duces the result that when two or more wave packets
collide they emerge out of the collision quite modifies
and do not just go through each other as in the case of
the linear string, so that their interaction is nontrivial.

It is important to stress one feature of (1.1): in order
to describe a particle of mass mg it is necessary to con-
sider a string with restoring force constant w? = mqc?/h.
It is this dependence of w on h which provides that, in
the classical limit A — 0, a particle ith rest mass mgq is no
longer described by a classical solution of the wave equa-
tion. The limit & — 0 has to be discussed with more care
because of its very singular nature. The actual discus-
sion leads to the natural picture that the classical waves
obtaines as limits of quantum states describing a set of
freely traveling quantum particles of momenta p1, pa, - - -
(“coherent states”) are a d—function wave:

n

116G —vt) (1.9)
i=1
with v(p) given by (1.6) (“point particles”).
There is, however, an obvious exception: the case

mgo = 0. This time the limit as &4 — 0 does not have the
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same singular character as before and the classical limits
of quantum states are generally correctly described by
classical fields verifying the wave equation.

The above discussion, which cannot be developed in
more detail here, is the basis for the solution of the
“wave—particle dualism” : the calssical waves and parti-
cles being in a natural sense the classical limits of quan-
tum fields (respectively massless or massive).

But one should not think that the quantization of the
string or of a more general D—-dimensional elastic body
(D =1,2,3; see Fig. 2 for the case D = 2, with the body
being a discrete set of springs oscillating over the region

Ay C RD),

Py

2 2 0 92 2 210 0
0000
b

2
with Hamiltonian
m(x)* g 2,00, | 0\?
= [ (5 B(eGEeR) +
Ao( 20 2( 0x ) (1.10)
m002

+ () e + I(w(X))) d"x
is an easy matter; it is in fact the scope of this paper to
review the related problems.

I start with the “naive” quantization: the quantum
states will be, by the “nmatural extension of the usual
quantization rules”, functions of the function ¢ describ-
ing the configurational shape of the elastic deformations;
and 7(x) will have to be thought of as the operator
ih%(x). So the Hamiltonian operator acts on the wave

function F' as

2 2
(HH)(p) = /A (—%—53 (5)2 0+ L((22 )%+
(F55) @) + 1(p(x))) F(i) ) ax
(1.11)

and it should be defined in the space Lo(“dy”), where
the scalar product ought to be

(F.C) = / F(p) Glo) "dy” (1.12)

and "dy" =[], ep, dp(%).

Even though by now the mathematical meaning that
one should try to attach to expressions like (1.11) and
(1.12) as “infinite dimensional elliptic operators” and
“functional integrals” is quite well understood, partic-
ularly when I = 0, formulae like the above are still quite
shocking for conservative mathematicians, even more so
because they turn out to be very useful.

One possible way to give meaning to (1.11) is to go
back to first principles and recall the classical interpre-
tation of the vibrating string or of the elastic body as
a system of finitely many oscillators, following the bril-
liant theory of the discretized wave equation and of the
related Fourier series due to Lagrange (see for instance
(Gallavotti, 1983b), p. 252-283); see Fig. 2.

SUppose that the region is a parallelepiped of side size
L and, for the sake of simplicity, with periodic boundary
conditions; replace it with a square lattice Z, with bonds
of size a and such that L/a is an integer . In every point
na of Z, put an oscillator with mass pa”, described by a
coordinate ¢n, giving the elongation of the oscillatorover
its equilibrium position, and subject to a restoring force
%02)230&1, to a nonlinear
restoring force with potential energy % paPI(pna). and
finally to a linear elastic tension coupling between nearest
neighbors na, ma with potential energy %uc2aD_2(cpna —
<Pma)2-

Therefore the Lagrangian of the system is

with potential energy % pa® (

D
1 .
L :§G’D Z (90?111 - 02 Z(spna-l-eja - (pna)2+

na€Ag j=1

m C2
—( % )2soia—f(<pna))

(1.13)
where e; are D unit vctors oriented as the directions of
the lattice.; if na + eja is not in Ag but na is in Ag then
the i-th coordinate, for some 4, equals L and na + eja
has to be interpreted as the point whose i-th coordinate
is replaced by 4; i.e. (1.13) is interpreted with periodic
boundary conditions with coordinates identified modulo
L.

Of course there is no conceptual problem in quantizing
the system described by (1.13); it is described by the
operator on La(]],,, d¢na):

h? 0? pa®
Hquantum = - D Z B} + — Z (114)
2Ma na€i, (Q)(Pna 2 nach,
D
(‘pnaJreja - <Pna)2 mOC2 2
(C2 Z a2 + ( h ) (pia + I((pna))

Jj=1

with C6°([[haen, R) as domain (of essential self-adjoint-
ness) provided I(y) is assumed bounded below, as it
should always be.

The properties of the quantum vibrating string, or elas-
tic bosy if D is larger than 1, which will be usually inter-
esting here will be properties of the Hamiltonian (1.14)
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holding uniformly in the “ultraviolet cut—off a”. In fact,
in most applications one is actually interested also in
properties holding uniformly in the “infrared cut—off L”
as well, with L the size of the box Ag.

It will become clear that in studying such “ultraviolet
stable properties” it will be necessary to put upon the
“interaction” I(yp) very stringent requirements to avoid
that the system becomes trivial in the limit a — 0, the
“ultraviolet limit”.

Also, last but not least, it should be clear that the
objective of field theory is to formulate a relativistically
invariant quantum theory of interacting particles, and it
might conceivably happen that the above way of trying
to give a meaning to (1.11) and (1.12) based on (1.14)
may fail: i.e. in the limit a — 0 one is left with a theory
describing only free particles. Such a failure, in princi-
ple, would not prove the impossibility of giving a non-
trivial meaning to (1.11) but only that the way proposed
through (1.14) is not appropriate.

In the next section I shall proceed to give a more com-
plete formulation of the ultraviolet problem in connection
with (1.14) (“lattice regularization”). Later, in Sec. 3, a
different approach naturally emerges: it will be the one
which will be really investigated in this work (“Feynman
regularization”); in the few cases in which the theory can
be really pushed beyond formal perturbation theory the
two approaches turn out to be equivalent.

This does not mean that in the case of questions that
that are still open the two approaches should be thought
as equivalent; however there is no reasonwhy one should
be preferred to the other or to any one among many
others that one can a priori conceive, (Gallavotti and
Rivasseau, 1985): therefore, I shall avoid entering nto
regularization-dependent questions, and I shall use one
well defined rgularization only for definiteness. This will
preclude the discussion of some recent deep results based
on special regularization assumptions, but the reader is
referred to the literature on such questions, (Aizenman,
1982; Frolich, 1982).

ii. Functional integral representation
of the Hamiltonian of a quantum field

A very convenient representation of the Hamiltonian
and a tool for the analysis of the ultraviolet limit is
the functional integral representation (this seems to be
a rather old representation; here I follow (Nelson, 1966,
1973c); see also (Glimm and Jaffe, 1981; Guerra et al.,
1975; Wilson, 1971, 1972)).

Instead of studying the operator Hyyantum, (1.14), in-
troduce the operator on La([],,, d¥na):

Tt — e_(I_Iquanhmn_E)t/ﬁ7 t 2 O (21)
where E is the ground-state energy of Hyyantum-

Denoting ¢ = (¢na)naca, and

e(yp) = ground state wave function
for Hquantuma

eo(p) = ground state wave function
for (Hquantum)lzo

Ey =ground state energy for Hy

Ty (¢, ") =kernel of T; on LQ(H d¥na)

na

(2.2)

Tto(% SOI) —kernel of ¢ t(Ho—Eo)

on LQ(H dpna)

it is possible to introduce’a probability measure on the
space of continuous functions (t,na) — ¢ne(t) such that
the sets

E(Asty, ... ty) = {(p(t1),...,p(tn)) € A}, (2.3)
with A € (R**)" will have the measure
PE(Astr, ... 1)) = / I deolts) - eleoltr))-
AL
i (2.4)
! ( H th+1*tj (So(tj)a So(thrl))) ! e(SD(tn))
where dp(t;) = [[haen, @Pna(t;) and t1, ..., ¢, play the

role of indices.

One readily checks that (2.4) does verify the compati-
bility conditions necessary to interpret it as a measure
on the algebra of sets generated by the sets (2.3) on
the space of the continuous functions ¢t — ¢(t) € R,
P(t) = [Pna(t)|naen,; ie.

(1) P(E()) =0,

(2) PE(R™)"t1,....t0) =1,
and if for A, Ag it is
E(A;tl, . ,tn) = E(Ao;tl, . ,tj_l,tj+1, . ,tn),

in other words if the value of ¢(t;) is irrelevant to decide

whether (¢(t1),...,9(ty)) is in A, then
(3) P(E(Ajty, ... tn)) = P(E(Aost1, ... i1, tj41, -

If F,G € La(e(p)?dep) and if U is the multiplication
operator mapping Lz (e(p)%dp)«— La(dp) defined by

(UF)(¢) = e(p)F(p)
and if H = U~ HyyantumU it is, by (2.4) and (2.5):

(2.5)

(F, e G 1,y o py2a) =
— ([]F‘7 e_thuanhmn /h[]G')L2 (dlp) —

_/e(SO)F(‘P)Tt(SOa<P/)€(<p/)G(go') dpdg = (2:6)

= [ F((0)) G(p(t))P(dep)
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which shows that the measure P contains all the informa-
tion needed to study the operator Hyyantum Or its equiv-
alent U-image H, (Nelson, 1973a,b,c).

In the above formulae the notation ¢ has been used to
denote an element of the space of continuous functions
t — (t) with values in R* (while ¢ denotes an element

of ]RA”); this notation will be consistently kept.

The object P is of course quite complex and needs,
in any event, the theory of Hyyantum to be really con-
structed.

It is easy to relate P to the measure Py, defined as P
but with I(¢) = 0, and to find “explicit” expressions for
Py itself, citeNe73a,Ne73b,Ne73c.

The measure Py is a Gaussian measure because the
Green’s function T (¢, '), being the heat kernel for

the Laplace operator on LQ(RAO) plus a quadratic po-
tential, is a Gaussian kernel (in fact the heat kernel
for the Laplace operator A is Gaussian, as it is well
known, and the addition to A of a quadratic poten-
tial B does not change this because of Trotter’s formula
eATB = lim,, o (eA/™eB/™)", and because the composi-
tion of several Gaussian kernels is still a Gaussian kernel).

herefore Py can be completely described in terms of its
“covariance” or “propagator”; if £ = (na,t) € AgR and

e def ¢na(t) and n = (ma,t’) the covariance is defined

as

def
Cen = / Pepn dPy, (2.7)
C(AoxR)

where C(A¢ x R) is the set of the continuous functions ¢
on AO x R.

A well known elementary calculation allows us to find
an explicit formula for C; let £ = (x,t) and n = (y,t') ,
then

0577 = Z U(x-i-nL),(y,t’)v with (2.8)
neZ”
Cen = 2m)DP+i, / / d”p dpo-
eiPg (t t') eip (x~y) (2.9)
(moc ) +p +2CQZ 1-— CZ;ZDJ‘“
see Appendix A1l for a sketchy proof.
Then the measure P is related to Py by
_mal ft/2 7)) dr
L O by
P(dp) = lim
T—00 Z(L,T) (2.10)

D

na t/2
s [ L

This is the “Feynman—Kac formula “, (Nelson, 1966,
1973c): we recall that here L is the infrared cut—off, i.e.

the side size of the cube Ay with opposite sides identified
(periodic boundary conditions). The proof of (2.10) is
not hard and the rough sketch can be found in Appendix
A2.

Rather than using (2.10) to deduce the properties of
the measure P when the ultraviolet cut—off a tends to
zero it is convenient to study a more explicit representa-
tion for P. This representation is a corollary of (2.9) and
(2.10) and it is

ubaP
2h

d na,m
P(dyp) = Tlgnoo gii% % . [_

Z Z <Pna mb — Sﬁna merb) +

na€hop m

2 D (SﬁnaJreja,mb - <Pna,mb)2
oy (ommtmamt  pranl

Jj=1

2
+ (m%c )29031a mb} + I(‘Pna,mb)}

(2.11)
where m is an integer varying between —T'/2b and T'/2b
(supposed integer), the points =7'/2b are identified (“pe-
riodic boundary conditions” in the time direction) and
Z is a normalization factor depending on L, T, a,b. The

pOroof of (2.11) is hinted at the end of Appendix A2.

Call A the parallelepiped with sides L, T in RPH = R?
considered with periodic boundary conditions and call
Pr, 7.6, the measure under the limit sign in (2.11). The
“ultraviolet problem” on the lattice is the problem of the
theory of the limit:

hm hmPLTab—PLT (212)

a—0

Here I shall study only questions related to the exis-

tence of this limit, which is a problem typical of field

theory, while no attention will be devoted to the other
fundamental problem of analyzing the limit

lim PL T = POO (213)

L, T—

called the “infrared problem”. The latter problem can
be considered a “thermodynamic limit” problem typical
of Statistical Mechanics (which does not mean that it is
easy).

The existence of the limit (2.12) will be attacked by
trying to establish upper and lower bounds (“ultraviolet
stability”) uniform in a, b for quantities like

. e (ZD 3
<6‘P(j)>d:f /PL7T7a7b(d§0)8 bE@gAj(E)w&’ (214)
where f is a C*°—smooth function with fixed support in
the interior of A. The expression defined in(2.14) is usu-
ally called the “generating function” for the “Schwinger
functions” of the measure Pr, 7 4.p.
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For simplicity it is convenient to fix the ratio a/b to be
equal to ¢, the speed of sound in our elastic models; also
I shall choose L = cT' so that the measure Pp, 1,/c q,0/c
can be rewritten

ad
57 2 99 pp ()
Pra(de) = (2.15)
A
where, if p- (z —y) = p-(x—y)+c(t—t")pa, P, is the

. . A .
Gaussian measure on the finite space R™ with covariance

C

Cen =Y CeinLy

neZ®

- déf A /Tr/a
ST @m e ) e m? 4250

eip(f—ﬁ) ddp

l—cospj;a
a2
(2.16)
where m = mgc/h (to understand (2.15) note the sym-
metric role of the d directions in (2.11) once a = be, L =
cT'), or explicitly

[1¢ deoe
Pra(dp) = 752 : (2.17)
d d 2
pa (Pe+ae, — ¢¢) 2 2
'exp‘%%@lT) ]
S J=

The measure (2.17) is called the “lattice free field” and
if 62 denotes the finite difference Laplace operator on the
lattice Z% one sees that Ce¢y, in (2.16) is just the kernel
of the operator

1

6 = B R ———
puch™ (m? + 62)

(2.18)

(by finite difference Laplace operator we mean, here, the
nearest neighbor second difference divided by a?), while
if 62 ; denotes the finite difference Laplace operator on

the lattice ZZ with periodic boundary conditions on the
boundary of the cube A, it is

1

C= =1 (2 2
peh™ (m? + 65 1)

(2.19)

i.e. C is the same as C apart from the boundary condi-
tions.

The problem of studying the limit as a — 0 of
(2.15) is not exactly the same as that of studying the
lim, 0 limp—o in (2.12). The really difficult problem be-
ing the limit as @ — 0, it turns out that setting b = a/c
does not make the problem any easier or any harder. All

the results that follow could also be obtained if one con-
sidered first the limit b — 0 and then the limit a — 0 (or
viceversa).

iii. The free field and its multiscale
decompositions

It has become clear that the right way to look at the
measures (2.17) (free field) is to consider them as stochas-
tic processes indexed by the points of A; thus the free field
will be thought of as a Gaussian process.

Furthermore, it is convenient to regard the free field
as defined everywhere in A and not just on the lattice
points of ZZ N A; this can be done easily by remarking

that C¢, makes sense, by (2.16), for all {,n € R? and
therefore we may actually imagine that it describes a
family of Gaussian random variables indexed by £ € A,
whose distribution is still denoted P? .

Since C¢y, is infinitely smooth, it follows from the gen-
eral theory of Gaussian processes that the “sample fields”
¢ will be, with probability 1 with respect to PP ,, C°°—
functions o £. However this does not really imbly that
they are smooth in a physical sense: in fact, the expected
values of 2, (Dpg), . .. all diverge as a — 0 (if, as will be
always supposed, d > 2).

This means that the fields ¢ are indeed smooth but
to see that they are such one has to look at them on a
scale as small as s. An easy calculation shows that in
fact

B e e T B
/(a 905) PL,a(d(p) {O(a—2p loga_l) d=2

where 0P is any p-th order derivative of .

The relation (3.1) tells us that ¢¢ has to be regarded
as a smooth function which can be as large as a(4=2)/2,
if d > 2, oras (log a )% if d = 2, and which can have
k-th order derivative larger by a factor a=*, cethe field
looks smooth only on scale a.

In general, in understanding the structure of a stochas-
tic field, two main scales have to be specified: the scale on
which the field is smooth and the scale on which the field
is without correlations, i.e. the scales on which the field
can be regarded as constant and those on which the val-
ues that it takes can e regarded as independent random
variables.

In our case it would be easy to show that

(3.1)

1
|Cey| < Me™ 67 e neZl, vt <|6—n| < 5L

(3.2)
where M,k > 0 are a—independent; this can be inter-
preted as saying that the field |f¢ has an independence
scale of O(k1).

If one calls “regular” the random fields with identical
smoothness and independence scales it is clear that the
fields of interest here (free fields) are not regular; and this
is the distinctive feature of field theory with respect to
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statistical mechanics of weakly interacting systems (i.e.
away from the critical point). It introduces the new prob-
lem of ultraviolet stability, characteristic of field theory.

In fact a regular field is hardly different from a lattice
spin system of essentially independent spins located on a
lattice with spacing equal to the unique scale of regularity
and independence.

Since the techniques for studying lattice spin systems
have been well developed in statistical mechanics, at least
in some easy cases, the idea arose, (Wilson, 1971, 1972,
1973, 1983) of trying to represent irregular fields as de-
composed into sums of regular ones. This leads to the
“multiscale decomposition’s” of the free field which are
discussed below and which are small perturbations of the
Gaussian field PY

It is in fact pos&ble to write the field ¢ as

Z o).

(3.3)

(k)

where @g are independently distributed over the index

k and are regular on scale y~*m™!. if ¥ > 1 is an arbi-

trarily preassigned number (“scale factor”).

The decomposition (3.3) can be done in various ways
and with different requirements on ¢*).

In general one desires that if y~*m~! > a , i.e. if the
length scale of the field p*) is larger than the ultraviolet
scale a, then the samples of ¢*) should be smooth on
scale y“*m~1!, with the h-th derivative being of the order
of ¥¥ " times the size of the field itself, see (3.1), for h < p.
Such a decomposition will be called a “class CP multiscale
decomposition” of ¢ into regular random fields.

There is a simple algorithm to construct multiscale de-
compositions of the Gaussian random field with covari-
ance operator (2.18). It is based on the following trivial
identities:

1 ( 1 1 )7
m? 4 ¢2 :kzzo m2y2k 42 p2a20tl) 4 22)

_ -1 _ 3.4
- Z m4,y4k+2 —l—mQ(FyQ + 1)7%52 v = ( : )

_ ZZ m2(y? — 1)y%*
- == m4 4k+274h+m2(,-y +1)72k52+€4

~ m2(y2 — 1)y2* B
m474k+274h+4+m2(72+1) 2kg2 4 4
_ZZ 7—1)7m(7—1) Ok 20
s m4~y 74 4 m2 (42 + 1)e2y2k— 2h_|_54]

1
' [mAy6y % £ m2(y2 + 1)e

22k=2h | 1] -

where in the last equality a change of variables is made,
changing k + h into k.

The way to read (3.4) is the following: (m? + ¢2)7!
can be written as a sum of reciprocals of fourth-order
polynomials in €, or as a sum of reciprocals of eight order
polynomials, or of sixteenth order, etcby the “telescopic”
algorithm displayed self-explanatorily in (3.4).

Then to each such decomposition one can associate
a decomposition of the random field ¢ like (3.3). For

instance if £,(p) =) 2221(1 —cos ap;)/a? let T*(p) the
expression appearing after the summation symbol in the

second line of (3.4) with ¢ replaced by €, (p), then setting

us

k h a o (E—
C( ) = W/ B dpFZ(p)eZp(g ) (35)

and if C®) is defined as in (2.16), with C replaced by

U(k), one realizes that by the first identity in (3.4) the
field ¢ has the same distribution as the sum of a sequence
of fields ¢(®) with covariances given by C'*),

Similarly, using the last identity in (3.4) and calling
I'®"(p) the expression appearing after the summations
symbols in (3.4) with ,(p) replacing € and setting

(k) kh 1(5—)
C,~ = dpI?: ple—n 3.6
& = ) MCZ/1 P (36)

then if C®) is defined as in (2.16), with C replaced by

U(k) one again finds that the field ¢ has the same dis-
tribution as the sum of a sequence of fields p*) with
covariances given by C ) ete.

The fields p*) with covariance C®) related to (3.5) or
(3.6) or to the “higher order generalizations” of them, are
regular fields for all values of k such that vy *m~! > a
and, when restricted to the lattice points, are basically
independent fields for the larger values of k. Furthermore
if y"*m~1 > a the fields ¢*) have essentially the same
distribution up to trivial scalings.

To see the above properties of *) for y~*m =1 > @ one
can heuristically fix k and let a — 0 (so that vy~ *m™1 >
a). Then (3.5) becomes

k

(k) d—2)k 7 (k) _ —(k)
O&m ( ) O kfv n’ O Z O£+nL,n
neZ?

m?(y? — 1)eE= ddp

h a
2m)pe /g m*y? +m2(y? + 1)p? + p*’

(3.7)

—(0)
Cep =

and it is easy to see that C( ,)7 is well defined and sooth
with its derivatives of order 2( —¢)if d = 2 and of order
2(% —e) if d = 3 and, furthermore, it decays exponentially
for |¢€ —n| large on scale m~! . This means that the field
o) with covariance C®) in (3.7) is Hélder continuous
on scale y"¥m~! with exponent less than 1 if d = 2 or less
than £ if d = 3 (here € > 0 is arbitrary); it is, however,
still irregular if d > 4.
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If one uses the second decomposition of ¢ introduced
above, associated with (3.6), one finds

k
&) _  (d—2)k —2h ~(0,h)
Cen = 742 27 Ckg e

h=0
(k) _ (k)
Cey = 2 CevnLa (3.8)
neZ?
co__h / " L0k (p)einE)
&n 2m)dpc | = ’

where T%"(p) is defined as the similar quantity I'%"(p)
appearing in (3.6) with p? replacing &,(p); and it is easy

to see that Ug:]) has the same qualitative properties of
7k<d_2)c$cf)7kn and €9 is well defined and smooth

together with its derivatives of order 22—¢e)ifd=4 (e
being an arbitrary positive number).

This means that the field ¢*) has second derivatives
which are Holder continuous with exponent (1 — ¢) for
d = 2, of order % —e¢ for d = 3, and first derivatives which
are Holder continuous with exponent 1 — ¢ if d = 4 (for
d = 5 the first derivatives would be Hélder continuous
with exponent % — ¢ while for d = 6,7 the field itself
would be only Holder continuous with exponent 1 — ¢ or

% — ¢, respectively, and for d > 8 it would be irregular).

The latter statements can be made more quantita-
tive (see below); their proof is essentially a repetition,
adapted tot he circumstances, of the well known proof
of Wiener asserting the Holder continuity of the sample
paths of the Brownian motion and it will not be repeated
here. One can use the classical method of Wiener as in
(Colella and Lanford, 1973); the cases (3.7), (3.8), as well
as the others arising from the higher order identities ob-
tained by continuing the decomposition process in (3.4)
are specifically treated in (Benfatto et al., 1980b), as a
part of a general theory of a class of Markovian Gaussian
random fields.

The above discussion on the fields ¢*) suggests yet
another approach to the ultraviolet stability which will
be the one really followed in the upcoming sections.

Namely, choose ¢(*) to be the random fields with co-
variance (3.7) (or (3.8) or any other associated with the
higher order identities continuing those in (3.4)) and de-
fine

N
<N]def k
DI (3.9)
k=0

Then the measure (2.15) can be regarded as obtained
by integrating over the p(*)’s the measure

pa? >
%e—m geAI(g)&) HP(d</7(k)):
k=0

S o T K
= i e 5 T 0 I plat)
@ k=0

(3.10)

under the condition that ¢ = > 77, ¢® is held fixed;
the Z’z normalize to 1 the measures in (3.10).

At this point there will be a change in point of view
and the fields ¢*) will no longer be regarded just as aux-
iliary fields but as objects interesting in their own right:
the stability problem will be extended to the problem of
showing that not only ¢ but also ¢*), for each k, have a
well defined limit distribution as a — 0 if they are given
the distribution (3.10) for a > 0.

The plan is to attack the ultraviolet stability problem
by studying the measure

d <N
T EE e N

4)
7 H P(dpW)
I ]:0

PEM(dyp) =

(3.11)

uniformly in a, N allowing I(yp) to depend on a, N and
on the derivatives of ¢ if this becomes necessary in order
to ensure the existence of an interesting limit as a — 0
after letting N — oo.

Ultimately “interesting” should mean a field theory
susceptible to a physical interpretation as a theory of
interacting particles: it should verify various properties
among which the possibility of defining an operator for-
mally equal to H in (1.11). For instance one could re-
quire that the field ¢ verifies the Nelson axioms or the
Osterwalder—Schrader axioms or that it should lead in
some way or another to the construction of Wightman
fields (which undoubtedly is the minimal requirement
thought so far) (for a critical discussion and a review
of the axioms of various type and their relations see (Si-
mon, 1974), see also (Nelson, 1973a,b,c; Osterwalder and
Schrader, 1973a; Wightman, 1956)).

In other words one is free to change the rules of the
game provided one eventually succeeds in constructing a
Wightman field theory describing nontrivial interactions;
see also the comments at the end of Sec. 1 and in Sec.
22.

Of course the more one changes the rules of the game
the more one has to work at a later stage. For instance
in passing from the lattice regularized—continuous time
approach of Sec. 2 to the problem of taking the N — oo
limit in (3.11), we lose the “unitary character” of the the-
ory because it is no longer clear (and in fact it is not true)
that the process P(=N) (dp) can be generated by a Hamil-
tonian, as it was instead the case in Sec. 2, i.e. before
starting the chain of “slight” changes leading to (3.11).
So once the limit as N — oo will have been taken, we
shall have to worry whether it has the properties which
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would allow us to interpret it as generated by a Hamilto-
nian operator, i.e. whether a formula like (2.6) holds for
some operator Hgyantum-

In constructing a field theory it may sometimes be
convenient to give up temporarily some of the proper-
ties of the final theory; note, on the other hand, that the
continuous time lattice regularization although “unitary”
is mot translation invariant (a property holding only if
b=0in (2.11)).

At this point in view of the latter remark it is very
tempting to simplify the problem by interchanging the
limits on @ and on N and let a — 0 while keeping N
fixed and then let N — oo. This leads to the measures

ad <N)
—pes [ 1eEN de) N _
c AZ []Pde?) (3.12)
=0

PEN(dyp) =

where now P(dp?)) denotes the distribution of the field
©) with covariance associated with (3.7) or, alterna-
tively, (3.8) or any higher order regularization of them,
and I(y) depends, possibly, on N.

The advantage of studying (3.12) is that it is obviously
easier in some respects than (3.11) because the fields ¢7)
are now related by simple scalings, as the first of (3.7)

r (3.8) show (i.e. goéj) has roughly the same distribu-

tion as 47 (d_2)cpfyoj)£ ; note, however, that even in the case
(3.7) there are small corrections because, although in this

simple case 6(” scales exactly, the covariance CY) does
not so because of the imposition of periodic boundary
conditions,

Furthermore, one does not have to distinguish between
the cases v /m~! > a and v /m~! < a. However one
should note that the fields ¢¥) with v 7/m~' < a are
somewhat trivial (i.e. they are approximately indepen-
dently distributed on the lattice points) and thus one
heuristically thinks that the limits of (3.12), as N — oo,
should lead to the same measures as the limit of (3.11)
as N — oo first and a — 0 second.

This remark could in fact be made more precise to the
extent that it can become “all the results discussed in this
paper and concerning the existence of formal perturba-
tion theory and concerning the existence of non Gaus-
sian limits of (3.12) as N — oo, or the existence of for-
mal perturbation expansions of various quantities, could
also be obtained considering the limits lim, g limy_. o, of
(3.11)7; this statement should emerge quite clearly from
what follows but it will not be explicitly proved (to limit
the material presented here).

The theory of the limits as N — oo of (3.12) is already
complex and interesting enough, and studying (3.11), as
far as the problems discussed here are concerned, does
not lead to any new ideas but only to rather trivial tech-
nical digressions.

Therefore from now on I shall concentrate on the dis-
cussion of (3.12) with ¢(*) being defined by (3.7) or (3.8)

or by their higher order analogs depending on the mod-
els, the aim being to obtain a limit as N — oo in which
the distributions of all the variables (/) are well defined,
although they are not Gaussian.

One says that the approach to field theory based on
(3.11) is a “nearest neighbor lattice regularization” ap-
proach, while the one adopted here, via (3.12), is a
“Pauli-Villars regularization” approach of some order;
more appropriately it should be called “Feynman regular-
ization”, see (Pauli and Villars, 1949). Both approaches
are widely used in the literature: see for example (Aizen-
man, 1982; Boboliubov and Shirkov, 1959; Brydges et al.,
1983; Callan, 1976; Frolich, 1982; Park, 1977).

Before starting the analysis of (3.12) it is important
to stress once more at the cost of being repetitious and
to avoid hiding important issues, that while the theories
of (3.11) and (3.12) are equivalent up to technicalities as
far as the results presented in this work are concerned,
it is by no means clear that they are equally suitable for
pursuing the quest of other results that we should like to
obtain, first among them that of showing the existence or
nonexistence of a non trivial ¢* field in dimension d = 4.
Furthermore there are other possible approaches most of
which give the same results as the one presented here,
if applied to the problems considered here, and which
might be better suited for the study of the hard open
problems, see comments at the end of Sec. 1 and in Sec.
22 (see also (Gallavotti and Rivasseau, 1985)).

The fields p*) with covariance (3.7) will e called “first
order Pauli-Villars fields” of frequency index k, while
those with covariance (3.8) will be “second order Pauli—
Villars fields” with frequency index k (shortly “with
frequency k”); similarly one can define the n—th order
Pauli-Villars fields via the use of higher order identities
in (3.4) and with ¢ = p?, see below.

Formula (3.12) will define the m—th order regularized
interacting measure if ¢*) has the meaning of an m-th
order Pauli-Villars fie;d (of course we allow only func-
tions I() that are such that I(p(S™)) has a meaning,
at least with probability 1 with respect to the measure
[T5, Pldg).

The latter remark is very important: it shows that

I(p) x ¢ (3.13)

is not admissible for d > 4 if one uses the Pauli—Villars
first order field (because the expected value of cpéSN) is

infinite if d > 4, by the second of (3.7)). However

I(pe) = Aps + i + o (9 pe)? (3.14)

is meaningful if one uses in (3.12) the second order Pauli—
Villars regularization even for d = 4, because the ex-
pected values of (wéSN)V and (0 gpéSN)V are finite if
computed using (3.8) rather than (3.7).

This section will be concluded by listing a more quan-

titative meaning to be given to the regularity statements
about the fields ¢(*) made after (3.7) and (3.8).
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Let ©*) be a sample of a Gaussian random field dis-

tributed with covariance Cf(f]) in (3.7). Then if A is imag-
ined paved by a lattice Q) of square boxes A with side

size v"*m~1!, one finds that for d = 2, 3 and for all choices
of Ba >0,
eI < Ban#HiD, veeAeqQr  (3.15)
Li(d— Lia_q)—
o = Al <Bar e g0
VEEA, € —n| <y Fm!

hold with probability bounded below by

[T (0 —Ae =53 (3.17)

A€Qk

if A, @ > 0 are suitable constants depending on the choice
of the arbitrary parameter € > 0 but k—independent. Of
course one assumes here that the side of A is divisible by
v Fm~1 for all k > 0; this assumption could easily be
released for the study of the problems considered in this
paper, see however the comments in Sec. 22.

More generally the chain (3.4) can be continued to ex-
press (m? +p?)~! as a sum of reciprocals of polynomials
of degree 2"*! in p?, n =0,1,2,.... In this way one can
define a field

N
@(SN) — Z sD(k) (3.18)
k=0

where ©(=N) is a very smooth Gaussian fields which is
decomposed into regular independent fields with covari-

ances C'®) defined by “periodizing” a covariance U(k) via

the second relation in (3.7) (or (3.8)) and with ™ ver-
ifying

97T, | < APyt Deon il o < < i
jo—177(k) jo—177(K)
0701 C, — 07 Cry < (3.19)
AP D (bl — gy eem e,
where Ag, A., ko are suitable constants and ¢ > 0 is ar-
bitrary, and where jo = 2"*! — d. For instance the case
n = 2 is worked out explicitly in (3.8). The n-th order

Pauli-Villars fields defined by C*®) verify, with probabil-
ity bounded below by (3.17),

70| < BayTPyER@=D 95 <,
a, (k)
5 1 0%
e = > g €= (G20

2|al<jo

< Bay#hd=2) (yk|g —qp|y3o0—e
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where 87 denotes any j—th order derivative and

d d
'dif | def
a: = Hai., |a| = E a;,
i=1 i=1

and 02 is the derivative of order a; + ...+ aq of order a;
with respect to the first component etc, so that the sec-
ond of (3.2) is an estimate for the remainder of a Taylor
series.

For instance if n = 3, d = 4 the field ¢*) admits
five derivatives and the fifth id Hoélder continuous with
exponent less than % and C®) admits 11 derivatives.

Since periodic boundary conditions are being used un-
less explicitly stated otherwise, here as well as in the rest
of the paper, ({2 — &) will be a symbolic notation for a
periodic function on A x A equal to the vector from &;
to &2 when the distance between & and £ on A is small
and, for larger distances, equal to (&2—_1)x(|¢&2—¢&1]) with
|€2 — &1 being the distance on the torus and x € C* is
monotonic and x(r) = 0if r > 1, x(r) = 1if r < & (ie.
(&2 — &) is really what the notation suggests if z7 and
x9 are close enough and (arbitrarily) 0 otherwise, while
|€2 — &1] is the distance on the torus A).

The inequalities (3.19) are elementary consequences of
the analysis of the asymptotic behavior of the integrals
in (3.7) and (3.8) and of their generalizations to order n.
Whereas the inequalities (3.20) and (3.16) follow from
the fact that the ) form a Markov process and from
the regularity properties of C*) expressed by (3.19) via
the classical idea of Wiener for the Holder continuity of
the sample paths of the Brownian motion, see (Benfatto
et al., 1980b; Colella and Lanford, 1973).

In the literature other regularizations are also consid-
ered which produce infinitely smooth fields ¢(*) by using
“nonpolynomial” decompositions like

1 — K
_ Xo(p) x1(0"p) (3.21)
L+p?  14p* = 1+4p?
where
xoP)+ > xi(v"'p) =1 (3.22)
k=1

and xo, x1 are C* nonnegative functions such that y; has
support in 1 < p? < 42. Such decompositions produce

6(’“) ’s which verify (3.19) with jy arbitrarily prefixed but
with the modification that the exponential decay factor
is replaced by (1 +~*|¢ — n|)~% with w arbitrarily pre-
fixed (i.e. the decoupling takes place on the same scale
as in (3.19), namely v ~*m™!, but it is slower thane ex-
ponential, although still faster than any prefixed power).
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iv. Perturbation theory and
ultraviolet stability

I shall try to be very general, not for love of general-
ity, but because perturbation theory is conceptually very
simple and if one discusses it in the few examples in which
one is really interested one makes it appear more com-
plex, because all the fine details peculiar to each model
become most inextricably mixed up with its structure.

The first thing to fix is the interaction Z(y): choose
Z(¢) to have the form
V(SN X N) =
(4.1)

t

If p = <p(§N) the function Z(y) spans a finite dimen-
sional linear space Zny as A = ()\(O‘))azl _____ ¢+ spans R or
a linear subspace of R’, fixed a priori ; one can regard
In as a subspace of Ly (H;V:() P(deW).

It is convenient to assume the functions v(®) (p(SV)),
N =0,1,..., to be so related that for all N’ < N it is

/”“”( G, 00N ) de =
/P (N'H1) L P(dp™))x

x /A V@ (N 9o EN) de

(4.2)

or, in other words, UJ(\?,)

of vj(\‘,l) € Iy performed by using as projection operator
the integration with respect to the field components of
frequency higher than N’. This property, which is veri-
fied automatically in all models that are considered here
(because every model will be written in “Wick—ordered”
form, see below), is very convenient for the exhibition of
general structural properties of perturbation theory. In
probability the latter property is known as a “martin-
gale” property of the sequence of functions vj(\‘;‘).

A sequence Z = (Zn)n=o,...00 verifying the martingale
relation (4.2) will be called an “interaction”.

Of course the choice of the free fields ¢U), i.e. of the
order of regularization, will always have to be such that

the integrals in (4.1) make sense [for instance if v(®) re-
N)

€ Iy is the projection on Zy-

ally depends on &p; we shall use at least a second

order regularization for d < 4; if v(®) depends only on
wéSN) then we could also use simply the first order reg-
ularization provided d < 4, see (3.20).

A field theory Z can be defined in two, usually
nonequivalent, ways: “nonperturbatively” as a probabil-

ity measure which is the limit as N — oo of measures
defined by

11

V(¢<<N> An,N)

Hp dSD])

where Ay is a give sequence of coupling constants
called “bare couplings”, for which V@ = ANN) ¢
Ll(]_[j-vzo P(de)), or “perturbatively”. The latter sense

is based on the following idea, (Dyson, 1949a,b; Feynman,
1948; Schwinger, 1949a,b). Consider the following formal

Prn(dp=M) = (4.3)

power series in the parameters A = ()\(1), L AD e RE:
AvA) = > )M AOme =
mi,...,M¢ (44)
= In(m)A™,
where £(m) € R". Then compute
/e“’ "D Py y(dg) = (4.5)

B few(SN)(f)eV(w(SN)(f)-,AN(A)yN) H;V:O P(dp)
J eV @ENWD AN T P(dpl))

formally, by expanding all exponentials in powers and
then using (4.4) to express the results as a power series
in A by collecting terms with equal powers:

/esa (f)PIN(dSO) = (e# V) = ZS LN, f)Am

(4.6)

Then the perturbative field theory with interaction 7

and bare constants An(A) given by (4.4) is well defined
if the limits

Sm. )= lim S(m.N. ) (4.7

exist for all smooth test functions f and for all m.
The theory will be called “perturbatively trivial” if the
power series

> S(m, f)A™

m

(4.8)

formally converges to the exponential of a quadratic form
in f (“Gaussian theory”) for |A| small.

Similarly if the limits of (4.3) are Gaussian measures
for all possible choices of Ay then one says that the the-
ory is “trivial”.

If it is impossible to find a formal power series (4.4)
such that the limits (4.7) exist one says that Z is a “non
renormalizable” theory.
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The power series (4.8) is called the “renormalized series
for 77, and the parameters A in it are called the “renor-
malized couplings”, while the corresponding formal series
(4.4) define the perturbative bare couplings [note that the
formal power series (4.4) do not necessarily converge].

It is perhaps worth stressing again that the real ob-
jects that one is trying to find are more complex than a
probability measure P which is a limit of (4.3) (in a per-
turbative or nonperturbative sense), so after such limits
are constructed one still has to see if they have the right
properties to allow their interpretation as relativistically
invariant quantum field theories.

However, in the few cases in which the measures P
have been constructed as limits for N — oo of (4.3) the
understanding of the problems remaining before a full in-
terpretation of the results as relativistic quantum fields,
has been carried out without excessive difficulties [after
the basic techniques to deal with this question were de-
veloped in the basic papers, (Glimm, 1968a,b; Glimm
and Jaffe, 1968, 1970a,b; Glimm et al., 1973; Guerra,
1972; Nelson, 1966, 1973a,b,c; Osterwalder and Schrader,
1973a,b)], so I shall not develop this question further
here, after warning the reader of its paramount impor-
tance, on the grounds that it should not be thought of
as a part of the main subject of this paper, i.e. of the
ultraviolet limit problem.

Perturbation theory plays a major role even in the
so called nonperturbative approach (Balaban, 1982a,b,
1983; Benfatto et al., 1978, 1980a,b; Brydges et al., 1983;
Federbush and Battle, 1982, 1983; Feldman and Oster-
valder, 1976; Gallavotti, 1978, 1979a,b; Gawedski and
Kupiainen, 1980, 1983, 1984; Glimm and Jaffe, 1968,
1970a,b; Glimm et al., 1973; Magnen and Seneor, 1976).

Here perturbation theory will be treated from the point
of view of the renormalization group, expanding the
ideas developed and used in the just quoted (Benfatto
et al., 1978, 1980a). I shall follow the theory presented
in (Gallavotti and Nicolo, 1985a,b), with some modifi-
cations here and there. The first to treat completely,
to all orders, perturbation theory by literally applying
the renormalization group methods has been (Polchin-
skii, 1984), who adopts a method slightly different from
the one presented here obtaining weaker results —e.g.
the n! bounds are not treated in his work, at least not
explicitly.

The renormalization group approach to field theory
grew out of several earlier works [e.g. (DiCastro and
Jona-Lasinio, 1969; Jona-Lasinio, 1975; Kadanoff, 1966;
Ma, 1976; Wilson, 1965, 1971, 1972, 1983; Wilson and
Kogut, 1973)].

Here “applying the renormalization group method”
will mean that one regards the fields (@), ..., ©®) .. as
real entities describing phenomena taking place on their

own length scale W_k;xl: and we shall define the effective

. . _1.—1
interaction on scale =y km' as
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VP (o) def /eV(Lp(SN)-,)\N()‘)). (4.9)

- P(dp™) . P(dp*H1)

In perturbation theory one fixes the formal power se-
ries Ay () in such a way that V*) turns out to be given
by a formal power series in A which, order by order, has
a limit as N — oo if @, ... o®) verify (3.20) (n be-
ing the order of the chosen regularization), and the limit
has a short range structure allowing us to interpret V(*)

as a statistical mechanics interaction between spins (the

cp(k)’s) located on a lattice of mesh 7_’“;1

continuous fields—see Sec. 3).

One might be worried that the fields ¢9) do not really
have a physical meaning (yet) and that knowing that they
are well defined objects even in presence of interaction
does not really tell anything about their sum ¢(=N) which
is the object with physical meaning (in the limit N —
00). One could repair this objection by imagining that
the last term (say) in (4.1) has the linear form

rather than

)\(t)VN(go(SN),Bgo(SN)) = )\(t)f(g)(p(SN) (4.10)

and show that the effective potentials are well defined
with a choice of 1y(m) leading to /\g\t,) =D (ie. “no
renormalization on the linear part of the interaction”)
and to an expression of the remaining bare couplings
)\5\}), cee )\g\t,_l) involving only AW, ... A*=D (and not
)\(t)); then the effective potentials and the coefficients
S(m, N, f) would be simply related to the Schwinger
functions of the field (=N) and the problem of proving
existence and ultraviolet stability of the effective poten-
tials would be in principle harder than that of proving
that of the limit (4.7) in absence of a linear term in Vi
(although it will be in fact an equivalent problem in the
cases studied here).

Alternatively one could decide to worry about this
problem after completing the theory of the effective po-
tentials: in fact the formal connection between the effec-
tive potentials and the Schwinger functions will be briefly
discussed in Sec. 10.

v. Effective potentials: the algorithm
for their construction

Given an interaction Z as defined in Sec. 4 (see (4.1)
and (4.2)), let

t
V) = A [ (0 de (5)
a=1

The effective interaction on the length scale y~*m™1 is

defined by
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VP (p=R) :/ev(w(sm). (5.2)

- P(dp™M)) L P(dpRH)

To be slightly more concrete it is convenient to list the
cases which will be treated here or which can be treated
easily with the methods reviewed in this paper.

(1) Polynomial fields in two dimensions

U(a)(SD(SN)) = (w(SN))a . (5.3)
where the dots denote the Wick ordering of polynomials
and a > 0.

In this case as well as in the cases below the prop-
erty (4.2) is trivially a consequence of the properties of
the Wick polynomials. Such properties are remarkable
and the reader will be supposed familiar with them. For
ease of reference the definitions, their main properties
and the ideas from which they are derived are provided
in Appendix A3.

The notion of Wick monomial will not be needed in
this section nor in the following sections, 6-11, where ev-
erything is worked out without referring to Wick ordering
or Wick monomials.

(2) Sine-Gordon field in two dimensions

V(EED) = 30 %/ : ei"WéSN)ngry/dé:
o==+1 A A

= )\/ : coswéSN) : d§—|—u/d§, a>0 (5.4)
A ' A

(3) Ezxponential fields, d > 2

(=N

V(psM)y = —)\/A: e Pe

)

dg + l// d¢ (5.5)
A

(4) * field in three dimensions

V(=) =

= —/A (A (@SN 4z (SN2, +v)d¢

(5.6)

(6) ¢* field with wave function renormalization for d < 4

V(@(SN)) — _/A (/\ :(w(SN))Al -

o (PE)? o (09S)? ) de

(5.7)

(7) ¢C field with wave function renormalization for d < 3
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V(pEN) = —/A (o : (@SNNE X - (p(SV)4 4

+ o (gp(SN))2 o (8@(5]\’))2 : +1/)d§ (5.8)

All the above cases are examples of interactions Z in
the sense of (4.1) and (4.2) (see Appendix A3 for the
properties of Wick monomials).

In view of the above ambitious models one might thin
that it would be very hard to find reasonable expressions
for V(¥); this is not really the case as the algorithm below
proves; the reason being that the construction of V(%)
can be carried out in general, without using the detailed
structures (5.5)—(5.8) or the Wick ordering properties,
starting from (5.1),(4.1) and (4.2).

The mathematical basis for the algorithm is a trivial
Taylor series. To define it introduce the notations

E(-) =expectation value with respect
to a probability measure,

5.9
Er(+) = expectation value with respect (59)
to the Gaussian measure P(dp®),
and in general, given p random variables z1,...,z, and
p positive integers ni,...,n, one defines the truncated
expectations of x1,...,xp as
ST(xl,...,;vp;nl,...,np): (5.10)
an1+...+np
— log 5(6A1m1+...+)\p1p)

NI A" Ai=0

The symbol E,CT will therefore have a well defined mean-

ing if z1,..., ), are p functions depending on o). One
checks by induction the Leibnitz rule: Ywi,...,wp € R
or L nlwit .. wp”
(w1$1+...+wp$p,n)— nlzn 7711!”'”1)! .
nl+..,+npp:n
ET (21, apiny, ) (5.11)
andif n=n;+...+nyp
ET(x;1) =E(x), ET(x;0)=0 (5.12)
ET(x,x,...,x;nl,ng,...,np)EET(:E;n) '

Therefore the following Taylor expansion, cumulant ex-
pansion, formally holds

E(e*) = e2opmr ME @) (5.13)

and is convergent for any bounded random variable x.
Hence modulo convergence problems
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oo

/P(dgo(N))eV = e2unoy wEN(Vim) def v (5.14)

and, recursively,

/P(d(p(N))P(d(p(N_l))eV =e

> 1
=epd ) nilngl ... 11m2lmeging
h=1ni+nz2+...=h

" ET_ (U _

(5.15)

. 5;{,71(5;{,(V; 1),E5(V;2),EL(V33),...sn1,n9,n3, . )

once we have applied the Leibnitz rule (5.11).

It is clear that by combining (5.9) and (5.13) one can
find a formal expression for V(*) of the type (5.15): its
structure will be elucidated in Sec. 6 by means of a graph-
ical interpretation of the general term arising in the iter-
ation of the above expansion.

vi. A graphical expression for the
effective interactions

The structure of V*)_ as obtained from V by doing
successively integrations over fields of increasing length
scale can be described easily i terms of a certain family
of planar graphs, actually trees.

Draw n points 1,2,...,n (see Fig. 3)

1

and imagine that they are the endpoirrlbts of a tree v whose
vertices v bear an index h,, with £k < h, < N and h, <
hy if v < v’ in the order of the tree; the lowest vertex r
of v, called the root bears the index k, denoted k(v), and
out of it emerges one branch only. All the other vertices
v > r are branching points with at least two branches.
The end points of the tree are not regarded as vertices.
The tree can be thought of as a partially ordered set from
the root up to the end points.

Two trees will be regarded as identical if they can be
superposed, together with the labels appended to their
vertices, up to a permutation of the end point labels
(1,2,...,n) and up to a change in the lengths of the
branches and the location of the vertices which does not
alter the topological structure of the tree. In drawing
trees we shall agree to think that they are drawn in some
standard fashion which always leads to the construction
of a given representative in each class.

The number of end points in v (n in Fig. 3) will be
called the order of v. A tree of degree 1 will be called
trivial and it ill contain only one line from the root r to
the end point 1.

The first vertex after r will be called vy; it exists if and
only if the tree v is not trival.
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Given a nontrivial tree vy, let v1, 72, ...,7s be the trees
which bifurcate in |g from wg, i.e. from the first non-
trivial vertex (in Fig. 3 it is s = 2). The s trees can
be divided into into g classes of trees whose elements are
identical up to the end points labelings and let 7y, ...,7,
be the representatives of each class. Let pq,...,pq be the
number of elements in each class. Define a combinatorial
factor n(v) inductively as

n(1) = [[pitn(z)" (6.1)

setting n(y) = 1 if v is the trivial tree.

The index h, associated with each vertex v wil be
called a frequency index or the frequency of v.

If one stares, for a conveniently long time, at (5.13)
and (5.15) it becomes clear that

V()

n(7y)

vk — Z

v, k(v)=k

(6.2)

where the sum runs over the trees with root at frequency
k and with frequency indices h, < N; V() is a function
of the field @(=%) which, although it could be explicitly
written, is more conveniently defined by induction. If
is trivial, let

def

V(7)) = Ekgr-En(V) (6.3)

and if v bifurcates on the first vertex vy following its root
r into v1,...,7s at frequency h,, = h let

Vi(y) =

6.4
ng_l...gh_lg;{(V(’yl),.. ( )

L V(v)i1,1,..,1)

As a result of (6.3),(6.4) one sees that each vertex of
~v with index p corresponds to EpT , while each line of ~
joining two vertices v < v’ corresponds to

Enyr1 &1, (6.5)
while the lines joining a vertex v to an end poit corre-
spond to

Ehyt1---EN (6.6)
and finally each end point corresponds to a function V.
The proof of (6.4) is obtained by combining (6.2) and
(6.3) with (5.9)—(5.14): one gets (6.4) immediately by
induction on the degree of the tree.
The above algorithm can be modified to obtain more
explicit expressions for V(¥), Let, see (4.1),(4.2),
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t
a a <N <N
V=3 X >/Av§v><so§ LopEMyde o (6.7)
a=1

which is the case of interest here and introduce what
will be called a decorated tree which is a tree whose end
points bear labels () = (§1, 1), ..., (§n, @) instead of
1,...,nand & € R% a; € (1,...,t). Then (6.2),(6.4)
imply that

Z V(v)
el ()
k(v)=k

(6.8)

V(k):Z/ Z déy - dé,

FRRETIe 20)

where the sum runs over all decorated trees v with root
frequency k and with vertex frequencies h, with k£ <
hy, < N for v > r, and the value V() will have to be
computed by using (6.3) and (6.4) except that V has to be
replaced in the evaluation of the trivial tree contribution
by: Al®) V]S,a)(goéSN), (’“)cpéSN)) if the trivial tree is

(4)

k ¢ a

The third sum in (6.8) is performed by keeping fixed
the decoration 0(y) = ((£1,04), - - ., (§n, an)). Finally the
combinatorial factor of the undecorated tree 7 obtained
by stripping  of its decorations.

In other words one can say that the rule for evaluating
a decorated tree is the same as that for evaluating an
undecorated tree but with a different interpretation of
the end points, which depends on the decorating indices.

For later use it is convenient to define a tree shape
which is a tree of the above types once stripped of all its
indices and decorations, except the index « attached to
the end points, which will be called type indices.

This completes the discussion of the basic graphical
algorithm used to build V) for k > 0. It is, however,
convenient to define also V(1. For this purpose one
thinks (M) as being given by

P(EN) = (=D 4 O 4 o), (6.9)
where the field ¢(—1) is distributed independently rela-
tive to the other @), j > 0, and it has its own covari-
ance Céfl) which need not be specified (because it will
eventuaﬁy be taken to be identically zero whenever it ap-
pears in some interesting formulae. The introduction of
V(1 allows us to give a meaning to some expressions
that will be met so that the case £ = 0 can be treated on
the same grounds as the cases k > 0, and V—") will be
described by trees with root frequency k = —1 via (6.8)
and (6.9).

The following interpretation of a decorated tree is in-
teresting and important for later applications. Each ver-
tex v of v can be interpreted as a cluster of the end points
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positions and the tree provides an organization in a hier-
archy of clusters, of the points &1,...,&,, which are the
position labels of the end points of the tree.

To get a picture of such clusters first draw a box
around each point &1,...,&,; then consider a vertex v
highest on the tree: out of it emerge s lines with labels
(&1, 5,), -, (&, @j,) and do this for all the other high-

est vertices. For instance

50
oo
7o
8o
90
Then consider the next generation vertices and draw
boxes around all the end points that can be reached from
each of them by climbing the tree, etc

(€1,

(

(€3, ‘

E @ (5)
(

(

(

1 2 3 4 5 6 7 8 9

Actually the above cluster representation of v becomes
completely equivalent to the description of +y if inside each
box one writes the frequency h, of the vertex v corre-
sponding to it [(1) attribute, conventionally, index N + 1
or better no index at all to the innermost boxes enclos-
ing only single points, (2) append to the j-th innermost
box the index «;, and (3) attribute to the outside of the
outermost box the index k of the root of v.]

For instance in the case of Fig. 5 one gets

1 2 3 4 5 6 7T 8 9

where the frequencies N 4 1 have not been marked.

Therefore for each decorated tree one will be able to
associate with each vertex a cluster of points and to as-
sociate with each cluster a frequency index in the above
manner; furthermore each point has a position label of
and a type label attached in the manner described and
exemplified in the above pictures.

The order of a vertex v will be the number of points
in the cluster corresponding to it’: it coincides with the
number of end points that can be reached from v by
climbing the tree. So the degree of the tree coincides
with the order of its root vertex as well as with the order
of the first nontrivial vertex vy (if present).
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vii. Renormalizability to second order
and enormalization

Consider an interaction Z as defined in Sec. 4, (4.1)
and (4.2), and a formal power series like (4.4):

AN =2+ ) Iy(m)A™

Im|>2

(7.1)

and define Vi xy = V4, see (5.1), and for j > 2

@ m a <N <N
VIR =[5 emxm] [ oo, 005 dg

|m|=j

co t
V=32 VN = VEEYAN()N)

j=1a=1

(7.2)

From the general theory of the preceding section it is
easy to find the rule to compute the effective potential
V®) corresponding to the V in (7.2). The reader who
finds the discussion below too abstract for a first read-
ing can compare the abstract steps described here with
the concrete corresponding steps done in studying the
specific model |f*, as described in Sec. 17 or the sine—
Gordon field in Sec. 12.

One only allows trees with end points decorated by

(g’a’j)’ geRd, azl,"'7t, j:1727377"'
(7.3)
Then if the trivial tree
(8)
k & a, ]

is interpreted as [see also (4.2)]

= 1f (Ao (9=, 9(=h)

(7.4)
o def o m
P03 15 (m) A
[m|=j
it follows [see Sec. 6] that
1748 :Z/dgl...dgn > % (7.5)
n(y
n=1 QLo an vy k(y)=k

A REEEE Jn degree y=n

which expresses V(*) as a power series in A: the p-th
order term being obtained by selecting in (7.5) the con-
tributions such that j; + ...+ j, def lil = p.

If, given a tree v with decorations (&1,01,71),.--,
(&n, Qn, Jn), one defines the degree D(v) as

D(y)=j1+ ...+ jn = lil, (7.6)
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then the contribution to V) of order p is obtained by
restricting the sum in (7.5) to the trees with D(v) = p.
If we denote it by V)P it is

v
vkp — / dgzz Z V() (7.7)
o T e ™)
D(v)=p
Define
VEP (p(h)) = Jim v R)p(p(SR) (7.8)
where @(=F) = Ek:o ¢ is supposed such that each @)

verifies the smoothness properties (3.15),(3.16) or (3.20),
depending on the regularization used for the free field.

The existence of the limit (7.8) clearly depends upon
the choice of the coeficients 1y (m) in (7.1). According
to the discussion of Sec. 4, the theory is renormalizable
if there is a choice of the constants 1y(m) such that the
limit (7.8) exists.

It is worth pointing out here that a trivial property
of the renormalized series: if A is expressed as a formal
power series with N-independent coefficients in terms
of new parameters X', then Ayx(A)—see (7.1)—becomes
a new formal power series in A’ with new coefficients
I’y (m); it should be clear that if the power series (7.5)
in A is renormalized, i.e. if the limts (7.8) exist, then
also the power series in A’ is renormalized in the same
sense (provided the series expressing A in terms of A’
has no constant term, of course). This showsthat the
coefficients 1y (m) cannot be uniquely determined by the
requirement that the theory is renormalized [i.e. that the
limits (7.8) exist].

The problem is to decide whether a theory is renor-
malizable and to estimate in some way the size of V(#):»
and, if possible, of V) itself.

It is possible to find a general rnormalizability criterion
and general renormalization rules [i.e. rules to build the
coefficients 1y (m) in (7.1). The whole theory stems from
the simple examples considered below.

Clearly V)P (p(SF) for p = 1 will always admit a
limit as N — oo being N-independent because of the
property (4.2) of Z.

Therefore the requirement of existence of the limit
(7.8) can put nontrivial restrictions only on Vs n, V3 n,

. (see (7.2)) and one can start by looking at the condi-
tions on Vo i [i.e. on ly(m) with |m| = 2] imposed by
the requirement of existence of the limit (7.8) for p = 2:
it should be clear that if the theory is renormalizable it

must be possible to fix V5 n so that 2 (see (7.8)) ex-
ists simply because V3 n, Vi n,... do not contribute to
Vv )2,

Clearly V(¥):2 is determined by the sum of the contri-
butions of the second order trees, i.e. graphically
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(&1,a1,1)
1 N (9)
—— 3k
k (¢,,2) k h
(€2,a2,1)
where the summation over the « indices and the integra-
tion over the ¢ indices is ubderstood. In formulae Fig. 9
becomes

Ery1...EN (‘/2 N)+
7.9
ng—’_l Sh_lghT(5>h(Vl)agh(Vl)) ( )
" h>k

where we have shortened € as &py1...En and also
ET(zy,...,mq) as ET(z1,. .., xq;1,...,1).

Two cases can arise (1) the second term in (7.9) con-
verges to a limit as N — oo [for p(S*)’s satisfying the
smoothness mentioned above, see (3.20)]; or (2) this does
not happen.

In the second case one must choose V5 y conveniently,
if possible at all, to compensate the divergence present
in the second term.

Since Vo v (@SN will always have to be in the interac-
tion space Iy the divergence of the second term in (7.9)
can be compensated by a suitavbly chosen V5 y only if
such divergence arises because the second term in (7.9)
has some very large component on Zj.

It is however unclear how to define, in an abstract con-
text, the component to be considered: for the time being,
and to remain on very general grounds, one can just say
that there should be an operation £y with range in Zj
such that the two expressions

1
ST = L) Erir - Enr
2! %;c (7.10)

- 5{<s>h<v1> EonV1)  and
o1 Z LiErit-.
h>k
<& (E>n(V1),En(VR))

are convergent as N — oo if ¢(=F) is smooth in the sense
of (3.20).

If such an £, exists for each k it is clear that it must
depend on k in a special way because we can compute, for
p < k, the effective potential in two necessarily equivalent

ways, as the graphical relation of Fig. 10 explains (in it
summation over the indices £, v is understood).

(&1,01,1)
< 10
k (5) @2 h>k 52,(12,1) ( )
N (61,001,1) N (&1,01,1)

Epit.. 5k( (g(ﬂ) 22 k_h Z k h

= M=
where the righ hand side (r.h.s. )

Eit1---En(Va,n)

(7.11)

is ontained by in-

17

tegrating (to second order in A) the exponential of the
expression in (7.9), using (5.13).

Since the convergence of (7.10) and (7.11) should imply
convergence of both sides of the equation in Fig. 10 for
fixed k, p, k > p one finds after a brief calculation that

Z (Lplpir - Ek — Eptr. ExLy)-
2! = (7.12)
it En1 & (Esn(V1), Esn (V1))

should admit a limit as N — oo. A simpl way to enforce
such property is, of course, to require that for all p < k

Ep(‘:erl e Ek = ngrl RPN (‘:kﬁk. (713)
This leads to the conclusion that one would like £, to be
definied so that (7.13) holds. Then, proceeding heuristi-
cally, note that the limits of (7.11) as N — oo exist for
all fixed k if they exist for just one k, as the above ar-
gument implies. One can thus determine V5 , and Ly, by
imposing the existence of the limit as N — oo for k = —1
and, at the same time, imposing that LL; make (7.10)
convergent as N — o0.

For instance one can require that

N
1
(o ... EnVan) + 5 2_: (7.14)

Lo1E . Ena &L (Esn(V1), Exn (V1)) (D) =0

To continue in reat generality suppose that there isa
way of defining the operation Lj verifying (7.13) and
(7.14) and making (7.10) convergent: its existence, or
nonexistence, will turn out to be a very easy question in
the concrete nodels that we shall examine. Once such
a sequence of operations L is found one can produce a
new sequence with the same property by setting

Ly F =LiF + zt: [ > ﬂa)(m)km]-

a=1 ‘m‘:Q

' / o (0=, 00",

where the coefficients /() (m) are arbitrarily chosen: note
that £}, verifies (7.13) if L) does, because of (4.2).

The remarkable and interesting fact to be pointed out
is that if the initial interaction V; is changed to V = V; +
V2 n there are very simple graphical rules that allow one
to compute the effective interaction generated by V =
Vi + Vo n to any order in terms of new types of trees
that we call partially dressed trees.

The idea of defining such trees comes from com-
puting Va n defined by equation (7.14) regarded as a
(trivial) linear equation for the ¢ coefficients [see (7.4)]

(7.15)



7. Renormalization and renormalizability to second order

) = D I (M)A™ 0 Vo (p(0).
and (7.13) we find that (7.14) becomes

Using (4.2)

S

a=1 |m|=2

1 N
1Y £t

Th>—1

=3[ W e

a=1 |m|:2

1 k
D IILE

A [ o)l 0 ek

-5k_15;?(5>h(vl)7 5>h(Vl)) =

] /v(ﬁ) (pi7"

Ep1& (Esn(V1), E5n (V1)) +

00l V) de+

T h>—1
1 X
t+ 57 D Eo SRl (Exn(Vh), Exn (V1)) (7.16)
" h>k
By (7.14) the second term in the r.h.s. is =&y - - - Ep(Va i):

this implies, again by (4.2), the following important iden-
tity resting on the definitions above

(7.17)

= D003 e [l oa ) e =

a=1 |m|:2

=Vor — B Z LiErir - Ena1&f (Esn(Vh), Esn (V1))

h>k

The inserting (7.17) in (7.9) one finds that (7.9) equals

— Li)Eks1 - En1& (E5n(V1), Esn(V1))

(7.18)
The relation (7.18) together with the graphical represen-
tation in Fig. 9 suggests representing (7.18) as

1
k +§Zk

h>k

‘/21@-%-2'2

h>k

a1

(11)

where the summation over the £, a indices is understood,;
the first graph represents symbolically

(7.19)

[ 1 mam

|m|=2

]/v<‘§>(<p<<> 0015))

while the second graph represents symbolicaly the second
term in (7.18). Hence we have the graphical identity
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N &1,a1,1)

f2enl) (1)

h>k
(&a)
where in the r.h.s. two new indices aq, s appear inside
a frame, reminding us that V5 j is naturally defined as a
sum of ¢2 terms indxed by a1, a2 and the symbols in Fig.

13 allow us to identify them
(61,a1,1)

Ly e % (13

Ocl a2 h=0
(&2,2,1)

To explain how to compute the higher order effective
potentials generated by V' = V1 +V5 n the identity in Fig.
12 above suggests introducing the notion of decorated
trees dressed to second order.

Eo---Ex(Var) =

These are objects constructed from an ordinary with
no appended labels: first, one considers all the vertices
out of which bifurcate exactly two branches ending in
end points and one either appends a decorating index
R or one encloses the bertex together with the branches
emerging from it into a frame; second, to each framed end
point one appends an index o = 1,...,¢; furthermore to
each frame and to each unframed endpoint a pair £ € R?
and o = 1,...,t is appended; finally, all the unframed
vertices v receive a frequency index h,,.

For instance Fig. 14 illustrates three trees that can
arise by dressing to second order an unlabeled tree (out
of four possibilities)

R
2
1
_ 3
k h
R 4
S
> (14)
1
p 2
k h
3

here the labels ¢ = 1,2, ... stand for (&;, a;).

Given a partially dressed tree v, dressed to second or-
der, the V() will be defined so that

Ve = (7.20)

LMD

a yik(y)=k n()

where the rule to compute V() is simply the same as
the one used so far except that the final lines ending in
a frame, of the form



8. Counterterms, renormalization to arbitrary order

(14a)
(&, a)

have to be interpreted as representing the contributions
to Va1 descried in connection with Fig. 13.

Also the R over a vertex has to be interpreted as saying
that the rule to combine two V;’s in the computation of
the truncated expectations 7 (Exx(V1), Esk (V1)) has to
be modified and produces, instead, the term in square
brackets of (7.18).

The factor n(v) in (7.20) is now defined as identical to
the combinatorial factor n(7) of the tree 7 obtained from
v by stripping it of all its frames and their contents as
well as of all its o decorations.

The above discussion is rather long but conceptually
simple; however it has the advantage of suggesting the
procedure for the construction of higher order “countert-
erms” and for describing the results of their presence in
the effective potentials.

viii. Counterterms, effective interaction,

and renormalization in a graphical
representation (arbitrary order)

The discussion of the preceding section can be nat-
urally extended to provide an algorithm to build V5 n,
Van,..., ie. the formal series (7.1).

Again if the reader finds the discussion below too ab-
stract for a first readinbg he can compare the abstract
steps described here with the corresposnding ones worked
out in Sec. 18 for the ¢* model.

The basic objects are the dressed trees and the trees
dressed to order p.

A tree dressed to order p will be an object obtained by
considering a tree with no labels appended on it and

(1) To each end point append an index « € (1,...,¢).

(2) To each vertex different from te root and of order
< p (i.e. followed eventually, though not necessarily im-
mediately, by < p end points) append an index R or,
alternatively enclose it in a “frame” together with the
part of the tree following it, excluding the preceding ver-
tices (our convention is that the trees are oriented from
the root towards the end points).

(3) Append to each frame an index a € (1,...,1t).

(4) Append to each outer frame (note that, in fact,
same frames may be inside others) and to each “un-

framed” end point an index £ € R%.

(5) Append to the unframed vertices a frequency index,
increasing along the tree.

Fig. 15 provides a few examples of partial dressing of
an unlabeled tree
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where the first is a tree dressed to order 4 (it would be 6 if
an extra label R was added on the vertex with frequency
h), the second to order 3, the third to order 6. The above
notion is a natural extension to p > 3 of the p = 2 case
met in Sec. 7.

To each partially dressed tree v one associates a func-
tion V() so that

Z V()
S P0)
v dressed to order p

vk = /ng

would be the effective potential for ¢(=¥) obtained start-
ing from Vi +Von+... +V, .

The definition of V3 p, ... is inductive and so built that
the last statement holds. Having already constructed
Va, n in Sec. 7, one has to explain how V11, n is obtaiend
from V1,Va N, ..., V, n so that (8.1) holds once V(v) is
apppropriately defined.

Call ¢ a shape of a degree two tree

ai
k i

Qo
and call ﬁZO) the sequence of operati?)ns introduced in
Sec. 7 and called there simply L.

In general one looks for a sequence L,(CU) of operations
indexed by the shapes o of the trees dressed up to order
p equal to the degree of o minus 1 (a shape of a tree
dressed to order p is the tree obtained by stripping v of
all the frequency labels and of all the ¢ labels, leaving
only the frames, the R labels and the « labels.

The operation ﬁ;ﬂd) will be subject to the following
requirements (see Sec. 7).

(i) E,(f) acts on certain functions of the field p(<*) and
has range in the interaction space Zy. Also if F' is in the
domain of E,(:) then ;41 ... & F is in the domain of E,(f)
for ¢ < k.

(ii) The following extension of (7.13) holds:

L& = &L (8.2)
To evaluate the function V'(y) associated with a partially
dressed tree one will have to interpret a branch of the tree
emerging from a vertex with frequency label k£ and ending
in a frame containing a shape o and carrying frame labels
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&, a [see conditions (3) and (4) above] as representing a
function which,if integrated over &, is in Zy. For instance

(16)
encloses a shape o
0= k O3
5
and counts in the evaluation of V(v) as
6 o, (a <k <k
I (k) A7 0 (o5, 00 =), (8.3)

where lg\?)g(k) are certain coefficients, that we shall call

form factors of the shape o, to be defined later and
Alo) % [T \® with the product ranging over the indices
appended to the end points of o (in Fig. 16 they are
a1, g, 0y, Q5).

In other words once the coefficiants in (8.3) are defined
and the meaning of R is specified the meaning of V() is
essentially the same as would be attributed to a decorated
tree (with decorations which are more complicated as
they can be framed shapes of trees).

For uniformity of notations it is convenient, in this
section, to consider the unframed end points of a partially
dressed tree as framed end points containg the “trvial
shape”, ie

. ( E > 17
k <§,oc_> k &0 1)

In this way a partially dressed tree v can be regarded as
always ending in endframes containing tree shapes; the
name “end point” will be reserved for the end points of
the tree obtained from « by deleting all the frames.

The meaning of the R superscripts, as well as the con-

struction of the coefficients lg\?zj(k) and of the countert-

erms V), n is described in terms of the operations L,(CU).

Let v be a tree dressed to order p+ 1 and with degree
p+ 1. Suppose that its first nontrivial vertex vy carries
a superscript R and is the origin of an s—fold bifurcation
into s dressed trees; suppose that the frequency index of
vg is h; the situation is described in Fig. 18:

(18)

Then if o is the shape of v one interprets Fig. 17 as

representing
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V() =Esr - Enr - (1= L))
E (V) V(1))

where E;lg) has to be defined so that it verifies the re-
quirements (i) and (ii) above and so that the summation
of (8.4) over all trees v with the same shape ¢ and root
frequency k is ultraviolet finite (i.e. it has a limit whne
N — oo if p(=*) is smooth).

In the present general context one cannot discuss the
existence or nonexistence of such Lgf), although in each
model considered in the following sections this will be a
very easy problem; here, tocontinue, asume that at least
one such ng) exists. Of course as already remarked the

ng) operation , which basically isolates the “divergent”
part of (8.4), will not be uniquely determined, if existing
at all.

This completes the definition of the meaning of the
R superscripts and the nextstep is to define the coeffi-
cients Iy (k) in (8.3). This will be done via the following
prescription. Consider the tree shape o of degree p 4+ 1
dressed to order p and enclosed in a frame attached at
frequency k:

= (19)
k E)g,a k

E,a

and assume that o bifurcates at its first framed vertex vg
into s completely dressed shapes 71,...,7s: a completely
dressed tree is one dressed at least to an order equal to
its degree.

As said above, the framed shape in Fig. 18 represents
a function of the field ¢(=F) of the form (8.3): to define
it we follow, in a natural sense, the procedure of the
preceding section, as described below.

Delete the outer frame enclosing o and insert frequency
indices at all the unframed vertices of o as well as pairs
&, « at all the new external outer frames (formerly inter-
nal only to the outer frame and to no others); the root of
o is given the frequency —1 and the indices &, o attached
to the deleted frame are also deleted (compare Fig. 20
below with Fig. 18):

V1
163

3

(no superscript, R or other,can be ab(s)ve vy because o was

supposed dressed only to order p and of degree p + 1).
Since one is supposing inductively that V(y1),...,

V(vs) are already defined (being trees of degree < p),

one can evaluate the tree in Fig. 20 by giving the usual

interpretation of truncated expectation to the vertex vg



9. Resummoations, form factors and beta function

which carries no superscript R. Then one can define the
coefficients Ix »(k) in (8.3) in terms of the value of the
tree in Fig. 20 (see also Fig. 18) by setting:

a=1
k
= /d£ Z Z ﬁﬁ(jl) (50 .. ghvo—l' (8:5)
hrog =0

&L (V) V)

where the second sum runs over the frequency assign-
ments to the unframed vertices (if any) of the tree 7.
Finally, again in analogy with the second order case,
the counterterms V, y of order p will be sums of contri-
butions V), n - coming from tree shapes o of degree p

t
Vv = / A7 S (V) oD eV, 05EV) e (8.6)
a=1

where A7 has the meaning described after (8.3).

Proceeding exactly as in Sec. 7, one proves that by
using the above rules to interpret Fig. 18 and 19 one
determines, via (8.1), the effective potential correspond-
ing to Vi + Vo n + -+ 4+ Vp v simply by interpreting a
partially dressed tree of arbitrary degree as computed by
using the above rules starting from the highest vetices
and interpreting a lower vertex with no R superscripts
as simply representing the truncated expectations of the
functionals defined by the s—ple of trees branching out of
the vertex.

The proof is, once more, by induction and is left to
the reader with the warning that the definitions above
have been conceived with the aim of making possible this
inductive proof.

It remains to define E;CU) in a concrete way in each
model (if possible).

As already remarked, the ambiguity in the coefficients
of the counterterms [and therefore in the definition of the

operations E,(f) of identification of the divergent parts]
has its deep origin in the trivial fact that if

A=X+L(\) (8.7)
and L is analytic near the origin with a second order
zero, then inserting (8.7) into (7.1) and rearrangin that
formal power series in X into a formal power series in A’
one necessarily obtains another power series which will
enjoy the same proerties as the former one as far as the
stability as N — oo is concerned.

The situation is very much reminiscent of the stae of
perturbation theory in classical mechanics where there
are formalpower series, for various objects, which are am-
biguously defined for trivial reaons and even “divergent”
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and which can be “renormalized” by suitable prescrip-
tions, (Gallavotti, 1983a)?

An interaction Z for which the operations ﬁ;ﬂg) can be
taken identically zero for trees with, for some py > 1,
more than py end points, disregarding the frames, will
be called super-renormalizable and sometimes we call bare
degree the number of endpoints in a tree once the frames
are deleted.

The basic idea of the above construction of the coutert-
erms is from (Zimmermann, 1969), where the notion of
“forest”, here called “tree”, is introduced; however here
the notion of tree is independent of the notion of Feyn-
man graph, not yet introduced, while in the literature the
forests are always asociated with given Feynman graphs.
It seems conceptually sinplifying and practically advanta-
geous to be able to introduce the notion of forest without
any reference to Feynman graphs.

That perturbation theory can be perhaps done in a
neater way by avoiding as much as possible the use of
Feynman graphs has been clearly pointed put in (Polchin-
skii, 1984), who presents a method quite similar to the
one introduced here to deal with perturbation theory
by using multiscale properties and effective potentials
working in momentum space (here configuration space is
used instead). The method outlined here has been used
in various super-renormalizable cases already in (Ben-
fatto et al., 1978, 1980a,b; Gallavotti, 1978, 1979a,b). In
the latter papers, however, the super-renormalizability
masks the power of the method [which becomes clearer in
(Benfatto et al., 1978, 1980a; Nicold, 1983), even though
the theories treated are still super-renormalizable].

ix. Resummations, form factors and
beta function

Before starting the “real work”, i.e. the analysis of
concrete models, there are still quite a few remarkable
abstract considerations that can be made.

If an interaction Z is super-renormalizable, the renor-
malization leads only to a slightly more complex struc-
ture of the trees (which have to be dressed up to a finite
order pg if the subtraction operations are chosen to be
zero when the degree of the trees is larger than the con-
vergence “treshold” po—see Sec. 8) and there is little to
discuss about them.

But if 7 is only renormalizable or even if it is super-

renormalizable and yet one chooses to define E,(f) to be
non zero for o’s of large degree, i.e. if one “oversub-
tracts”, thwe graphical representation of V(%) is enor-
mously more complex and one wishes to simplify it as
much as possible by collecting together as many terms a
s possible without losing control of what may be going
on.

2 Although the main result of this reference has been previously
obtained in (Rissmann, 1967) the connection with renormaliza-
tion theory is somewhat new and relevant as a reference here.
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The trouble is that one would naturally like to collect
togheter infinitely many trees but, as will become clear,
there are no chances that the resulting series will converge
in a naive sense. Nevertheless it is possible to devise a
simple “summation rule” permitting us to give a meaning
to important resummations.

A concrete example on the abstract and general dis-
cussion below is in Sec. 20, where the reader who finds
too abstract, on first reading, the contents of this section
can see the same ideas worked out concretely in the case
of p*.

The idea leading to such developments can be best
illustrated via an example in which it is even mathe-
matically rigorous: the well known resummation of the
leading divergences—see ('t Hooft, 1974, 1982a,b, 1983,
1984; Landau, 1955; Landau and Pomeranchuck, 1955;
Rivasseau, 1985).

One defines a pruning operation on the dressed trees,
consisting in isolating the final bifurcation of a tree ~y
which have the form of Fig. 21, called a “most divergent
branch” or a “most divergent end—frame” (for reasons
that will become clear later)..

The pruning will first delete the “most divergent end-
frames” as Fig. 21 s

but this will not be all, because after the deletion of
the most divergent end-frames of v new most divergent
frames may appear in what is left of v: then the pruning
will be pursued until no most divergent branches are left.
This defines a pruning mapping 7 : v — 77. The idea
is then to define, if v is a tree with no most divergent
branches (i.e. 7y =),

VE(y) =

> v

/ . T'Y,*’Y

(9.1)

In (9.1) the sum runs over infinitely many trees (even if
the ultraviolet cut—off N is finite). For instance

[ > B2 { < 2 )) > gS (22)
Y=k o - 1Ty:k
\ o\ e\ ta

&o

However the result of the resummation in (9.1), if conver-
gent in any sense, cannot lead to anything other than the
conclusion that V¥ (y) is evaluated by “slightly modify-
ing” the rules to build V (v): this follows from remarking
that the sum (9.1) leads to a change in the meaning of the
lines reaching the end points with index &, a of a pruned
tree 7 (i.e. a tree such that 7y = 7) and representing,
according to the set rules, the function

A@ (@ (pEP gty (9.2)
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The modification is explained as follows. Consider a tree
~ which is pruned: 7y = 7. Then all trees 4" with 77/ = v
are obtained from ~ simply by considering each end point
of v with index « and growing on it a tree of arbitrary size
with simple bifurcations in two branches at each vertex
and then drawing a frame around every vertex, as in Fig.

23
o (23)
0 to

attributing to each frame indices o;.

An end point of v can be either “framed”, bearing an
index a (and no index &), or it can be “free”, bearing
a pair of indices (£, a), in Fig. 24 end point of different
type are marked on an example of a pruned tree:

o
R
R B\ &0 (24)
O3
k P Oly
€ 5.05

they can be, say, the end points with labels a; or &5, as.

Consider first the case of an end point which is free
and attached to a vertex v of frequency index p (by a
branch).

We shall now assume, throughout this section and in
the sections following Sec. 16 (where applications of the
following considerations are presented), that for a general
o (not necessarily a most divergent one) the operations

E;CU) depend only on what remains of o after deleting all
the frames that it may contain as well as their contents.
This property is very convenient and natural, but it has
not been assumed since the beginning in order to develop
a flexible enough formalism to permit us to study simoul-
taneously super-renormalizable as well as just renormal-
izble cases.

A frame with index « attached to a vertex of frequency
p and enclosing a shape o (whether most divergent, as of
interest here, or not) represents, by the general theory of
Sec. 8 [see (8.5)], the function

@) l;?))avfoo‘)(cpégp), Bgoégp)). (9.3)
Hence it appears that by summing over all the 4/, with
79" = ~ and obtained by adding to each free vertex of v
any framed most—divegent shape o just means interpret-
ing the end branches which are like ,.

as meaning

ol « < < def
{ZA lgv,)g(p)} V@ (P, 9= L

def

(9.4)
X (p) of (9™, 00"

where the sum runs over all shapes o that can be attached
to the end point and are most divergent.
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Similarly consider a framed end point of v with some
index « (like the end point with index ay in Fig. 24).
In this case the addition of a most divergent tree shape
enclosed in a frame and attached to the considered end
point just modifies the meaning of the frames of ~y as fol-
lows. Recall that the form factor A%Iy z(p) correspond-
ing to a framed shape 7 is evaluated (see Sec. 8, Fig.
19) recursively by, eventually, reducing oneself to the
evaluation of the function representing the simple trees
g——— ¢ corresponding to the end points of &

(once, in the evaluation process, they become unframed)

and having the meaning of A(®)y O‘) If to each end point
of 7 is added a most divergent framed shape ¢ and one
performs the summation over all possible such ¢’s it is
clear that one simply gets the same result that would
be obtained by interpreting ¢,a as meaning

again (9.4) (with coefficient A(®)(q)).

In other words one may consider, in computing the
effective potentials, only the trees v such that v = 7
provided one interprets the end points of v attached to
a vertex with frequency index p as having the mean-
ing (9.4): the meaning has to be kept, for consistency,
even when the endpoints of 7 are inside frames (as in
Fig. 24). This means that when one computes the
form factors for the framed parts of v and, in doing
so, eventually reduces oneself to the case of the tree
p—— ¢ ONe interprets it as meaning (9.4) in-
stead of simply )\(O‘)v;()a) (cpégp), (’“)cpégp)).

If we give to the end points of a tree v = 77 the new
interpretation and if we represent this graphically by us-
ing “heavy dots” at the end points of ~ it is clear from
the above discussion that the form factors A(®) (k) satisfy
the graphical relation of Fig. 25,

e @)

where the left-hand side (I.h.s. ) can be taken as a sym-
bolic representation of (9 4) and where in the r.h.s. , in
each term, a summation over the indices «; is under-
stood.

The equation represented in Fig. 25 can be written,
pictorially

e e = + (26)
&.a

which is actually a simple recursive relation for the form
factors A(k):: its iterative solution leads to expressing
A(k) as a power series in A. The latter power series, once
substituted in the V() defined, as explained above, by
interpreting the end points of |g as bearing a heavy dot
and with the meaning that in the evaluation of V()
a line ¢,o has to be interpreted as in (9.4),

yields the representation
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-2

(9.5)

where the sum runs over the trees v = 7y (i.e. over the
pruned trees) only.

On the other hand it might happen that the relation
in Fig. 26, regarded as an equation for the form factors
admits true solutions, not just formal solutions in the
form of power series generated by iterating it: then one
can use this solution to define the summation rule that
the sum (9.1) is “by definition” the expression VF(v)
computed with the same rules as V() but restricted to
trees v = 17 and interpreting the end points as bearing
heavy dots, which means that they must be interpreted
as in the r.h.s. of (9.4), with A(k) defined by the given
solution of the equation represented by Fig. 26.

In other words the equation in Fig. 26 has two different
well defined possible uses. One is to generate by iteration
the various terms graphically represented in Fig. 25 [i.e.
the formal power series for the form factors A(k) in (9.4)].
The second is to provide a nonperturbative meaning to
the sum of the series, in Fig. 25, for the form factors, i.e.
a summation rule for the most divergent graphs. The
first use is also quite interesting, being equivalent to the
direct definition of the various trees in Fig. 25 described
in Sec. 8; this is a conceptually simpler way to build
the coefficients A\(®)(k), although (as a consequence of
the principle of conservation of difficulties) this does not
really save any work if one wishes to perform a real cal-
culation (the point being, as explicitly illustrated in the
models considered later, that Fig. 26 can be converted
into an analytic equation only at the price of doing all
the calculations necessary to evaluate the trees in Fig.
25, i.e. the formal power series for the form factors).

Following the rules of Secs. 7 and 8 for the evaluation
of the coefficients of the element of Z;, associated with a
frame (see Fig. 19), one gets for 0 < k < N

)(h))\(az)(h)

CICESCES DI iz oN 0

h 0 o1 ,002= 1
(9.6)

where B, (R)AC) (R)A(@2)(h) is the coefficient of the

integral [, v(f‘l)(gpé_l), 8@2_1)) d¢ in
L[ ron)

D) L77dEdnEy -+ - Epa

&L (0 (0, 005, 0 (o

(9.7)
éSh), 3<p§§h)))

The factor % comes from the combinatorial factor associ-
ated with the tree shape o¢ = . The coefficients
B are manifestly N independent.

To proceed any further one needs explicit expressions
for the B’s: the ideal situation arises when the B’s have



9. Resummoations, form factors and beta function

a structure allowing one to conclude that, possibly ad-
justing the initial values A(*)(N) there is a solution to
(9.6) such that

y RN (B) ———0 (9.8)

where v(«) is some dimension (in the concrete models
treated later v(«) is naturally suggested as one shall ex-
pect that the form factors have a k& dependence which
goes exponentially at a rate characteristic of each form
factor and, usually,the order-by-order behavior of the
perturbative coefficients of the form factors is estimated
to be much worse than the a priori guessed exponential).

When this is the case, and this depends upon the in-
teraction Z, the above simple resummation can produce
a great gain in the expressions of V() and in their es-
timates because it may introduce a damping in the con-
tributions from trees having in them bifurcations at too
high frequencies. Furthermore such damping results as
a consequence of summing, by a well defined summation
rule, a series which might be divergent (as in fact it hap-
pens in the simplest application that we shall describe
here).

The above method to build resummation rules can be
extended to cover more complicated sets of trees by mod-
ifying the pruning operation. The latter can be extended
by prescribing the pruning of a given set of shapes; for
instance one can prune all the framed end branches like

In this case the equation in Fig. 26 is modified into

L ' @ 25)
k ta Kk ta K &o k &0

where a sum over the o;’s is understood in each term.
Or if one prunes out also the end branches like

R _#%
“ (29)

03

then the equation in Fig 28 is replaced by

(30)
k g,rx_ k &a k

In the case of equations in Fig. (28) or (30) the Eq.
(9.6) is replaced by a similar one in Wthh the r.h.s. also
contains cubic terms; their coefficients are still N depen-
dent. However the N dependence is implicit through the
fact that the frequencies are bound to vary between 0 and
N. It should also be clear that, if the cut-off is N, only
trees with at most N 41 vertices between any two succes-
sive frames are possible (and therefore can be considered
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in the resummations; for instance the resummation in
Fig. 30 makes sense only if N > 1, while the other two
are meningful even for N = 0). The N dependence of the
B’s will not be explicitly marked except when necessary
in Secs. 20 and22.

The ultimate resummation can be associated with the
“total pruning” operation whereby all frames are pruned
and oine is left just with dressed trees without frames in
the formula corresponding to (9.1). The graphical repre-
sentation of the latter resummation is

al possible framed dressed
trees of any order and
+ with heavy dots on the (31)
end points and no inner
£o frames

= —_—

k &o k Eo k

where again summations over «; are understood. The
equation in Fig. 31 becomes, explicitly, for k < N,

Ale A<Q+ZZ Z B o (hiha, ... hy)-

(9.9)

where the coefficients B must be computed according to
the rules of Secs 8—see Fig. 19—and are expressed as
sums of the coefficients of

Al pten) /vﬁ‘?(s@éfl), o) de

in £,V (a)/n(0), o being one of the trees with r end
points in Fig. 31 deprived of the first frame and bear-
ing no R superscript on the first vertex vy and with fre-
quencies hy, ..., h, appeded to the vertices out of which
emerge the r end branches of o.

By the assumption of renormalizability and of exis-
tence of the operations Ly it follows that the coefficients
in Eq. (9.9) will be such that if the form factors (@) (h;)
are replaced by constants A(*) then the summation at r
fixed converges uniformly in N.

The problem is that, as it will appear in the concrete
case of p? theory, the sum over r is not well controlled.

Introduce the functionals By, B acting on the space of
sequences A of functions A(*) (k) and defined formally as

(BNA) @ (K Z B o (hihy,... hy)
h;>h
i,

A (hy) .o Alen)(p) (9.10)

and

BN (k)= > B o (hiha,.. ha)
h;>h
iz,

A (hy) - Al (hy,) (9.11)
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and rewrite (9.9) as

A(k) = X+ (BnA)(k),

The difference with the preceding resummation sche-
mes is that the r.h.s. of (9.12) does not really make sense
other than as a formal power series in A(*) (k) because, as
mentionel above, there is no control over the sums over
r in (9.10) or (9.11).

Therefore already very interesting use of (9.12) is that
it can produce, by a formal solution by iteration, a well
defined power series in A leading to a a formal power se-
ries expresssion of the form factors associated with the
resummation. Furthermore as N — oo the coefficients of
a given order in such power series for the form factors so-
lution of (9.11) converge to the corresponding coefficients
of the formal power series obtained by iterating

0<k<N (9.12)

A(k) = X+ (BA)(k). (9.13)

The result of the above iscussion is quite nontrivial:

through the knowledge of all the coefficients B,(f)(h; h)
one can compute the form factors A(k) to any desired
order in the renormalized couplins A and then reduce
the computation of V*) to the computation of V() for
all “trivially dressed trees”, i.e. for the trees with only R
supercripts on the vertices and no frames at all, provided
their end points are interpreted as meaning the r.h.s. of
(9.4) with A(k) being now a form factor defined by (9.12)
to any order of perturbation expansion.

In other words the knowledge of the coefficients in Egs.
(9.12) and (9.13) allows one to reduce the calculation of
V(*) essentially to the same calculations that would be
necessary in absence of renormalization. The economy
of thought gained in using this approach in computing
pertubation theory coefficients is obvious. However it is
worth stressing that, as already remarked, in prctice the
calculation of the B coeeflicients is exactly equivalent to
the evaluation of the trees with frames (i.e. to renor-
malization); it is perhaps better to regard Eqgs. (9.12)
and (9.13) as a convenient way to organize perturbative
calculations by separating the “true calculations” (cor-
responding to the trees without frames) from the form
factors calculations.

Unfortunately, unlike the simple cases of the “moder-
ate” resummations described by Fig. (26),(28) or (30)
or, more generally, involving a finite number of “pruned
shapes”, no rigorous use of (9.12) and (9.13) can be made
to prescribe resummation rules because no information is
vailable on the nonperturbative meaning to be attached
to the r.h.s. of (9.12) and (9.13): one can only say that
if on the r.h.s. the second order “dominates” then A(k)
should behave for k¥ — oo in the same way as the A(k)
that would be obtained from the most divergent resum-
mations [i.e. from (9.6)], justifying the name given to
them.

Many triviality arguments for ¢* are based on this as-
sumption (domination of the most divergent graphs), and
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this point will be discussed in more detail in Secs. 19,20
and 22.

It is customary to write (9.12) and (9.13) as difference
equations obtained by “writing them for k and k+ 1 and
subtracting”

A(k) = X(k+ 1)+ (ByA) (k)
(k) = Ak 4+ 1) + (BA)(k)

where A(—1) = A, and

(B)‘)(a)(k) = § § B(Olc?...,oc (k+13h17 7hn)
r=2 h;>k+1
ot roeeer
ARy Al () (9.15)

while By is defined in the same way but only for £+ 1 <
N and with the sum over the h;’s subject to the con-
straint N > h; > k + 1, furthermore the coefficients

Bgﬁ‘?,,,,% (k+1;hq,...,hy,) are replaced by N-dependent
coefficients BJ(\?;) o, (B +15he,. .

o , hn)which converge
_____ ..y hn). The operator B is basically
the beta function [see (Callan, 1970, 1976; Symanzik,
1970, 1973)] which therefore can be used to simplify con-
ceptually the perturbation theory in the sense explained
above.
Usually Egs. (9.14) acquire a more homogeneous form
if written for other form factors trivially related to the
ones just discussed by

A@) (k) &L ek () (9.16)
where v(«) is a suitable dimension (this will be discussed

in detail in the treatment of the concrete pj—model)

To conclude this section it is useful to point out that
the constants A(k) verifying the first of (9.14) can be
naturally called effective couling constants at frequeny v*
because they represent the trivial trees ,— g ¢ o

in the same sense in which the renormalized couplings
represent the trivial trees . ¢ ,.

By definition it is true that A(NV) is precisely the bare
coupling (7.1) and they are formal power series in the
renormalized couplings A(N) = Ay (X). Note that it is
the formal power series (for K = N) generated by the
recursive solution of the first of (9.14) starting from the
zero-th order approximation A(k) = A.

It is convenient to label the formal power series so-
lution 0f(9.12) and (9.13) [or (9.14)] by the symbols
A(k;N), k < N or, respectively, A(k;00). The bare cou-
plings are, in this notation A(N; N) and they should not
be confused with A(IV; 00); note also that while A(k; 00)
can be (as it will be in the cases treated later) regu-
larization independent, the form factors A(k; N) may be
strongly dependent on the regularization used.
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The latter statement requires some more detailed ex-
planations , since the use of a different regularization
seems to yield results which just are not comparable with
the ones coming from another regularization. There-
fore to illustrate the above statement it is convenient
to “compare” the results of the Pauli—Villars regulariza-
tion at a given order n and the corresponding results
for a radically different regularization, e.g. the lattice
regularization (see Secs 1,2). The comparison of the
two approaches can be made by thinking that the lat-
tice free fields are also decomposed into a sum of in-
dependent fields associated with a hierarchy of scales
v* k=0,1,... via the identities (3.4) of order n by set-
ting e(p) = 230, (1—cos ap;) /a? rather than e(p) = p*.

Then one proceeds, exactly as in the Pauli—Villars case,
to study the effective potentials for the fields p(<*). Their
effective potentials will be described by Eq. (9.13) with
the B coefficients depending on the cut—off a (here N =
oo from the beginning, because one does not need N < oo
for regularization purposes when one is assuming a > 0):
such coefficients converge to the coefficients in (9.14) as
a — 0 term by term, but for a > 0 they depend on a
and for large r [see (9.11)] their dependence on a itself is
strong.

It is even conceivable that A(k;o00) could be defined
as a nonperturbative solution of (9.14) or ((9.13)] while
A(k; N) could admit interesting nonperturbative solu-
tions only for suitably chosen regularizations [because the
terms of (9.12) are regularization dependent in the sense
above, while those of (9.13) are not]. This question will
be discussed in more detail in Sec. 22.

x. Schwinger functions and effective
potentials

If f is a smooth test function consider the expec-
tation EF;,; with respect to the interaction measure

V=IO TIN | P(dpV)) and let € &1 --- & and
©o(f) = [ ¢e f(€) dE. Then the following formal chain of

identities establishes an example of a relation between
effective potentials and Schwinger functions

SUp) ™ Euloip) = g5 0w Ene(e? )], =
= D &R (), eB ()i 1)
p 0,00

q; ml,...Z;qul k1<.Z:<kq

mi+..+mg=p
ERGR (), R ()
E>0 (691¢(k1)+~~-+9q¢(’“”ev)

* oP 1
= ogT_gre 8 E=0(eV)

N\ or
=2 0T ... 00,

_
mil...mg!

L, Myg) =

0;=0
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... &, (e 9" Urbect 0 DIV )

log =
& . .Ekq (GV(kQ)) 6:=0
* 1
=>. > (10.1)
s=0 "
E(F‘gykq)(cp(kl),...,gp(kQ)(f),V(kQ);ml,...,mq,s)

where >~* denotes the three summations in the third line
together with the combinatorial factor following them.

In some sense the key step in (10.1) is the identity
preceding the last where V' is replaced by the effective
potential.

The functions S(f;p) are called the truncated Schwin-
ger functions of order p for the interacting measure: they
are trivially related to the nontruncated Schwinger func-
tions of Sec. 4. The relevance of (10.1) is to show that
the Schwinger functions can be expressed in terms of the
effective potentials [and as it can be seen from (10.1)
viceversa, at least formally].

Even though (10.1) might a priori present convergence
problems it will be possible to check that, in fact, the
r.h.s. of the series (10.1) will converge order by order
in the perturbation series in powers of the renormalized
coupling constants A: this will be so provided conver-
gence problems do not arise already in the perturbative
definitions of the effective potentials themselves and it
will be so in various cases which will be encountered in
this paper (more precisely in the polynomial theories).

Sometimes one wishes to study more complex “observ-
ables” like

o) = [ eosapes f©de (102)
through their average values, and the average values of
their powers, with respect to the interaction measure.

A way to analyze such quantities via the effective po-
tential technique, which in particular can also be ap-
plied to the Schwinger functions, is to add p(f) to the
interaction potential and to try to show that if V =
Vi+Von + Van + ... yields a well defined ultraviolet
stable effective potential so does ¢(f) + V.

Examples of how this could be done are provided by
the theory of the sine-Gordon interaction.

However for reasons of space I shall not dedicate much
time to questions of the above type.

It is worth stressing that the convergence of the
Schwinger functions of a theory with cut-off V to their
limit values as N — oo needs not be pointwise but it
might take place in the sense of distributions or worse,
at least if one does not express the results in terms of
S(f;p), i.e. of smoothed expressions involving the trun-
cated averages, but rather in terms of the non smoothed
Schwinger functions

Eimt(Pers - (10.3)

75051);17"'71)
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It is probably important to avoid putting any specific
convergence requirements on how the expectations (10.3)
should approach their limits as N — oo; in absence of
physical reasons to prefer one type of convergence to
other types one should leave this question aside, allow-
ing for any type of convergence which will a posteriori
be subject to only one constraint, namely that of leading
to a probability measure P;,; on the space of fields in a
sense suitable to infer the existence of, say, a Wightman
field.

xi. The cosine interaction model in two
dimensions, perturbation theormnd multi-
pole expansion

The ideas and methods of the preceding sections can
now be applied to the actual theory of the simplest fields.
If p(SN) = Z;ifl ©) denotes a regularized free field as
defined in Sec. 3 via a first order Pauli-Villars regular-
ization [see (3.3) and (3.7)] consider the interaction Zy:

(SN)

A .
Vi(e=M) :/1\5 Z [+ : €7

o=+1

E/A [V—i—)\ :cosagoéSN)] d¢

:]E

where o > 0 is, here, a real positive number and A, v are
reals: this will be called the “cosine interaction” or the
“massive sine-Gordon interaction” with “open boundary
conditions:. The latter specification refers to the fact
that in Secs. 11-15 the field p(*) will be supposed to have

covariance given by ™ in (3.7) (“nonperiodic boundary
conditions”) and not by its periodized version denoted,
in (3.7), by C(®) . Nevertheless, to avoid complicating the

notations we shall denote simply by C*) and not by 6(’“)
the covariance of p*) | since there will be no possibility
of confusion in Secs. 11-15.

It will turn out that the interaction Z in (11.1) is renor-
malizable (actually trivially superrenormalizable, in the
sense defined at the end of Sec. 8, for a? < 47 and
slightly less trivially also for a? € [4m,87)).

By the general theory of Sec. 6 the effective interac-
tion V(*) as given by (6.8), will be described in terms of
trees with end points bearing a position index £ and an
index a = 0,41 (not to be confused with the constant
a in (11.1)) representing respectively the three terms in
the intermediate expression in (11.1). Since a = 0 repre-
sents a constant and trees represent truncated expecta-
tions the index o = 0 can only appear in the trivial tree
kb ¢o0- The indexes o = £1 will be denoted

o and they will be called charges indices.

Using the cluster interpretation of trees (see Fig. 7)
one can interpret each vertex v of a tree as a cluster and
define the charge Q, of a tree as the sum of the indices o
associated with the end points in the cluster defined by
.
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Given a tree 7y let v be one of its vertices with frequency
label A, which, if thought of as a cluster, contains the end
points labels &;,,...,&;, with charge indices o;,,...,0j.:
then we set

%(Jsm) def Z 0j, sp;fhv), cluster field

0, def Z i

When v = r = (root of the tree

g) the ¢y, Q, will also be denoted () and Q(v). Given
any h > —1 it makes sense, naturally, to consider the
fields <p5§h) and gog,h).

To find the rules for the computation of V' (y) one pro-
ceeds empirically trying to find an appropriate ansatz.
After a while, as reasonable ansatz, emerges that the
contribution to the effective potential of the tree 7 is

(11.2)
cluster charge

V()

cetae) (11.3)
where V() is a suitable function of the tree +.

Let v1,...,7s be s subtrees with root vy equal to the
first nontrivial vertex of v branching out of vg in |g: sym-
bolically this is represented in Fig. 32 where k = h, =
(frequency of the root of v) and h = hy,:

Yi

Then combining (11.3) with the general recursion re-
lation (6.4) one finds the following relation between the
various coefficients V' (7):

V) =Vn) - V(¥s) Epr- - Ena

EX( eioe =" (1) G (11.4)

io(Sh)
. gloe (s) ),

which, by the rules on Wick monomials [see (A3.15) and
(A3.16) in Appendix A3] yields for k < h

. - - I, : A O E
V() =V(n)--V(vs) i e(F-1 (7);

Y e -

TEG* AET

(11.5)

where one should remark that the ratio is ¢ —independent
and G* is the set of simple graphs connecting vi,..., 7s
(i.e. graphs with no repeated bonds and such that for
any two “objects” +;,7; there is a path of bonds con-
necting them) regarding 71,...,7s as symbolic objects
determined by the vertices vy,...,vs following vy in ~;
furthermore if A = (y;m~y;) we have set
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h) def h
L &M (1) o™ () E ) = 3 gea, Y

£E€v;
nev;
<h) def =
CEM Y g 6,05 (43) o) (35)) X M) =
= 3 o, OE® (11.6)
£E€;
neY;

Remark that he two relations in (11.6) have the inter-
pretation of electrostatic potential between the charged

clusters v; and «; relative to the electric potential C(').

If we use the definition : €% := 30 () e™*7* (See
Appendix A3) Eq. (11.5) becomes

2 (h—1)
o Z1<J C'Yi’Yj .

V() =V(n) - V(iv)e
Z H 2C(h) ) (117)
TEG* NET
which considered together with
— 1 —
V(y) = 5)\, or V(y)=v (11.8)
for, respectively, o OT pme— ¢0.

provides a recursive definition of V(y) and proves the
ansatz (11.3). The effective potential has therefore the
form

VoY S [ dade

n=101,...,0n

Z V) :eiasa(gk)(w):7
n(7y)

v k(y)=k

where the third sum runs over the trees v with n end
points (i.e. of degree n) carrying the end point labe;s
&1,01,...,&, 0, and with root frequency k.

Expression (11.9) will be called the multipole expan-
sion for the effective interaction on scale y~*. The name
comes from the following simple and interesting argu-
ment.

Consider the quantity Z below nd compute it by ex-
panding the exponential in powers ad using the proper-
ties of the Gaussian integral (see Appendix A3):

(11.9)

7% /eV“”(sa(S’”)p(d(p(sm) _
= 1
:Z/E(V(’“’(s@(g’“)))p P(dp=M) =
p=0
(e’ p
:Z/d,,lew-d,,poHw(Xi,o'i)-
p=0 i=1

2 e
. eia Ei<j Vo, T (Xi,X5)

(11.10)
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where
/dX DS /d& .
n=001,...,0
= (517"'7671)7 o = (017"'70n)7
V(v) (11.11)
w(X,o) = —, :
(o) Z: n(y)
(M=o
VO-UI(X,X/) = Z O'g O'g/ Oé%,k)
cex -
£/€X/

ie. Z in (11.10) is indeed formally [i.e. modulo con-
vergence problems in (11.10)], the partition function of
a multipole gas in which the multipole with charges
01,...,0p located in the volume elements d¢; - d¢, has
activity

w(éla' --7§n;0'17-- '7Un)d§1 ! dgn = U)(X,O')dX
(11.12)
To complete the analysis of perturbation theory for
the cosine interaction one has to show that the theory is
ultraviolet finite. This is indeed the case for o2 < 47 but
if o > 4r this is so only for o < 87 and, perhaps, for

a? = 87.This problem is studied in Sec. 12 below.

xii. Ultraviolet stability for cosine inter-
-action and renormalizability for o2 < 8x

Let (k) = Ef__l ©) be a sample field in which
<p(J) verifies (3 15) and (3.16) and let the covariances C'),
-1,0,...,N ver1fy (3 19) (jo = 1 in the present case)

belng defined by C
(1L.1)].

To study the ultraviolet stability of the effective po-
tentials V(®) (o(=%)) one bounds [see (11.3)] the quantity

n (3.7) [see comment following

_\ de
1 X

i S('v) s
k(v)=k;o(y)=0c

dgy -+ - d&,

(12.1)
V) s
n(v)

2 ~(<k)
6206 C’Y’Y

having estimated the Wick—ordered exponentials

i (<k) 1,20(£R) (<k)
e’ ™ = e2? O35 et P ()

by e%"‘zcﬁm; and the sum runs over all trees with fixed
shape s(]g) =7 [to avoid confusion the shape is here de-
noted s(7y) rather than o(y) as in Sec. 8], fixed root fre-
quency index k and fixed charge labels o = (01, ...,0,)
for the n end points. Hence the sum runs over the fre-
quency labels h, that can be assigned to the nontrivial
vertices v > r of the shape 7. Finally Aq,..., A, are
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n cubes extracted from a pavement of A with cubes of
side size v~*; we shall denote the latter pavement by Q.
assuming that the side of A is divisible by y~*.

Of course one looks for bounds uniform in N and uni-
formly summable over the choices of Ay,..., A, in Q.
In fact this is motivated by the remark that the contri-
bution to V) from the trees with shape 7 and charges
o cab be written

RN

»»»»» Ay, s(v)=7,

/ V()
A1, Ap n(7y)
k(’v) k;o(y)=oc

1,20(Zk) <k)
30’0550 (e =N () ge L gy

(12.2)

so that a bound, valid for all V and all £ < N, like

M(A,...,

where m(7) is a suitable constant depending only on the
shape 7, would be sufficient to show that the effective
potentials are well defined order by order in perturbation
theory, so that they converge to limits as N — oo at
least on subsequences; actually it will be clear that one
could also easily prove plain convergence without need of
subsequences.

The estimate (12.3) shows more because it shows that
the effective potential has a strong short range property
on the scale y~* naturally associated with with the fre-
quency k; the short range property is expected to play
an important role in the infrared stability, but as it will
become clear later, it also plays a role in ultraviolet sta-
bility.

In trying to prove (12.3) it is convenient to rewrite the
recursive relation (11.7) as

1.2 (0(sh-1)_ a(<k-1)
@ (C’Y’Yl C’Y’Y )~

V(p)ereto?
= 1420(Sk-1)
: (HV(%-)62 i ) (12.4)
SIS —1), forh<k
TEG* A\ET
where the relation }, ; O(f% D= C&%h*l) is used and
we set C(—1) = 0.

Let v > r be any vertex of v and denote v’ the vertex
of v preceding v; denote ~, the subtree of v with root at
v’ and first vertex v; for instance in Fig. 33 ~, is the tree
consisting in all the branches of v that can be reached by
climbing the tree starting from v’ and passing through v:

29

&0

g 0
n n
Call &, ...,&,,01,...,0, the end point labels for the po-

sitions and, respectively, the charges. Eq. (12.4) implies
[see below]

V)] e /DOE < - (e 0).

v>r
(He (a?/2) (04t =1 - Cifsﬁ'fl))). (12.5)
v>r
(Hﬂ 2/2)022%*“)
112
1=1

where v; is the tree vertex directly connectd to the end
point & and N, kg > 0 are constants and

d*(X,) =graph distance of the points of

12.6
X, modulo the clusters inside v, ( )

i.e. d*(X,) is obtained by drawing lines connecting points
in the cluster X, belonging to distinct maximal subclus-
ters of X, (which are the clusters corresponding to the
vertices of «y following v immediately, see Fig. 7 for in-
stance) in such a way that any subcluster can be reached
from any other by walking on such lines and possibly
jumping inside the subclusters: then d*(X,)is the mini-
mum of the sum of the lengths of the above lines over all
possible ways of drawing them.

The exponential factor in (12.5) requires an explana-
tion: it arises from a bound on the last product in (12.4)

and from the exponential decay of C(k) c©

KE [see
v
(3.19)] for some k >0

T — | < T a0 <

Aer Aer

) (12.7)
H [ 2 a ny C(O) ZJAe—"@’YhK—m]7
Aer &n

where n, is the number o vertices in X, (n, < n), and
the sum runs over the pairs &, 7 in the subclusters joined
by A, whose number is bounded by n,, < n. Since [—n| is
larger or equal to the minimum distance between the two
sub-clusters, (12.5) follows, with A5 being a coefficient
depending only on the family of numbers n,, i.e. on the
shape 7 = s(7y) of v only.

To proceed one has to find a reasonable bound on the
first product in (12.5). Let C%ﬁu denote the same ex-
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pression as CS) 5. when all the points in the cluster cor-
responding to v are collapsed in one of them; it is

ol =cf @2

Yvr Vo

where @, is the charge of the cluste v. Then the first
product in (12.5) can be written

(12.8)

(Lt —ei et
v
(Shy—1) _ ~(Shy—1)
_|:H62 (el ol
v

la (C<<hv D _(Sho— 1))}
‘e

(12.9)

YvYv T Yo

and the term in the last brackets can be bounded by
using (3.19) and

<hy— <hy—
> (ICg(; Y — ol +

&meEXy

<h/ 1 <h, —1
+|Cg : C(gﬁu )|>§
—3y (h 3
—772) (Y"d(X,))? =

~ 1
=A (”y ”d(Xv)) 2
where d(X,) is the length of the shortest path connecting

all the points of the cluster X,,. In the last step of (12.10)
use has been made of (3.19) via

<2n3A;(1 (12.10)

<h <h 0) 0
1CG" — Coa™ | < 1050 yoy = Ot | <
h 1 (12.11)
ALY (Y1E—nl)®
p=0
Hence using the inequality
1
hoy g% hoy
S (X 2 Y (X (12.12)

[Hint: Eq. (12.12) does not hold “without the sums”; see
(18.15) for a similar but deeper inequality], one finds

—5 Y

X))+ AS d(X,)]F < AF) < oo

(12.13)
and one can bound (12.5) as
a2c( k—1)
[V(v)le*® 757
(<hy—1) (<h s —1)
< N[ [ et (e -el™ ™).
(12.14)

2 (Shv; =D

1y
| | 2% 5151

o—kratar(x }

30

The integral (12.1) can now be estimates using (see Ap-
pendix A4)

/ dés dés - -+ dép He—%mh”d*(Xu) <
R2X...xR2

v (12.15)
< B, T2,

v>r

with s, = number of branches emerging from the vertex
v in v and B,, is some constant.

Using also C\5™ = (h+1)C{) we see that

M(Ar,..., Ani7) <

n
> [He%a%vicé?].
h =

=1
. H = 2ho (ho=1) =3 @ (ho—h 1) CFy)

v>r

N o= hrd(AL A
v

(12.16)

)

where the sum runs over the frequency labelings of the
shape 7 such that k(y) = k.

Taking into account the relation between the number
s, of branches emerging from v in v and the number n,
of points in the cluster X, corresponding to v

> (sp—1)=ny—1 (12.17)
v>w
one easily checks, denoting C' = C(()g) = % log ~:
o2
> 5 (o —k)C—logy ) -
2 v>r
a?
[2(hy — k) (sy — 1) + —OQ%j (hn — )] =
o2 o2 (12.18)
=1 — =2 -1+ —
Ogvg((4w )( )+47r

a2
- EQ%}) (hv - hv’)

so that, using again (12.17) and (12.16),

M(Alv 7An;7) SN%HG_ZNd(AL An)y
7((%—2)(n—1)—ﬂa2)kzzv_pu(h _h )7 (12.19)
h v>r
with
2 9 2

def « o a )

v= — (=2 —1) - —+—Q,. (1220
P (47T )(TL ) . + I Q,U ( )

The summation in (12.19) is over the frequency label-
ings of 7 and, therefore, over the h’s such that N >
hy — by > 1.
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Eq. (12.3) follows, provided p, > 0 for all v. In fact
since v > r implies n, > 2 and |Q,v| > 0 it is clear that
Py > —%oﬂ +2—ie. p, > 0if a? < 4.

This proves (12.3) and the ultraviolet stability for o® <
4. Since one can easily check, as the bounds (12.19) and
(12.20) hint, that for a® > 47 the contribution to V(¥
from the trees n

(34)
k h
£

is in fact divergent as N — oo, the problem has to be
reexamined for a? > 4r—i.e. renormalization is neces-
sary.

The key remark to study the case a® > 4 is that the
bounds (12.19) and (12.20) can be improved.

In fact let v be a “zero charge” or “neutral” vertex of
v: @, = 0. Let v/ be the vertex preceding v and let
hy, hyr be their frequency labels. Then in the evaluation
of V() the subtree v, of v with root v' and containing v
and all the following vertices has the meaning, according
to the general theory of the tree expansion in Secs. 4 and
57

(h /)( )

E}Z:J/(: el (e eyt ety "or) () :) (1221)

if v1,...,vs are the vertices immediately following v.
However, when all the points of the cluster X, coincide
it is ¢(y,) = 0 because @, = 0 and since (12.21) is a
truncated expectation it must vanish [in fact the first
argument becomes identically 1 and £7(1,...) = 0].

Therefore (12.21) will be equal to e? % V() times
a factor which will be proportional, given ¢ € (0, 1) arbi-
trarily (see (3.6)), to

(hul

(v X )

EnEXy

(12.22)

If one collects together the contributions to the V(*) from
the trees having the same shape up to the charge indices
and having fixed clusters of zero charge then one realizes
that this improves the estimate producing a result which
is a finite sum of terms which can all be bounded by the
same bound that can be put on the “worst” among them,
namely the one obtained by replacing : e*® oD ()
by : cos (a w(hv/_l)(%r)) . The latter will, in turn, in-
troduce in the evaluation of the expressions analogous to
(12.21) a factor proportional to

(71 = nl)** ™
if @, = 0 because the cosine differs from 1 by a second
order infinitesimal. The details will not be discussed here
as a much more complicated similar analysis will be pre-
sented in Sec. 18. Via some simple algebra this leads to
replacing (12.3) by a bound on

(12.23)

31
M(Al,...,An):Z/ dey - d,-
o A1 X... XA,
1420050 (12.24)
T viperatcss
«(1)=7
o()=o

which, if vy denotes the first vertex of 7 following the
root r, is estimated by

|M(A1 A < e HB 1A (G =Dt 2 )k,

( H (pvt2=E) (o —h, />) —pug (hug—h)

v>v0

(12.25)

because in the intermediate steps the integral (12.15) will
be replaced by

/dfz'"dfn(He’%'Vk”d*(Xv)).

i (12.26)
I o™ > le—a)* '
ne ek

by using the remarks leading to (12.23): the first nontriv-
ial vertex vg of ¥ plays a special role, because if Q,, =0
the expresion : cos(a ¢(=*)(yy;)) :: will be proportional
to the result obtained after the last truncation and no
further truncation will be done at frequency k. There-
fore no factors like (12.23) can be contributed by the first
vertex vg.

The itegral (12.26) obviously leads to an extra fac-
tor in (12.15) of the form B" | =20 =) (hv=hy) In
fact the product of exponentials in (12.26) forces the
points in the cluster v to be within a distance y~"v;
hence (12.23) can be replaced in the integral (12.26) by
(yvry=he)2(=€) p2 (B')™, provided £ is replaced by £
and B’ is conveniently chosen (see Appendix A4).

The bound (12.25) proves that if one collects together
several trees of the same type and if use is made of
the charge symmetry then all trees with nonzero charge
Qu, 7 0 (hence |Qy,| > 1) yield py, > 0 and p, +2—2¢ >
0 if ¢ is taken small enough, for all a®> < 87. Hence
(12.25) proves that the ultraviolet stability can be vio-
lated, if a? < 8, only by trees which have zero charge:
Quv, = 0.

For a? < 87 not all the neutral trees have ultraviolet
stability problems: onlu the neutral ones with n = n,,
end points suche that [see (12.20)]

2 2

(T -2)n-1)+ <0

= (12.27)

So, for a? < 87 there is a sequence of tresholds obtained
by setting the l.h.s. of (12.27) equal to 0:
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a? 2n—1 35
=2 — = ... 12.28
2’3 ( )

As a? reaches a2 and beyond it the trees with n vertices
and zero charge “become ultraviolet unstable”—i.e. their
contribution to the effective potentials are not convergent
as N — oo.

However the reason for the instability is somewhat triv-
ial and it is manifestly due to the fact that the first non-
trivial vertex vg of |g, when + is neutral, gives a contri-

bution to V() of the form : i@ . which does
not vanish when the positions of the end points labels
&1,...,&, become identical.

But id one defines Egyk) =0 unless Q,, = 0 or o < a2
and

Egk>/: e =) L Ty de /V(fy) de, (12.29)

if Qy, = 0 and a? < o2 and if one collects together the
trees 7y of the same shape up to the charge indices and
with the same frequency indices and the same vertices of
zero charge one sees that the operaors Eg’Y) define trnor-
malizations operations, according to the general theory
of Secs. 69, such that the dressed graphs have the form
in Fig. 35:

o )

Either they contain an index R as a superscript on
the first vertex vy after the root r or they are entirely
contained in a single frame with an index ¢ = 0 appended
to the frame [meaning that they contribute a constant to

the efective potential because E,(]) takes values in the
space of the constants by (12.9).

A tree with an R over the first vertex will mean a con-
tribution to the to the effective potential which is equal
to the one that would be given by the tree without the R
but with : et@® =" () . replaced by : e GO I

Collecting again the contributions to the effective po-
tential from all the trees with given shape up to the
charge indices and summing their contributions over all
the possible frequency and charge labels at fixed neutral
vertices one sees that the contribution to the effective
potential sums up to the same quantity (12.4) with the
replacement

T GOl — :cos a SR (y) =1 : (12.30)
and the latter expression vanishes when all the points
&, ..., &, collapse into a single point and the order of zero

is of the order of the square of the zero of ¢(=F)(v). The
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latter can be evaluated by recalling the basic smoothness
properties of ©(=*) described by (3.16) (recall that the
space dimension is here d = 2): it is of the order of

B2(y ) 1€ —n))* 9, (12.31)
&n

if B =sup Ba and € > 0 is prefixed arbitrarily.

This improves the bound (12.25) by replacing also py,
by Pog = Pvo + 2—2e.

The arbitrariness of ¢ implies that, if o? < 8w, then
¢ can be chosen so that p,, > 0 and, therefore, all the
unframed dressed trees are ultrviolet finite in the sens
that, collecting together the contributions from the trees
with given shape, up to the charge indices, one obtains
a total contribution to the effective potential which is
ultraviolet finite.

The framed trees contribute only to the constant part
of the effective potential and therefore need not be stud-
ied. However their theory would also be simple and they
turn out to be untraviolet finite: in fact the sum of the
contributions to the effective potential coming from the
neutral trees of a given degree is a constant which can
be written as [ vy d€ and, from (12.25) and the general
theory one can find

~ 2 2
vl SNEF) (1 F2008) - (12.32)

Since, given a? < 8, it is E,(J) = 0 if n, the number of
end points (“degree”) of ~ is large enough it follows that
the cosine interaction is super-renormalizabl in the sense
of Sec. 8 (see the final comments of Sec. 8).

Ezercise: study the exponential interaction (5.5) and
show that it is ultraviolet finite up to o® < 4. Show that
it is not renormalizable for o2 > 47 (hint: just imitate
the same steps and estimates used for the cosine case).

xiii. Beyond perturbation theory in the
cosine interaction case: asymptotic
freedom and scale invariance

Having completed the perturbative analysis for the co-
sine field theory in terms of formal power series with no
control on convergence one wonders what it really means
to study an interacting field theory.

The simplest type of result that one can think to try to
prove for the interacting measures P;,; is the following.

There exist (infinitely many inequivalent) one param-
eter families Py of measures on the space 8'(R2), of the
distributions on RQ, whose Schwinger functions admit
asymptotic expansion in the parameter A near A = 0 coin-
ciding with the formal perturbatio expansion of the cosine
interaction discussed in Secs. 11 and 12 (with v = 0).

Super-renormalizability is the deep property behind
the methods, so far known, to obtain a proof of the above
proposition in the cosine interaction case as well as in the
corresponding proof for many other supr-renormalizable
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field theories (e.g. —\ : * : in two dimensions or

X ¢* i —pu : ¢? ;v in three dimensions; in fact the
ideas and methods involved do not distinguish between
the mentioned theories).

The first idea is to try to build Py as a limit of measures
of the form

N N
_ . (<N) .
27 (TToe) eV &= T Pae®)  (13.)
j=0 j=0

where x; are characteristic functions selecting fields hav-
ing so large a probability that

00 N
12 /H (T (D) Pe)) = e =M1 (13.)
j=0 j=0
with £(A) 5= 0 faster than any power and (see (11.1)
with v = 0)

V(=) :/ (A : cos apl=™) : pun(N)de (13.3)
A

where vy () is the sum of the finitely many countert-
erms due to the renormalization described in Sec. 12 [see
(12.31)] if any, i.e. if 47 < o? < 8.

The characteristic functions x; will be so chosen to al-
low one to treat “naively” the fields /) when xj(go(j )) =
1: i.e. x; will be the characteristic functions of the set

e j ; ; _
{ellsin (508" =) [} < By (77]§—nl)' =%, v, € A
(13.4)
where B; = B(1+ j) log(e + j + A™!) for some B,e >
1

0,a > 5 (to be chosen). The probability of the above

event with respect to P(de)) is bounded below, by using
(3.17), for all a > & by

[T (1 —Ae ™50+ (log(e + 5 + A))* >
ACA (13.5)

_ — . 27
> (1 - Ae B 04 . (log(e + j + A)2)” ™,

In (13.2) one can take, with x; as in (13.4),

e(A) = 272j log (1 — A

= 13.6
S+ 4+ ATHTEBA) log(l—z(1+j+/\’1))) - (13.6)
= 0O(\®)

ie. (A) 5= 0 faster tan any power of \.

Since the amount of phase space thrown away by the
insertion of the characteristic functions in (13.1) is, if
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measured with the free-field measure, very negligible [see
(13.2) and (13.4)] it is quite clear that the perturbation
theory expansion for the Schwinger functions of the mea-
sure (13.1) and those of the measure obtained by taking
away from (13.1) the characteristic functions are identical
uniformly in V.

Therefore if one succeeds in showing that the measure
(13.1) has a limit as N — oo (possibly only on subse-
quences) the one parameter family claimed to exist in
the above proposition is constructed.

This is in fact true and it is the way which we will be
followed in proving the proposition stated at the begin-
ning of this section. Since the construction clearly de-
pends on the arbitrary parameter B in (13.4) one must
expect that the family Py of measures obtained as limits
of (13.1) is B—dependent.

The measure (13.1) will be called a “restricted cosine
field”: it is an object of limited interest even in the limit
N — oo. Its importance lies only in the fact that its
understanding is preliminary to the understanding of the
interesting case essentially consisting in letting B — oo.

It is important the following remark: the restrictions
(13.4) do not imply that the field p(SV) is constrained to
be smooth for large N. Actually a simple computation
shows that the cut-off on rough or large fields imposed by
the inequalities (13.4) is such that gpéSN) - @SISN) have
essentially the same covariance, hence the same average
size, with respect to the free Gaussian measure or with
respect to the free restricted Gaussian measure [i.e. the
Gaussian measure restricted to the ensemble of fields de-
scribed by (13.4)]. This means that the problem of taking
the limit as N — oo of (13.1) is still nontrivial and that
some new idea is necessary for its solution.

Arguments on field theory are often given, in the liter-
ature, which treat the the fields as if they verified (13.4)
and the problem of controlling what happens when the
field violates the conditions imposed in (13.4), i.e. the
problem of controlling the large fluctuations, is often
solved by handwaving saying that the large fluctuations
are “depressed” by the positivity of the action.

It will be clear that, instead, many real problems arise
in trying to give a rigorous meaning to such arguments;
in my understanding the situation is, in general, very
subtle and I cannot see the actual solution of the above
large fluctuations problem (even in the cases in which it
is known how to handle it on a mathematically rigorous
basis) as just a refined way of rephrasing the mentioned
positivity argument. Furthermore this is a case in which
it makes no sense to appeal to “physical arguments” be-
cause the issue is [precisely whether field theory has any-
thing to do with physics.

The problem of the relevance of the large fluctuations
seems to have been clearly perceived as a deep one, even
in field theories with a formally positive action in the
context of constructive field theory and it should be re-
garded as one of its a conceptual contributions, see (Ben-
fatto et al., 1978, 1980a,b; Glimm, 1968a,b; Glimm and
Jaffe, 1968, 1970a,b; Magnen and Seneor, 1976; Nelson,
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1966, 1973a,b,c; Nicolo, 1983).

The new ideas needed to deal with the problem of prov-
ing the existence of the limit (13.1) as N — oo at fixed
B are two:

(i) the asymptotic freedom and

(ii) scale invariance.

Their role and interplay in field theory seems to have been
clearly realized as early as 1959 by Wilson, see (Wilson,
1971). It turns out that they are best illustrated in the
theory of the cosine field.

Suppose that one wishes to study the distribution of
the low frequency fields ¢, ..., o™ in the restricted
ensemble. Then the function

def ﬁ (J)

eV (=) H P(d<p(j))
Jj=p+1

F(N)@,(O),.”,

(13.7)

/[ ﬂ X (¥

Jj=p+1

is the density of the distribution of ¢(©), ... »®) with re-
spect to the measure P(dp®) ... P(dp®)) and the first
step is to show that it is an integrable function with re-
spect to the measure P(dp(®) ... P(dp®)

From the above discussion on the relevance of the phase
space “neglected” [see (13.2) and (13.6)], it is natural to
think that the result of the integration in (13.7) should
simply be

eV (=) (13.8)

up to corrections negligible as A — 0 and due to the
presence of the characteristic functions in (13.1).

However this does not really make sense, because the
theory of the preceding sections provides an asymptotic
expansion in A for V(¥) which has little chance of being
convergent.

The next best guess is that instead of (13.8) one gets,
for a prefixed integer t > 0

] Tt

where [ . ][t] denotes the truncation of a power series in
A to order t and R; represents a “remainder”.

Therefore [V(k) (cp(gk))} 1 will be given just by the
perturbation theory developed in the preceding sections
counting only trees with at most ¢t end points; the choice
of ¢ in (13.9) is arbitrary provided that the remainder
can be well estimated for the chosen ¢.

The validity of a result like (13.9) means that the inte-
gral of eV =" over oM o@D can be performed
successively by using perturbation theory; therefore in
order to have any hope of proving (13.9) with reasonable
bounds on the remainder it is necessary that V(%) (o(<4)
regarded as a “potential” on ¢(9) at fixed p(@=1 .. )
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has a very small small size, at least on the restricted en-
semble (13.4); actually, not only should its size be small,
but it should even go to 0 as ¢ — oo, asymptotic freedom,
if N = oo.

In order that the above property holds for all ¢ < N
it must of course hold for ¢ = N. Hence the check of the
property of asymptotic freedom starts with a check of its
validity for ¢ = V.

To explain what the above words concretely mean one
considers the field ™) and remarks that, as discussed
in Sec. 3, it can be regarded as smooth and essentially
constant on cubes A of size vV, which will be thought as
extracted from a pavement @) of A with cubic tesserae
of side length v~ . Furthermore the values of (™) on
different tesserae are almost independent because of the
exponential decay on scale v~ of the covariance of ¢™)

This suggests writing the nonconstant (i.e. nontrivial)
part of the interaction as a sum of contributions each
coming from a given A € Qn, i.e. as

Z / s cosa ( 1)+

AEQN

My rde = >

AeQnN

(N1 V) dg
. Ccos & +

(13.10)

Z Myl =

AeQnN

where use has been made of C'(%N (N+1)ley |A| =

2
472N and by the preceding arguments one regards the

variables Sa, which are defined here and have “size of
O(1)” because they are averages of a cosine, as random
variables functions of the field V) parameterized by the
field o(SN=1 and @) j < N —1, are supposed to be in
the set defined by (13.4).

The variables Sa can be thought of as continuous spins
sitting on the lattice Qx and the calculation of the inte-
gral

2

(4 -2N
/)(zv(w(N))ezAM TNSapap™y  (13.11)
can be thought of as the problem of evaluating the parti-
tion function of a spin system, on the lattice Qn, which
o2 —
is a perturbation by an energy AW = 3", \y(37 ~2N G,
of the “free measure”

P([[d5a) = / T15(Sa — Ss)xw (™) P(dpt™),
A A

(13.12)
which, intuitively, can be thought of an almost factorized
measure with respect to the variables Sa.

So the problem of computing the integral (13.11) in
terms of its value for A = 0 can be interpreted as a sta-
tistical mechanics problem for a spin system of bounded,
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uncorrelated spins with a local perturbation whose size
is

Ay (572N (13.13)

If a® < 87 one sees that the “effective coupling on
the fields with frequency N” is (13.13) ” and it goes to
zero as N — oo: which means that the spin system is a
“very high temperature” for large N, and one can very
reasonably hope to use the high temperature expansion
techniques of statistical mechanics to estimate perturba-
tively the integral (13.11). The result of such estimates
is in general that

AP T .
/erP — g E Wip) R (13.14)

and

system volume in

|Ry| < A1 x X const

. . . (13.15)
lattice spacing units

It is therefore clear that the result of the integral (13.14)
gives rise to a very complex new function of p(SN—1.

For this reason one does not say that a theory is asymp-
totically free just if the computation of the effective cou-
pling constant for (V) gives a result tending to zero with
N — o0 as in (13.13).

The correct definition of asymptotic freedom is set
up by considering the main term of (13.9) and by in-
terpreting it as a potential for ¢*) parameterized by
(k=1 then one computes the “effective coupling con-
stant Ay (k)” and says that the interaction is asymptoti-
cally free if

lim lim Ay(k)=0

k—oo0 N—oo

(13.16)

The self consistent nature of this condition being clear,
one can hope to be really able to check (13.16) and use
it to obtain good estimates on R;.

Although the calculation, or estimates, of Ay (k) looks
a priori much harder than the evaluation of Ay (N) per-
formed above [see (13.13)], it turns out that one can eas-
ily estimate Ay (k) by the general theory of perturbations
developed in the previous sections.

To obtain an estimate of Ay (k) one first needs its pre-
cise definition: in fact [V ¥ (o(=®)]l] no longer depends
on a single constant which, as above for £k = N, can be
naturally related to N but it is rather a “many body”
nonlocal interaction: is is a sum over the trees with < ¢
end points of terms like [see (11.9),(12.31)] like

/Z Z V(§1,...,§n;7).

o ¥, o(¥)=0c

- (: cos(a ©=F) () — 0g-0 : )d& ... d&,

(13.17)
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where 7 denotes a tree shape of degree n (i.e. with n end
points), |Bs are the charges at the end points of ¥ and
Q5 = >, 0i is the total charge of 7.

To interpret (13.17) as a spin-spin interaction for a
lattice spin system one has to recall the main property
of ¢®) of being approximately constant and smooth on
the scale y~% and of being independently distributed on
the same scale (approximately, of course).

Therefore following the same philosophical principles
already used above one splits (13.17) into a sum over all
possible n—tuples of tesserae Ay, ..., A, € Qf of terms
like

Ar,enA, (13.18)
- (: cos(a O SR () — 0g-0 : )dé ... d&,

Then one will interpret (13.8) as a many body interaction
between the spins (Sa,,...,S5a,) =~ (wé’f), ce gpéi) and

check that (13.18) is bounded by

Cidn (ke d(An .80 (13.19)
uniformly in N and with Ay (k) and x independent on
the particular term like (13.18) contributing to the ef-
fective potential, and also independent of the considered
expansion order t; here C;, k > 0 are suitable constants.

Then the constant Ay (k) will be naturally called the
effective coupling constant for the field ¢®): the inter-
action (13.18) then susceptible to the very same inter-
pretation as (13.10) in terms of continuous lattice spin
systems.

All the technical work necessary to study the bounds
(13.19) in the cosine field case has already been done in
the proof of its renormalizability: in fact (12.25) with
Puvo Teplaced by p,, + 2 — 2¢, as explained after (12.31)
immediately yields a bound on (13.18) of the form (13.10)
with

Cy = C;B?, (13.20)
An (k) = A DR 4 k)2 (log(e + k + A1)

and C + t is B-independent and x = >0, for all N
provided € in (13.4) is chosen so that p,, +2—2¢ > 0—i.e.
ex2- o,

Therefore the cosine interaction is asymptotically free
for |a® < 8m provided it is correctly renormalized for
a? € [4m,8T).

One should remark the deep difference between the
cases a? < 41 and o? € [4m,87): in the first case condi-
tions (13.4) are not necessary to obtain (13.20) because
the bounds (12.19) and (12.25) can be used and because
they had been obtained without using the smoothness
property of p(=F),
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Such properties are necessary to obtain the improve-
ment on (12.25) (i.e. py, —~ py, + 2) needed to
achieve ultraviolet stability for a? < 87. Recall that
the improvement follows, after renormalization, only if
| cosa(=F)(y) — 1 : is bounded by (12.31) and this is
possible only if the smoothness condition in (13.4) holds
[the boundedness of the fields is not really necessary and
one could proceed without it].

Actually the latter remark shows that (13.20) can be
improved by replacing C; by a B—independent constant
if a®> < 4m. One can also remark that while the proof
of the proposition at the beginning of Sec. 13 on the
existence of the P’s easily implies, by the arbitrariness of
B in (13.4) the complete construction of the cosine theory
in the case a® < 47 this is no longer so for a? > 4m,
when the presence of the field cut-off introduced by the
characteristic functions in (13.1) is really essential to have
asymptotic freedom. In the latter case, a?® € [4r,87),
new ideas are necessary to control the B — oo limit.

The discussion of the latter limit will be postponed to
Sec. 14 and in the present section no more differences
will arise between the cases a? < 471 and o? € |47, 8T).

Having checked the asymptotic freedom for the cosine
interaction one realizes that the partial solution of the
ultraviolet problem provided by the proposition stated at
the beginning of this section still requires the analysis of
the many statistical mechanics problems (one per scale)
of weakly coupled continuous lattice spin systems.

One can, in fact, regard as such the problem of per-
forming the successive integrations over go(p) of

X((p(ﬁp)) V@ (e =P)]l] (13.21)
forp=N,N—-1,...,k+1.

The reason behind the feasibility of the above feat
is the second important idea on the problem: the free
fields (@, ..., ") are identically distributed up to triv-
ial scaling (see Sec. 3).

This means that, whatever p is, the integral (13.21) can
be regarded as the computation of the partition function
of the same spin system on a fixed lattice affected by
a perturbation which is p dependent and which, by the
asymptotic freedom property, has a p dependence becom-
ing weaker as p becomes larger.

Therefore, as a matter of fact, one can perform the
integral of (13.21) over ¢ by trying to use the naive
formula

gp(xp e[V(p)(SD(Sp))][t]) o (1322)

_ [ rer v e =o)e.0)] 10 A () Fer? AT )

[see (13.4)], where|f| < 1 and R; is a positive constant
depending on C; and & [see (3.19)]1 the factor ?? in front
of the volume |A| comes from the fact that the volume
has to be measured on the scale on which the field p®
“lives” (see below).
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The validity of (13.22) rests on the following lemma:

Lemma 1: Formula (13.22) is valid for p = 0 id one
replaces [V(O)][t] by a finite linear combination of expres-
sions like (13.17) with k = 0 which are such that the
integrals (13.18) are bounded by (13.19) with p = 0 and
AN (0) replaced by a free parameter X.

By the scale invariance of the multiscale decomposition
such a lemma would then imply (13.22) for arbitrary p.
Accepting lemma 1, hence (13.22), remark that

(=), )M = -0 (13.23)

3 e

which is evident if one recalls the definition of the formal
power series in A for V=1 [see (5.13), (5.14) and the
relations following them in Sec. 5].

Then since [V(®~1)] U verifies the bound (13.19) with

bl)—‘

p — 1 replacing p, provided (@), ..., ©®=1 verify (13.4),

the integral (13.7) is, recursively, estimated by

F(k)(go(o) (p( ) (13.24)

H X
N
6([V(k)][t]+zp:k+l OR”%‘AI)‘"(;‘))IHI)

where |0] < 1 and the remainder is simply the sum of

the remainders produced by successively integrating the

fields o), ..., @+ using (13.22), i.e. lemma 1 above.
So the remainder in (13.24) is bounded by

RilAl =|AR, S

p=Fk

. (A7(§—2)p (14 p)** (log(e + k+ A™1))?)

(13.25)

This proves that F*) [see (13.7)] is well defined and
bounded uniformly in N if o < 87: in fact it is enough to
choose in (13.24) and (13.25) the arbitrary integer ¢ > 0
to be not smaller than ¢y where ¢ is the first integer such
that (— —2)(to+ 1) +2 < 0, so that ty = 1 if a? < 4,
to =2if a? € [4m, 387), tg = 3 if o € [187 6m), to = 4 if
o? € [6m, 225), etc.

If F*) is well defined and bounded as N varies it
follows from abstract analysis that there is a subse-
quence of the sequence of measures (13.1) which con-
verges “weakly” to a limit Py as N — oo for all values
of A € R; any such one parameter family will verify the
properties in the proposition stated at the beginning of
the section [there are many many sequences of measures
(13.1) since we can change the parameter B in (13.4) or,
more generally, since one can modify the choice of the
characteristic functions]. I shall not discuss the details of
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such an analysis, since I consider it not too relevant to
the heart of the matter treated here.

So the discussion of the proposition of the proposition
at the beginning of this section is complete for the co-
sine interaction and rests on the above technical lemma;
the lemma will not be proved here (although to do so is
not particularly difficult since it is a “mean field theory
bound” in its statistical mechanics interpretation, as the
reader familiar with statistical mechanics can convince
himself). The relevance of Lemma 1 for the ultraviolet
problem from the constructive field theory point of view
has been pointed out in (Benfatto et al., 1978, 1980a,b;
Gallavotti, 1978, 1979a,b) and then used by many work-
ers who have often built it in as an important ingredient
necessary in the development of more daring and deep
ideas [see (Balaban, 1982a,b, 1983; Gawedski and Kupi-
ainen, 1980, 1983, 1984), see (Westwater, 1980) for re-
lated ideas]. Some of the methods in (Gallavotti, 1978)
in the brilliant papers on the hierarchical model in sta-
tistical mechanics [see (Bleher and Sinai, 1973, 1975)
and (Collet and Eckmann, 1978) [these are the methods
used to attack the model called the “hierarchical field” in
(Gallavotti, 1978, 1979a)]; in some sense the role of the
application of such methods to field theory was to point
out the path to follow to apply renormalization group in
constructive field theory using techniques already devel-
oped in statistical mechanics and taking almost literally
the ideas introduced in statistical mechanics by (Wilson,
1970).

The proof of Lemma 1 can be found in a rudimen-
tary form in (Gallavotti, 1978, 1979a) and in a complete
form in (Benfatto et al., 1978, 1980a,b) where a much
stronger version (see Lemma 2 of Sec. 14 of this paper)
is derived; in (Gallavotti, 1979a) lemma 1 is obtained
by literally reducing it to a classical statistical mechan-
ics problem of high temperature expansions for a system
of weakly coupled spins, using the techniques of (Kunz,
1978; Sylvester, 1979) later improved in (Cammarota,
1982) [see (Seiler, 1982) for a review].

The proof in (Benfatto et al., 1978, 1980a,b) has been
criticized as unnecessarily too complex being based on
“delicate” properties of higher order elliptic boundary
value problems; I do not think that this criticism is jus-
tified. While it is true that one relies on properties of
PDE’s, interesting in themselves but technically involved,
it should be stressed that the proof proposed in the above
reference is conceptually very simple and intuitive and it
also provides a general technique for the theory of Markov
fields. The basic ideas behind the proof are explained in
simple cases in (Gallavotti, 1981). A simpler account
of the other earlier ideas can be found in (Gallavotti,
1979a,b). The detailed proofs of Lemma 1 presented in
the above quoted papers should not mislead the reader
into believing that they are much more than technical
developments of a very simple probabilistic idea. I also
believe that the so-called simpler proofs are either weaker
or equivalently difficult, not surprisingly so by the well-
known law of conservation of difficulties.
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Field theory is a technical domain and I believe that all
proofs there are equivalently hard and equivalent to the
first proofs ever given on the same subjects; it is useful
to devise new ones because they can lead to the more
efficient organization of the proofs and to the intuition
behind them, which seems an essential step for further
progress.

xiv. Large deviations: their control
and the complete construction of
the cosine field beyond o? = 47

The work done in Sec. 13 solves in some sense the prob-
lem of the ultraviolet stability when the random fields
into which one decomposes the free field are constrained
to fluctuate by a finite amount. The amount of the al-
lowed fluctuations is determined by the parameter B in
(13.4).

One cannot easily take the limit B — oo because (see
Sec. 13) diverge with B diverge in general (R; 55— 00).

Actually this is the case for a® € [4m,87) while for
a? < 47, as already mentioned in Sec. 13, the properties
(13.4) are not necessary to obtain bounds on the effec-
tive potentials and the error term in (13.24) is uniform
in B [because in (13.20) the constant C; can be taken
independent of B; see the remark after (13.20)].

For o? < 4r it is therefore easy to let B — oo and
build a family Py, A € R, of probability measures on the
fields on R?, which verifies the properties of the propo-
sition at the beginning of Sec. 13 but which is not con-
centrated on an ensemble of fields restricted by (13.4);
this is a family of measures that can naturally be taken
as defining the interacting cosine field for o? < 47; with
some extra work it could also be proved that the limit as
N — oo of the interaction measure with B = 400 exists
without any need of passing to subsequences and, hence,
no nonuniqueness problems arise.

A complete theory for the cosine interaction for a? <
47 has been first worked out in (Frélich, 1976), where the
infrared limit is also studied.

Much more interesting, as a field theory problem, is
the case a? € [4m,87). So far the possibility of remov-
ing the “field cut-off” B when a® > 4 has been really
proved only in the interval; o? € [47, 22%) C [47,87); the
values a? € [327’7, 8m) have not yet been reached because,
as it will become clear soon, one has to find some suit-
able positivity property of the effective potential, and in
(Benfatto et al., 1982) and in (Nicolo, 1983) the positiv-
ity has been checked “by hands” rather than on the basis
of a general algorithm; since the positivity requirements
become more and more stringent as o> — 87 it is impos-
sible to take a2 too close to 87 unless one understands
in a simpler way why things seem to adjust to produce
the right signs at the right moments.

I shall first discuss in some detail the mechanism which
allows one to remove the field cut-off (B — o00) for o? €
[47, 187): this is the case in which the minimum value
that can be given to ¢t i n (13.24) is t = 2, as discussed in
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Sec. 13.

Since t is so small it is easy to write explicitly
[V ) (=R in terms of the graphically eloquent tree
language or even as a plain old-fashioned formula.

As an example one has, in the trees picture:

/ Z V(W)

vik(v)<2 7)
degree ~>2

[V (p(=k))] de¢ (14.1)

and the V' (7) are represented, if o = £1, by the following
tree graphs

= é . eiocmp(sgk): (142)
k &o o 2
=v (14.3)
k £,0
6170—1
k 0 =
5270'2
L) (oo 1yl Ve (144)
iaoapSR Loy (<k)
: (e 20g, o260 —(501_,_02)0) :
k 670 -
(14.5)
k
22 Z/ 2C§1220102 _ 1) e—oﬁCéihgl)aundé-l
h=0

and in (14.4), (14.5) the subtraction affects only the zero-
charge trees (01 + 02 = 0) as expressed by 04, 40,—0; the
combinatorial factor is 1 for (14.2) and (14.3) and 2! for
(14.4) and (14.5).

If we sum over frequencies and charges the following
analytic representation for [V (®)]12] emerges:

A
[V (&)l E/A(/\ : cosacpé M D 4v) dé + (5)2/d§d77'
( 7O‘QCESN)
. [ n
+(%)2/d§dn( e —ees”).

k
(k) @%gk)) -1

(<k)
—a*Cq, ) @ cos a(cpégk) + soslgk)) i+

t cos (g D — (14.6)

A

_ (5)2/A (ea2C(Sk) _ 1) dédn

In this special case one represents the features of the gen-
eral case discussed in Sec. 13: the only “dangerous term”
is the third, big because of the +a? in the exponential.

38

However using the ideas of the preceding section one can
check (as already done in general in Sec. 13) that its
contribution to the effective coupling is

2
o [l i QB (Mg ) dedy = Ay

(14.7)

where eo‘2cgN) has been bounded, uniformly in N, by

CSN) < s-log|¢ — n|~! and it has been assumed [see

(3.16)] that for £, € A

e k —
| sin 5(@? ) w%gk)ﬂ < By, (’Yk|§ - 77|)1 c

for some Bg; A is a cube of the pavement Qi of A by
cubes of side length v~*. Then the integral (14.7) is
easily evaluated by a scale transformation of A to a unit
box and, in conformity with the general bounds of Sec.
13, yields

(14.8)

<2 _2)k ) B?
(14.9)
expressing the asymptotic freedom of the second order
contribution to V*)_ for a? < 8.
The problem of going beyond the formal perturbation
theory is that one cannot neglect the region where (14.8)
does not hold with By given by

0¢2
v (k)2 = N2y 4457k B2 . const ~ (/\'y

By = M) (14 k)

as one would like to do on the grounds that, for a > % the
probability of field fluctuations violating (14.8) is exceed-
ingly small, as described by the phase-space estimates
(13.6).

In fact although such fluctuations are irrelevant in
the description of the free field they might be en-
hanced in the interacting field case, because the poten-
tial [V ) (o(=F))]12] becomes very large (and, worse, its
size is even N dependent, even for k small, in the region
(€,m) € A% where (14.8) is violated.

At this point one is often confronted with the state-
ment “well, the free field o(<*) will have a distribution
which depresses the phase-space region where the free
field distribution contains, among other things, a term

e Ef (8@5) dfﬂ
More prec1sely one refer here to the possibility of
bounding the third term in (14.6) by using the inequali-

ties (1 — cosz) < % and

B (log(e+k+ A~ (14.10)

k
(<N) (<k) —ry"|§—n|
‘ea2c€n e % | < const — (14.11)
€ —nl==
which follows from the propertles of C( Denoting
<k def  (<k <k
wl, 1= cosa(pl™Y — o), ¢ (ol n P,

and using Lagrange’s 1nterpolat10n one ﬁnds the bound
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3 [ 1ty (e 06 dean | <
012
< const /\Qaz/ |C£77 [ 1€ — n|7ﬂ677k“‘5777‘d§d77 <

< const,AQQQFyQ(%*Q)k/|8gaé§k)|2d§ (14.12)
[the wick ordering in the third term in (14.6) has been
neglected, as it is not very important, since the term
comes from a zero charge tree|, expressing the notion that
the “bad term” in (14.6) is dominated by [ | &pégk)Pdf
times a small constant, if k is large.

However the proof that follows controls the large part
of (14.6) by a method not reducible just to the inequality
(14.12) and making use of more detailed properties of
the expression (14.6); this seems to be the reason why
the proof below cannot be extended to cover the whole
range o? € [4m,87); this does not mean that a proof
based just on the validity of the inequality (14.12) is not
possible—and, indeed, one should look for it.

One checks that the region of the ¢ fields where (13.4)
fails gives only a very small correction in the estimate of
the error terms via the following argument.

Fix B > 1 in (13.4) once and for all [see below] and
a > % large (say a = %; this parameter could probably be
taken even equal to % by suitably refining the estimates
below).

Given O ... o+ (k) define

Dy ={&neA|sins <<p§ B oSk >
> B (vF|€ =)' e}

where ¢ > 0 is the number in (13.4) fixed so that (13.20)

holds [i.e. a<<2——] Let D_; = 0.
Define also the set

(14.13)

R ={A|A € Q3¢ € An with+*|¢ —n| <1 and

(7 € —nl)' ="}

(14.14)
where o > 1 will be conveniently chosen later. Then for
k>0

L (<k By,
[sin 5 (6= — =) > =

Dy C D1 U (Rk X 'R,k) (14.15)

In fact let (&,n) € Dy and € € A,n € A’. Suppose that

’ k—1 kX KE); en _ < B~ - <
(£,m) & Dr_1 U (Ri X Ry); then v*|¢ —p| < B /079
Br <1 and

(7 l€¢ —n))' =, (14.16)

« fe— _ _ _
Fed ™ =) <BH<~W e —n)'

By,
[sin 3 (p{= = o)) < =

| sin
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otherwise A € Ry, and A’ € Ry, so that either (¢,7) €
Ry xRy or (§,m) € Di_1. But (14.16) implies, for k > 1,
the contradiction with (£,n) € Dy:

| sin = 5 (cpé<k) (Sk))| = (14.17)
k— k
| sin 2(<Pé Y <p§,’“ 1))|COS (¢ (k) 9057 N+
.«
+cos (ol — o) sin 2 (o) — )] <

(- B _
< (B 079+ ZH) (Fe - )" <
g
e, —(1— 1 _
Bi(M e =)'~ (09 + 2) < Be(¥lg — )

provided o is chosen, as it can and will, so large that

1
y-a-e L

g

<h<1, Vk>1 (14.18)

The case k = 0 is analogous, if (-1 = 0.
Coming back to (14.15) assume, inductively, that it
has been possible to prove that

/eV(W(SN))P(d(p(SN)) o Pldp® VY < VR B

(14.19)
where denoting wg’f = a(cpégk) + @%Sk)),
def)\/ : cosagpégk) s dé+
A
A2 (SN 2SR
+ = (e o?C™ _ gma’C <k) cosaw : d€dn+
4 )
22 (<N) (<k)
+ T/ (eazcﬁv e Ce ) cosawE T —1: dédn—
A2 W20(ER)
- (e e —1)dedn (14.20)
A2

i.e. one assumes that the part of the interaction which
caused the worst problem in (14.6) is actually missing in
(14.20) [and of course one will also assume, see below, a
good bound on R, (k)].

The reason this is not a terrible approximation is re-
lated to a special property of v = [V ) (p(=F))) 2],
whereby such bad terms, if present, would be very nega-
tive and therefore they could be really thrown out of the
integration of the exponential of (14.20) because one is
interested only in upper bounds (the lower bounds having

been discussed in Sec. 13). The negativity of V(k) —v®

ie. ,if wgf défa(wégk) + @%Sk)), of

2 ~(<N) 20 (ER)
/ (e” Can " — > % K cosoa.u£ T —1:d&dn=
Dy
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2 (SN) 2SR o2 (SR o(<h)
E/ ((ea Cen " — e Cen ) e” (Coo™ =Cer ) (14.21)
Dy

- (cos wé’; -1)+(1- e (Cégk)fcﬁ(fk))w d€dn
holds, because in Dy it is

— 2sin? 2(<pé<k) e+ a? (C{EM — Cé;k)) <

< (= 2B} +2C)(VF € —nl)> % (14.22)

where we used, with C, C being suitable constants,

k
<k <k j j
Cis - 05" = (i) - ¢g) <
) =0 (14.23)
<Y C(YIE—nl)* > < THFIE—nl)* .
7=0

If B is supposed to be chosen so that B2 > o%C it
follows that the r.h.s. of (14.22) is bounded by

—Bi(y*¢ —nl)*7* <.

This remark makes it possible to neglect the interac-
tion, or at least its bad part, in the regions where the field
is rough and one can therefore use the free-field proper-
ties to prove this via rigorous bounds.

The precise way to make use of the above ideas to
study the integral

(14.24)

A%

Vi~ P(dp™) (14.25)

is the following. The first step in estimating (14.25) is
to replace V(k)a by a simpler function, at least as far as
functional dependence on ¢®*) is concerned. Note that
the *) dependence of (14.20) is neither polynomial nor
trigonometrical since ¢*) enters in a most complex way
into the integration domains.

To find the simpler form that is sought imagine that
A in (14.20) is replaced by an arbitrary set J and call

XA/J(k) the resulting expression. Then for suitably chosen
A AN):

ViV <V 4 N (Ry):
. ()\,Y(ﬁﬂ)k_'_/\z,yz(%ﬂ

= Vifh, + N(Ri) A5

kB2) = (14.26)

-2)k g2

which follows immediately from the asymptotic freedom
bounds (13.20), which in turn hold because cpégk) - <p$,§’“>
is considered only in the region (J X J)/Dy: N(Ry) is

just the number of boxes composing Ry.
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Therefore (14.25) can be bounded above by

P(dp(<R) AN B F D N (R

(k)
Z/ ARy (Ry)
(14.27)

where y recalls that p(®) is constrained to be such that

the 7.h.s. of (14.14) is precisely Ry.
Then call H; the expression obtained from V by
tdef |, (<k), (<K
replacing Dy by Dy_1; denoting wEn = a(goE o)
it is, therefore, by definition

)\2
HA/Rk = )\/ :cosagpégk) D dé+ —/ dédn-
A/Ry 4 Jamiz
(<N) (<) A2
: (670{2055]\[ _ e 0s" ) :cosaw® T I
/ dedn (" — e’y (14.28)
(A/Rk)?/Dr—1
2
s cosaw T — 1 A (e oa*cGt _ 1) dédn
4z
And one checks that
A2 W2OEN) L2 o(sk)
Vlsl/czzk _HA/Rk + _/ e “en e Cen )
cosa(cpé *) 30579“)) — 1: dédn (14.29)
where S = (A/R)? N (Dr—1/Dx) so that
(A/Ri)?/Dy. = (14.30)

= {[(A/Rk)?/Dr—1] USL}/[(A/R1)* N (Dx/Dg-1)]

and the set (A/Ry)? N (Dy/Dk_1) is empty because of
Dy CDyp_1 U (Rk X Rk) [see (14.15)].

Let (&,7) € Sk € Dyx—1 N (A/Rg)?,
(Ve = nD)' T Bror < L de.

k > 1; then it is

(e =nl) T < TEB

because the sine is bounded by 1. Hence for all £k > 1
and (57 77) € Sk

(14.31)

.« <k et k—1
[sing (5 — @{=)] 2 sin 5 (o = )1~

.«
~Jeos S = o)) — [sin (o — )] =
B, w1 1—e\2 3
ZBk—l{l—(7(’Y 1€ —nl) )} :
- —e Bk 1o, k- _
A e e S G S =

Bt B ot
By, BZ | o? o

C(FTNE =D T > Bef (v HE =) e,

> Bk[ (14.32)
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where if we suppose (as we can) that o is large enough,
and use (14.11), 6 is

1—e¢
3

6 = min 2 —

E>1 Bi_lcﬂ) o

Br—1 B?

1- | >0 (433
= 0 us
The inequality between the first and the last terms can
be checked directly also for £ = 0.

Therefore the integral in (14.29) is for all £ > 0 non-
positive, provided [see also (14.22),(14.23)]

—2sin® S - o) + ot (55 - oY) <
< (—29232 —2(1—- s)+a )('7 |§ n|)2725 <0
(14.34)

i.e. if B is supposed large enough, as is possible. Hence
forall k>0

v < Hy/r,

R, (14.35)

which implies, if we go back to (14.27),

/eVUC P(dp™) < Z [/ (Ri)efarmi P(dp* ))}

N (RYA(N) 5 ~2" (14.36)
The advantage of replacing 17/8%6 by Hp/g, in (14.27)
is that the function Hy /g, is a “simple trigonometrical
expression” in the fields p*) [see (14.28)], and no depen-
dence is any more present on the very complicated set
Dy.; of course there is a dependence on Ry, but Ry is a
union of cubes and therefore this dependence is not so
bad; besides, one wishes to keep it fixed, as the integral
(14.36) is performed at fixed Ry (because of the presence
of the x functions).

At this point one needs a way of estimating integrals
like the one in (14.36). What is known about the inte-
grand is that H; can be written as

S
/\/ Ccos o (k) —+
2N, st

AEQk
d&; dé>
+ A2 / = 2
Z A1><A2)I'_WJ2 |Al |A2|

A1,82€Q
o1,01=%1

hz(72102 (51752) cos a(algpé— ) 4o <p(<k))—|—
+ Z )\2/ d&y déy

A1,A2€Qy (A1xAz)NJ? |A1 | Az
( k) _ (Sk))

1-—

d&y d
n Z / &1 déo
S0 Jaixannse 1B |A2|

Hj =

(14.37)

+

hO (&1, &)
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where the h() functions are A independent and where
the Di_1 dependence can be thought as included in the
h functions. Furthermore the theory of the preceding
sections or the explicit expressions for the h functions
[see (14.28)] imply that

[ inelde < A EDE<FL (439)
A

/ N O (6, &) dé, déy <
Arx Ay (14.39)

< ()\7%—2)1@) A Ble 180 <

where ,ZL A, H}, are suitably chosen constants.

In other words at fixed Ry, the integral in (14.36) looks
like the partition function of a classical spin system on
the lattice Q.

The reason the estimates (14.38), (14.39) do not de-
pend on =1 is that in the “bad terms” of Hy no pair
(&,m) € D1 appears, so that (14.39) is obtained by the
same estimates leading to the proof of asymptotic free-
dom (and actually follows from them) is Sec. 13.

It is possible to formulate a rather general version of
the Mayer expansion allowing one to estimate naively the
integral (14.36).

ob def

Given A € Qy, let x4, XA = 1 — x4 be the character-
istic functions of the events on ()

{@(k) }3 £,m € A such that

B (14.40)
lo(k)e — (k)| <b(*IE—n)'}
and of its complement, respectively.
Let R be a subset of A pavable by Qg, i.e. union

of A’s in Qf, and let R® be its complement; denote

XR = [Iacrxa if R is the disjoint union of cubes

A C R; then the following lemma, closely related to
Lemma, 1, Sect. 13, holds.

Lemma 2. Given an integer t > 0 there exist con-
stants G, g,g’,b*, depending only on t and the parameters
v, €, Kk, such that if H verifies (14.38)(14.40) then

1
/P (dp™) xe X eMarm < [/%bP(dw(’“))r

M e ] )

o (80T IAL+6 (6, F) N (R))

(14.41)

where the errors have a value close to the one which would
be naively expected from the point of view of statistical
mechanics:

5(baﬁk) <G ((Fk b9 eﬁ"bg)t"'l + e b>+g Hp, bg)
o6, Hy) < GHY', (14.42)
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and N'(R) is the number of cubes A in R. Furthermore
if b is large enough, b > b*:

/P(dw(’“) X efr >

] (14.43)
> e([zlzlng(HA;p)p!’l] )—6(b,ﬁk).y2k|A‘

)

and finally, for suitably chosen and suitably chosen con-
stants o, Bo:

/P(dgp““));?; < (ape= )N (14.44)

The k dependence of the constants is trivially due to
the scaling properties of the field. The first bound in
(14.42) could be easily improved: here it is given in the
form in which it had been found in (Benfatto et al., 1978,
1980a,b, 1982) where Lemma 2 is proved under the extra
assumption that v is close to 1 (an assumption which can
be easily released but which is sufficient for our purposes
since +y is restricted only by v > 1).

Clearly (14.43) implies as a special case Lemma 1 of 13.
Lemmas 1 and 2 will not be proved here, because their
statistical mechanical character makes them somewhat
foreigners to field theory; also a detailed proof would be
very long in spite of its conceptual simplicity; the reader
can find it in the references given above.

At this point it is not difficult to conclude the esti-
mates. First remark that in the present case

2
[> &l (Hasp)p '] Bl < gle=1) (k1))

p=1

(14.45)

because the lh.s. , being the result of a Gaussian inte-
gral of simple trigonometric functions, can be explicitly
computed; after the simple calculation one finds that the
difference between the r.h.s. and the [.h.s. is given exactly
by

2 ~(<k) 2 ~(<k—1)
/ dé‘ d’l] (ea C&n — ea C&n )
Dr—1

: Cos [a (cpégk*l) — go%gk_l)) — 1} :

(14.46)

which is not positive for the same reasons the (14.21) and
(14.22) were not positive.

Therefore one applies Lemma 2 to evaluate the integral
(14.36), choosing t = 2 and b = By; the result, by using
also (14.45) and (14.46), is

[ ) <
Ry

) (aoe—goBg)N(Rk)ﬂ N (RS (B Ri) — (14.47)
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Tk—1) ~2k8(B) Ry,) 1 1 2 o - Al~2k
1% e (1—|—a§e 5808} o6 (Bk,Rk))| I

e

7 (k—1)+e(k)|A]
GV

and, by (14.42),(14.39), and (14.38), "=, (k) = O(X").

This means that if one assumes (14.19) for k = N — 1
and (14.29) holds then for all k > K (X), the (14.19) holds
with

Ri(k) = Ry(k +1) + (k) (14.48)

Hence the ultraviolet stability will be proved as soon as

one shall have been able to check (14.29) for k = N —1—
i.e. to obtain an estimate of

/ V) P,

In the latter case the V(¢(=N)) is just the sum of the
trees

(14.49)

and £0 (36)
ie.
(<N) A\2
A cos(ape )dE+v | d§— (=)™
A A 2
. / dé’dn(eazcﬁ(fl\” — 1) = Z A7(§—2)N.
A

AEQN

B (14.50)
<N —2N
- | cos(ap )= +v )y 4y =
f ot 2
0¢2
= (METNZ
A

where h is

/ EN OGN (1 et e T By

AXA |A|

Hence in the first step one does not have to worry
about Dy /Dn_1, because there is no obstacle in using
Lemma 2 to evaluate the integral (14.49): assumptions
(14.38) and (14.39) are satisfied with Hy = V™) =V, by
(14.50) and (14.51); i.e. in the first step there is no need
to worry about the smoothness of (™) in order to get
the asymptotic freedom bounds, as explicitly remarked
in Sec. 13 (see comments following (13.13)).

The validity of the inductive hypothesis for k= N — 1
is completed by checking that

(2]

2
[Z l'SJTV(VW);p) A (14.52)

which is proved as (14.45) by (14.21) and (14.52) written
for k=N —1.



Screening in the 2-dimensional Coulomb gas

This completes the proof for a? < %w

There would be no problem in applying the above tech-
niques to evaluate the integral of eV
fixed order ¢t > 2.

If o? € [136,671') still nothing , basically, changes in
the above scheme of proof except that the series of the
errors, both in the upper ad lower bounds, will converge
only if ¢t > 3; the positivity of the “bad terms” was used
in an essential way in the above proof in two steps and
now it can be used in the same way. In fact the two

steps were, first, to remove the region Dy_; from \A/A/Rk

(done in (14.35)) and, second, to “rebuild” Vk=1) (done
n (14.45) and (14.52)).

The just mentioned two “positivity steps” are now, for
a? € [16 6m), carried through in the same way, because
it turns out that no new positivity property is needed
on V* besides the one, already pointed out and amply
used, present in the second order part of V®): the second
order dominates in the inequalities necessary to control
the third order terms and its positivity properties are
enough for the estimates.

The situation changes for a? > 67: now the second or-
der dominates only in the inequalities necessary to carry
out the first of the two steps of the proof where the pos-
itivity is needed. In the second step it is not known
whether it dominates; in fact the proof has been carried
through in the interval [67, (v/17 — 1)7) and, later, up to
3—527r by using other ideas slightly improving on the above
ones, based on detailed properties of the effective inter-
action to fourth order in (Benfatto et al., 1982) and in
(Nicolo, 1983).

In order to obtain ultraviolet stability up to a? < 87
some new idea seems necessary, and the paper (Nicolo,
1983) seems to go in the right direction; see also the
comment after (14.12) above

The above difficulties are also an indirect consequence
of the fact that the large—fluctuations problem has not
been solved in a naive way, by free field domination (see
comments after (14.21)), and a better understanding of
this point seems important and desirable.

The techniques used for the sine-Gordon equation can
be used also to treat the exponential interaction (5.5) for
a? < 4 (see (Frélich, 1976)); the exponential interaction
can be treated also for a? > 4, for d = 2, or for d > 3,
which are cases in which it can be proved to be trivial
(see (Albeverio et al., 1979)).

to an arbitrarily

xv. The cosine field and the screening
phenomena in the 2-dimensional Coulomb
gas and in related Statistical Mechanical
systems

Before studying the ? fields it is appropriate to con-
clude the theory of the cosine fields by pointing out their
“surprising” connection with the two—dimensional classi-
cal statistical mechanics of Coulomb systems and Yukawa
gases.

The “neutral Coulomb gas” and the “charged Yukawa
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gas” describe charged particles of charge +1 presenting,
for some values of temperature and density very interest-
ing and non trivial “screening phenomena”.

In general a system of charged particles interacting via
a potential Cy, will be defined by the grand canonical
partition function Z1(A,b, \)

i% n! Z /n 2y i % dey .. dxy,

(15.1)
with o; = &1, or Z2(A, 3, \), for a priori neutral systems:

(15.2)
The cases which can be studied in terms of the cosine
interaction are

(a) The “regularized Yukawa gas”, with Cy, given by

. 1 1 dp
cmoM _ [ ip(a—y) _
y € (mg T2 M2 +p2) (27)2
(15.3)

(b) The “regularized Coulomb gas” given by

Vw(;no,M) — Cé?jM) _ Cﬂ(c%mo) (154)

where the r.h.s. has to be interpreted as the limit of

Clp™ — o™ as m — 0 e, as

dp M? m3
—— —Y)— ——— 15.5
/(27r)2(M2+p2 cos p(@ —y) m%+p2) (15.5)
Note that when the regularization parameter M is let
to 400 it is:

mo, M

10g(am0|x —y)) 2 (15.6)

where a > 0 is a suitable constant (¢ = log2 — g, g being

the Euler-Mascheroni constant). We set g def amg.

The partition function for the above systems can
be easily written in terms of a Gaussian random field
TN sum of N + R + 1 independent fields:

—RN) Z e (15.7)
j=—R
and in terms of the functions
zc(mo "MN) (—R,N)

: cosow,/;é_R’N) V= ei® cos o

(15.8)
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de
where my </ moyN L.

The covariance CY) of the random field 1) will have
Fourier transform (of a free field with open boundary
conditions, see Sec. 3)

1 1
Mg P mgyAE 4 p?

(15.9)

Then one checks that the regularized Yukawa gas par-
tition function Zy, N (A.G.A) is, if we set o = /B, M =

m07N+17
/6)\ f:cos awéfR N P(dw(N))
(15.10)

while the regularized Coulomb gas partition function in
the neutral grand canonical ensemble and with potential
(15.4) with M = moyM*! and with mg replaced, for
notational convenience, by moy ™", is Z¢, y (A, 3, \) given
by

v p(ay Ry L

M Jeos @l e gy | pay)

(15.11)
It is convenient to introduce also the auxiliary partition

function Zé‘,R,N(Av B, \)
P(dp'™)

/e)\ f:cos awéfR N)
(15.12)

which will be called “infrared regularized (non-neutral)
Coulomb gas partition function, and (15.11) can then be
written

lim
R—oo

VA PR L

Zg,N(Aaﬁa A) = B}im Zé‘,R,N(Auﬁu A) (15.13)
Finally we remark the following relation between the
Coulomb gas and the Yukawa gas (see (15.10)):

Zyn=Zon (15.14)

The proof of (15.10)—(15.15) has essentially already
been explained in Sec. 11 (and called there the “mul-
tipole expansion”); however the interpretation work nec-
essary to derive the present statement from Sec. 11 is
such that it is simpler to derive the above relations from
scratch.

Consider the integral in (15.10) and expand the ex-
ponential in powers: calling, for simplicity, C(—%N) =
C(moy™"moy™™) the covariance of (BN we see that
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p iao; ;OI,N) AP
-S(He LY )E Z 2p—p!/d:51...-

=1 P20, 01,00
1 2 1,n [0,N]
—sa oy05C, 7l
e ? Z'L’] 00 = ZY)N(A7 6, )\)

because the diagonal terms (“self energy”terms) in the
sum Zf j—1 are canceled by the exponential factor out-
side the integral; in the first step of (15.15) the formulae
for the Wick ordering of the cosine and for the expecta-
tion £ of the exponentials have been used (see Appendix
A3 and Sec. 11).

Recalling that the cancellation was due to the expo-
nential factor due to the Wick ordering, we see that the
evaluation of the integral (15.12) by the same technique
will lead to expressions of the r.h.s. of (15.12) as

(15.15)

2ppl Z /dml

7(122 [ON 1 22 cl-R.—1]
e i<j Iz J i,j=1P Ii!zj

(15.16)

because the : -y in (15.8) is a “partial Wick ordering”
and therefore it can produce the cancellation of the diag-

onal terms of only the “ultraviolet part of the potential”,
(0,N)
ie. Czy 7.

Expression (15.16) can be rewritten as

OO

a2z_ O'»LO']C( N
i<j iTi

2pp' Z /d:z:l dzxpe

12 P
- e i,j=1

1.2 P (=R,—1) s
e 2¢ (Er C g
2pp'

2 (R N)_ (R N)
@3, i |

Ti®g

(-R,—1) _~(=R,—1)
(Cwimj Coo ) (1517)

Z /d:cl Ay

—R,—1
%O‘ZQicr()o )

with Qs = >, 0;. In this way one obtains an expres-
sion for Z} o(-r.ny Ba. (15.12), implying (15.11) with
Coulomb potential V™M) with M = moyN*t!, my =
moy ™! (the later choice is a matter of notational conve-
nience, «y being fixed).

It is expected that the
scribed by

“neutral Coulomb gas” de-

B, A) (15.18)

26N, BN) = lim Z¢ ) (A
is a well defined thermodynamical system, exhibiting
some kind of screening phenomena, for a? < 4m; basi-
cally it should behave as a neutral Yukawa gas with my
determined by A, (and M = +00) at least for o small
(see (Brydges, 1978), (Frolich and Spencer, 1981)).

For a? € [4m, 87) one expects that the Coulomb as
“collapses in the ultraviolet”, remaining nontrivial in
the sense that the collapse produces just a background
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of multipoles on which free charges move and interact
through nontrivial screening phenomena (note that in
two dimensions the Coulomb gas interaction does not go
to zero at infinity and, for o? € [47,87) it even diverges
too fast near zero, making the partition function infinite
because it involves integrating the non summable factor
= y|~o"/2m).

The same collapse is expected to happen to the Yukawa
gas in the same region of o except that no screening in
the infrared is necessary in order for the system to exhibit
well defined thermodynamic behavior (in fact the poten-
tial decays exponentially at infinity as a consequence of
the choice mo > 0, which gives a meaning to my L as
a natural screening length); however screening phenom-
ena are expected to occur in the ultraviolet region where
the Yukawa gas should collapse in the same way as the
Coulomb gas, i.e. by producing an infinite density back-
ground of multipoles on which free charges move.

In other words the conjecture is that the Coulomb gas
(nonregularized in the infrared and in the ultraviolet) and
the Yukawa gas (nonregularized in the in the ultravio-
let) with parameters \, o, mo describe the same physical
phenomena, or at least have partially overlapping physi-
cal interpretations, if the Yukawa range m, " is suitably
chosen as a function of A, a for a? € [0, 8).

For o? > 8 it is believed that the nonregularized
Yukawa gas is trivial (i.e. it collapses “without hope”)
and the Coulomb gas no longer exhibits infrared phe-
nomena of any kind; at least not so strong to produce
exponentially decaying effective interactions or correla-
tions.

The work done in Secs. 11 and 12 on the cosine in-
teraction allows one to make rigorous some of the above
conjectures, though much work remains to be done to-
wards the complete understanding of the whole theory.

In the case of the Yukawa gas the above mentioned con-
nection (the sine-Gordon transformation) between the
Yukawa gas and the cosine field allows one to translate
the properties of stability of the Yukawa gas in the re-
gion o? € [0,327/5), where the cosine field stability id
under control. And for a € [37,327/5) the above men-
tioned interpretation of the Yukawa gas as a gas with
infinite density of collapsed dipoles (for a? € [4m,6m))
and of dipoles and quadrupoles (for o? € [67,327/5)),
with zero total charge, emerges quite clearly. I do not
enter here into the details of this interpretation of the
results of the theory of the cosine interaction: the work
begun in (Benfatto et al., 1982) and (Nicolo, 1983).

In the case of the Coulomb gas some of the above con-
jectures also follow as corollaries of the theory of stability
of the cosine field, but the connection requires some ex-
planations.

The first remark is that the problem of studying the
Coulomb systems with “no infrared cut-off”, i.e. with
R = 400 can be reduced to the theory of the cosine in-
teraction in the wltraviolet regime by the following chains
of identities and arguments.

Rewrite (15.12), using the factorization ' : e*1¥ :=
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[T

e” ::e¥Y: for x,y independent Gaussian variables:

Ze(nn (A B,2) = /P(d¢<0>) ... P(dp™).

[ [ pavtm) pant e[ [ ae
P A

( —atcg Y :e”‘wémm 3) :eimwéimil) ”
/p ¢(0) p(dw(N)).
[ [P g e[S [ ag
o JAYTER

ioap @D
Ao,r(E) : 7% : ”

(15.19)

where € = &+® and goé(,) F=D = (-R-1) 5o that
©OR=1) hag the same distribution as a sum of indepen-
dent fields 9):

OR 1)

Z (P(J)

(15.20)

with covariance C'° 3 g in . This follows immediately from

the definitions by computmg and comparing covariances:

actually one could put goE z/J(R,;g/J ), Furthermore, in
(15.19) Ay N (&) means
1 - lOéU ( V)
Ao (€)= 5™ e e 30700 TV ke (15.21)
The interpretation of
RACLE I /p(d(pm)) o Pdp D).
G (15.22)

[

is, clearly, that of an effective interaction in the sense
used in the preceding section on field theory; it should
describe the Coulomb gas on scales m ! (through an
equivalent gas of multipoles; see Section 13 for this inter-
pretation; see also below).

To describe (15.22) one can try to find an expansion
for Vo (¢(©N)) in powers of .

The work for such an expansion has already been done
in Sections 11 and 12, because the integral in (15.22) can
be interpreted as an integral of the type studied here.

Using the results and the notations of Sections 11 and
12 one expresses it in terms of trees:

ey

o vy:o(y)=o

£(v)=¢

(15.23)
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where the V () are computed with exactly the same rules
of Sect. 11 provided that we interpret the elementary
trees

X t o (37)
as As,r(£) defined by (15.21), rather than $X; the index
o is =1, while the index 0 is not allowed, because in the
exponential in (15.22) there is no cosntant term.

All the results and bound in Sec. 12 carry through
with essentially no change, besides the mentioned change
of interpretation of fig. (37).

One therefore finds that V() can be expressed, to a
given order in A, as

(15.24)

(ﬁ)‘Uij(gj)) W (615, 6n)

and W, will satisfy (see (12.4),(12.8),(12.9), and (12.14))

n (Shy; —1)
|WV(§1""7€”)|§A&Y\(II6%(12000 )
11 T (15.25)
' ( ¢3RO M (E) )

v>r

where N? depends only on the shape of v. Actually, one

will be interested only in expressions like (15.24) summed
on the indices of 7: in particular one is interested in the
summations of (15.24) ove the different indices o, € that
can be appended to the endpoints of otherwise identical
trees . In this way the charge symmetry is used and some
modifications appear, as explaines in Sect. 12, which al-
low one to to improve the boumd (15.25) by replacing
4—2 by (?—; +2(1 —€)dg,.0) if v > vy = (first nontrivial
vertex of the tree); this cancellation, in fact, takes place
already when one sums only over the charge coinfigura-
tions which attribute the same absolute charge to each
vertex v and integrate ove —&.

According to the discussion of Sect 11 the [.h.s. of
(15.22) can be interpreted, via (15.23), as the Boltzmann-
-Gibbs factor in a gas of multipoles, each represented
by the trees with the same shape up to the charge in-
dices which vary subject to the restriction that the ab-
solute charge |@,| of each vertex is fixed. The activ-
ity of the multipole will be defined, quite arbitrarily [see
(Gallavotti and Nicolo, 1985¢) for a deeper discussion]:

ZZ/ dgy -+ dE,-

RAX(y—RA)n—1

(T120 R)W (1,1 &n)
' mz _— <0N) .

(15.26)

where >~" runs over all charge configurations & which at-
tribute gives absolute value to the total charge @, to each
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of the clusters associated with the vertices v of 7y (called
above, simply, vertex charges); the sum ), runs over all
the possible frequency labels that can be appended on
the shape of v, and A is a fixed unit cube.

The collection of the terms with the same vertex charge
is natural for physical reasons (charge symmetry), and
mathematically it produces the just-mentioned cancella-
tions.

If we reexpress (15.26), by “going back to scale 17, it
becomes

Z/ dg - d€, (,\721?—%1%).
YTRAX(y= AT

n io o w(o N)
H Z ’ : W'Y(Ela"'u{n) =
=t (15.27)
a2
= Z’y_an/ dx ()\,Y2R—ﬂR)n.
AxAn—1
W (R, g, e YNGR,

where > =" >, | see (15.26), and

YN(l'l,...,{En;Ul,...,fn)

is the Yukawa potential, with ultraviolet cut-off IV, of the
charges s1,...,0, at positions x1,...,x,.

Therefore the activity of the multipole will be bounded
(by using (15.24),(15.25) and the cancellation remarked
after (15.25) and recalling that € > 0 is an arbitrary
parameter which can be chosen as small as necessary)

dIn (/\,YQngR)n_

27721377,/ dzy - -

An 1
' ’Z W’Y(FyiRglv"'v'yiRgn) : ’ <
r~—2R —(——2)Rn .
< Ny 2Ry - ( I1 (15.28)
h v>v0
<<4ﬂ 2)(ny—1)+ 92 — 22Q2 42(1—¢) 5, ,0) (hu—h,/ >)

A0 ed ) o) 17y
where the sum over the frequency indices is of course
bounded by the infrared cut—off: h, < R. For more
details see (Gallavotti and Nicolo, 1985c¢).

Before discussing formula (15.28), let us note that if
N = —1, i.e. if the Coulomb potential has no ultraviolet
part (which is the case usually considered in the litera-
ture), the effective potential becomes a constant and i is
no longer a random variable and it has the interpreta-
tion of (grand canonical) pressure of the gas. Therefore
(15.28) becomes a bound on the Mayer coefficients of the
gas (see below for some consequences of this remark).

To examine the remarkable formula (15.28) one distin-
gushes two cases: either a? > 81 or a? < 87. Below
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one uses the arbitrariness of € by taking it conveniently
small.

In the first case the r.h.s. of (15.28) goes to zero as R —
00, as can be checked elementarily, for Qv; # 0: the gas
is a gas of “neutral multipoles” (i.e. in the infrared limit
one is in a multipole phase; see (Frolich and Spencer,
1981). If Qv, = 0 then one can check that the r.h.s. of
(15.28) is uniformly bounded in R.

On the second case let

a? a? a?
p= (47r 2n+2 = yym 2)(n—1)+ yp (15.29)
then either p < 0 abd the r.h.s. of (15.28) diverges in
general as R — oo or p > 0 and in this case the bound
(15.28) is uniformly bounded in R, and it tends to 0 if
Qu, # 0.

The conclusions from the above estimates are
(1) If a2 > 8 (hence p > 0), the picture od the Coulomb
gas consisting, as far as its properties on scale mg Lare
concerned, of neutral multipoles is consistent, because
the activity of such multipoles is finite. This will be called
the “multipole theorem” (see also (Frolich and Spencer,
1981)).

(2) If a® > o2, where o2 are the tresholds defined by set-
ting p = 0 in (15.29), then thinking that the gas contains
several multipoles pf charge p with p < n but that no
multipoles with charge higher than n can be well defined
entities (“molecules”, of course, should be their name)
becomes consistent.

(3) It is remarkable that the above tresholds a2, above
which the Coulomb gas (with ultraviolet cut—off) gener-
ates molecules of p bound atoms precisely coincide with
the tresholds a2 where the Yukawa gas charges colapse
into clusters of p < n particles (in the ultraviolet limit),
see (Frolich, 1976).

This is a confirmation of the above implicitly conjec-
tured “duality” between the infrared properties of the
Coulomb gas and the ultraviolet properties of the Yukawa
gas for o? in [0, 87).

If we call pc (A, B) the pressure of the Coulomb gas with
ultraviolet cut—off, as a function of the charge activity A
and of the inverse temperature 3 = o2, the above analysis
proves, as is easily checked, that if

po(A\.B) = Y WP (@) + A" RM (A, ),

p<n

(15.30)

with R(M(\, ) =g 0, then the coefficients fép) (B) can
be shown to be uniformly bounded in the infrared limit
R — o for a? > a2, and that only the even ones have a
nonzero limit.

In other words the Mayer series coeflicients of order
< n are formally well defined by convergent integrals
for a® > a?. The latter property follows immediately
by considering the case N = —1 in which, as remarked
above, the effective potential coincides with the grand
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canonical pressure. It should be obvious that the general
case N > —1 (but finite) can be reduced always, and in
atrivial way, to the N = —11 case.
This leads to the natural conjecture that pc (A, 3) is
smoother and smoother in X at A = 0 as 3 = o? grows.
For o? < 47 not much can be said about smoothness;
for o? € (4, 6) the function should have two derivatives

(actually three if o? € (%W,Gﬂ')); for o € (6, %w)
it should have four derivatives (actually five for a? €

(%w, %ﬂ'), etc); for a® > 87 the pressure should be in-
finitely smooth at A = 0.

By derivative one means here that (15.30) holds as an
asymptotic formula with R (), 3) tending to zero faster
than A" as A — 0.

The conjecture suggests that while a? crows (i.e. as
the temperature decreases), the Coulmb gas presents an
inifinite sequence of phase transitions in which it passes
from the “plasma phase”, small a2, with Debye screen-
ing phenomena, to the “multipole phase”, o large, with
no screening in the infrared: the “Kosterlitz—Thouless”
regime would be the last stage in a sequence of increas-
ingly complex phase transitions in which bound states
(“neutral molecules”) of increasing size become possible
in thermal equilibrium.

So far the basis for the above conjecture are the esti-
mates of this section (15.28) which imply the finiteness
of the coefficients of the Mayer expansion; such estimates
have been pointed out in (Gallavotti and Nicolo, 1985c¢).
Further work towards a full proof of (15.30), i.e. with es-
timates on the remainder in (15.30), is in progress (Ben-
fatto et al., 1986).

I think that the beautiful properties of the cosine in-
teraction exhibited in this section justify its i inclusion in
this work, althought they are not strictly an example of a
problem of field theory: they show that field theory is not
just a theory of quantum relativistic systems but that it
can be relevant to very different matters, Coulomb gases
are onle one example out of many more, in solid state
physics and in physics of fluids, for instance.

xvi. Nature and classification of the
divergences for ,* fields

In order to see how to build the operators E,(f) realizing
the renormalization of the ¢? field theory Z defined by

4 2
%:/(—A:@ESN) :—u:gﬁéSN) T -

—a: (8<pé§N))2 D —v)d€

(16.1)

it is useful, albeit not strictly necessary, to have a clear
idea of how divergences arise in it and how strong they
are.

I shall consider in detail only the foour parameter in-
teraction (16.1) in four dimensions, calling A(®), o =
4,2,2' 0, the parameters —\, —pu, —a, —v respectively.

If d = 2,3 one could consider theories simpler than
(16.1) which in some cases can be constructed as true field
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theories, going beyond the formal theory of perturba-
tions, by literally repeating the arguments of Secs. 13,14
[e.g. if d = 2 one could consider the interaction(5.3), or
if d = 3 one could consider the interaction (5.6)]. Some
more details on these simple (“super-renormalizable”)
cases will be presented in Sec. 21.

Suppose that the field with ultraviolet cut—off 4, v >
1, is decomposed as a sum of independent fields living on
scales v7% k= 0,1,..., N and satisfying (3.17)(3.20)
with n = 3, (say):

PN = gD 4 O

+o e (16.2)
where (=1 is a degenrate field with covariance C'(—1)
which will be eventually put equal to zero, so that
©(=1 = 0, and which is introduced only for the purpose
of unifying certain notations.

The use of a Pauli-Villars regularization of order n > 2
is necessary to give a meaning to (16.1) if d = 4; actually
the third term in (16.1) already requires n > 2 even for
d = 2, while the first two lose meaning only if d > 4 when
n = 1. Here the choice n = 3 is motivated by the fact
that in the subtraction algorithm built to renormalize
the divergences it will be convenient to be able to say
that the fields have two derivatives and therefore can be
developed in Taylor series to second order included. It
is not impossible that one could perform the work with
n = 2 but it would be certainly be harder : in any case
this question acquires importance when one tries to go
beyond perturbation theory; when one is dealing only
with perturbation expansions it would be even better to
have fields so regular to have derivatives of any order,
e.g. the ones arising from the regularization (3.21).

Fixed A = (=, —p, —a, —v) in (16.1) the effective po-
tential Vl(k) “on scale k7 will be expressed in terms of
simple trees as explained in Sec. 6: the end points will
be marked by a pair (£, ) with £ € R and a =0,2,2',4
expressing which of the four terms in (16.1) is represented
by the end point under consideration.

An expression for V() can be found by the same tech-
nique used in the cosine field case in Secs. 11 and 12:
namely let a tree v bifurcate at the first nontrivial vertex
vg after the root r into s subtrees 1, ...,7s, and let h be
the “frequency” of the vertex v

Y1
% if)
(38)

¥s
As in the case of the cosin interactioc, one has to guess
first the formof V'(vy), and an obvious guess is the follow-
ing very general one:

V() =Y VO, 67, P) PR, 06E0),
P

(16.3)
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where the summation runs over all the possible Wick
monomials of the form P =: (9¢¢)? : if v is a trivial
tree, or

P = :(p?ll...gpgi: ngfiq+1...agagim 5

(16.4)
0<g<n1<n; <4

where the derivative  means a derivative with respect to

one of the coordinates of the field arguments; the above

assumption is made only for the trees having nontrivial

vertices. In fact (16.4) is not true for the trivial tree

representing —a : (0 ¢)? & ¢,2/; this will

be the only (natural) exception.

Assuming (16.3) and (16.4), with the above mentioned
exception, we find the rules for the evaluation of the trun-
cated expectations of products of Wick monomials, see
Appendix C, yield the following recursion relation, de-
duced from diagram (38) after recalling that a tree ver-
tex has the meaning of a truncated expectation (see Secs.
6,7):

VP&, 6P = Y [TTV™ 0y, P

Py,...P, j=1

(k) (Sk-1)
’ Z Z [ H Oab } [ H Cab } (165)
VETP onimeeted AL (arb) Ay
where 11, ...,ns are the s clusters into which the points

& are decomposed by ~1,...,7s, i.e. the s clusters corre-
sponding to the vertices vy, ..., v, of the tree v immedi-
ately following vg and such that v; € v;.

Let 7p be the set of graphs obtained as follows. Rep-
resent a Wick monomial P like (16.4) by drawing ¢
points &;,,...,&;, in R? and ni,na,. .., Ny pairwise dis-
tinct lines, respectively, emerging from each of them, and
m—q points &;_11,...,&,, aline, labeled 0 and emerging
from each of them.

It is convenient to think of the points &,,...,&;,, as
enclosed in a box out of which emerge the lines just de-
fined. For instance the monomials : <p§l e, Ope, + and
: cpg’l 9022 Ope, Ope, : are represented as in Fig. 39, where
1,2,... stand for &,&,, .. ..

V \2
(39)
4
0
and each of the above objects will be called a “Wick
monomial”. Then, given s Wick monomials Py, ..., P;,

the symbol 7p will denote the set of graphs obtained
by joining pairwise some of the lines associated with the
Wick clusters representing P, ..., Ps in such a way that
(explicit examples are worked out in Figures 40-43 be-
low):
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(i) two lines emerging from the same cluster cannot be
joined together;

(ii) there should be enough lines paired so that the lines
plus the sets inside the boxes associated with each P;
form a connected set;

(iii) the set of the points associated with P,..., Ps to-
gether with the lines emerging from them and still “free”
(i.e. not paired with the lines) represent, once the points
from which they emerge are enclosed into a single box,
the monomial P.

In the above definitions and constructions, as well as
in the upcoming ones, one has to bear always in mind
that the lines emerging from each point are regarded as
pairwise distinct (and this will eventually give rise to a
combinatorial problem).

Furthermore 7 C 7 with the subscript “connected” (see
(16.5)) means a subset of the lines of m which still keeps
the connection between the boxes. A line A\ obtained by
pairing (“joining” or “contracting” will be synonymous of
“pairing”) two lines is identified by its two extreme points
together with the field indices (9 or nothing) which will
be kept and appended to the line near the end point from
which they emerge (so that it might happen that a line
carries two, one or no indices 9; if it carries only one it
will be appended near the appropriate end point).

Therefore A = (a,b) with a = £,b = £’ represents a
line obtained by joining two lines emerging from £ and ¢£’;
similarly if a = (£,0), b = &’ then A = (a,b) represents
the line obtained by joining together a nonlabeled line
emerging from ¢’ and a labeled one emerging from &. The
resulting line will be represented by a segment joining &
to ¢ carrying a label d near ¢ (or equivalently carrying
a label J¢); and similar interpretations are given to the
casesa =¢, b= (¢,0) ora= (£,0), b= (&,0).

The symbols Cg') = Cé'b) denote the appropriate co-
variances (propagators)

cl) = £l
cl) = 5(35@2')#{)),

if (avb) = (5777)’(57 (77’877))7((mvaf)an)v((xvaf)a(777877))7

respectively. Recall that here 0 or d¢ means a deriva-
tive with respect to some component of £ whose index is
omitted for simplicity of notation.

For instance consider Fig.40, where the integer 5 stands
for j

Cl) = e a,00)),

a

, , (16.6)
Cl) = E(0upl 0,0,
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where the dotted box represents the box corresponding
to P. A possible 7 C 7 is any nonempty subset of the
inner lines, inside the dotted box in Fig.41. Similarly if

and 7 is any subset of the five inner lines which contains
at least one of the first two and one of the last three.
Relation (16.5) defines recursively and completely the
coefficients V(¥) (y; P) once one specifies the meaning of
V() (v; P) for the elementary trees 7o g ¢ o

Of course V) (y5; P) = 0 unless P is : <p<5k)4 o
<p(§k)2 A 8<p(§k)2 ;, or 1; and in such cases V) (yo; P)
is just —\, —u, —a, —v, respectively, for « = 4,2,2',0 (no
confusion should arise between the renormalized coupling
constant a and the endpoint index carrying the same
name).

To find bounds on V*)(+; P) one can proceed as fol-
lows: first by using (16.5) one decomposes this quantity
into a (very large) sum: each term of the sum will corre-
spond to a fixed selection .S of one index for every possible
summation arising by applying recursively (16.5). One
has to imagine that one such special selection S has been
fixed (say one special choice of P, of Pi,..., P, of m, 7
etc, with similar choices made for each of the successive
vertices of v which arise while disassembling 1, ..., s,
etc).

the bases for the bound that will be derived shortly are
the estimates (3.19).(3.20) and (3.17), and the following
notions which have been already introduced in Secs. 4-
sec(9) above and in the preceding lines of this section, but
which it will be convenient to collect again and organize
in the form in which they will be used below.

(1) Each vertex v of a tree 7 is associated with a cluster
of end points of ; this cluster will be denoted &, .

(2) The selection S of the summation indices just in-
troduced permits one to associate with each vertex v a
monomial P, which can be thought of as graphically rep-
resented by a box containing the points &,, with lines
emerging from them and out of the box itself.: some of
the lines may bear an index 0; the lines emerging from
the box represent the graphical image of the monomial
P,.

(3) The number n¢ of lines emerging from the box en-
closing the cluster &, will be the sum n{ , + n§ , of the
number of labeled lines, n{ ,, and of the number, ns., of
unlabeled lines (e: external; 1: labeled 0; 0: unlabeled).

(4) A selection S of the summation indices leads to a
graphical representation of the corresponding contribu-
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tions to V() (v; 3).

Out of each endpoints £ of |g emerge either four un-
labeled lines or two labeled lines or no lines at all, de-
pending upon the value of the appended type indices
a = 4,2,2'.0. The case @ = 0 can appear only in the
trivial trees j ¢,0, which will be disregarded

for the time being; in fact = 0 corresponds to a con-
stant P = 1 and the truncation of the expectations elim-
inates it unless the tree is trivial, i.e. it indicates no
truncations.

The structure of v encloses the end points into a hierar-
chically arranged sequence of boxes, each corresponding
to a tree vertex v, and it is possible to make the con-
vention hat pairings of the lines are drawn in the graph-
ical representation so that the lines contracted between
the clusters vi,ve,...,vs, representing Py, ..., P,,, to
build the monomial P, (v being the vertex immediately
followed by wv1,...,vs) are all contained inside the box
corresponding to v, as in Fig.4043 above.

For uniformity of notation it is convenient to imagine
that the end points of 7y also represent clusters of a single
point and that they generate little boxes around it (recall
that, however, the end points of a tree are conventionally
not regarded as tree vertices).

For instance, three possible selections corresponding to
the tree

v_ &4

v g4 (44)
k P g2
g2

(where v, v’ are vertex names, p, h, k are frequency labels)
are represented by

o
Z,
—
>~
ot
~—

(if 1,2,... stand for &1, &, .. .).

(5) If in S there is a line paired to another, there will
be a smallest box containing the contracted line, i.e. the
two endpoints (this is enough by the above drawing con-
vention); if v is the corresponding tree vertex and h,
is its frequency index, then one says that thecontracted
line has frequency h, and one attributes the index h, to
each of the two lines giving rise to the contracted line
of frequency h,; the uncontracted lines will be given the
frequency index k = k(y) = (frequency of the root of the
tree); they are called “external”.

So with each box one can associate a frequency index
ghich is the frequency index h, of the vertex v corre-
sponding to the box. As a consequence one can associate
with each line in S a frequency which is the frequency in-
dex of the line. Note that the association of a frequency
index with a line depends on S and not just on the tree
~. By convention the box associated with the root r of
the tree v is the whole plane containing the tree.
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(6) The above set of indices still does not secify com-
pletely the selection .S: one has to mark, for this purpose,
each line which belongs to the set called 7 in (16.5) by
a label, say 0, recalling its origin (as a lineof the set [t):
we call it a “character label”; lines with the label 8 will
be called “hard” or “high-frequency” lines.

(7) It is important to stress, again, to avoid combinatorial
errors, that in the above construction two lines emerging
from the same vertex still have to be regarded as different
and distinguishabe. To keep track of the combinatorics it
is convenient to imagine that the lines emerging from the
innermost vertices (i.e. from the end points) are num-
bered: from 1 to 4 if the vertex represents —\ : ¢* :,
from 1 to 2 if it represents —p : ¢? :or —a : (Dp)? :.
Such labels will be called “identity labels”.

It is also clear that the number of selections differing
just by the identity labels is bounded vy 4™ if the tree
has n end points.

Before continuing it is important to stress that, by our
definitions, a selection S of summation indices yields a
connected graph joining all the endpoints & of v with
lines marked by

(a) a frequency index,

(b) a character index or no index per internal line: if the
index is missing the line is “soft”; if it is present the line
is “hard”,

(c) an index 9@ or no index per each extreme of a line,
and

(d) an identity index per each end point og the line (in-
ternal or not).

the frequency index and the character indices cannot be
randomly assigned: they are organized by the tree v in
such a way that, if we draw the boxes corresponding to
each vertex of «, the lines internal to each box form a
connected graph and so does their subset formed by the
hard ones among them.

The lines that are external, together with the points
out of which they emerge and with the largest (finite)
box, form a graphical representation of the Wick mono-
mial P selected by S.

The reader familiar with Feynman’s graphs will rec-
ognize in such a representation of S something which
can be called a “decorated Feynman graph”, the decora-
tions being the above collection of labels listed in (a)—(d)
above. One also recognizes the connection between the
above decorated graphs and trees and the basic notion
of “forest” in (Zimmermann, 1969). To obtain bounds
on V) consider the contribution to it by a choice of the
summation indices S.

Denoting V (v; S) Ps such a contribution, where Ps de-
notes the Wick monomial selected by S and using (3.19)
and (3.20) one finds after some meditation the (“good”)
estimate in terms of € = max(|A|, |, |p|, [V]):

d—2

|V (33 8)| /P 7 Mo KT F Dm0 < . (16.7)
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. 2h (424+1)h —ry AN
[0 [ [ e

where d > 2, for simplicity, A represents an inner line
of frequency hy associated with S and |A| is the distnce
bewtween the end points of A; regarding the contracted
lines of S as composed by two joined half lines, and re-
garding the external lines also as half lines, we find that
the first product in the r.h.s. is over the half lines bear-
ing no 0 label while the second product is over the half
lines bearing a 0 label. The first nontrivial vertex of =y is
denoted by vg and B,k > 0 are suitable constants.

The factor multiplying the Lh.s. , |V (v;.9)], has been
introduced for convenience (it will be clear shortly that
it is a natural multiplier in the Lh.s. of the inequality
(16.7)).

The bound (16.6) is really trivial “power counting”,
once the presence of the exponential factors is under-
stood. It arises from bounding Cg\h) contributed by the
hard lines A in S, with frequency index h.

Recalling (16.6) one sees, for instance, that there is
B > 0 such that if A = (a,b),a=&,b=1

5V < (T h)2Bemr" Il (16.8)
or,ifa=¢,b=(¢,0):
ICP| < (T ARy T hpem el (16.9)
or,if a = (£,0),b= (¢, 0):
|C£Z)| < (v %+1)h)2Be—mh|£—n| (16.10)

while Cgfh_l), contributed by the soft lines, can be
bounded only by (16.8), (16.9) and (16.10) without the
last exponential factor (or, rather, with that factor re-
placed by e "¢~ useless), provided d > 2 (if d = 2 an

extra factor h has to be added in bounding C’éfh_l)).

One could write the exponential factor in (16.7) as
[1, e "4 (X2) using the notations introduced in Sec.
12 (particularly Eq. (12.6)) to treat the cosine field; how-
ever, this remark has been made only for the sake of
comparison and will not be needed in what follows.

It remains to cast (16.7) into a more usable form. Se-
lect a vertex v € v and let ma 4, M4, Mo, be the num-
bers of vertices in the cluster &, associated with v and
bearing an index a = 2,4, 2'; respectively: mg_, + M4, +
Mo » = Ny = (number of points in &,), and note that
if v is a nontrivial vertex of the tree, n, > 2 because v
represents a truncation operation. For each v introduce
also:

inner

ng'y " = number of lines without 9 label before the con-
tractions, contained in the box corresponding to v but
not in any smaller one,

o1

inner

ny"'" = number of lines with a label d before the con-
tractions, contained in the box corresponding to v but
not in any smaller one,

the number of lines being counted before the contractions
means that each inner line of a graph S counts twice in
the evaluation of n*"™¢"  and

ng, = number of lines without 0 label before the con-
tractions, emerging from the box corresponding to v
n{, = number of lines with J label before the contrac-
tions, emerging from the box corresponding to v

A simple calculation allows us to rewrite (16.7) as

d—2 e d e h
g/}/TknO,uo/}/fknl,vo(H‘BeiK’y /\|)“)
A

: ( 1" nitz"”),

v>r

(16.11)

where 7 is the root vertex of the tree 7.

Let v have n endpoints labeled &1, ...,&, and let the
external lines of the graph S emerge from the first p
points &1,...,&,, as it can be assumed without loss of
generality. Then one is interested, according to the gen-
eral ideas developed in Sec. 12 in connection with the
asymptotic freedom notion and the interpretation of the
effective potential as potential for a continuous spin sys-
tem, in bounding the quantity

Msml,...,Ap):/ V(39
A1 X...XApXAN—P

- Sup ‘PS((p(Sk)a asp(gk))‘dgl T dSn
(16.12)
where Ay,...,A, are cubes of side size y~P in which
the points appearing as labels to fields in Pg vary in
(16.12): these cubes are extracted from a pavement
Qp of A. The supremum in (16.12) is over the fields
o=k = E?:o ©U) with W verifying (3.20). If one

denotes B = sup|Ba| (see (3.20)), one finds (setting
NG,00 = 1G5 M0y = 11, 1 = 0§+ n5)

sup |Ps| < 4T knoyEkni Bn N (16.13)
and the constant A depends only on the degree of the
polynomial Ps (hence it depends neither on j nor on the
degree n of v: in fact N' = O(n?!)).

Inserting (16.13) into (16.12) one finds that (16.12) is
estimated by B"* N times the integral over A1, ..., Ay x
A™"P of the r.h.s. of (16.7) (and this explains also why the
factor in the r.h.s. of (16.7) is a natural one to introduce).

The only term in (16.7) which is not constant is the
last factor: its integral over the set indicated in (16.13)
has already been considered in Sec. 12 (see (12.15)) —see
remark following (16.8)— and the result is expressed by
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v>Tr

where By > 0 is a suitable constant and s, is the number
of branches emerging from v in v (see Appendix D for a
roof of (16.4)).

Using (16.13),(16.11) and (16.14). we can bound the
integral (16.12) by

(Al, ce ,A ) < 7_%7kd(A1;m7Ap) gé"e.j\/
d—2 d d
oy kd,yk 5 "o/yzknl"'k ng (1615)
(H y Udgzn(z)nunm hvgninvn”'y hvd(syfl))
v>r

The latter estimate can be elaborated by using the iden-
tity D2, oy (50 — 1) = (nyr — 1), see (12.17). Remember-
ing that the end points of 7 are not considered as ver-
tices of v and denoting simply ma, ma, mas, ng, n§, n® the
M2 4o, Md,vg, - - -, T€Spectively, if vy is the first nontrivial
vertex of v following the root, one finds

Ms(Aq,...,A,) < E”E”eﬁyfy*dk
[Hwid(h 7]6 Svfl) ( )n67lnew“’72(h 7]6) 'LnneT:|.
v>T
*dkz (sv—1) uk(2m1+47n47no) k (2mqyr —nf) .

72
PN = (16.16)
—k (2m2+(4—d)m4) .

d—2
-y "Sk'yz"l e

:—an B Ne—g'y d(A1,...,Ap)
[H,de(h —k)(s0=1) 55 (R %)n@”f”,Yg(hrk)nijly”}

v>Tr

—Eykd(Ay,.,A

Denoting v’ the vertex preceding v in v and denoting

;”U"e’”, 7 = 0,1, the number of lines before contrac-
tions (i.e. half lines), inside the box corresponding to
v (which is not necessarily the first box containing them;

Le. nf " > nj " in general) and using

Z(hv - k)(sv - 1) = Z(hv - hv’)(nv - 1)7

v>r v>r

D (ho = k)0l = "(hy — o) BT, (16.17)
v>r v>r

ﬁg}y” = 2mg,, +4my, — ”S,m

Ni’fyer = 2maory —ni,, Jj=0,1

one realizes from (16.16) that

Ms(Aq,...,A) <NE"B" B} e %
,_Y—k (2mo+(4—d)my) H ,Y—pv (hoy—h,r)

v>r

with
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d—2 d
(4 —d)ymy, + ——nf

) nO,'u + 5”?1}'
(16.19)

Therefore recalling that the contribution to V) of the
trees of given shape is obtained by summing over all the
possible choices S and over all the possible frequency
assignments to the vertices of the trees (i.e. over all the
possible values of h, — h,y > 0, hy, < N), one realizes
that the estimate (16.18) and (16.19) for (16.12) implies
ultraviolet finiteness if for all S and all tree shapes it is
pv > 0.

However, clearly, there are plenty of cases with p, < 0
for some v, if d > 2.

The situation would be slightly better if one had
started with a more restrictive interaction Z (see (16.1))
—e.g. if 7 had been replaced by

Pv = —d+ 2m2,v +

4 2
/A(_A:SD@N) ENES S

In this case it is easily realized that, in (16.18) and
(16.19), one has just to take nf, = 0,ma, = 0.

. . d=2 = p, >0, Yv
This implies {d 3 = py >0
Moy + My =2, or ng, =0 and mg, + My, = 0: ie.
the theory (16. 20) is ultraviolet finite in dimension d = 2.
However if d = 3 it is not ultraviolet finite and one has
to check if it is renormalizable.

Going back to (16.1) for d = 4 we discover many cases
with p, < 0; in general it, however, clear that p, > 0 if
there are too many lines external to the box correspond-
ing to v, i.e. if ng, > 5.

The above discussion completes the analysis of the ori-
gin of the divergences and of their strength. In the next
sections the problem of renormalizing the theory (16.1)
will be studied and solved for d < 4.

A final but, as it will turn out, very important remark
is that the above method allows us to produce estimates
of (16.12) when the rule to compute V(v;.S) is modified
by replacing the A(®) contributions from the end points
of v with constants 7(*) (h;) with h; being the frequency
of the vertex to which the j-th end point is attached by
its tree branch.

Suppose that

—) (16.20)

unless ng , = 2 and

(47d) h 5Q’4+€ h (Sa,Qerh 5Q’0

() (h) = ~ (16.21)

and repeat the power counting argument leading to the
bound (16.18). In this case the result will be, for n > 1,

—Ed(ArAp)

Ms(Ay,...,A,) < NBpe

. o o) (T o)
(T 00) (T

v>r
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and

d—2 . d,
2 nO,v+§nl,v

P =—d+ (16.23)
i.e. the lines coming from vertices of type a = 2 acquire
the “same dimension” as those coming from the vertices
of type o = 4.

In the bounds (16.22) and (16.23) the values «; must
be nonzero so that the factor y¢"%0 plays no role in
deducing them. It has been inserted only for later refer-
ence.

xvii. Renormalization of p*-field
to second order

The application of the general renormalization theory
(see Secs. 7 and 8) to cure the ultraviolet instability
pointed pout in Dec. 16 follows the same scheme met in
the case of the cosine field, in Sect. 12.

It is slightly more complex, because polynomials do
not have nice multiplication properties, not as nice as
those of complex exponentials multiplication rules which
plaid a (hidden) role in simplifying the algebra in the
discussion of the cosine interaction.

However it is still true that, to proceed, one has to
understand in detail only the renormalization theory to
second order, i.e. the definition of the subtraction oper-
ation E;ﬂao) with 0p = ——<<, the other cases being
easily understandable in terms of this special case.

A detailed understanding of the above simple case is
absolutely essential and the inexperienced reader should
check the minutest details of the following few straight-
forward but lengthy calculations, which are the heart of
renormalization theory (contrary to what is sometimes
asserted about the true difficulties being connected with
the “overlapping divergences”, a term that is not even
defined here).

To proceed as in Sec. 7 one starts by defining the trees
dressed to order 1: which are just the trees considered in
Sec. 16. The one considers the trees of degree two (i.e.
with two endpoints); actually they are

10y
k h
&0

They have been estimated in Sec. 16, but it is easy to
compute them explicitly from their expressions in Sec.6;
after integration over the end points position labels &7, &o

they contribute to Vl(k)

1 (k,o1,a2) 1/
Ve = — [ dédEs-
21 2 Ja

e <h <h
EnaEr (o (5 e5™))

(17.1)
Ep
A simple calculation which the reader should perform at

least once in his life, in spite of its length (after all non
so bad) gives
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L g1 OF) dera+

(1) k22 _ < >
+u22'/(0(§h) _ O
, 2\?
(2) V(k’2’2) = U (1) /: ngang : 6201(]26) d§12+

pa2! [ (@5 - (@uCl5Y)?)

2\” (4
(@W“@—MC)(J/:w@:d%ﬁﬁ

4 2 2
e () [+ e (cl5 - o)

(O () [ oo sty

4
+a22!<3>/(812(7£2§h) el )? ) dé1z

2\* (4 3 . ~(h)
AT 1 Op1py Oy dia+

2

O i)

(4) V(k,Q,,Q,)

(5) V(k,Q,A) —

(6%
4
2!
+ al (3)
(6) V(k,4,4) — )\2

A
/ 2. (B!
G)Ql!/: vies
/

4\? 2 2
+)\2(2> 2 [ |pipd o (CEMT — oMY dg o+

CH) dero+

4\? 3 3
+ A2 (3> 3!/; prpo 1 (CEM = 5P ) dero+

4\? hy4 k)4
s () o [ (e - o

where 1,2 mean cpgk),cpgk), and Cl(é) means Cé'l)gz,

déry = d&1dés, O = 55,00 = &, (H1CV))? = 9,00) -
91C0); the symbol V*a1.22) denotes V(¥ (y) with ~
given by Fig.46.

Some of the above integrals are not ultraviolet sta-
ble, once appropriately summed over h (i.e. for h €
[k 4+ 1,N]), as it is easy to check using the bounds of
Sec.16 and showing that they admit “good bounds” (or
by direct computation from (17.2)); see the following ta-
ble where (i),(ii),(iii),(iv) mean “first addend”, “second
addend”, “third addend”, “fourth addend” (when present
in the rows of (17.2)), and S, U mean “stable” or “unsta-
ble”; d > 2 is the dimension of the theory

i) (ii) (ii) (iv)

(17.2)

—~

(1) S Uifd=4 _ _
2) S Uifd>2 _ _
3) S Uifd=4 _ _
(4 U  Uifd>2 _ _
(5) S Uifd>2 _ _
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6) S  Uifd=4 Uifd>?2 Uifd>2

Using (17.2) and proceeding according to the theory
of Sec.7 we can find counterterms V> n to Vi so that the

effective potentials Vz(k) of Vi1 + V5 n are ultraviolet finite
to second order.

Following the ideas developed in Sec. 7, one can start
by trying to define the operation £; making (7.10), i.e.
(1—Ly) applied to (17.1) and summed over h €]k +1, N]
diverge for & = &.

Therefore one can think of defining £ by specifying
its action on functions F' having the form of the r.h.s.
of (17.2) with kernels in front of the Wick monomials
replaced by general kernels w(&y, &):

F= [uwia.&) Pdade (17.3)
with the restriction that the w kernels are translation in-
variant on A (recall that periodic boundary conditions
are imposed on A) and rotation covariant with respect
to the rotations by 7 around the coordinate axes (which
are the only meaningful rotations on the torus A). The
covariance here refers to the fact that the Wick monomi-
als in (17.2) may contain derivatives of the fields: each
derivative bears an index denoting to which component
it refers and hence will bear corresponding indices— i.e.
it will be a tensor; this fact does not explictly show up in
(17.2) or in the upcoming formulae because of the conven-
tion used here that suppresses the indices of the deriva-
tives, for simplicity of notation.

Once the action of Ly is specified on the functions of
the form of (17.3) it will be extended to their linear com-
binations by linearity, some more comments on L as an
operator will be made later after discussing its action on
F’s like (17.3).

To produce the cancellations of the divergences which
appear once the r.h.s. of (17.2) are summed over h, gen-
erating expressions which are linear combinations of ex-
pressions like (17.3) diverging for & = &, the action of
(1 — L) should result in replacing the monomial P in
(17.3) by a new expression RP vanishing as &, — & — 0
to an order so high that the integrals are no longer di-
vergent.

An examination of the integrals shows that the follow-
ing choice of RP would produce ultraviolet finite inte-
grals:

R1 =0
R: o109 i=: 01(p2 — 1 — (§2 — &1)0p1—

- %(52 — &) x (& - 6)0%¢1) 1,
D p10ps =1 @1(Dpa — Bp1 — (&2 — £1) - D Dp1) = —
: 010y 1 =1 D1 (D2 — 1) (17.4):,
L eies = pi(pe —01)? 1,

: <P1<P§ = 905(901 —<P2)2 )

=vR=vi= v il

54

RP =P otherwise

and using (3.20) (recall that the regularization being used
here has n = 3), one sees that the replacement of P by
RP replaces P by a Wick polynomial which has a zero
of order, respectively, oo, third, second, first, first, zero.

Hence if there is an operation £; such that (1 — Ly)
acting on the integrals in (17.2) just changes P into RP,
then L has the property that (7.10) is, in the present
case, ultraviolet finite because the above mentioned or-
ders of zero of RP are sufficient, in the worst cases, to
make the expressions (17.3) ultraviolet finite.

From (17.4) one deduces that the operation £ “which
identifies the divergent parts” of Vl(k) to second order has
to act on the integrals (17.2) or more generally (17.3) as

L [ w6 &) dadea = [l ) derde
Ly, /w(§1,€2)s051%2 ZZ/w(Slaﬁz)s% (e +
6 - )0 + 56— &) x P

Ly /w(fl,éz)%las% = /W(éhﬁz)wfl
(e, + (&2 — &1)0¢, - Dee,)

Ly, /w(§1,§2)3<ﬁ5159052 ¢=/w(§1=§2)3%1 (0,
£ [wien e ot ont, = [uleng) e

Lk /w(ﬁlafz)&ﬂflasﬁgz iz/w(§1,€2)(@£1)4,
Ek = 07

(17.5)

otherwise

so that the action of (1 — L) on the integrals like (17.3)
is precisely obtained by replacing in them P by RP.

One has to check that L; takes values in the space of
the interactions; this is in fact the basic reason why the
theory is renormalizable.

Possibly integrating by parts or using the rotation in-
variance properties of the coefficients w(1,2), on can eas-
ily check that the action of £; on the integrals in (17.5)
is equivalent to the action of the following operator £ on
the Wick monomials inside the integrals (here ¢ = (k)
0,0/ =1,2,...,d,0p = %, if £ is the #-th component
of the point &):

L1 =1,

L Ve, Pey =1 gagl : —W : (8(;751)2 5,
=1,

L1: Ope, 0pe, :==: (0pe,)? : (17.6)

L : goglcpgz =::g0§1 )

L : goglcpg’z :::90211 5

,_.
|
—_
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L£L=0 otherwise

This proves that the range of Ly is in the space of the
interactions if one takes L to defined by acting on ex-
pressions like (17.3) by replacing P inside them by LP
(see (17.6)).

The above e analysis shows, also, that trivially the
action of (1 — L) on expressions like (17.3) is precisely
the substitution of P by RP.

It is convenient to stop to point out the following. The
operation L defined above is not unambiguously defined
as an operator in the sense of functional analysis: to let
L}, act on functions like (17.1) one has, by definition, first
to express them as a sum of functions like (17.3) and then
to act term by term replacing P by LP (see (17.6)).

However the expression of (17.1) as a linear combina-
tion of expressions like (17.3) is not unique.

Therefore, in order that the above definition of Ly
makes sense one has also to prescribe how one writes
(17.1), or more generally a function in the domain of Ly,
as a linear combination of terms like (17.3). Expression
(17.2) is the prescription used here for the functions of
interest. Also later on we shall have to use a well-defined
prescription for the decomposition of the effective poten-
tials as sums of terms on which the action of the higher
order subtraction operations £(?) is defined. The pre-
scription for the decomposition of the effective potential
has therefore to be thought of as part of the definition of
L.

Taking into account the above comment we then check
the relation (7.13) first by verifying that the prescription
to decompose the interesting functions (i.e. the effective
potentials) as a sum of terms in the domain of the L
operations commutes with the expectations £,41 - - - &,
and second by asking whether £y also commutes (in the
sense of (7.13) with them.

Both the above checks are very simple in our case; ac-
tually, the systematic use of Wick ordered interactions
and of Wick monomials has the basic motivation of mak-
ing this check an essentially trivial consequence of (4.2)
(implies by Wick ordering) and the definition of L.

From (17.6) and (17.4) and applying the general theory
of Sec. 7 (see (7.14) and (7.16)) one finds easily the
following expression of the counterterms V, n; if ¢ =
©(=N) it is

N 1 2 2
h
%,N:—/dslz{ o /dsz [52(3) o+

+ a)2! @ (B — g o<y 4
2
a2 (4) (CEW? _ o<m®y
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1(2 h
+ po 3 <1>81052)} +

95

(1) & — 516 c(<h)_

h)12—

: (619051)2 : /dfg[—
1/2\* (& - &) (
_“2§<1> 5a ©

2 2\ (4
+ O‘—alchg”h L, /d§2 [u/\ <1> <1) o+

)‘_22| <2) (CEM? _ <) )}4_

2
/ {,u 21(C (<m? _ O(<h)2)+
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It should be stressed that for some terms in (17.2) the
rule (17.6) produces needless subtractions, as far as the
ultraviolet stability is concerned; in fact rule (17.6) coin-
cides with the “usual rule” in the literature only in the
“usual” case o = pu = 0,d = 4; if d < 4 then (17.6) is
oversubtracting even in this case.

Nevertheless the “universal rule” (17.6) will be used for
simplicity of exposition; it would probably be not difficult
to make the theory of Secs. 7 and 8 more flexible so
that more refined subtraction methods become possible
permitting us to introduce counterterms only for “really
divergent” parts of the effective interaction.

It is easy to compute in the above cases the meaning
of the trees dressed to second order (see Fig. (47))

. % (47)
k ioz k h
&202

According to Sec. 7 (see (7.10)) the framed tree repre-
sents one of the terms in (17.7) with the summations over
h ranging from 0 to k (rather than to N) and with ¢ now
meaning ¢(=F) up to a factor 2. Precisely select the con-
tribution to (17.7) from the term V*-@1:22) in (17.2) (or

v (kaz.01) swhichever is present in (17 2)) contammg ”§v ),

o =42, 2 ,0, i.e. containing : ¢* i, : 9?1, (D)% :
then the frame in Fig. (47) means
(0, k) o (9=, 0 =0, (17.8)

where the r coefficient is the coefficient of the term in
(17.7) just selected but with the summation over h rang-
ing from 0 to k; here o is a symbol for the tree shape
framed in Fig. (47). clearly v (o, k) is proportional to
Aea) y(e2)
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The unframed dressed tree in Fig. (47) represents, if
we follow the rules of Secs 7,8, exactly (17.2) with the re-
placement induced by (17.4), P — RP, see (7.16). Thus
if we introduce the new fields

Dey e ™ e, — vea,

DL e, = 0pe, — 0pe,,

St e 2 0pe — 00, — (61— &) D0,
Sever 2 pe, — e — (1 — &) - Be, (17.9)
Terer 2 pe, — e — (1 — €2) - Bpe,—

1
- 5(52 - 51)2 X 82@527
where 82 x 82 means, if § is a vector in R?,

d

82
2 5,56,

4,j=1

then the contributions from the unframed tree in Fig.

(47) to the effective potential V2(k) due to Vi + Vo v at

fixed h, a1, a9 are, if ¢ = (p(Sk),

|
=
[\v]
7\
— N

2
h
) : (pﬁlTﬁlﬁl : C§(2§)17 i, = 2, (1710)
2

h
: spflsngl : aflcé2)

& a1 = 2.(12 = 2/, (1711)

2\ (4
)( ) L @2 Deye, - CL), an,an =4, (17.12)

A4y 3 3 (h)
7[(1) 19696+ Cget

4\ 2 <h)2 h)2
+(5) 2 o+ veDa (O - Cl

4\ 2 <h)3 h) 3
+ <3) 311 e, Tere, © (Cit® =S|, (17.15)

A simple way to describe the construction of (17.10)—
(17.15), i.e. to interpret the R over the vertex of the tree
in Fig. (47), is to think that the tree in Fig. (47) is
computed from the values of the same tree without the
R followed by the replacement of P by RP in the result.

It is also easy to compute the meaning of the most gen-
eral tree dressed to order 2 (see Sec. 8 for the notation),
as with the example in Fig. (48) below:

56

(48)

t

According to the general theory of 8%70.078 the first
act will be to “trim” the tree v of the frame and of its
contents (if there are more frames one trims all of them),
obtaining a simpler tree 7; e.g. in the case of Fig. (48)
the result would be

t

Then one proceeds to write the trunca%&ixéxpectation
formula for the evaluation of the contribution to V(*) of
the tree 7, ignoring the presence of the R superscript (see
comments in Sec. 7 after Fig. (13)). The vertex bearing
the R contributes

& (v (), 0 (051 (17.16)

&7

in the above above example

and a similar expression in general; then one just replaces

in (17.16) the Wick monomials P by RP according to

(17.4). Finally one replaces the factor A® contributed to

the effective potential by the end point (£, a), with the

factor r(®)(a, q), o being the shape ——<<_ 0’ framed
according to (17.8).

This completes the analysis of the second-order renor-
malization. It justifies calling (17.8) form factors with
structure o.

It will be clear that a detailed check of all the above
formulae is the heart of renormalization theory and there-
fore the inexperienced reader should proceed only after
having well understood the details of the above calcula-
tions.

As an exercise the reader can consider the theory of
renormalization to second order of the following prob-

lems.
(1) Let Zy be

—)\/ = de (17.17)
A

and show that if d = 2 one can take L,(CU) = 0, i.e. no
renormalization is necessary.

(2) Let Zy be
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(sN)2

/A(—A P

and work put the renormalization to second order in the
case d = 3, proving that one could use as a definition of
Ly, instead of (17.6), the following

—v)d¢  (17.18)

L1=1,L: pe,pe, =2 o2 (17.19)
(3) Let Iy be
/A(—u : goéSN)z - (BgoéSN))2 1) d€ (17.20)

and work out in detail renormalization theory showing
that, unless a = 0, one still needs nontrivial renormal-
ization. However the theory can be rigorously built if
1, a are small or non negative.

(4) Show that the theory with interaction (17.18) is
not renormalizable if d = 4, not even to second order, in
the sense of Secs. 6-8 (not identical, although trivially
related, to the one usual in the literature).

xviii. Renormalization and ultraviolet
stability to any order for ¢* fields

Section ]sec(17) has shown that renormalization to sec-
ond order suggests a representation of the effective po-
tential in terms of Wick monomials more general that the
ones used in Sec. 16, (16.4), and precisely as a sum of
contributions like

V(v P)
;/Wpdg (18.1)

where P has the form (here ¢ = ©(=%) and the symbols
in (17.9) are used)

P=:(ITerr)  (T1255) - (T1202)
J J g

(Io22) - (T ste) - (ITst) - (I75,)
J J j ;

with n; < 4, pj,mj,nj,qj,rj,tj < 2.
The most naive way to proceed is to define recur-

(18.2)

sively the localization operations E,(f) associated with
tree shapes of degree p+1 (i.e. with p+1 end points) par-
tially dressed to order p simply by using again the local-
ization prescription (17.6) and the corresponding renor-
malization prescriptions for the interpretation of the ver-
tices with R-superscripts (17.4): the idea being that,
as suggested by (16.18) and (16.19), the divergences are
caused by the contributions to V' (; P) P from the ver-
tices v of |g describing a Wick monomial of degree < 4.

o7

However if P is given a general form (18.2) it is clear
that there will be plenty of monomials of order < 4 which
do not appear in (17.4) and for which the operations R
and £ are not defined yet. The first task is to classify
them.

One assumes inductively that the renormalized effec-
tive potential corresponding to an interaction renormal-
ized to order p:

Ve=Vi+Van+Vsn+...+ VN (18.3)

is still described in terms of Decorated Feynman graphs
S as

> Vi(v; S
E/ > OxTEr o

v;degreey=n S

where now the graphs .S will bear more decorations (com-
pared to the cases treated in Sec. 16 to describe the
“effects” of the renormalization.

One checks this inductive assumption in the case p = 2
first, where it can be checked, because V5 n has already
been studied in Sec. 17.

Let v be any tree dressed to order 2, e.g. see fig.
48. Trim v of the endframes and consider one decorated
Feynman graph S corresponding to the evaluation of the
effective potential due to the trimmed tree 7 but ignoring
the superscripts R.

Draw a box B, around the cluster of position labels of
7 corresponding to the vertex v of 7: the box B, will be
drawn so that the lines of S with frequency index h, are
inner to B, but not inner to v’ if v’ > v, as in Sec. 16.

Therefore, out of each box B, emerge lines of S possi-
bly carrying 0 labels, as in Sec. 16 will be systematically
used below; for instance, n{, and ng, will be. respec-
tively, the number of lines emerging from B, and carrying
or not carrying a 0 label; ng will be defined to be the sum
of the above two numbers.

So each box B, represents a Wick monomial P,, as in
Sec. 16. Consider the vertices v bearing in ¥ an R: note
that they must correspond to some innermost nontrivial
clusters and precisely to those with two points in them.

Let one such v represent, in the given S, a Wick mono-
mial P,: one replaces it by R P,, see (17.4).

If R P, = P, nothing has to be said; but if R P, # P,
one has to interpret that the vertex v contributes, via
the graph S, R P, rather than P, to the evaluation of
the truncated expectations corresponding to 7.

If R P, is a Wick monomial in the fields ¢, 8¢, D, D!,
S, ST, see (17.9), then one denotes this operation of
substitution of P, by RP, by simply adding an index
0 to the box B,; but in some cases, actually only in
one case among those so far considered, RP, may not
be a Wick monomial in the above fields. In fact the
R: cpgcp% s s, by (17.4), : cp?(go% —cpg) = cpz’ Dype : + -
(pg(anng) ;, l.e. a sum of two monomials rather than a
single monomial.
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If RP, is a Wick polynomial, sum of various monomials
numbered from 0 to m, then one attaches to the box B, a
label b, = 0,1,...,m to indicate which term in R P, one
selects in the evaluation of the truncated expectations as
a contribution from wv.

One takes into account this index (3, by changing ac-
cordingly the meaning of the lines of S emerging from

the box B,, e.g. the line representing @9 in : @199 is
replaced by Ts1, that representing dpo in : p10ps : is
replaced by S3, that representing Ops in : dp1dpy : is

replaced by D3, the one representing one of the two ¢2’s
in : ©2p2 :is replaces by Do if the index 3, appended
to the box B, (which now takes values 0 or 1) is 3, = 1
while, if 8, = 0 then one of the two lines representing
|f2 is replaced by a line representing ¢; and the other by
one representing Da; (which one is replaced by which is
irrelevant, e.g. one can decide on the basis of the identity
indices appended to the lines emerging from a point, say
lexicographically); in the : ¢1¢3 : case the line repre-
senting ¢ is replaced by by Dia.

Then the evaluation of V(7; S) proceeds as before with
the consequent change of meaning of the covariances as-
sociated with the contracted lines (when two lines are
contracted, they give rise to the covariance between the
two fields that they represent, of course).

Clearly at the end of the computation one still has to
replace the A(® contributed by the end points of 7 (com-
ing from the trimpmed end frames bearing inside the shape
o =—<_ 0, and attached to a .verte.X of frequency
h) by new factors (*) (o; h) as explained in Sec. 17, see
(17.8) and the related discussion.

The result of the above procedure is a formula like

(18.4) for the effective potential Vz(k) due to Vo + Vo n.
Hence the inductive assumption is satisfied for p = 2.

Assume (18.4) for p = 2,3,...,po and let v be a tree
dressed to order pg and of degree py + 1; assume to have
already defined operations ﬁ;ﬂa) for all the shapes of de-
gree < po.

Assume also that the result of the action of such op-
erations leads to a rule of evaluation of the trees with
no frames (and possibly some R indices) which consists
in examining successively the boxes B, corresponding to
the vertices of a tree, starting from the innermost ones,
and changing successively the monomials P,, which each
of them represents, into a new monomial in the fields
©,0¢,D, D', S, S* T appearing in the polynomial RP,
defined as follows.

If P has one of the forms contemplated in (17.4), then

RP is defined asin (17.4), i.e. if p; = gogk), 0i; = & —§&;,
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R1 =0
R p1p2 i=: o115 :
R : p10py :=: 0183, :
o (18.5)
R : 0p10p2 :=: 0p1 Dy :
R : g3 i=: ¢iDor+ : pipaDoy :

R : cplcpg = Dlggog :

where (18.5) is just a way of rewriting (17.4) in the new
notations (17.9) and the D, S, T.D*, S! fields have indices
7 which mean &7, & and have also frequency indices which
are the same as those of |f and which are not explicitly
written.

With the same notations the action of R on other
monomials of degree < 4 is defined by

R : D12 :=: @aT12 :
R : 02512 :=: waTig :
R : 1593 :=: D12S23 : + R : 2591 :
R 1512 :=: D12S12 ¢ + : Da1Th2 + + 1112
R :oiD3s :=: R : D12D3s : +R : p2Da3 1=
=—: 512832 : + : S19D39 : + : D153 : +
+ 1 DoyT3p ¢ + @ o113 o,
R : Di3D3y := —: 812532 : + : S12D32 : +
+ : D12S32
R : DisD34 := — : Si2034 D§4 : 4+ : D123y D%4 D4
— 1 812834 : + : S129D34 : + : D12S34 :
R : 00109y :=: 01Dy -
R : 109y :=: ©154, : (18.6)
R : 0p1Do1 :=: 0p1S91 :
R : ¢1Dy :=: 0153, :
R : <p3D%1 = D31D%1 T4 D135’21 4 gagSQll :
R : 0p1Dog :=: D}3D23 i+ 103893 :
R : cplgoggo;g = D12QD%D32 D4 <p1<p§D32 :
R p1o2p304 :=: 1Da10304 : + 1 01 D12D31004 : +

s p1p2D3ips ¢+ 0 w1 D1aD13 Dyt +
D p1p2D13 Dy 1 + 2 prpap3 Dy -+
L p15p3Dar 1

The action of R on the monomials which differ from the
ones listed above by a sign (e.g. ¢2D21) is that R acts
by changing the

sign of the r.h.s. ; for the remaining monomials one
puts RP = P.

The basic idea informing the definitions (18.5) and
(18.5) is to subtract from each monomial P its “value
at coinciding points” (defined below by the £ operation)
to an order such that RP contains a zero of order

1 ifdegreeof P =4 and nf,=1
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if degree of P =2 and n{, =
if degree of P =2 and niv =
if degree of P =2 and nf, =
if degree of P =0 and nf, =

8>—~l\300
— ==

In other words if we call p, the above order of zero
then p, is defined, see (16.23), as the smallest integer for
which p, + pl, > 0.

Furthermore, the definition of R is such that each of
the monomials on the r.h.s. can be thought of as obtained
by substituting for one of the factors in P an “improved”
factor climbing the chains ¢ - D — S — T or D —
S —TorD— D*— Stordp — D' — St or D! — St
or $—T.

In analogy with the second order case of Sec. 17 it is

natural to try to define the operation L,(CU) on the contri-
bution of the tree v with shape |s to the effective potential

Vp(ok ), assuming that the tree has degree py + 1 but that
it is dressed to order po only (this is the situation that
has to be considered according to the general theory of
Sec. 8). If this contribution is denoted

(18.7)

Z/V(%S)Psd&
S

then, in analogy with Sec. 17, L,(:) should act on (18.7)

by just changing Ps into £Pg and £ should be defined so
that for any kernel w verifying the translation invariance
and rotation covariance (for rotations of 3 around the co-
ordinate axes only, since A is taken with periodic bound-
ary conditions) it should be [w (1-L)Pd¢ = [w RP d§.

After some thought one realizes that this aim can be
achieved by defining the action of £ to be that of replac-
ing a non local Wick monomial P by its Taylor expansion
truncated to an order p, — 1.

Since P is nonlocal it will have to be decided around
which of the points appearing as indices of the fields in
P the Taylor expansion will be made. For instance one
could choose any of them and then symmetrize the result
over the choices; however it is notationally and practi-
cally simpler to choose one among them giving the sim-
plest form to the result; sometimes this may still leave
some ambiguity; the ambiguity will be resolved by arbi-
trary choices guided by the labels j on the points &;. Of
course this implies that one has to be careful in imagining
to draw the trees on the plane always in a standard way
(a precaution ignored so far), i.e. picking up systemati-
cally one representative from each equivalence class and
numbering the end points also in a standard way (e.g.
from top to bottom).

In the expression below the indices of the fields in
P are always supposed to be &;,&),,&,,&;, but the
shortened notation ¢; = cpgk) will be used as well as
0ij = (&, — &j;)- Also if 0,0" are component indices we
set 67 x 9%, def Zg,e/:1 ﬁ. Then with the above

conventions

59
L1 =1
_ 1
L prp2 i =: p1(¢1 —|—5218<p1+§5§1 X 82901) :
Z : 8@18@2 = 6@18(,01 :
L0100 =1 ©1(dp1 + 021 - 9 O¢pr) :
_ 1
L: 1Dy =1 p1(6 '59014-5531'5%02) :
L : Di13Dag :=:613- 03023 -0 p3 :
L p1Do3 :=:013-0p3023- 03 : +
1

+ @3(523'8@34—55%3 X82<p3) :
L : D12D3y :=: 612 - O 834 - Oeps
— 1
L : @1521 = 5 2@1521 ><(92(p1 5 (188)
— 1
L:p1Si2 i= 3 L padia X 0%ps 1,
— 1
L: o183 = 3 L p30a3 X 03 1,
C: <p1D%1 :=: 1091 - 001 :,
L : 1Dy i=: 03023 -00¢3 :,
E : 6@1D%1 L= 8@1621-(9901 o
L : 6¢1D%3 = 8@3623-8@3 o
Lo =9y L:gips i=:¢1 5
L:pipips i=: 41 5,
L:p1p20308 =1 ¢ 1,

and LP = 0 if P does not differ by just a sign from
one of the above monomials, LP = —L(—P) if P differs
by a sign from one of the above monomials.

If the above is taken as definition of £ one can find
E,(f) and hence, by the general algorithm of Sec. 8, the
counterterms of order py + 1 as well as the meaning of
the tree £

Recall thatone is proceeding inductively and the def-
inition of the counterterms (and the meaning of the
dressed trees) is supposed known for trees of degree < py.

Of course one has first to check that the operation ﬁ;ﬂa)
has range in the space of the interactions (see Secs. 7
and 8). This follows, as in the case of second order renor-
malization, by studying the integrals of expressione like
(18.8) times kernels satisfying the translation invariance
and rotation covariance mentioned above (and possibly
integrating by parts to obtain expressions of the appro-
priate form).

It is perhaps worth saying why L,(CU) bears an index o:
in fact £ is defined independently of o. However ﬁ;ﬂg)
acts on the functions of the form (18.7) and a function
F can be written in several ways in the form (18.7). As
discussed in Sec. 17 the operation L,(CU) acts on the ef-
fective potential written in the form (18.7) as it arises
from the prescriptions of the calculation to be followed
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in evaluating the contribution of the graph S to the effec-
tivepotential once the tree v is given (such prescriptions
are the ones discussed in detail in Sec. 16): the prescrip-

tion depends on the shape o of v; hence so does L,(CU).
To be more precise in Sec. 16 the prescriptions for the
evaluation of the effective potential in terms of decorated
Feynman graphs were given in the absence of renormal-
ization: but renormalization just allows more complex
Wick monomials and therefore a possibility of giving to
the graphs lines the meaning of more complex fields and
can still use the same graphical rule to build the evalua-
tion of the expectations via the Wick rules.

Therefore it will be decided to choose as definition of
L7 on the expressions (18.7) the action of the operations
L on the integrands. Then, by the above construction,
the action of (1 — L) generates an interpretation of the
R superscripts on the trees dressed to order p, + 1 as
meaning that the Wick monomial represented in a given
graph S by a vertex v of order pg + 1 has to be replaced
by RP defined by (18.5), (18.6).

This means that the inductive assumption is indeed
verified for p = pg + 1 and hece for all p. It also means
that L,(CU) depends on ¢ only through the tree shape 7o
obtained by deleting the frames o as well as their con-
tents, a necessary property in order to apply the resum-
mation theory of Sec. 9 to the present problem.

For later use it is convenient to recall the meaning of
the tree : it is obtained by the rules of 16; see
Fig. 18 and T9 and Eq. (8.5).

One starts by erasing the frame around the shape s and
its labels £, a. Then one attributes frequency indices to
the vertices of ¢ which are outside the remaining frames,
and one also attributes position indices to the unframed
end points of |s and to the endframes of o: in this way one

builds a partially dressed tree vdéj (o8, €), because the
first vertex of v bears no superscript R (because before
erasing the frame it was enclosed inside it and therefore
had no R superscript).

Suppose that the indices h are such that the root fre-
quency is —1: h, = —

One proceeds by computing, with the rules explained
above, the effective potential V(v;.5), where S is a deco-
rated Feynman graph,

no R here

02 (50)

- - .

with enough decorations on every box é‘vs to allow rec-
ognizing which choice among the monomials of RP, is
made at that vertex: as explained above, this is done by
adding an index 3, corresponding to a vertex v bearing
a superscript R and 3, can take only a few values (from
(18.5) and (18.6) one sees that 8, = 0,1,2,3,4,5,6 are
enough in the mostcomplex cases).

Since the 7.h.s. of (18.8) is made up of local expressions
in the fields and the coefficients are kernels with trans-
lation invariance and rotation covariance (in the sense

60

considered above), it follows that the integrals over the
position labels of V' (v;S)Ps summed over S can be cast
in the form “of an interaction”:

SICOE <pé_1)4 t 4
N ,

+1® (Uh) : (830271))

(18.9)
F+10(0")) dg,
and this means that (see (8.5)) the form factor corre-
sponding to k_@a o is

k

(@) (gh
Oc) O' k :ZZ n((o') )

where h denotes the frequency index of the first vertex
of o™ after the root and h’ are the frequency indices on
the higher vertices (and the root frequency is supposed
to be —1).

Naturally the N dependence of (18.10) is in the fact
that the summation indices over h’ run with upper
bounds equal to N; nevertheless, it will appear that
(@) (o, k) admits a limit as N — oo, at fixed k.

This completes the inductive description of the coun-
terterms and of their effects on the tree representation of
the effective potentials.

The final result is that after complete renormalization

(18.10)

vy T S e
i s
(18.11)

where the sum runs over the Feynman graphs S asso-
ciated with the trimmed tree 7 (i.e. v deprived of the
outer frames and of their contents), decorated by boxes
(defining the clusters associated with the vertices v of )
bearing indices (3, explaining the selection to be made in
evaluating RP, (the index (3, can take at most seven val-
ues). Furthermore the graph S bears all the other dec-
orations already possible in the nonrenormalized cases
(i.e. frequency, character, identity and 9 indices, see Sec.
16).

It remains for s to check that, with the above defi-
nitions of the subtraction operations, the new theory is
ultraviolet finite.

Given a dressed tree ¥ with no frames (i.e. with every
vertex of v bearing an index R) one has to study, given
©(=k) verifying (3.20) (with n = 3), the expression (see
the analog (16.12))

- .
Ay X...XApXAN—P

|V(73S)| Sup|Ps|d€, A] erapgna

where S is a given decorated Feynman graph: n is the
degree of v, k is the root frequency.

Ms(Ay, ..
s (18.12)
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Clearly the integral (18.12) is evaluated by just the
same type of analysis leading to the bounds (16.18) in
the case of no renormalization. One has only to re-
place some covariances with new covariances due to the
fact that some lines have the meaning of new fields
(D, S, T, D', S1).

However a few remarkable improvements are generated
by such changes.

Call a line of S representing fields like (17.9) a “renor-
malized line”. Below 7 and S will be fixed.

Looking at the graph S one can see which is the vertex
v “causing” the change of meaning of a renormalized line
compared to the meaning that the line would have in the
graph Sy obtained from S by erasing all the decorations
which allow one to interpret it as a renormalized graph.
It must be a vertex v corresponding to a box B,, , which in
So would determine a monomial P, on which R acts non-
trivially (RP, # P,, see (17.4),(18.5) and (18.6)). The
actual meaning of a renormalized line cannot be deter-
mined by v alone. In fact, as (18.6) shows, it may happen
that its meaning is changed again in correspondence of a
vertex v < v such that R,/ contains two external lines.

But the change of meaning cannot take place more
than four times, because the meaning of the line “keeps
improving” (i.e. the corresponding order of zero in the
RP polynomial keeps increasing): a ¢ line can become a
D or S or T line, a D line can become an S or T line,
and S line can become a T line, a dy line can become a
D! or S line, a D! line can become an S' line; and R is
the identity when acting on monomials containing S' or
T fields.

So, given 7, S and a renormalized line of S once can
define the first vertex responsible for its change of mean-
ing with respect to the meaning it would have in Sp; one
can also define the vertices vy, ve,... following v where
the line again changes meaning before acquiring its final
meaning; from (18.6) and (18.5) one sees that this change
of meaning cannot take place more than a fixed number
of times (four). Finally one can define the vertex w where
the line becomes internal to a box B,, for the first time:
w = r = root of v if the line is external.

Call p, the parameter associated with the vertex v (see
(16.18),(16.19)) in the graph Sp. Then it is clear that the
fact that the line has changed meaning introduces in the
basic bound (16.7) an extra factor given, at least, by

By (v d(§,))% = Byy~ Ml (yd(g,))
(18.13)
where Bs is suitable and §,, is the variation of the order of
zero, as d(&,) — 0, introduced in P, by the R operation
via the change of meaning of the line under consideration.
Therefore every time a given line changes meaning at
vertices v1 > vy > ... new factors like (18.13) arise in
the bounds on Mg(Aq,...,A,), and by construction the
sum over the lines A that change meaning and over the
vertices v of the quantities J,, is such that
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(18.14)

ZZ(SU (h»u—hw) ZZﬁv (h'u_hv’)u
A v

if v’ is the vertex immediately preceding v in v, and p, =
—py + 1 if p, <0 and p, = 0 otherwise. Eventually the
bound on Mg(Aq,...,A,) becomes

[/Alx...wp (lzlemhw) (1:[7<hvhuf>’5u).
(T de))”) de)-

v

(18.15)

~ d—2
.E"N'B™ Bl Bi"y T R G008 B g

d—2 _inner d,inner
. | | ('yh’” 3 "o,v /yhu§n0,v )

v>r

where By is defined by a formula like (16.13) in which Pg
has the new meaning (and the r.h.s. is changed accord-
ingly in the natural way: note that the new r.h.s. will
contain, in general factors like (18.13) when Pg contains
renormalized fields and use is made of (3.20) to exhibit
the order of zero in the D, S, T, D', S fields; the con-
stant 6, can, in principle, be read by comparing (18.13)
and (18.15)).

The exponents 6, can be bounded by the maximum
of py (i.e. three) times the number of times a line can
change meaning (i.e. four at most) times the number of
lines that do change meaning at the vertex v (by (18.5)
and (18.6)): actually this happens only when P, looks
like 1p2p304, see (18.5). Call T th above bound (T =
324).

Hence for all ¢ > 0 it is, if d(€) is the graph distance
between the points of & = (&1,...,&,)

~ ! hy
TI6 (e )™ < ()"t 2 )

where the 4n arises from the fact that the lines changing
meaning at v can become internal at different vertices w:
at most four.

This is used to choose ( so that (T < %Ii (—y~1), which
can be used together with the inequality

DA (=)D (),
A

v>r

(18.16)

v

(18.17)

a consequence of ¥ > (1 —y V)1 +~y" 1 +~y72 4+ ... +
7~ )4" and of elementary geometry, to bound (18.15) by
(see Appendix D for the bound (16.14) on the integral)

/Alx...xA

< e AB XA (

e[ d(e) <

T!
<

/A ,m"“de‘% 2" e, e,

P

) (18.18)
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which, inserted in (18.15) and after appropriate power
counting, becomes

My(Ay x ... x A,) <ENB™ Be §7 d(A1xxAy).
V*k(2m2+(4*d)m4) H vf(perfpvu)(hv*hv/) (18.19)

v>Tr

for a suitable Eg, if v' denotes the vertex immediately be-
fore v in vy and with p,, defined in (16.19), using the graph
Sy obtained from S by erasing all the labels referring to
the renormalization, and

po+ po = —d+2ma, + (4 — d)my »+
-2,  d

n ¢
2 0v 9

+ 25”8,1}’15”?1171 + 16”8,1}’05”?1;’2 >

+

e
ny, + 6”(6),11746";3, 0+ 35”8,v’26"iv’0+

Laes p (18.20)
2
(here ng, n{ ,,n§ , are counted as they appear in Sp).

Actually, for later use, one can remark that if 2ms , +
(4 — d)ma,, is replaced by 0 in (18.20) one obtains a new
expression p! + p, which, nevertheless, is still larger than
p =3, see (16.20)—(16.23).

Expressions (18.19) and (18.20) prove the ultraviolet
finiteness for the trees which are dressed but contain no
frames.

If v bears frames enclosing shapes o1, ..., 0, m <n =
degree of v, attached to the trimmed tree 7, obtained
from |g by trimming it at the vertices of frequency
hi,...,hm (allow here the convention that the unframed
end points are regarded as frames by a frame containing
the trivial shape, as already done in the previous sec-
tions), then the bound (18.17) is obviously replaced by

My(Ay x ... x A)) < NB" Bre 57" d(Arx..xAy),
7_(2m2+(4—d)m4)k . H 7—(pu+;u)(hv—hv/)

v>r

T 1 (o501,
j=1

(18.21)

where the factors r(®)(o; h) are the form factors associ-
ated with the shapes o (see Secs. 8,17 and (17.8)) defined
by (18.10), () (0, h) = A®) if the shape ¢ enclosed in
the frame is trivial.

Consider d = 4 and suppose that one could prove that

|T(°‘) (0-7h)| S 72h5a,274h6a,ohsgscs (1822)

where s is the degree of the shape ¢ and

= = max(|Al, |ul, Jal, [v]) = max |A©)].

62

Then, as already noted in Sec.16 and after (18.20) above,
the factors 29«2 would affect the bounds (18.19) and
(18.20) by replacing p, + py by pl, + po» and 2mg,, by 0,
so that (18.19) becomes

Ms(Al X .. ) <NB" " _EV d(A1>< XAp).
. Z H f}/_ﬁ(hv_hul) . H hfzcs” (18.23)
h v>r i=1

and the ultraviolet finiteness would follow also for the
frame bearing dressed trees.

It is convenient to remark that the bound (18.23) can
be considerably improved at no cost if one notes that, by
the nature of the bounds leading to the d(A; X ... x Ap)
in the exponential, one could have obtained instead the
quantity dg(A; x ... x Ap), where this is defined as the
sum of the distances between the cubes A joined in S by
a hard line. It is clear that this is a much better bound
for very structured graphs.

It remains for us to prove (18.22); however in Sec. 19 a
much stronger bound, compared to (18.22) (easy as it will
appear) will be proved. Therefore the proof of (18.22) is
postponed to Sec. 19.

The results of this section basically contain the “Hepp
theorem” ((Hepp, 1966, 1969)): this theorem provided
the first completely rigorous proof of ultraviolet stabil-
ity (see also (Eckmann and Epstein, 1979; Speer, 1974;
Zimmermann, 1969)).

xix. “n! bounds” on the effective potential

It is now possible to find concrete bounds on the coef-
ficients of the effective potentials. In this section we take
d = 4, for simplicity (the cases d < 4 are similar and
slightly easier).

From the preceding analysis emerges the following or-
ganization of the contributions to V() of the trees of
degree n.

A dressed tree v will be described by its trimmed part
7. obtained by cutting out of  all frames and their con-
tents, and by the actual contents of the external frames
of 7: one per end point of v which bears a frame; for
uniformity of notation one imagines here that all the
end points of the dressed trees are framed so that if
ke ¢q; is an endbranch of v which bears no

frames one imagines to transform it into k_@ a -

The degree of v will in general be larger than or equal
to the degree m of 7, which will be called the “renormal-
ization degree” of ~.

So a dressed tree v will be described by 7 and m shapes
01,02, ...,0m, which have to be enclosed in frames at-
tached to the end points of ¥ to rebuild ~: if v has degree
n and o; degree n; it must be n = 221 n;. For instance
the following picture shows a tree v together with its
trimmed part 7 and the shapes 01,09, ..., 0,
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The number of shapes of degree s can be easily esti-
mated by D§ for some D; (one can tale D = 2*).

Consider the contribution to V*) from the trees of
degree n:

S)
/ 3 Z Vi) poge (19.1)
k(v)=k (FY)
degree v =n
&(n)=¢

where Pg has the form (18.2) and S is a decorated Feyn-
man graph as described in Sec. 18. The aim of this sec-
tion is to show that if £1,...,&,, are the endframe labels
of 7, then there are y—independent constants B, k, D,b
such that if B = sup Ba in (3.20) and = max, |A(®)|
it is

> Z sup P -

p) k(v)=k
degree v =n PS P
£(v)=¢

M(Al,...,Ap):/
D(Aq,...

. |V(775)| < NBn ne— kY dAl,
n(v)

)

(19.2)

where D(A1, ..., A) " Ay x . A, xAx ... xAora
domain obtained by permuting such faactors; A; € Q
and the supremum of P means supremum over the fields
oSk = Z?:o ) with o) satisfying (3.20); N depends
on the degree of P only: N' = O((n®)!).

Equation (19.2) will be called the n! bound: this
bound was obtained in a slightly different form (i.e. as a
bound on the Schwinger functions rather than on the
effective potentials, and in “momentum space” rather
than in “position space”) and with a somewhat different
method in the remarkable work (DeCalan and Rivasseau,
1982). The approach presented below follows essentially
(Gallavotti and Nicolo, 1985a,b).

The first problem is to find explicit combinatorial es-
timates on the number of terms in (19.2).

Since S has the interpretation of a decorated Feynman
graph with m vertices, m being the renormalized degree
of v (i.e. the degree of its trimmed part), and since the
decorations consist of finitely many indices attached to
each line and vertex of the graph (see Sec. 18 for an
explicit description of such indices, each of which can take
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a number of values which is finite and graph independent,
except for the frequency indices) it follows that one can
bound the number of terms in ) ¢ in (19.2) at fixed v by a
constant of the form DZ* times the number of Feynman
graphs, which can be built by joining pairwise 4ms +
2msy 4 2mos lines emerging from m = my + mo + mo
vertices out of my of which emerge four distinct lines,
while out of the other mgy + mg emerge only two lines,
possibly leaving aa few lines unpaired. This number is
clearly boundeb by (2my4 + ma + mg/)! 42matmatmy <
(2m)! 2% and this is therefore an estimate of the number
of terms in the > .

However the above number is too big, and it can be
replaced by a better bound. This is so because the
(2m)! 2% ways described above come from multiply-
ing the <~ m!2*" connectd graphs built with m unla-
beled points (“topologically distinct graphs”) times the
m! ways of labeling such points by &i,...,&,. But the
rules of construction of a graph S associated with a tree
~ are such that if a graph S is given and can arise in the
sum (19.2) for a given |g, i.e. 7, then the same graph
with the vertices relabeled dos not necessarily arise.

Given a graph G with no labels, one can consider the
number N of ways of labeling G compatibly with 7 and
with given numbers n¢ of external lines (of any type)
emerging from the subgraph of G associated with the

vertices of . Then N is bounded by n(c) Cle® 2. "
for all € > 0 and suitable C;, if o is the shape of ¥
and n(o) is the corresponding combinatorial factor. This
bound replaces an incorrectone in a previous version, and
I am indebted to G. Felder for pointing out the error and
its correction (see Appendix F, vy G. Felder).he bound
will be combined with the remark that the summation
over 7 can in fact be thought of as a sum over the shapes
o and the frequency labels h assigned to the vertices
of 0. However various frequency assignments h to the
vertices of |s produce the same 5 = (o, h), because of
our convention on the trees equivalence, and the correct
relaton between the sum over 7 and that over (o,h) is
1 1

¥ n() Za’ Zh n(o) "

Let then v = (09, h, o, &) be the dressed tree obtained
by choosing a trimmed shape o, labeling its vertices with
frequency indices h, and then choosing m dressed tree
shapes o1, ...,0.,) of given degrees n1, ..., n,;, such that
>, ni = n, frames inside endframes attached to the end
points of o and bearing position indices & = (&1,...,&m)-

Let S be a decorated Feynman graph, compatible with
v, such that Pg is a given P and such that the number
of external lines n{ emerging from the subgraph of S
corresponding to the vertex v of |sp are given. Then
M (-) in (19.2) can be obviously bounded, by taking into
account the above combinatorial considerations, as

Supg m! Dy Z Z EZU”U

T {me} {ho}

M(Ala"'vAP)S

~ / dg |V (&: S) sup | P| < (19.3)
D(A,

»»»»» Ap)
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< emrd(AL, Ap)Nm!DT778m2’”k Z

(Lot )(Hw o))

v>T ng

if D3, D4 are suitable constants and the notatios of Sec.
18 are used; furthermore, the summations over ng from
0 to oo can be controlled by

o0
Z eanf,,y_(hv—hu/)(pu-i-l)v) S COnSt’y_(hu_hv/)ﬁ+2m2‘u

ne=0
(19.4)
because of (18.18) and h, — h, > 1, if £ (arbitrary so
far) is chose small enough. Here the notations of Sec. 18
are used: in particular v’ denotes the vertex immediately
preceding v in 7.

Therefore the bound (19.4) reduces the problem to that
of the coefficients 7(*) (o, h) which end up, in this way,
playing the central role in the quantitatiove theory of
renormalization.

The theory of the coefficients 7(®) (¢; h), to a degree of
depth allowing the proof of the n! bound, is in fact easy
as soon as one makes the right guess as to what to prove;
the guess has to be made by trial and error methods,
and it is pointless to repeat the search here. The result
is that one should try to prove that there exist constants
b > 0, D5 > 0 such that (always for d = 4)

Ir(a (0,k)| <E"Dy~*(n—1)!
-1

bk)’ 2802+ kb0 (19.5)

=0 '] ’

where n is the degree of o and, as usual, £ = max, |A\(%)].

Before proving (19.5) we shall find it reassuring to
check that (19.5) is really what one needs. In fact, in-
serting (19.5) in (19.4) one estimates the 7.h.s. of (19.4)
by using the remarks following (18.20) and leading to
(18.21); it follows that

M(Ay,...,Ay) < e 1 WAL R0) I\ pmgn prem
B TN (b )

where n; is the degre of o;:

(19.7)

m
E n; =n
j=1

This gives immediately (19.2) via the inequality

Z H Pl H ((nj — 1) ]Z (b};j)p) .

h v>r j=1 p=0
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< Dpm-mp Y. L

(19.8)

p=0

valid for suitably chosen b, Dg. The latter remarkable
inequality can be proved by induction on the number of
vertices, and its (simple) proof is in Appendix E.

Coming back to the proof of (19.5) one shall again
proceed by induction. Consider a shape ¢ enclosed in a
frame fy and fix it.

Therefore the shape ¢ will have no R superscript on
the first nontrivial vertex. Let oy be the shape obtained
by trimming o of the outer frames and their contents; let
m > m be the degrees of o and oy: of course no confusion
should arise with the quantities with the same names
used in the first part of this section. It is convenient to
avoid proliferation of the symbols, but the reader should
bear in mind that what follows is the proof of (19.5),
quite independent of the first part of the section.

If f is any frame in o and if m; denotes the degree of
the trimmed tree inside the frame f, it is

n—l:Z(mf—l)

7

(19.9)

where the sum runs over the frames of o and on the frame
fo enclosingo (so that mjy, =m), which one imagines to
have erased in setting up the computation of the form
factor 7(®)(o; h) as prescribed in Sect.18 (see (18.10) and
the discussion preceding it). Relation (19.9) is basically
the same relation used several times (see, for instance,
the comments before (16.16) or (12.17)).

As discussed in Sec.18 ((18.9) and (18.10)), it follows
from the general theory of Secs.7 and 8 that 7(®)(o; k)
can be estimated in terms of the coefficients V' (v; S) cor-
responding to the Feynman graphs S such that Ps has
degree 4,2 or 0 and v = (o", &) is the tree obtained by
attributing to o frequency labels h and enframe position
labels £ so that the root of v receives frequency index —1
and the first nontrivial vertex of v receives frequency in-
dex h < k. Note that ~ is only partially dressed, because
by construction the vertex vy bears no R superscript,
having been obtained by deleting the frame f; originally
containing it.

Assuming, inductively, that the r coefficients r(®) ver-
ify bounds (19.5) when the degree of v is less than n
(trivially true for n = 1), one sees that (19.4) and (18.21)
together with the previous counting estimates imply (if
d = 4 and just applying the definitions)

h
1) (o3 k)| < DemiDy* Y > EmDET™
hyy=0 h’

m n;j—1 \p
( H ,Y—ﬁuohuo —puoh H = 1)! Z %@9)0)
v>v0 J=1 p=0 ’

where p < p;, + py is fixed and py, > —4+nf,, +2n5,, =
—4040 — 204 2, see (16.9), because the first vertex vy has
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no superscript R; hence no improvement on p,, is pro-
vided by the renormalization (“no renormalization is op-
erating on vp”); in (19.10) h; denotes the frequency of
tl:le vertex at which the j—th endline of oy is attached to
o

Using the inequality (19.8) one can easily estimate the
sum over h' = {hy }y>0,- Suppose that at vy bifurcate m
branches, each of degree 71, ..., 7oz so that Y 7; = n;
then by (19.8) being applied to each branch

k
1) (03 k)| < DymlDy Y~ y*h0e0t2hdazgm prom.
h=0

(s —Tms)! Z " (Bh)" Dg™)

p=0 P!

s

(19.11)

I
A

S

where T, is the number of end points of the s-th branch,
after trimming it of its endframes: ) m, = m.

Then one can use the following bound valid for all non-
negative integers aq, ..., a4:

_ (bh)" !
=y = ( > jllf o ag!) <
= AL
Yo
<O a > (bf,) (19.12)

following from the fact that the large parentheses in the
intermediate step arebounded by the square bracket on
the r.h.s. ; a proof of this elementary combinatorial in-
equality can be found by induction.

The bound (19.12) can be used in (19.11) to infer

7 (0; k)| < Dym!DJE™DE~™ DY
|
k n—m
bh (19.13)
4k5a0+2k6a1
& ity Y-
h=0 r=0
and using
k k T+
S on <k +/ h'dh = k" + (19.14)
he—0 0 r+ 1
implying
k n—m n—m-+1
(bh)" _b+1 (bh)"
< 19.15
Ly sy Lo W

one deduces the bound
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b+
|r(0‘)(a;k)|§D7 2 D5 (EDgDyDy )y thdaot2kdar,

n—m-+1

(bh)"
S(n—=Dlm Y s m>1 (19.16)
r=0
where D7 > 0 is a suitable constant.
Thus if Ds is chosen so large that
b+1 Z1vm
DsD7——(D¢DyD5 " )™m < 1, Vm > 1 (19.17)

the (19.5) follows by induction: in fact the bound (19.5),
as already remarked, holds for m = 1 (trivial shape of
s), and the above chain of inequalities proves that the
bound holds for trees of degree n, if it holds for trees of
lower degree. The constant b is not arbitrary because it
must be such that (19.8) holds. The constant Ds can be
take Z-independent.

By repeating the same argument and taking into ac-
count that n —m + 1 can be considerably smaller than
n — 1, one could improve (19.6) as

[r(®) (o; k)| <g (gﬁ)"*l(n — 1)

4]{}5@0 +2k}6a1

(19.18)

QMN

where f — 1 is the number of frames in o: this bound
shows that the number of frames in |s measures the rate
of growth ofr(®)(o; k) with k, or at least bounds it.

xx. An application: planar graphs
and convergence problems. A heuristic
approach

Consider the power series for the effective potentials
and, given a dressed tree 7, consider the contribution
fV v;8) Psd€, associated with ~, to the effective po-
tential coming from a decorated Feynman graph S, as
explained in the previous sections.

Most of the graphs S have a complicated topological
structure and i will be impossible to draw them on a plane
(without causing line intersections which are not, actu-
ally, graph vertices or without enclosing one of the exter-
nal lines inside a region surrounded by internal lines).

For instance the graphs in Fig. (52) are nonplanar (if
the bumpy crossings are not graph vertices)

(52)

The planar ¢* theory is the set of power series for the
effective potentials (as well as for Schwinger functions)
obtained by restricting the summation
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(20.1)

V(v G)
/ ;%: niy 1ok

to the planar graphs G only; of course such a restric-
tion also applies in the graphs arising in the evaluation
of the counterterms and of the “form factors” r(®)(o; h)
(otherwise one would lose ultraviolet stability).

For what concerns the physical as well as the mathe-
matical meaning of such a planar theory perhaps the best
interpretation id that of “leading order” in a N ! expan-
sion in a vector (p?)? theory, where ¢ is a N x N ma-

trix with (¢2)2 2 Tr (0*)? (see ('t Hooft, 1982, 1983,
1984; Rivasseau, 1985)).

Therefore in this paper the pplanar field theory for ¢*
will be considered only as a set of formal power series and
as a prototype of a situation in which the resummation
ideas of Sec.]sec(9) can be applied.

The main property of the planar graphs is that the
unlabeled planar graphs, “topological planar graphs”, are
not too many and their number can be bounded by N§
where Ny is some constant and n = my + mo +my is the
number of vertices. One can take Ny = 3% (see (Koplik
et al., 1977)).

Without our entering one more into the details, it
should be quite clear, or at least reasonable, that the
whole theory of the preceding sections for the shape form
factors 7(®)(o; k) remains essentially unchanged, except
that facotrs like n!n(y) estimating the number of graphs
relevant for a tree v with n endframes are now replaced
by factors NJn(y).

The basic bound (19.5), proved in the same way, be-
comes

!
e a(03k) << e D)"Y

planar

(20.2)
|
=0 L

where (f — 1) is the number of frames inside o: in other
words, instead of (n — 1)! one finds f! (note that f <
n —1); compare this with the improved bound (19.18) to
understand a little howthis is possible.

The improvement over (19.5) and (19.18) is clearly
very string when f < n. However f can be as large as
n — 1, and therefore the sums (20.1) still present conver-
gence problems of a major nature being a power series in
the renormalized couplings A = (—\, —«, —u, —v) with
factorially growing coeflicients coming from the trees ~
with f of order of the number of vertices of v, e.g. see

L///// &

L
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To understand better the problem of convergence one can
consider the resummation procedures outlined in Sec.9.
Precisely consider the pruning oparation 7 (see Sec.9)
cutting out od a tree all the frames. The resulting re-
summation equation (9.9) for the fully summed coeffi-
cient (@) (k) (called in Sec.9 A\(*)(k)) becomes

ook

EIOEPIRES Y

(20.3)

_(0‘) e}
'Bal ..... QTHT( )(hl)

The simplest, rigorously correct, interpretation of (20.3)
is that it can be used to generate recirsively a power series
expansion for the functions r(®) (k) in the renormalized
coupling constants.

It is convenient to recall that in the previous sections
this expansion was studied in some detail and led to the
representation

r( @ (k) = X 4+ " rl® (o k) (20.4)

where o are all the possible shapes of trees (see Fig.(24)).

Clearlym (20.4) is a power series in A and 7(%) (0; k) is
part of the polynomial of degree equal to thedegree of o
in the expansion of 7(®) (k).

From the general theory of Sec.9 it follows that (20.4)
must verify, if thought of as a formal power series, the
relation (20.3) and therefore (20.4) can be generated by
solving recursively (20.3) as an expansion for r(k) with
A as inoput. It is not surpprising that once the coeffi-
cients B in (20.3) are known one can reduce the problem
of computing > ;.. ccomm rl@(k) = i) (k) to a sim-
ple “algebraic” problem; i.e. that of iterating m times
(20.3)., retaining only the m-th order monomial in A.

From the definitions it is clear that the computation
of the coefficients B is a necessary prerequisite for the
computation of 7(®) (o3 h), since computing the B factors
amounts precisely to computingthe dressed trees with no
frames. In fact, recall that the computation of 7(®) (o k)
for general o is reduced inductively to the no-frame case;
on this fact are based the n! estimates of Sec.19. But it
is quite evident that (20.3) provides a very economic and
systematic way of reorganizing the calculations of the fac-
tors r(®)(0; k). Equation (20.3) is similar to the Callan-
Symanzik equations (Callan, 1970; Symanzik, 1966).

From the work of Secs. 16-19 the coefficients B can
be easily computed for small r and estimated for large r,
uniformly in the ultraviolet cut—off N (in fact they are
N-independent, as the reader should eventually realize,
but they depend on the regularization chosen, as it will
be pointed out later).

The coefficients B can be bounded following the same
procedures used in Secs.18 and 19; one just has to take
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into account that only planar graphs will ever be consid-
ered. The work is a repetition of what was done there,
and it will not be reproduced here. The coefficients B
arise from the computation of trimmed trees, i.e. from
trees with no frames so that f = 1, by keeping only the
planar graphs, so that the factorials m! n(vy) are replaced
by NJ*n(v). And no factorials arise inthe estimates of B.
It is, see also (Gallavotti and Nicold, 1985a,b), for some

h;>h
h fixed

Z (San2+48a;0)hi = (Baz2+43a0)

C’I‘ 1
(20.5)
For r = 2 one can perform some explicit easy calculations

starting from (17.7): the coefficients B((fl)m(h;h, h) are

given by the h-independent constants 6((;)1‘212 with an error
bounded by O(hPy~2") for some p:

ég) — 2 ( /C(<h i,

- O§2<h) 2)d€27
— (0C3)?)des,

2 _  __op3l (4 2 (<h)3 (<h)3
44 = =7 (012 -y )d&2,

2\3
2

G--m3(3) [ET acte
2’ 1/2\? (52—51) h
52) :74h§ 1) /72d Ciz)d&,
2 31 /4\? [ (&2— &) (<m)3 )3
4(14)—74h§<3> /T(sz_) —O§2< ) )d§2,
4 1/(2\ (4 (<h
54) = —’72h§ (1> <1> / Vdg,,
) _ 4 2 (Sh)2 _ A(<h)2
a4 = 9 02 — Oy 7)dEa, (20.6)

=- —2' / (CF"? = Cf3"?)des,
_op 1
52? —— 32 [(@cE") - a0l P

1
by == 32! / (@C1E") = (13" e,

A
9 =g (3) @ e - ol e,

all other B’s with » = 2 vanish or reduce to the above
by B, = BL,. It is convenient to introduce new
form factors, more naturally depending on k; they are
“adimensional form factors” defined by
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7 (k) = X (k)(20azF43as) k

(20.7)

and one can rewrite (20.3) in terms of new functions

) an(hiha, . hy)

A (k) =

)\(a) —(20a2+46a4) k + Z Z Z

(20.8)

By (3 hay e Ry )y Rzt 000 TTAD ()
a17 SO ’ ) iir (3

i=1

and it can be checked that

def

lim B, (hihi,... he) =
h—oo ™ (20.9)
def

[e% (h’l_hv"'ah’r_h)

vvvvvv

exist if h; — h are kept constant and the basic bounds of
Sec.18 imply, via (20.5)

STBY o hy—h)<CITU(20.10)
h >h
hfixcd
therefore if we define
AR Y 2O, uk) Y - A,
a(k) = =22 (k), v(k) = -2V (k)
the (20.8) can be written explicitly:
k
4 2
AK) =2+ " (B AR + 365 AB)u(h) + ...
h=0
k
2! 2!
a(k) =a — (B MR)? - 265 u(h)a(h)+
h=0
(2') 20.11
+ By 1(R)?) + ... (20.11)
k
=4 D P ) 4 20 N+
=0
+ 282 (M)a(h) + BEAR)?) + ...
k
v(k) =y~ 1 3" AR (B ()2 + 265 p(h)a(h)+
h=0
+ 8% a(h)?) + BYAR)? +
and the functions BCh, = Bk, (h;h,h) will have a

well defined positive limit as h — oo, as follows from
(20.6); the dots denote the “higher order terms”, r > 2.
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The limits 5a1a2( 0) of ﬁa1a2 are reached exponen-
tlally fast (0(7_2")) and are not all independent (e.g.

644 - 8622 - 3642 ) )

Obviously, because of the meaning of the truncated
expectations of the trees vertices, it follows that no v(k)
appears in the first three of (20.11). this means that the
fourth equation in (20.11) decouples from the first three
and determines v(k) completely as soon as A(®)(h) are
known for @ = 4,2,2" (because, also, no v(k) appears in
the r.h.s. of the fourth term in (20.11)). For this reason
the fourth equation is not too important in setting up
the theory of renormalization.

The power series in (20.11) (in the variables A(k)) can
be used, as already mentioned, to generate expressions
of A(k) as power series in A.

As proved in Secs.18 and 19, this power series has co-
efficients which are uniformly bounded in the ultraviolet
cut-off and this also follows directly (but not indepen-
dently of the theory of Secs. 18 and 19) from the bounds
(20.10).

However it is clear that the coefficients one gets must
coincide with the ones estimated in Sec.19, and which
grow with the order n as O(n!), even in the planar
case being considered here (because of the contributions
that these coefficients receive from the trees with many
frames, see (20.10)). One can convince himself that such
estimates are not pessimistic unless some cancellations
take place.

In fact the bounds are reasonable and “optimal” on
each individual graph, as one can easily identify graphs
(planar) and trees giving contributions to the n—th order
coefficients of A(k) which are of the order of n!; this was
pointed out in (Lautrup, 1977).

However cancellations between several big terms can
take place and in various possible senses. A way
of exhibiting such cancellations is to find a sequence
{A(k)}72y = A verifying (20.11). This sequence could
then be taken as a definition of the sum of he power se-
ries in the @X’s which define perturbatively A(k) as a
(probably divergent) power series in .

To make sense of the r.h.s. of (20.11) it seems natural
to impose on the sequence A a decay condition at k = oo,
in apparent contradiction with the bounds (20.2) which
are strongly growing with k. So one introduces

M sup (14 k)@ (R)] (20.12)
- k>0

The bounds (20.10) allow one to define an operator B on
the X's with |A|; < oo for some ¢ > 0; in fact the bounds
(20.10) imply (recall that they hold in the planar case
only) that the operator B,
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RIBKSS >

r=2 hi,...,
CERTEN 0‘7‘
ﬁ‘(’olt?' Qo (h; hy, s o) H Ale) (hz)
i=1
(20.13)
has the property
1BAlq < Cf1(01|é|q)2, q=0,1,... (20.14)

and therefore B is well defined on the space (20.12) if for
some 1 > 0, B > 0 and a suitably chosen K, p and 9

Al < B, and  sup [A(k)] <0 (20.15)

k<K, B

as follows from (20.10). Equation (20.11) becomes

)\(a)(k) —\(@) (200 2+430,0)k ¢
k
+ Z V(h_k)(26a’2+450“0) (BA)(Q) (h) (2016)
h=0 a
Le. if M@ (1) %S \(@)y(20a2+4500).
A (k4 1) =)\(@) 4~ (20a.2+450,0) \ (@) () 1
ey ! &) (20.17)

+ (B (k+1), k>-1
and one looks for a solution A such that, say, |Al; < 1
and SUPg<k, , IX(K)| < 4.

In studying (20.17) one is thus interested in solutions
A(k) =5 0; therefore it is natural to replace B by its
second order part By for the purpose of getting first an

approximate solution.

(B = > B, (h

1,002

RIXCD (RN (h)  (20.18)

(@)

(see (20.11)). In turn, since G5 h, (k) T B ngs it i

convenient to study first the relation, k > 0,

A (k41) = A@) (k)™ (0e2t400) 4 (By 1) (@) (k) (20.19)

with Bs deﬁned as (20.18) with 6&01‘212 (h) replaced by

their limits 6
is

as h — oco. Explicitly the last equation

0‘1062

Ak + 1) =A(k) + Byg A(K)? + 285, A(k)a(k), (20.20)
alk + 1) =a(k) — Boy u(k) = By Ak)*+
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+ 285 u(k)a(k),
ik + 1) =72 u(k) + By ulk)>+
+ 25 AR)u(k) + By A(k)>,
(k) + By (k)2 + 2By (k) a(ke)+
+ Bypa(k)® + Bag Ak)>.

This relatlon cab be regarded as an iteration of a map T’
on R* , OT R? if one disregards the last (decoupled) equa-
tion. One can therefore apply the techniques developed
in the general theory of maps to analyze (20.20).

One looks for data A, @, 7,7 for A(0) such that A(k)
== 0. Their existence can be proved by using the gen-
eral theory of the central manifold, (see (Lanford, 1973)
and (Gallavotti, 1983b), Chap.5, Secs.6 and 8 and the

related problems). There exists a surface ¥, in general

vk+1)=

nonunique,
=u(a,\) = Aa® + LX2 + Ta\+ ...
p=plas ) , o 2 , (20.21)
v=uv(a,\)=Aa+ L'\ +Tar+...

where the dots represent terms of higher order, which is
invariant under the map T defined by (20.20) and such
that the T-images of any point X close enough to the ori-
gin evolves under repeated iterations of T by approaching
exponentially fast the surface ¥ as long as they stay close
enough to the origin.

A simple exercise (“substitute (20.21) in (20.20) to find

A A7) yields
=(2) =(2)
= 242 _ Py
11—~ 1—~72
=(2)
—Bas p_ (20.22)
1 _ /y_ ) )
> —-(0)
A — —Bay =P
1— 7—4’ 1— 7—4
and the map (20.20) becomes on ¥
Ak + 1) =A(k) + Byy A(k) +
(20.23)

—a(k) - BS) A(k)? +

where the dots represent terms of higher order. Neglect-
ing the higher order corrections once more, and setting

alk+1)

ﬁdef544 >0p0 def644 > 0, one considers the relations
Ak + 1) =A(E) + BAR)A(k + 1),
a(k + 1) =a(k) — 8 A(R)AK + 1), (20.24)

which admit solutions with data A and @ = —f; 871\,
with A < 0:
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AE) = —2— (k) =~ 8 A(R).

T (20.25)

From general considerations of stability theory it fol-
lows that (20.23) also admits a solution behaving as
k — oo as (20.25) with initial data A < 0 and @ =

—B BN+ O(X2) and such that A(k) +—=> 0 at fixed k.

This means, via (20.21), that (20.20) admits a solution
with data X < 0, @ = @8~ X + O(N), T = O(N),
U= O(XQ) which is such that A(k),a(k) = O(k~1) and
wu(k),v(k) = O(k=2) as k — oo and such that A(k) — 0
at fixed & when \ — 0.

Hence one finds a solution to (20.20) depending on one
parameter A such that ||A|[; < O((87!)) for —\ small
and such that A(k) is as small as one wishes for any fixed
number of k’s, say k < Kj.

Hence such A is in the domain of the “beta function”
B defined in (20.13) and by some more efforts of abstract
perturbation theory it could be proved that there is a so-
lution to (20.17) depending on one parameter A < 0, with
Ak), a(k), n(k), v(k) given approximately by (20.25) and
(20.21).

Such a solution will not be such that |A|; is small
(rather the above discussion suggests [A\1 = O(871)),
although A(k) at fixed k will be small for small A(0) or
for small values of the parameter —\ on which the solu-
tion depends. This “nonuniform smallness” is related to
the fact that A cannot be found perturbatively, although

it has by construction the correct asymptotic series in X.
Note also that (20.25) shows that (at least the approx-
imating) A has singularities at points accumulating at

X =0, as a function of \.
The renormalized couplings are defined by the (con-
vergent) series, if —\ is small,

Al = =3 (BY) ) (20.26)
k=0

obtained by setting A(*) (+00) = 0 in (20.16). Alterna-
tively one can use

A@(0) =A@ 4 (BA)(@)(0) =

= @) = XO(0) - (BY)(0)
(20.27)
The family of solutions to (20.17) constructed above is a
one parameter family; however one could alter the coeffi-
cients in front of the few covariances or their mass terms
so that one has built a many parameter family of field
theories “like ¢} planar”; however, it does not seem pos-
sible to choose @ = 0 nor, by (20.27), & = 0, because
A # 0 in (20.22) if one wishes that a(k), u(k) — 0 as
k — oo.
The meaning of the statement that one has built pla-

nar o} theory is explained below and is summarized in
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the statement “the resummed tree expansions for the ef-
fective planar potentials converge for small negative cou-
pling”.

The solution to Eq.(20.17) discussed above is roughly
like (20.25) and (20.23), i.e. such that

|Alo = sup |A(k)| = &=—0. (20.28)
- k

A—0
Therefore the effective potential of the planar theory cor-
responding to the above definition of A(k) will be de-
scribed by dressed trees with no frames but with “heavy
end points” contributing to the effective potential the
form factor r(®) (h) = \(@) (h)y(2a2+4%a0)h when they are
attached to vertices of the tree bearing a frequency label
h.
Furthermore, since one is considering only the pla-
nar theory, one evaluates the contributions of a tree -y
to the effective potential by using the “few” NJM =

e

N(?Mn(fy)C’geEZv " planar graphs compatible with v
(see Sec.19).

This means that, by the theory of Secs.18 and 19, the
bound (19.2) is replaced, if Dy is a suitable constant, by

NB Zn D= A 80) Nn (20.29)
with no n!, because n! arose for two reasons: one was
that the number of Feynman graphs associated with a
treey were bounded by M n!, where n is the number of
end points in the trimmed tree ~, and the other was the
n! in the form factors 7(®)(o;h), see (19.5), due to the
endframes of o.

However in the planar theory the graphs are far fewer,
and the form factors, still badly dependent on the degree
of the shapes (as pointed out at the beginning of this
section), are “resummed” to yield new form factors:

rle) (h) = /\(a)(h),y(45a0+25a2)h7 (20.30)

with A(@)(h) +—= 0 (this quantity was not only not
small in perturbation theory, but even divergent with h
as h — 00). And at the same time the resummation lead-
ing to the form factors (20.30) eliminates the necessity of
considering contributions from trees with frames to V()
hence (20.29) is really a simple consequence of the esti-
mates of Secs.19 (Eq. (19.18)) and 18 (Eq. (18.21)).

Since for & small the (20.29) can be summed over n,
one gets the effect, in the above considered planar the-
ory, that the resummed series for the effective potentials
is really convergent for small —\ > 0 (i.e. small negative
A(0), i.e. small negative renormalized coupling). There-
fore, in the planar theory the effective potentials can be
defined beyond perturbation theory.

The series defining the effective potential is a power se-
ries in the resummed form factors (20.30): the form fac-
tors being non analytic near A = 0 (in the sense roughly
expressed by approximation (20.25)) it is clear that one
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cannot expect that the effective potentials be analytic in
the renormalized coupling constant near zero.

The resummation procedure induced by the beta func-
tion allows one to express the effective coupling constants
or “form factors”, (20.30), and provides a well defined re-
summation prescription. It seems highly plausible there
is one which is the Borel sum of its perturbative nonre-
summed series; this was proved in the casea =y =v =0
(not covered here because I have chosen for simplicity the
initial @, 7 so that A(k) — 0 as k — oo, see ('t Hooft,
1983, 1984) and (Rivasseau, 1985)).

Another interesting possibility is that the series may
converge even for some A > 0: the formula (20.25) al-
lows the possibility that for X\ > 0 the effective poten-
tials are defined for “most” values of . The resem-
blance with the situation arising in classical mechanics
in the Hamiltonian stability problems in connection with
the appearance of small denominators seems interesting:
maybe here one needs some imagination.

xxi. Constructing ¢* fields in d=2,3

The theory of renormalization in dimension d = 2,3
can be done in a much simpler way, compared to the
d = 4 case. Of course there is no problem in repeating
word by word the four-dimensional theory in dimension 2
or 3 (and in fact in Secs.16-20 one had never really used
that d = 4 but only that d < 5).

The real simplification arises when one remarks that
if d = 2,3 one can study much simper theories which
lead, or may lead, to nontrivial fields (i.e. fields with
nonquadratic effective potentials V(¥)) of x* type.

What is more important is that the simpler theories
(which would not make sense if d — 4) can be treated
rigorously for “small couplings” and really shown to exist
beyond the level of formal perturbation theory.

The theories which make sense if d = 2 and that are
simpler than the ones considered so far are those gener-
ated by the interaction Zy

Vi= —)\/ D plsN4 L g2y (21.1)
A

while if d = 3 a theory simpler than the one arising from
(16.1) is provided by the interaction Zy

Vi :/(_)\; PEM L pENZ L)) dPe (21.2)
A

The main reason (21.1),(21.2) are much simper than
(16.1) is that no resummations have to be devised to
organize the corresponding renormalized perturbative se-
ries, because only finitely many trees lead to divergences.

The renormalizability in the above case with d = 2
follows immediately from the formulae and estimates of
Sec.16 setting ng, = ma., = ma, = 0 so that (16.19)
becomes, for all my4, > 1
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po=—2+2m >0 (21.3)

and this not only shows renormalizability of the “pure
©* field” but also shows that no renormalization is ever
necessary (this same remarkable conclusion would hold,
when d = 2, for the most general Wick-ordered polyno-
mial interaction).

If d = 3 and (21.2) is considered, one can still use the
general bounds of Sec.16 setting n{ , = mg,, = 0 so that

1
NG >0

Pv = _3+3m2,v + 9

(21.4)

unless (recall that ma ,+m4, > 2 in the nontrivial cases)

My, =1 Mo,y =1 ng =0 impossible
Ma ., =2 Mo, =0 ng =0,2 possible (21.5)
My =3 Mo, =0 ng =0 possible

So only trees of degree 2 or 3 need the definition of the
L£9) localization operations, and the only nontrivial case
is ma, = 2,n5 = 2 (“mass diagrams”) yielding p, = 0.
and therefore it can be cured by a simple subtraction

Va.n :/rﬁ) : @SESNW s (21.6)

Formally £(?) is defined in terms of the action £ on
Wick monomials, as in Secs.17 and 18:

L1=1
Z: SDmSDU L= QD?C :

if degree v < 3
sree T = (21.7)
if degree v =2

which leads to a simple expression for V5 n, V3 w, i.e. for
the Counterterms (note that V3 n is a constant and that
the nonconstant part of V5 y must have the form (21.6)):

A2 (4\* (SN)3  (<N)2
Von =— 7\ 3!/051—52 Do s dérdéa—
)\2
- 74!/c§§]j>4d§1d§2,
/\3
Vi = o / e, dé (218)
(EN)4 . . (N4 | (EN)4
E(SN)( Peo 7 P T P : )

The theory of Secs.16-18 now becomes much simpler
and one can prove that the effective potential has the
form

(21.9)

V(v:8)
/;; n(v) e
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where S represents the decorated Feynman graphs and
Ps has the form (if ¢ = oK) D = D(ER).

. n;
' H@nf
% J

where, as in Sec.17, D¢, = pe — ¢y.
The same techniques of Secs.16-19 (easier now, in
practice) yield the bound

e (21.10)

M(Aq,...,Ap)) < Nnlg(ED)" 1 k%

21.11
. e—nvkd(Al,...,Ap),y—nane ( )
with the same notations as in Secs.16-19, i.e. n = degree
of v, € = max(|\|, ||, |n|), & = (root frequency of the
tree),

M(Al,...,Ap)E/ d€
Ap X XApXAX . XA
Vi G (21.12)
Z Z V(v )lsup|P|
> = n()
degree y=n Pg=P
where the supremum, of |Pg| = |P| is over the fields

(=R verifying p(SF) = o) 41 4+ 4+ o*) and (3.15),
(3.16) and B = sup Ba. Finally N is the “adimensional
bound” on p: sup|P| < B”e(H (v*1¢; — |)4~y2" *)
and N depends om n® only because there are only a
finite number of Wick monomials P of degree n® of the
type (21.10), apart from the values of the position labels.

The presence of the factor y~" in (21.11) proves that
the theory is asymptotically free. In the case d = 2 one
replaces, basically, v~"F by y~2"F.

The above bounds were found in special cases and by
using the techniques of the previous sections in (Benfatto
et al., 1978, 1980a,b); for the Schwinger functions expan-
sions analogous bounds hold and were well known; see
for instance (Glimm and Jaffe, 1968, 1970a, 1981).

Since in the approach presented here there is little dif-
ference between : p? 3 and : p? :3, I shall focus on the
d = 3 case, (21.2), in this section.

The actual construction of the theory can be easily per-
formed by taking advantage of the asymptotic freedom
just pointed out (see the factor v~ in (20.11)) and fol-
lowing, basically word by word, the procedure adopted in
the cosine interaction case (which is, in fact, equivalently
hard). For simplicity of exposition it is convenient to
choose the values of the renormalized coupling constants
w and v equal to 0; of course this does not mean that the
three dimensional parameter space in (21.2) is replaced
by the one dimensional space in (21.1) but only that the
theory has only one renormalized coupling, namely A, but
still the counterterms can generate nonzero constant and
mass terms (which will be of higher order in A).

The strength of the asymptotic freedom shows that if
the integrals over the “small fields” are computed via the
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cumulant expansion, i.e. via expressions like (13.22), (see
also (5.13)), the expansion must be carried out at least
to third order, since only the remainders of order, in A,
larger or equal to four give rise to an error of controllable
size; such remainders at order ¢ + 1 are now estimated
by a bound analogous to (13.25) [A[°7%, (M FP(1 +

p)*log(e+p+ Afl))tﬂwgp convergent for t > 3 (if d = 2
one could control errors of order > 2 so that the cumulant
expansion could be carried out stopping only at order
t = 1, in practice a good simplification).

The other hard problem is that of the “large devia-
tions” or “large fields”. The D factors (Dgy, = @¢ — ¢5)
are dangerous much as the (1 — cos(pe — ¢5)) factors
were in the cosine field case: they are treated exactly in
the same way, because they appear with the right sign
(i.e. the corresponding defective potentials tend to —oo
when the field ¢ becomes so rough that Dg, is too large
compared to its covariance).

In this case there are also other dangerous terms in the
third order effective potential, namely all the others. In
fact, the field ¢ can be very large and make P itself very
large; this was not a problem in the case of the cosine
interaction, because there the fields appeared only in-
side trigonometric functions and therefore in a “bounded
form”.

The large fields have to be treated by positivity argu-
ments. The positivity properties needed in the theory
are that the effective interaction contains the sum W of
the following two terms:

—)\/ :gpéSkMd{
A

A2 /42 | (EN)3  ~(<K)3 (<k)2
-5 3! A2(O£77 =Cg,7 ") D" s dédn

corresponding to contributions from the trees

(21.13)

—— and
k 13 k h
due to the Feynman graphs

and /_\
§ gUn

The first term being very negative when ¢ is large and
the second being very negative when Dg, is large com-
pared to (y#|¢ —n|)%; here one uses A > 0, A2 > 0 (which
must be a further restriction, although no restriction on
the size of A is necessary).

The details are essentially identical to those explained
in the cosine case and they will not be repeated here;
and the reader is referred to the literature, see (Benfatto
et al., 1978, 1980a,b). It is, however, important to stress
once more that nothing is really different from the case
of the cosine field treated in detail in Secs.13 and 14, as
the reader can check by a glance at the above references.
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The result of the analysis is the existence of a constant
E > 0 such that for all f € C* with support in a set Ay
it is

/eV3,N(w(SN))Jr«p(SN)(f)p(dsp(SN)) < eI EHIFZ 1Ay

(21.14)
which proves, up to technicalities, the existence of the
limit of the “interaction measure” at least on subse-
quences as N — oo: i.e. it proves the “nonperturbative
ultraviolet stability”.

With some extra work and using the same ideas plus
abstract arguments one could prove the actual existence
of the ultraviolet limit (with no subsequences involved);
this is not written explicitly in the literature but, at least
for A small, the result is known also by other methods.

As in the case of the cosine interaction the other limit,
A — o0, the “infrared limit” has to be treated under ex-
tra assumptions (like A small), because contrary to the
ultraviolet limit, in the cases considered so far, it may be
affected by nonuniqueness phenomena: “(infrared) phase
transitions” corresponding to the ordinary phase transi-
tions of statistical mechanics. Such transitions have to
be expected here, too, as the main idea of the multiscale
approach is that field theory can be reduced to the the-
ory of a spin system on a lattice of scale 1. And such
systems are known to exhibit phase transitions in the in-
frared limit (also called thermodynamic limit) A — oo,
(Federbush and Battle, 1982; Feldman, 1974; Feldman
and Ostervalder, 1976; Glimm et al., 1975, 1976; Mag-
nen and Seneor, 1976).

Finally let me mention that in some cases with d = 2,3
the theory can be performed completely, i.e. up to the
extent of really constructing a field theory verifying the
Wightman axioms, hence with the proper interpretation
of a physical quantum theory, describing in some of its
states, interacting relativistic quantum particles, (Glimm
et al., 1973, 1975, 1976; Koch, 1980; Ma, 1976), however
this kind of questions go beyond the scopes of the present
review.

xxii. Comments on resummations.
Triviality and nontriviality.
Some apologies.

The reason one cannot perform the resummations, de-
scribed in the preceding section, in a rigorous way is sim-
ply that the coefficients S of the “beta function” (20.13),
formally defining the resummed “adimensional form fac-
tors” M) (k), a =4,2,2".0
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are badly behaved in r as r — oo: i.e. they are bounded
by 7!C" (unless one restricts oneself to the planar theory
where (20.10) holds, see Sec21). This is in conflict with
the fact that the idea of using the equation (of “Callan-
Symanzik)

A (k+1) = X9 (k) + (BA) @ (k + 1) (22.2)
to define the adimensional form factors in a nonpertur-
bative way requires the existence of a sequence A\ =

{IN@(k)}or of form factors for which BA makes sense
and verifies (22.2). B

Because of the bad bounds on the (8 coefficients and
because, as emerges from considering only the second
order part of (22.2), a solution to (22.2) cannot tend to
zero too fast as k — oo (see (20.25)), the only way in
which BA could make sense for interesting sequences A is
that there are cancellations in the 3’s (which are sums
of many terms of uncontrolled signs) and, possibly, the
existence of such cancellations might depend upon the
sequences A(k) chosen in (22.1) and not just on the 3
coefficients.

In this section I elaborate on what could happen if
(22.2) admitted a solution verifying A(k) —=0 and
providing the necessary cancellations needed to make
sense of the r.h.s. of (22.1) and, consequently, of (22.2).

In this situation one should reasonably expect that the
solution of (22.2) behaves as h — oo exactly as the so-
lution to an equation like (22.2) but with B replaced by
its second order part (i.e. by the terms with 7 = 2 in
(22.1)), see (Coleman and Weinberg, 1973).

Such an equation was the basis for the theory of
the adimensional form factors in the “planar theory” of
Sec.20 and, as discussed there, one expects that it has a
solution in which —A(*)(h) behaves as, see (20.23),

A

~
—k—o00

and similarly should behave «(h), while p(h), v(h) ought
to go to zero as the square of (22.3). Then the following
remarks can be made.

(1) In itself a solution to (22.2) behaving like (22.3) does
not yet yield a solution to the problem of showing that
the effective potentials V*) are well defined as sums of re-
summed perturbation series (see ('t Hooft, 1983, 1984)).

In fact, the resummation operation just permits one to
describe the effective potentials in terms of dressed trees
“with no frames” and with end points (¢, &) providing an
adimensional form factor A(*) (h) rather than () if h is
the frequency index of the tree vertex to which they are
joined by a branch of the tree.

Although this is a big improvement, as far as the k de-
pendence of V() is concerned (it suffices to recall that the
non resummed adimensional form factors were diverging
with h as powers of an order depending on their degree of
complexity and with no a priori bounds, see (19.5) and
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(19.18), while the resummed adimensional form factors
even go to zero with the frequency h as h — o0) one is
still confronted with the problem of summing the con-
tributions to V*) of the above “simple”, i.e. frameless,
trees.

One finds, in doing so, a power series in the resummed
adimensional form factors (coming from the trees of or-
der n) whose n-th terms can still be bounded only by n!.
If we use the bounds of Sec.19, the effective potential is
now given by an expression like (19.1) with a sum running
only over the trees with no frames and such that the con-
tributions from the trees of degree n can be bounded as
in (19.2) with the last sum (divergent, a priori ) replaced
by k=", a rather minor gain as far as the n dependence
is concerned.

The structures of the beta-function coefficients and
those of the V(v; S) are obviously related, and “basically
the same”, so that if one is willing to accept the exis-
tence of cancellations allowing giving a meaning to BA
one should also accept that the very same mechanism
might produce cancellations in the expression of the ef-
fective potential in terms of the resummed form factors

A

~ However this cancellation mechanism is totally unclear
(as this time the beta function cannot help, as it did in
the planar case of Sec.21, to exhibit such cancellations)
and it can only be hoped to exist.

(2) It might be that the parameter v plays an important
role in the theory: for instance, in (22.3) the singular-
ities in A are located at y-dependent positions (in fact
one could check that % P~ Bo > 0, by explicit calcu-
lation).

This leads to the possibility that the theory could be

defined for many but not for all X’s near zero, e.g. for the
values of the renormalized coupling constant which avoid
a suitable set of small measure (union of small neighbor-
hoods of the points (8h)~! in the case (22.3)) where the
form factors could be singular functions of X. Such a situ-
ation is not uncommon in perturbation theory in classical
mechanics and it might appear also in field theory.
(3) The possibility of the existence of cancellations men-
tioned in remark (1) above is hinted at also by the “triv-
iality proofs” where, via some very special assumptions
on the regularization and the form of the counterterms,
one shows that the adimensional form factors A(®) (k; N)
defined in the presence of an ultraviolet cut-off at length
7~ vanish as N — oo: A (k; N) —=0.

The fact that A\(%)(k;00) = 0 is a property that can
be proved nonperturbatively under very special assump-
tions, (Aizenman, 1982; Frolich, 1982), hints at the exis-
tence of nontrivial cancellations mechanisms in the sum-
mations involved in the construction of the effective po-
tentials and of the beta function. Paradoxically the “triv-
iality arguments” might be interpreted as nontriviality
arguments.

If we go back to a slightly more concrete frame of mind,
some comments on the cut-off dependence of the above
discussion, brought up in the last remark, as well as on
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the classical triviality arguments of Landau, (Landau,
1955; Landau and Pomeranchuck, 1955), (Thirring, 1958)
p. 198, (Boboliubov and Shirkov, 1959), p. 528, seem ap-
propriate here. In fact, they hinge upon the just brought
up question of the cut-off and of the regularization de-
pendence of the whole theory.

The form factor resummations can be studied with no
formal change in the presence of an ultraviolet cut off
M. In the previous sections the N dependence of the
form factors was seldom made explicit because one was

interested in properties which were uniform in N.

Contrary to what is sometimes stated, fixing N does
not make the theory well defined; in fact one can eas-
ily see that there is a simple relation between the form
factors of the theory with ultraviolet cut off IV, denoted
M@ (k: N), and the bare coupling constants. Precisely,
the bare couplings are A(®) (N;N)7(25av2+4‘5%0)N. The
reason the bare coupling constants are undefined even in
a theory with cut-off is simply that Ay = A(N; N) are
still power series in the renormalized couplings with only
n! bounds on their coefficients, i.e. they are formal power
series, probably divergent.

One can use the resummation ideas of Secs.9 and 19
to try to say something about the bare couplings Ay; in
fact, A(h; N) is formally defined by the same recursion
relation as A(h) = A(h; 00):

=+ .. (54)

k &o k ¢Eo k
Ea

(see also Fig.31) the difference being that k < N and
that everywhere only some tree shapes can appear. Thus
if one fixes a frame and deletes all the inner frames and
their contents, the tree shape left inside the selected
frame has to be a shape which can arise in computing
the effective potentials in the presence of a cut off vV;
for instance

// //
,
,
=on tmpossible if M>N+1
1 2 M

possible if M<N+1

In fig.(55) the first tree is impossible if M > N + 1,
because one cannot attach allowed frequency labels h;
to the vertices of ops with h; < h;41 and root at —1
(as should have been the case has o been a tree which
could have arisen in the presence of a cut off 4™V).

possible if M<N+1 (55)

Note that A(N; N) is a (probably) divergent series, be-
cause there are infinitely many trees compatible, even
with a finite cut off N, e.g.

74

and M > h. The equation in Fig.(54) is very similar to
the equation discussed in Secs.19 and 20, and in fact it
coincides with them if one restricts the k£ and & indices
in (22.1) and (22.2) to be < N.

It is therefore clear that in hte theory of (22.2) per-
formed in the approximation in which the second order
“dominates”, i.e. in which (22.2) becomes equivalent to
(20.19). and hence eventually to (20.20)and (20.24), on
e can manage to find a solution to (20.2) with

P

AD(hy Ny~ — 2
1—BXh

for large h (22.4)

which would lead to (setting A*)(N; N) = Ay = bare
coupling) the following surprising relation

AN

A=—""— 22.5
1+ 8NN’ (225)
where A = A(0; N) is a “renormalized coupling” ex-
pressed in terms of the bare coupling Ay .
Triviality follows from (22.5) which implies
A5—=0 = A(h;00) =0 (22.6)

no matter how Ay behaves provided Ay > 0.

On the other hand Ay < 0 is obviously not allowed
as this would make the theory in presence of a cut off
undefined. Of course the above argument is based on the
identification of A(N; N) with A(NV; 0o) which, to say the
least, is not proved (even in an approximate sense).

To understand better the structure of (22.5) one can
remark that the bare couplings A(IV; N) are a formal
power series in the renormalized couplings (for simplicity
take 4 = v = a = 0 so that there is only one renormalized
coupling),. The coefficients diverge with N as N — oo
like powers of N: precisely as N"~! to order n.

The latter statement can be proved by going back to
(19.18) which tells us that the bare couplings A(N; N)
can receive the “most divergent contribution” from the
trees v containing the largest number of frames. Such a
number is, if n is the degree of v, f —1 < n. Furthermore
the trees which contain the maximal number of frames,
f = n, really give a contribution to the form factors like
A(AD)"~1(bN)"~! to leading order in N.

This can easily be seen by observing that f = n im-
plies that each vertex of ¢ is framed and gives rise to
a bifurcation in just two branches (otherwise f < n).
In other words the resummation of the most divergent
contributions is obtained simply by considering what in
Sec.9 was called the resummation of the most divergent
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graphs. In the language of Sec.20 and of this section this
means replacing B by Bs in the beta function (so that
one also finds the interpretation of the approximation in
which B is replaced by Ba: it just means that counting
only trees simplest in structure and completely framed,
i.e. with no renormalization vertex (i.e. no unframed
vertex) allowed).

Since, as was explained in Sec.20, one knows that the
well behaved solutions to

Alk+1) = (k) + (BA)(k + 1)

behave like (22.4), one sees another interpretation of Lan-
dau’s result: it leads to triviality if one neglects every-
thing except the most divergent contributions to the adi-
mensional form factors.

At the same time it also allows one to compute rigor-
ously the most divergent contributions to the coefficients
of the expansion of the bare couplings in terms of the
renormalized ones. For example Ay has, to order n in
the renormalized coupling, a most divergent contribution
exactly equal to

(22.7)

A(BN)™t (22.8)
while oy has the contribution
—B'B7IAN(BN) (22.9)

with the notations of Sec.20, see (20.4).

A more detailed analysis allows one easily to select the
Feynman graphs which, in the evaluation of the most di-
vergent trees contributions really give the leading behav-
ior in IV: in the language of classical perturbation theory
they are the so called “parquet graphs” and one could
find (22.8) and (22.9). This involves quite hard work
(see the appendix by Rivasseau in the paper (Gallavotti
and Rivasseau, 1983)). This point will not be discussed
further here because it involves too many new definitions
necessary to establish contact between the formalism de-
veloped here and the classical language of the Feynman
graphs.

I collect now a few concluding comments to stress some

of the ideas and problems already foreshadowed in all the
sections of this work.
(a) The assumption that the form factors A(h; N) ver-
ify essentially the same equation as the A(k;00) seems
hard to accept (at least if one wishes to claim from this
that A(k; N) and A(k;00) have the “same” properties)
if one accepts that perturbation theory gives correctly
the asymptotic expansion for the beta function when the
renormalized couplings A, a, p, v are suitably chosen (say
as functions of \).

In fact in order that this could be true some impor-
tant cancellation effects must be present (to compensate
the factorially growing coefficients) and the recursion re-
lation for A(k; N) being “slightly different” from those of
A(k; 00) may just miss the cancellations.
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(b) It is clear that, once an ultraviolet cut off is speci-
fied together with the bare Lagrangian, the coefficients
A(h; N) are well defined and can be expressed in terms
of the bare coupling constants A(N; N) both as formal
power series or as true functions (of the bare couplings)
or as formal power series in the renormalized form factors
A(0; N) or in the renormalized coupling constants.

On the other hand the functions A(h;c0) are pertur-
batively well defined as formal power series in the renor-
malized constants and, thought as formal power series,
are completely independent of the regularization used.

The approach in which one prescribes the bare con-
stants A(N; N) and tries to study the renormalized con-
stants A(0; N) looks conceptually clearer; however it suf-
fers from the drawback of necessarily replying on special
assumptions on the cut off and on the regularization and
on the bare Lagrangian.

For instance the well-known “lattice approximation”
in which Oy is the nearest neighbor difference and the
Lagrangian is is taken to be

774NZ(—/\N : gaé D —UN gag i —vn)dE (22.10)
3
with the free field distribution defined by
—4N
conste™ " 2L (000" +ed) Hd<%7§ (22.11)

3

has the drawback of making “indistinguishable” the
“main” (9p)? term from the similar “counterterm”:
whether this point is relevant or not is not known but
it is certainly one of the main properties necessary in the
existing triviality proofs of the lattice regularization of
¢ (in the sense of (22.10) and (22.11)).

A sign that something might be wrong with the lattice
regularization, with respect to the old problem of finding
a meaning for the perturbation theory formal series, is
that the most divergent contributions to the expansion
of the bare couplings A\y,an in a series of the renor-
malized couplings A\, a, p,v are (when u = o = v =0
for simplicity) all positive for Ay and all negative for
ay, (Gallavotti and Rivasseau, 1983, 1985), hinting at
the possibility that in the bare theory the countert-
erms in (9p)? might be antiferromagnetic and therefore
a detailed description of their form might be essential
(e.g. whether ay(dp)? contains the square of the near-
est neighbor difference or a many neighbor version of it).

This also hints at the possibility that the convergence
of the fields ¢¢ on the lattice to the continuum fields
might be more complicated than the naive pointwise
convergence of the Schwinger functions, even at distinct
points.

(c) Expression (22.4) hints at the possibility that A(k; V)
could be defined for some values of X\ which accumulate
to 0 together with other values of A\ for which A(k; N)
cannot be defined. Such regular and singular values of A
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may depend on «: i.e. the parameter ~y itself may play a
nontrivial role in defining the theory. The existence of an-
other relevant parameter is somewhat necessary if one be-
lieves that the antiferromagnetic effects discussed above
may have some importance: such a parameter should de-
scribe on which scale such effects are smoothed out (an
event that should happen since the final Schwinger func-
tions, as defined order by order by perturbation theory,
are smooth except at coinciding points).

(d) Of course one cannot even exclude the possibility
that A could be negative (which might eliminate the sin-
gularities in A for X small, as shown in the approximate
formulae (22.4)).

In fact from the observation that A(IN; N) # A(N; 00)
there seems to be little (or no) relation between the signs
of A(N; N) = (bare coupling) and those of the effective
form factors A(0; 00) (which for small renormalized cou-
pling should have the same sign as the renormalized cou-
pling itself, called above \): at least unless special as-
sumptions on the bare Lagrangian are made, see (Cole-
man and Weinberg, 1973) who prove that A(0; N) < 0
implies A(N; N) < 0 in a class of nonperturbative lattice
regularized ¢* models with a ferromagnetic kinetic term;
see also (Aizenman, 1982; Frolich, 1982) for a rigorous
version of the same result.

(e) If d = 2 or 3 one could still perform the (mostly
unnecessary if d = 3 and totally unnecessary if d = 2)
subtractions that one would perform in the case d = 4, as
described in Secs.17 and 18. Contrary to what is some-
times stated, the problem is far from being easy in spite
of the strength of the asymptotic freedom.

The bare couplings are still given by a priori noncon-
vergent series and the same happens for the form factors.
The only gain is that the dimensionless form factors are
bounded or grow with a power of the frequency index at
any fixed order of perturbation theory and the power is a
number independent on n However the dependence of the
perturbation series coefficients is, at order n, bounded by
nl.

Understanding whether, in spite of this, one can make
sense, beyond perturbation theory, of : ¢* : fields in di-
mension d = 2,3 with the subtractions of : p?* :4 would
help in understanding the role of asymptotic freedom in
constructive field theory. By “subtractions of : ¢* :4” one
means here essentially the usual zero-momentum sub-
tractions “to first order for the four-external-lines dia-
grams and to second order for the two-external-lines di-
agrams”. This problem, surprisingly, does not seem to
have been considered in the literature.

I apologize for this section, which has a somewhat dif-
ferent character from the rest of the work, mostly dealing
with open or ill-defined problems. The main reason for
including it is to stress a fact that I think is a rather
important one, namely that the problem of the construc-
tion of a nontrivial : ¢* :4 field theory, or a proof of its
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triviality is still wide one and hard.
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Appendix Al. Free fields covariance:
hints

Let Hguantum = —%AA + V where A is the Laplace

operator on the space LQ(R(L/a)d) difH, A= #E—2D, see
(1.14). The operator Hyyantum = H has a simple lowest
eigenvalue, because V' — oo at infinity, see (1.14): there-
fore if ¢, denotes also the multiplication operator on H

by ¢, it is

Cen = (eo, zTrpgeo) = (eo, TrpzTiogTr—ie0) =

= lim Tr(TrozTipyT-—¢) = lim (A1.1)

“Tr(p—r,00) (00)z Tt (po0, 1) (p1)y -
Ty —t(pr, p—r) dp—rdpodepy

where w = (@I)IEAOZDa and g = (fv O)a n= (ya t) USiIlg
Trotter’s formula, see comments before (2.7), one finds
(if b > 0 and 27/b = N is an integer)

Cop = lim Jime™F* [ (e 4) (1. 0)
bA z
2 2e"V) 7 (o, 1) (A1.2)

bA (t—7) .
2 AebV) b (‘Ptu (P—T)d(P—TdQOOd(pt = 171_%1

- (wo)z(e
“(pr)g(e

fHN:O e%A(Qotw‘ptHl)ebv(%j)So(E,O)‘P@,t) depy,
J

N ba -
J I[T=o (e b"'AA(SOtj ; cptjﬂ)ebv(‘P i) dCPtj)

where t; = —7 + bj and one assumes that 7/b is also an
integer and the fields in the kernels have been denoted,
for reasons which will be soon clear, with a “time index”
t; rather than by j itself. Also one writes (@g)z = @(a.9)
and ¢ = (Yz)wezdqua- The denominator within the last
limit is essentially e 227" being, after the limit b — 0,
equal to the trace of e~ 7 Hauantum Using the explicit
form of the heat equation kernel
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N
_A

2 Sotj ) Sot]+1) =

§=0 (A1.3)

_EEZ] OZIGA Pt wtf]+1)

V(‘Ptj)

and including the factor Hj-v:o e’ one gets

1 baD N D 2

- Exe/\ Zj ozz' 1(“0’”*‘“” tj 7¢z+aci’tj+1) .
1 ba ba™ p (""0C )

e ZIEA Z] 0 4,0:: tj

(Al.4)

If € denotes a point on the d = D 4+ 1 dimensional lattice
with spacing a in the first D directions and b in the last
one, and if e;, 7 = 1,...,D,0 are unit vectors in the
lattice directions, one finds that the integral in (Al.2)
has the form

lim const /ef%(Q“"’“’hpg(anﬂpw (A1.5)

T,b

where the constant is a normalization constant and Q=
(Qﬁn)g,neX’ where A is (AN Z%) x ((—7,7) N Zb) with
“periodic boundary conditions” and £ = (z,0), n = (y, t)
is given by

Q. 0) ™ ub DZ( wgmb—ws) n

b (A1.6)
(Peteja — 905) (moc?®)?
+¢ Z Ja2 )+ 52 ‘Pg)
j=1
But the integral (A1.5) is simply Q and Q! can be

easily found by explicit dlagonahzatlon because of the
periodic boundary conditions the eigenvectors of @) are
complex exponentials. In the limit A — oco,7 — oo the
eigenvalues fill the Brillouin zone and Q2 becomes, if

p= (p7p0) € RD+17

h a 5
Qil = / dp/ dpo- (AL7)
T (2m)ip -z -z
etp(§—m)
(m%§2)2 + 2(1—(:1())25 bpo + 2 2_7[‘):1 17CZ§ ap; )

and (2.8) follows from (A1.7) by letting b — 0.
Appendix A2. Hint for (2.1)

For the proof of (2.10) one proceeds as in Appendix A.
Everything is the same up to (A1.4) where, in the present
case, an extra term appears:

T

_ [ n
e 2h

¢ I(pe) (A21)
Setting T" = 7 one sees that the proof of (2.10) is the
proof of admissibility of the interchange of two limits.
This problem should be studied by the reader as a test
of understanding of the theory of Brownian motion. On
a heuristic level the reader can accept (2.10) and proceed
to see what is done with it. The identity of the P in
(2.10) and (2.11) is a byproduct of the above discussion.

Appendix A3. Wick monomials and
their integrals

Let z1,...,7, be Gaussian random variables with co-
variance matrix

Cij = 5(1‘1,@]) (A?)l)
One defines, for any of the above variables x,
def 2\4 2 X
caP = (28(2%)) Hy(——— A3.2
) () (432)

where H,, is the p-th Hermite polynomial defined by the
generating function

= aP
Z — = e’ tat (A3.3)
= p
More generally one defines inductively
:C;“ngz...xzp =x catwytapt o —
(A3.4)

nj—1 Np .
—E Cijmnj rafoxy L apr

interpreting the last term as 0 if n; = 0 and setting

txy ...z =1, :x(l)...;vk...xgzzxk.

(A3.5)

Expressions (A3.4) and (A3.5) are a natural extension of
the recursion relations for Hermite polynomials expressed

by (if C = £(22)

=g "

x c—mC a7 (A3.6)

Note that if 1 = zg = z it is 2'25? :=: 2™ "2 ;. The
expression (A3.4) implies by induction

: (Zwﬂ?i)q = Z 7q! .

| !
ot @ ! (43.7)

il ap . 0 ap .
Wi eewpP rxy Ll
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which id the “Leibnitz rule” for Wick monomials.

The basic property of the Wick-ordered monomials is
the “Wick rule” for the expectations of products of Wick
monomials. Let D1,..., Dy be s subsets of (1,2,...,n)
and let

(43.8)

=: || To oy

acD;

then the integral £ (H 1t xq, :) is computed as follows.

Draw, say on a plane s clusters of | D1, ..., |Ds| points
each and arbitrarily label the points in the cluster D;.

Draw one line out of each of the vertices v € D; and
think of it as representing the variable xz,.

Let Z be the set of the graphs obtained by joining
pairwise alla such lines in all possible ways so that no
lines constituting a pair emerging from the same cluster
are ever joined together. Denote (a, ) the elements of
m € T obtained by “joining” (or “contracting”) a line
emerging from the vertex o with a line emerging from
the vertex (. Then denoting («, 3) the lines in 7 joining
a and 3, we have

> I Cas

m€L (o,B)ET

(43.9)

E(H 1Tp, 1) =

Equation (A3.9) id the “Wick rule” and it is easily proved
by induction from (A3.4) and its special case when D;
contains one point for each j.

The latter case is treated directly from the relation

J:Zq) =

w .-.w
= 71 4 5(:177111"'
Z nyl-ng!

1

_ E(GZIWIxI) — 2 E” wiw; Cij

where the last integration is the general integration for-
mula for the exponential of a Gaussian variablez: namely
E(e”) = 36

The formula that one is seeking follows from (A3.10)
by developing the last exponential in powers and by iden-
tifying the coefficients of equal powers in the second and
fourth terms of (A3.10) and then interpreting the result
graphically.

But the most remarkable property of the Wick mono-
mials is related to the possibility of simple formulae for
the truncated expectations. In fact

EM(ap, 4.y ap, 81,4 8p) (A3.11)
can be computed via the following rule: draw s; clus-

ters of |Di| points each, so clusters of |Ds| points each,
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etcand label the points in in them by the elements of
D1, Dy, ..., D, respectively plus another index identify-
ing which cluster is being considered among the s; clus-
ters of |D;| points.

Then consider all the possible graphs m obtained by
joining pairs of such points, avoiding drawing lines join-
ing points belonging to the same cluster and with the
property that each graph m would be connected if all the
points inside each cluster were considered identical or,
the same thing, connected (i.e. 7 should be connected
“modulo the clusters”).

Then, if A is a line in 7 joining the pair of points
(o, B) = A, it is

ET(ap, 5. ..,

sp) = Z H Cap

T AET

(A3.12)
In particular it is remarkable that ET(-) >0if Cop >0
(which, however, is a property not necessarily rue because

C' is constrained only to be a positive definite matrix).
The (A3.12) can be generalized to the case where z; =
y; + z; with y; and z;, ¢ = 1,...,p, being two sets of
independent Gaussian random variables with covariances

CP; and C};, and one considers

SXD, 81,

EL(ap, &y Tp, 81, 8p) (A3.13)

where & means expectation (i.e. integration) with re-
spect to the z variables at fixed y.

Let Z denote now the set of the graphs obtained by
joining pairs of points of different clusters as before but
now allowing that some points stay disconnected from
the others provided the set of lines joining the points
still makes the set of clusters connected (if each of them
is regarded as connected), let : z, : denote |[[} zq :
where the product is over the points which in 7 € Z are
left unconnected with other points. Then

& (ap, ..., LTD, 581, Sp) =
_ Z U Z H ) H 026) (A3.14)
€L T€r Xer Agrm/T

where the second sum runs over the subgraphs of = which
are still elements of Z (i.e. which still form a graph con-
nected modulo the identification of the points in each
cluster).

One first checks that (A3.14) is an immediate conse-
quence of (A3.12) by writing x; = y; + 2; and developing
the sums using the Leibnitz rule: actually it is convenient
to note from the beginning that (A3.14) is true in general
if it is true for s; = s; = ... = 5, = 1. This is seen by
using the identity valid for the truncated expectations:

ET(wy, .. w1, Ty 1,1, 1) =
. (@ ' pee = (as15)

(. zp, e s 1XD, 81, .., 8p)
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if z; is repeated s; times in the Lh.s. of (A3.15). Then one
checks that (A3.14) follows from (A3.12) by developlng
the summations mentioned above in the case s;1 = ... =
sp = 1.

Finally one checks (A3.12) as a consequence of another

remarkable formula (in the case s1 = ... = s, = 1, which
is not restrictive as noted above):
ET(ewrm . . eWr®r i 1,1,...,1) =
Z Z (eewsCas _ 1) (A3.16)

TETL* AET
A=(a.,0)
where 7% is the set of graphs with lines joining p points
and forming a connected set in which there are never two
lines joining the same pair of vertices. Below the notation
A = («, B) is used to identify a line with its end points;
and one also defines

(A3.17)

where the latter equality follows from (A3.2) and (A3.3).
More generally, if x; = y; + z; and y, z are independent
with covariances C°, C!, respectively,

ElG e ™. e i 1,1,...,1) =
P

(H . gWili :) Z H(ewawBC;B _ 1) (A318)
Jj=1 TEL* NeT

as a consequence of (A3.16) and, see (A3.17), of

e = e e

(A3.19)

Equation (A3.12) follows from (A3.16) by expanding
both sides in powers of w and identifying equal powers
of w. Therefor the only formula that one must prove is
(A3.16). One possible proof of (A3.16) can be given as
follows. Consider

Z= / 2= ¢ Pl

where P(dx) is the Gaussian distribution of x and A; > 0
w; € R and i = v/—1. Then expanding in powers of A
one finds:

(A3.20)

o] (Z?:l /\j . eiwjzj :)n o] 1
zznz_o/ . P =3

n!
E 7)\?1...)\;")-
nl!-.-n '

ni+t...+np=n p*

E((: erm ym

(: eiwpacp :)np) _
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(A3.21)

Therefore one has to study

oP
X1 .. 0N,

=ET(etnm . e 100 1)

log Z =
(A3.22)

and one realizes that, for this purpose, one can replace
Z by Z' defined as by Z’ defined as

nj:O,l J

= Z (H )\g) e_Z(E’W)GX Cﬁn“’swn,

Xc{1,...,p} €eX

(A3.23)

where the last sum is over the pairs (§,7) in X =
(x1,...,2p); this fact follows from the last expression of
(A3.21) (because nf —n; = 0 if n; = 0,1).

One realizes that Z’ defined by (A3.23) is the grand
canonical partition function for a system of particles with
variable activity A¢ sitting on a finite set (1,2,...,p) and
interacting with a pair potential Ce¢nwews,.

The theory of the Mayer expansion teaches that the
logarithm of Z’ can be expanded in a series of the ac-
tivities and the coefficients of this series are well known
and can be obtained via a graphical algorithm: the coef-
ficient of A1 - - - A, (which in any event is easy to compute
independently of the theory of the Mayer expansion) is
precisely

(A3.24)

Z H(efwawgcag _ 1)

TEL* NeT

which proves (A3.16) replacing w,, by iw, (the imaginary
unit has been introduces in (A3.20) to avoid convergence
problems in the definition of Z as an integral).

Appendix A4. Proof of (16.14)
One has to show that

ATy

< BT L s

v>r

d&, <
(A4.1)

which is clearly equivalent to (16.14). Here one imagines
to have fixed a tree (with no decorations or frames but



E. Proof of (19.8)

just frequency indices n and position labels &1,...,&, at
the end points). The vertices v of he tree organize the
end points into a hierarchy of clusters &, .

The lines A are drawn so that the ones which join pairs
&,m € &, which are not both located inside any smaller
clusters (i.e. imagining that the points inside the smaller
clusters are connected): for such lines A it is hy = h, =
frequency index of the vertex.

Define I(y9) = |A] if n = 1, ]ie if the tree is trivial.
Assume that the tree g has root frequency k and has a
first nontrivial vertex vy where it bifurcates into s sub-
trees yi,...,7%s, S > 1.

Clearly in proving (A4.1) it is not restrictive to suppose
that the lines connecting the clusters &,,, ..., &,, associ-
ated with the vertices immediately following vy in ¢ do
the connection in a simply connected way; otherwise one
just deletes the extra factors in (A4.1).

Once this is supposed it is clear that one can perform
the integrals in (A4.1) by keeping first all the points in
&uy- .., &y, fixed and the positions of the points in the
first cluster fixed relative to the point ¢ which is linked
by a lineA to the other clusters; here one is supposing
that &,, is one of the (at least two) clusters connected to
only one other cluster (which is no loss of generality).

The result of the integration, followed by the integra-
tion over the remaining coordinates, yields the inequality

I(70) :(/e’%”h'p'dp)l(v’)lx D

|
Iy)I(Y) _an
A

(44.2)
< B

where 7/ is the tree obtained from vy by deleting the
branch v; and B;y~ %" is a A-independent bound on the
integral in (A4.2); in deducing (A4.2) the translation in-
variance of the problem has been used; furthermore the
above inequality holds even if one of the trees in the r.h.s.
is trivial provided one defines, as above, I = |A| for the
trivial tree. Hence by iteration

(A4.3)
Obviously (A4.3) implies (A4.1) for 7o if (A4.1) is sup-
posed valid for 71, ...,s; hence the theorem follows by
induction being true, by definition, for n = 1: note that

here the relation used several times ) Sy — 1) =
n, — 1, is useful, see (12.17).

Appendix A5. Proof of (19.8)

v’>v(

Given a tree shape o without any frames and with
m > 2 final lines each carrying an index nj, so that
Zj n; =mn, n; >, consider the sum
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3 (7o) (I -0 20)

v>r j=1 p=0
(A5.1)
where m is the degree of o and h is a frequency assign-
ment to the vertices of o with root frequency k. Consider

first the case in which o is as in Fig.(56):
n

n
In this case one has to study, changing for convenience
of notation n; to n; + 1,

h>k p:O p
=ZﬂfH<nj! LRI
=1 =1 p=0 p:
S ([Tmy 3w
; ; Ji
t=1 j=1 Jiyeedm
Jitetim it tim—rLr (A52)
= 1+ o+ dm—r)
( ﬁ nj[) 2 " pirt +]m ZJZ)
j=1 J15eesdm HJZ

oo j1+~~~+jm

and for all # > 0 the r.h.s. of (A5.2) is bounded by

775)5 tj1+...+jm77"kr
T‘!(jl ++]m _T‘)!

=0

b)jl-‘rm-i-jm (Z]z)' )
0

HnJ' Z [17:!

Jj=1 J1seeesdm

.ifﬁteet 1+f]m (9T)T o

t=1 r=0

(A5.3)

so that if yPe? < 1 and b < 6,
ni+t...4+nm r
Eq.(A5.3) < y7Pef (2. m0)* (0k)"

1 —~—Pe? 7!
H n;!
>l Z

AR oy

_569 nit...+nm (Qk)r

(A5.4)

br 1

<(Z )'Y (5) 1_b9_1§

— 1—~yPef ~ il

7Pl () MR (bk)

T 1—yPe? 1 — b1 s 7!
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where we have used the inequality (to be proved by in-
duction)

nil-np!

—_— — <1 A5.5
1+ ...+ nm)! j‘;:[) Jileegm! T ( )
j11+, "Lrjqu
Vni, q. Finally let
e —Pef 1
6d:f v (A5.6)

1—~vPef 1 -1
and (9.8) follows with b = g suitably chosen (e.g. b =
glog v) and with D¢ replacing Dg*, which is correct in
the special case just considered.

Consider next a general tree, n

1
no

hQ ns

Ty

ns

h h Ne

ny

ng
Using recursively the bound found in the case of Fig.(56),
one reduces the problem of estimating (19.8) to the prob-
lem of a similar estimate for a simpler tree. In fact sum-
ming over h,, where v is one f the highest vertices of the
tree, and if m, > 2 is the number of branches emerging
out of v, we find the estimate (19.8) to be reduced to that
relative to the tree o’ without the vertex v and with the
line v'v joining v to the preceding vertex v’ being a final
line bearing an index ), n;, where the sum is over the
end points indices (of o) of the end points linked to v by
a final branch of o. For instance in the case of Fig.(57)

one gets, if v is taken to be the vertex with frequency hs,
the tree in Fig.(58):

ny +no +ns+nyg

ns

e
nr

n
Every time the procedure is repeateg one gets a factor
Dg and an expression similar to the one to be bounded
but for a simpler tree. Since in m — 1 steps at most one
reaches the trivial tree (19.8) is proved.
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Appendix A6. Estimate of the number
of Feynman graphs
compatible with a tree

This appendix is due to Giovanni Felder, Ziirich, who
proves the following

Lemma: Let G be an unlabeled Feynman graph with n
vertices and let |g be a tree with n end points. Then the
number N(G,~,{n},ey) of labelings of G compatible
with |¢g and such that for all vertices v the subgraph of
G corresponding toMwv has nf external lines, is bounded

above by C"n(c)e” 2. " foralle > 0 and some constant
C., if o is the shape of the tree ~.

Proof: Consider G, v, {n¢},c, fixed. Let v, be the sub-
tree of 4 with root v, and N,(j) the number of ways of
choosing and labeling a subgraph of G compatible with
v, and having an external line connected to the vertex
j of G. Furthermore, let vy,...,vs, be the vertices fol-
lowing v in 7. Since the subgraphs G.,,...,Gy, cor-
responding to vy, ..., vs, have to be connected together,
there exists at least one tree diagram T, with vertices
v1,...,Vs, Whose lines correspond to propagators con-
necting Gy, ..., Gy, . Let dy; be the number of lines of
T, emerging from v;. We have the estimate

Ny(j) < ( g{lggNm(j'))' (A6.1)
l _ Sy (8 — 2)!
> e gy

dopedog, 21 i=1

Zi(dui Cl)=sy—2

where the last ration is the Cayley formula for the num-
ber of roted trees T, with fixed coordination numbers
(see J.W. Moon, Enumerating labelled graphs, in Graph
theory and theoretical Physics, edited by F.Harari, Aca-
demic Press, 1967) and []}*, (n¢ )%:~! is a bound on the
number of ways of choosing external lines of G,, corre-
sponding to the lines of T),. The sum over d,, can be
performed explicitly:

N,(j) < (H?géNvi(j’)) Sy (Z nfji)su—z7 (A6.2)
i=1 i

and using 2% < kle Fesk 3" (s, — 1) =n — 1, we get

N7, G, {n%}er) < O ([] so)es e ™ (22.3)
IS
But L”GG o 11 sl (where t; , are the multi-
n(@) vy TT 4! HY

plicities of the different tree shapes that start from v)
is just the number of ways of drawing the shape o by
choosing at each vertex how t order the trees starting
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from it: this number is bounded by the number of ways
of drawing all the trees with n end points, which, by the
same argument used to count the trees, is bounded by
C" for soome constant C.

Appendix A7. Applications to the
hierarchical model

A very simple and particularly interesting example of
field theory is the | f* hhierarchical model.

Tis model is defined by an interaction like (5.6), i.e.
“pure ©?”. but with a different interpretation of the free
field (=N) and with d being an integer < 4.

In this appendix I discuss the minor changes necessary
to treat this new case; in fact it will be a useful exercise
for the reader to check the statements made below, while
reading various oparts of this paper.

To define the free fields (M) with cutoffs at scales
~~N one introduces a sequence Qq, Q1, ... of compatible
pavements of the unit cube A: the pavement @); is built
with cubes of side size y~7, where v > 1 is the “scale
parameter” (an integer).

Each point £ is in one cube A € @, for j =0,1,....
with the obvious (and trivial) exception of the points in
the boundaries of the cubes. Then one defines

A5 za (AT.1)

@észc) _ zk:,y%j Zn, = Z
j=1

EY;
|A|>y—hd

where A; is the cube in Q; containing £ and the (A are
Gaussian independent variables with covariance % except
forone among them, za, corresponding to A=A € Qy,

which will be assumed to have covariance m

The fields p(=N) behave roughly as the Euclidean free
field with cutoff at vy~ .

Hierarchical models in field theory were introduced in
the papers of Wilson, (Wilson, 1971, 1972)? and (Wilson
and Kogut, 1973), as approximations to the Euclidean
theory and the equations to which they lead are, there-
fore, called “approximate recursion formulae”. In statis-
tical mechanics they were introduced by (Dyson, 1969,
1971) and studied also by (Bleher and Sinai, 1973, 1975)
and by (Collet and Eckmann, 1978).

The mode (A7.1) is not the one studied in the above--
mentioned papers; its relevance and importance for field
theory were pointed out in (Gallavotti, 1978, 1979a,b),

3 See in particular footnote 8. This paper introduces a hierarchi-
cal model and deals mainly with pg; other similar hierarchical
models had been introduced earlier in (Dyson, 1969, 1971) and
later in (Baker, 1973) in statistical mechnaics and in (Gallavotti,
1978) in field theory. A general theory of the recursion relations
associated with certain hierarchical models can be found in (Col-
let and Eckmann, 1978), where the work initiated by (Bleher and
Sinai, 1973, 1975) is extended
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and it was applies to constructive field theory for Eu-
clidean fields in (Benfatto et al., 1978, 1980a). It is men-
tioned earlier in (Wilson and Kogut, 1973), p.120, line
11, see (A7.3) below for comparison, without comments
except perhaps the implication that it may be not too
relevant. Many of the results that follow would apply as
well to the hierarchical models considered in the above-
mentioned papers after some obvious changes; for papers
on such “classical” hierarchical models see (Gawedski and
Kupiainen, 1980) and the references therein.

The theory of the ¢* fields with interaction given by

(5.6) for d = 4 can be pursued exactly as in Secs. 16-
19 with a few remarkable simplifications: the results, and
the simplifications just mentioned , are listed below. The
reader who has followed Secs.5-9 and 16-20 will find them
very easy to prove; their proof is however very instructive,
as it shows the true nature of the problems of perturba-
tive field theory deprived of most technical complications
which accompany them.
(1) Classifying the divergences leads to the same results
of Sec.16, provided one sets everywhere mo/ ,, =0, nq, =
0, thus disregarding the d¢ fields (which are not defined
in this model and which are absent from the interaction).
(2) The renormalization is also done along the same lines.
It is, however, much easier in practice because the effec-
tive interaction (very peculiarly for this model) remains
“purely local” on each scale: i.e. the effective potential
on scale k£ has the form

V=R = Zw(k,n)/ c (SR 2 gy def

) f“zl A (A7.2)
= Z D (Xa)

A€EQy
def Q=P

where XA = if + € A, and in the second

2(EpLSM )3

step use has been made of the fact that gpiﬁk) is condtant
over boxes A of side size y~* The function Q. (z) and the
coefficients w(k,n) are defined implicitly by (A7.2). The
normalized field is introduced for convenience.

(3) In fact one can see, indpendently of perturbation the-
ory, that the functions |Oj are related by a recursion
formula; namely it is Qx = TQgy1, £ > 0, where T is,
(Gallavotti, 1979b), for d > 2

dz

(TQ)(z) =~ log/eﬂ(o‘z+ﬁm)e_z2ﬁ (A7.3)

d—2

with a = (1—62)%,6 =~""2 . The case d = 2 is slightly
different (and easier) because d — 2 = 0 and the (A7.3)
needs to be reinterpreted appropriately, (Gallavotti, 1978,
1979a): for this reason we do not discuss it.

Therefore Q = TV FQy if k > 0, and a simple cal-

culation shows that the interaction — [, (Ay : cpchN)4 :

+ungtsN2 4 vy)dz can be written as (A7.2) with
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On(x) = — Ay INC H (2)+

A74
+ uny PNCPHy(x) + vny ™), Ary
where C' = (1 — 7*%2. The reason why k = 0 is special
is that za, for A € Q), has a slightly different covariance
If za, A € Qg had been taken with ovarlance , too, then
(ar, B) in (A7.3) would, however, have turned out shghtly
k dependent.
(4) Because of remark (2) the £ and R operations of
Sec.18 need only to be defined for 1,: ¢? :,: ¢} : and are
simply

L1=1, L:pt:=10: L:¢] = ¢]:

L:pt:=0ifn>4

9 . (A7.5)
R1=0, R:¢p":=0, R :¢p~:=0
R:pl =1l ifn>4

No D,, fields arise: because of the locality remark (2)
above z would be equal to y so that D;, = 0. Since the
D, fields vanish there is no need to increase the order of
subtraction, because D, “has clearly a zero of infinite
order”.

Therefore the above theory is renormalizable, in spite
of the absence of (9¢)? terms in the interaction. This is
a proof of a theorem by Wilson, see (Wilson, 1972) line
26 from bottom at p. 424, who proved this result (just
by stating it)in ¢§ theory (and hence in ¢} theory also,
the argument being the same in the two cases). It seems
that this deep result went almost unnoticed, probably
because he failed to stress its interest, very high in my
opinion. The difference between the models used here is
irrelevant and the above proof can be repeated verbatim
for the “classical” hierarchical models.

(5) Finally consider the resummations. The equation for
the form factors, see Fig.(32), and formulae (9.9) and
(20.8) can be written in terms of the “beta functional”

=2 2

o h,h,, >k+1

II Ao,

end point of o

(BX)(@)( B (k+1;h, a')-

(A7.6)

where we have explicitly exhibited the decomposition of
the ]b-coefficients of (20.8) in terms of the contributions
from the various trees. Then as the reader can easily
check, the bounds on § are, if vg = first vertex of o,

18 (k + 15 b, @)| < Conly ™ 20 ?

H ,Yﬁ(hrhu,q) (A7.7)
v>v0
with the usual notations and with Cy > 0, p = —d +

(6 — a)d 2 £ > 0. The 6 in p is explained by the fact
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that the vertices of o carrying a superscript R generate
(because of (A7.5)) only Feynman graphs with at least
six external lines (in fact the R operation just deletes the
contributions from nontrivial Feynman graphs with two
or four external lines emerging out of clusters generated
by the vertices of the tree o).

Expression (A7.7) suggests that the hierarchical model
may have a “y~! expansion” for the beta function B in
(A7.6). One sees that the r.h.s. of (A7.7) is of order
O(1) as v — oo only for the trees which have only one
nontrivial vertex vy, which we can call “simple” trees.
For the other trees the bound (A7.7) contains terms of

order 0(7_;).

Therefore it might be of some interest to analyze the
equation for the dimensionless form factors (A7.6) in the
approximation in which only “simple” trees are consid-
ered in the r.h.s. of (A7.6). This approximation is not
equivalent to taking an order by order dominant term in
the vy~! expansion of the 3, for the o of given order n,
because even for simple trees ¢ the 3, depend on v and
have subleading corrections in v~ .

Hence the approximation has the same character of the
“leading log” or “most divergent graphs” resummations
discussed in Secs.9 and 20. However it in some sense to
be clarified (one hopes) a deeper resummation as, unlike
the case of the “most divergent graphs” or the “planar
graphs” resummations, its beta function has an asymp-
totic expansion which has zero-radius of convergence: the
contribution from the tree with n end points being pro-
portional to n!, see (A7.7) and (A7.8) below.

But the really interesting aspect of the above resum-
mations is that the beta function can be computed “ex-
actly”. In fact from the graphical interpretation of (5.13)
and (5.14) in terms of “simple” trees one can easily recog-
nize that the contribution of the simple trees to the r.h.s.
of (A7.6) is just the power series expansion Bg(A(k+1))

in formal powers of A(k + 1) and Bff‘) (AD A@) is

BI(A® A®)) = / Hy(x Nl
VT (A7.8)
. (/eigﬁez(g/ A He/(OCZJrﬁI))
s
a—2,_ 1 2y 1
where § =24, C=(1—-~v7=z ) 2,a=(1-v%)2, 8=

vz

Thus if we setA = —A\® (k+1) C*, p = —A® (k+1) C?,
N = 2 XO(E)CH, 1 = -2 (k) C?, it follows that the
dimensionless form factors of scale k are expressed in
terms of this on scale k + 1 simply by
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24 g2 dx _,2 dz
N =—q1 i Hy(x)e ﬁ(log/e —

e—)\H4(az+Bw)—uH2(o¢z+ﬁm))

22 L2 dx 2 dz
d —z7 7
/H2 (1og/ Vi3

ef)\H4(az+ﬁz)f,uH2(az+ﬁm))

This formula (which I derived, with some algebraic errors
later corrected by Nicold, from the remark that (5.13)
and (5.14) imply that B, can be summed explicitly) gives
a recursion relation somewhat interesting in itself. But
more interesting would be to see in what sense (if at
all) the above resummation provides a good resumma-
tion rule up to O(y~!). Such problems have not been
investigated yet.
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