Thermostats equivalence in the thermodynamic limit
for particles systems

by Errico Presutti, GG

Thermostat models (Feynman-Vernon 1963): finite systenoiiact with
infinite. Examples
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Equations of motion
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Initial state: infinite Gibbs at given densigyand temperaturg(if1




No phase transitions> kinetic-potential energy density, density and many
observables are constant wjik probability 1 at time = 0: examples
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Thermostats should admit evolution: defined by a limit



Regularize in a bal\, (side 2r,) = Time evolution exists — §"%x

it should be also lim,_., §" % = §9% 2?2

Temperature, density, energy denshould be fixedvt,j > 0
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Entropy: thermostats entropy increases by

oo(X) = Z kBT,(x) Q def _ X; - 0x,Uoj(Xo, Xj))

j>0



Existence: Theorem by Caglioti, Marchioro, Pulvirenti (2000)
Remarkableonclusion of a series of works by

Lanford (1968) 1 dimension (a.e. for general states)

Sinai (1971) 1 dimension (a.e. for general states, provingter dynamics)

Marchioro, Pellegrinotti, Presutti (1974) (a.e. only fabBs states arbitrary
dim.)

Dobrushin Fritz (1975) (a.e. for dim2 general states)



W(x ¢, R) ' total energy+ number of particles in baiB(¢, R)

E(X) = sup  sup WX £.R)
¢ Re(log, () Re
Theorem: 3C(E), (€)™Y, 1 &, and if (0) € Ak (i = /222)
@) 5"Ot)] < vi C(E) kY2,
2) distanceg™O(t), (Ui N A)) > c(€) k2T,
) Ni(t,n) < C(&) k¥4
(4) X"ty - xXO(t)| < C(E)r, e ®?"”

¥ n > k. The ¥(t) is unique frictionless motion satisfying 1,2,3



Q1: is the temperature fixed for> 0 ? are intensive quantities constants of
motion?

Q2: Alternative modelsAn—regularized Gaussian thermostats)
MXqi = — diUo(Xo) — Z dilUoj(Xo, Xj) + 0iP(X)) + @i(Xo)

>0
mXji = — 3iUj(X;) — 8iUoj(Xo, X;) + 8iP(X;) — jnXj

With a5 so fixed that; », + Kj o, = Eja, is exact constant
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Equivalence? (in therm. lim\,, — o)

Idea: Q L Xj - 0jUqj(Xo, Xj) is O(1) (Williams,Searles,Evari$)04

henceg; = 0asn — co.

= —Qj
d Nj kBTJ‘Yn(X)

ButisTjn(X) >c>0 ??

Theorem (Presutti, G) with uo—probability 1

(@) :j\JAr:g(;()‘ > 1d6j KeT; (hencer —= 0).
(b) liMpse S™x = limye SO forallt > 0.
(€) B = 5 (x) pue(dX) and

0 JZo kB%(x) +fo(Ko+ Uo + Wo) E ro(x) + (9

Entropy production= volume contractionr- a time derivative



= (average ofr) = (average otrg)
provided g;(X) is a constant of motion as— co andg;(Sx) = g

In other words: very generally phase space contraction eaddntified with
the physically defined entropy production.

Theorem: LetTI" be a pair potential ang + I" be superstable foe| small
and Ry + &) (twice) djferentiable at = 0 (i.e. “no phase trans."))

oS < Jim —— > T - d(0) = g

| qqrex
with ug-probability 1 and for all t > 0O: i.e. g(x) constant of motion




Same with “no conditions” (of dierentiability nor superstability) (including
many body potentialE)” if, for each fixedn, n, the correlation functions of
uo Cluster

P(QL---,Qn,yl +§’-'-’ym+§) _p(ql"-"qn)p(yl +§’-'-’ym+§)§_)—oo)o

uniformly in the diameters of the sefi, ..., 0.} and{ys, ..., ¥n}.

= Infinitely many constants of motion.



Method: “Entropy estimatédor thermostatted motions

() Proof that kinetic energy per particle (in tihg—regularized motion) stays
> §6; 87" with uo-probability 1 fort < ©.

(1) Proof that the number of particles and their (kinetieall) energy in a
unit box grows at most with a powere (%, 1) of (Iog+(|§|/r¢))% - (logny”

Combining ideas of Sinai, Fritz-Dobrushin, and Marchid?el|legrinotti,
Presutti, Pulvirenti (1975,1976).

(log, (¢/1,))12 where

def
Let[|X]| = maXea,

C: ©" unit cube centered &t Nc, (X)= number of particles i,

€2, &« MaXgec, (367 + ¥(0)). kinetic+wall energy



1) Define forx s.t. §(x) < E, thestopping time 7(x)

Tn(x)dzGf max{t: t<®: Vr<t,
Ki n(S™Vx
Kin(S"9 > k2", 19X < (logn)”}.

(4]

2) show that before the stopping time frictionless evolutiod a
thermostatted evolution are very close for particles istgmvithin Ay
provided the cut-fi n > k.

3) Check that thei-probability of B dﬁf{x| X € Xg andT,(X) < O} is

L1o(B) < C g cllogn?

Via large deviations estimates.



Estimate the probability ok, d:Gf{c'S(x) < E; Ta(X) < O}.

(2) = bound on thenax entropy production within the stopping time
| fOT”(X) o(§™Dx)dt < C’ with C’ depending only ofE.

For inst. estimate probab. that kinetic energy beco@esl/2 of its
uo-almost sure asympt. valué. = %N,— d,Bj‘l. IF uo were invariant

dsar €' ( f Lo(dXIKIS(K — G))dr

Remark:all shaded volumes would have the samg&olume!



e VN e odd o~ 1 M) A N dY e
Thenguo(Xn) is bounded, ifC > | [/ o(S.x)dt, by:

efe quK| =ev0 fuo(dx)d(K - G)IK|
Hence< €0 [ uo(dXs(K — (G + n))IK], fore > n > 0= (anye > n > 0!)

<c fo dy f 1o(d) (K — (G + n)) K|

thus,by a large (kinetic energy) deviation estimate

< %f,uo(dx)/\/(G+ssK§G)|K|

1
&
with y > 0: summable= “Borel-Cantelli” (after a similar bound on the
second item appearing in definition of stopping time) yieltdd the stopping
time must be® with ue-prob 1.

< = Vuo((G + & <K < G)) yuo(K?) < el
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SomeDetails
Convergence™(t) — Xt), qi(0) € Ax

.0 .0
U® = max (") - g0l

on+l

Relation:q"(t) = ¢"9(0) + 6"(0)t + [, f;(x"O(r)dr — comparison
subtractn andn + 1 relations g = 3 + 3) =
t
u(t) < f W(dr ki =k+Cyh
0

#iteration steps> £ = 272 = |ul(t)| < C‘“'Q)



Why not “same” for thermostatted dynamigs

0]
u(t) < C f W ()dr+C2™ Kk =k+Cyh
0

#iteration steps is same ¢ = 2"/? BUT error Ce™0 24 oo

Up to Stopping time properties
Bl < Cwiklogny’,  1g™V(®) <1, (2¢+ C(k logn)?)

= N < C(klogn)®, p > c(klogn) 2@r+/e
Only (klogn)” particles interact witly € Ay

ComparexX™(t) andx™O(t) ¢ times X = 2% + ¢ C (klogn)”



Comparex™(t) andx™0(t) ¢ times % = 2X + ¢ C (klogn)” with
¢ ~ 2"/(logn)”

t.n t
Ul logny @2+ f U (8 1),
le 0 r,®
This time the Lyapunov exponent is small
¢
U _ ctionn oy jognyra-an + EKIOGVD) o ok, kiogny” + k12

ry Al



