
Fri
tionless & Gaussian thermostats:equivalen
e and thermodynami
s limitby Erri
o Presutti, GGThermostat models (Feynman-Vernon 1963): �nite system in
onta
t with in�nite. Examples
x = (X0; _X0;X1; _X1; : : : ;X�; _X�)
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Initial state: �0(dx) def= Ce�P�j=0 �jHj(Xj ; _Xj)Qj dXj d _XjNj !



m�X0i =� �iU0(X0)�Xj>0 �iU0;j(X0;Xj) +�i(X0) + �i	(Xj)m�Xji =� �iUj(Xj)� �iU0;j(X0;Xj) + �i	(Xj)Uj(Xj) =Pq;q02Xj '(q � q0); U0;j(X0;Xj) =Pq2
0;q02
j '(q � q0) 	(X ) =Xq2X  (q)Initial state: in�nite Gibbs;With given 
hemi
al potentials �j and temperatures ��1j



No phase transitions ) kineti
-potential energy density,density and many observables are 
onstant with �0 probability1 at time t = 0lim�!1 1j� \ 
j jKj;�(x) = d2��1j Æjlim�!1 1j� \ 
j jNj;�(x) = Æj lim�!1 1j� \ 
j jUj;�(x) = uj



Thermostats should admit evolution: de�ned by \IR limit".Cut-o� in a ball �n (side size 2nr'). Time evolution existsx ! S (n;0)t x ;it should be also limn!1 S (n;0)t x = S (0)t xThermostats should have �xed temperature, density, energydensity at all times (a
tually all intensive observables). In part.lim�!1 1j� \ 
j jKj;�(S (0)t x) = d2��1j ÆjEntropy: thermostats entropy in
reases by�0(x) =Xj>0 QjkBTj(x) ; Qj def= � _Xj � �XjU0;j(X0;Xj))Existen
e: Theorem by Caglioti, Mar
hioro, Pulvirenti (2000)



W (x ; �;R)=total energy + number of parti
les in ball B(�;R)Theorem: E(x) def= sup� supR>(log+( �r' ))1=d W (x ;�;R)Rd . Then9C (E); 
(E)�1, in
reasing fun
tions of E , su
h that thefri
tionless evolution satis�es the lo
al dynami
s property andif qi(0) 2 �k (v1 =q2'(0)m )(1) j _q(n;0)(t)j � v1 C (E) k1=2;(2) distan
e�q(n;0)i (t); �([j
j \ �)� � 
(E) k�3=2� r'(3) Ni(t; n) � C (E) k3=4(4) jx (n;0)i (t)� x (0)i (t)j � C (E) r' e�
(E)2nd=28 n > k. The x (0)(t) is the unique solution of the fri
tionlessequations satisfying the �rst three items above.



Q1: is the temperature �xed for t > 0 ? are intensivequantities 
onstants of motion?Q2: Alternative models (�n{regularized)m�X0i =� �iU0(X0)�Xj>0 �iU0;j(X0;Xj) +�i(X0) + �i	(Xj)m�Xji =� �iUj(Xj)� �iU0;j(X0;Xj) + �i	(Xj)� �j;n _XjiWth �j;n so �xed that Uj;�n + Kj;�n = Ej;�n is exa
t 
onstant�j;n def= Qjd NjkBTj(x) ; Qj def= � _Xj � �jU0;j(X0;Xj)with m _X2j def= 2Kj;�n(x) def= d NjkBTj(x)



Equivalen
e? (in therm. lim. �n !1)Idea: Qj def= � _Xj � �jU0;j(X0;Xj) is of the order O(1) hen
e�j = Qjd NjkBTj;n(x) tends to 0 as n !1.But is Tj(x) � 
 > 0 ??Theorem (Presutti, G): with �0{probability 1(a) Kj;�n (x)j�n\
j j � 14d Nj��1j (hen
e ����!n!1 0).(b) limn!1 S (n;1)t x = limn!1 S (n;0)t x for all t > 0.(
) d�0(dx)dt = ��(x)�0(dx) and�(x) =Xj>0 QjkBTj(x) + �0( _K0 + _U0 + _	0) def= �0(x) + _F (x)Entropy produ
tion di�ers by a time derivative of a boundedobservable from the volume 
ontra
tion:



) average of � � average of �0 provided �j(x) is a 
onstantof motion as n !1 and �j(Stx) = �jIn other words: very generally phase spa
e 
ontra
tion 
an beidenti�ed with the physi
ally de�ned entropy produ
tion.Theorem: If GVn(x) def= 1j�n\
j jPY�X\�n �(Y ) is superstablefor j"j small and if there are no phase transitions in thethermostats (P(' + "�) (twi
e) di�erentiable at " = 0)lim�n!1 1�n \ 
j G�n\
j (Stx) = gwith �0-probability 1 and for all t > 0.



Same with \no 
onditions" if, for ea
h �xed m; n, the
orrelation fun
tions of �0 
luster�(q1; : : : ; qn; y1+�; : : : ; ym+�)��(q1; : : : ; qn)�(y1+�; : : : ; ym+�)���!�!1 0uniformly in the diameters of the sets fq1; : : : ; qng andfy1; : : : ; yng .



Method: \Entropy estimates" for thermostatted motions(I) Proof that kineti
 energy per parti
le (in the �n{regularizedmotion) stays > d4��1j with �0-probability 1 for t � �.(II) Proof that the number of parti
les and their (kineti
+wall)energy in a unit box grows at most with a power 
 2 (12 ; 1) of(log+(j�j=r')) � (log n)This is based on 
ombining an idea of Sinai, and one ofFritz-Dobrushin, and Mar
hioro, Pellegrinotti, Presutti,Pulvirenti (1975,1976).Let jjx jj def= max�2�n max(NC� (x);"C� (x))(log+(�=r'))1=2C�= unit 
ube 
entered at �, NC�(x)= number of parti
les inC�, "2C� = maxq2C�(12 _q2 +  (q)).



1) De�ne for x s.t. E(x) � E , the stopping time �(x)Tn(x) def= max�t : t � � : 8 � < t;Kj;n(S (n;1)� x)'0 > �2nd ; kS (n;1)t xkn < (log n)
	:2) show that before rea
hing the stopping time the fri
tionlessevolution and the thermostatted evolution are very 
lose forparti
les starting within �k provided the 
ut-o� n � k.3) Che
k that the �0-probability of B def= fx j x 2 XE andTn(x) � �g is �0(B) � C e�
(log n)2
 :Via large deviations estimates.



Estimate the probability of Xn def= fE(x) � E ; Tn(x) < �g.From (2) derive a bound on the max entropy produ
tionwithin the stopping time as j R �n(x)0 �(S (n;1)t x)dtj � C 0 with C 0depending only on E .For inst. estimate probab. that kineti
 energy be
omes smallerthan 1=2 of its �0-almost sure asympt. value. G = 14Njd��1j .IF �0 were invariantdsd� def= (Z �0(dx)j _K jÆ(K � G ))d�
d�d�d�G dsRemark: all shaded volumes would have the same �0 volume !



Then �0(Xn) is bounded, if C � j R �n(x)0 �(S�tx)dtj, by:eC 0� Z dsj _K j � eC 0� Z �0(dx)Æ(K � G )j _K jHen
e � eC 0� R �0(dx)Æ(K � (G � �))j _K j, for " � � � 0 )(any " > � > 0!)� C 1" Z "0 d� Z �0(dx) Æ(K � (G � �)) j _K jthus, by a large (kineti
 energy) deviation estimate� 1" Z �0(dx)�(G � � � K � G ) j _K j� 1"p�0(�(G � � � K � G ))q�0( _K 2) � e�
j�n jwith 
 > 0: summable ) \Borel-Cantelli" (after a similarbound on the se
ond item appearing in de�nition of stoppingtime) yields that the stopping time must be � with �0-prob 1.
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