Methods and variations in KAM theory
I: Siegel’s Theorem in C

(1) 2 =eWz+ P(2) P polyn. min. deg. > 2

Question: linearizable? or does 3 T s.t.

z=C+T() &2 = +T() — ¢=ew( 7

L(e“¢) = e“I(¢) = P(C+T(¢)

Look for L) =Yty 2"
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D(e“¢) = eI (¢) = P(C+T(¢))

0o de
Q) =D sk 2¥ means (71 tef 1):

(eiwk_eiw)é-k,yk _ ZE' H ng“yk,)
s=2

i=1 k;=1

[M]8

E
I|
N

def

Need: |AR]'= ek —eiv| > c|}<: 7 k#1

= w=dag X e
=2

Y oky4..tks=k
ki>1, s>2

Graphical representation
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Diagrammatic interpretation. Each line )\ represents ~y, . Iterate.
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labels k,, on each non-top line A count (# of preceding lines).

valo) < (TT ) TT 2

_ So!
lines X nodes v

ky>1
Ay def (e™Fx — e line propagator,  k(#) = k = # non-top lines
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vaie) (I ) (11 5%)

) Sp!
lines A nodes v

is bounded by the maximum P~ of |Ps|¥ times the number of trees:

number of trees < 22k

times product of propagators |Ay| 1.
Define scale of a propagator line to be n =1,0,—1,-2,...
1 it ClAx>1 for n=1
n if 27l < C|A, <27 forn <0
Therefore
S Vale) < Proke [ 2
6 with k lines n<0

N,, = max number of lines of scale n in a tree with k lines
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—k
P Ck22k H 2—2nNn
n<0

Siegel-Bryuno bound: 3 vy s.t. for —n > 1y

2k def 1
Nn(e) = 62771/7 o 1" &€= 23/7’

17 _
vg < —TlogQ(ﬁ). Therefore

it N, >0

Z |Va1(0) < (ﬁCQQ H 2_”§2n/7)k(2uo)kuo d;f Bk

k(0)=k n<—vg

convergence for || < B~!
Simple proof (Poschel, 1984, [1]).
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Heuristic idea:

To obtain a line of scale n need at least 27/7 lines by Diophantine
property.

Once obtained as many more are needed to obtain a new one etc

Hence we expect that the total number be of the order of k/27"7
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2k def 1

—1, E:Z}T if Nn>0

No(6) <

— g2-n/T

a) induction over number k of branches. If k < 2T = N, =0
(Diophantine inequality)

C|AA| > (ki)" > 923—n > 9N

kAl < Nk < Ne2—n/7 = 9=3/79—n/T

b) If root scale = n and only 1 incoming line is root of a subtree [
with NV, (6) > 0: look for its first scale-n line calling 6 the subtree
with it as root.

Then if 6/ contains k > 2£27™/7 lines, § would contain
<k-— %52_"/7:

Nn(9)<1+w—1 2k

- 1
- 82771/7 82771/7
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Or 0/ contains k < %62’”/7 lines, using
A(k) = Ak — k) + A(k 4 1)etk—R)w

_ 1

ClA(k)| > —2" + C|A(k +1)] > —2" + (552—"/7 +1)77
2T+32n

= (1 + 21+3/7-2n/7‘)7’

> 2"

17
for —n > vy (e.g. vp = —7 log, 21+3/71)~

If root scale n and 6 has more than one subtree with root scale n, or

if root scale > n trivial cases (because of the -1)
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Extensions:

(1) no need of P being a polynomial: holomorphic suffices

(2) no need to restrict to maps in one complex variable:
7 =e'“z+ P(z)

iw  def

where z = (21,...,20), w = (w1,...,wp), €@z = (e?¥izy, ..., €% z)
(3) Diophantine property: 3C,7 > 0 s.t.
, , 1
e’LLL"V _ e’LUJJ >
| =T

for all integers v € Z*if v # (0,...,1,...,0).

Proofs are essentally the same, [2]

Paris UnivMIV & THP 8-19 June 2010



Quasi periodic motions: formal perturbation analysis

Simplest KAM problem: A = (A4;,...,4) € R (actions),
a=(a1,...,ap) € T (angles) and Hamiltonian

1
HA o) = EAQ +ef(a), analytic in R® x T*

Let wg = Ag be a “Diophantine rotation” of T¢. Equations:
A =o, a = wy unperturbed
A =0, & =wy—0qf(a) perturbed

Question: does the unperturbed motion t — (Ay = wg, o = ¥ + wot)
remain at least for € small? i.e. is there a solution like

A =wg + Hs(dﬁ), a=1+ hs("b)
t (AL, () with () = +wol

H_, h, analytic in ¢,
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In other words: is the unpertubed uniform rotation with velocity wq
continued analytically in € in presence of interaction? at least if € is
small and wy is Diophantine: 3C > 0,7 > 0 such that:

1 14
> VveZ. 0
|wo - v| > T v v #
Answer: yes KAM theorem:

Kolmogorov, [3], (diophantine, analytic), followed by
Arnold, [4], (resonant, analytic), and
Moser, (diophantine, differentiable), [5]

Lindstedt series: the equations of motion are

& = —c0qf(a)
and look for a(t) =¥ + wot + h. (Y + wot), i.e

(wo - 3¢)2h5(¢) = —€daf(Y +he(v)))
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(wo - 3¢)2hg(¢) = —€daf(Y +he(v))
Let he(¢p) = 3202, " hik ()

(wo - Dy)2h Z Do f (P + (1)

(w0 M) = -3 L T amm.,#sf(z/;)[nhpj(zp)}[k,u

s=0 1 yeens 1% Jj=1
hence
(@o-du?hi) == = Y Gt (T M @)
s=0 °° " ;1.,1,...,;%“ j=1
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S

@ dp M) =3 % Y S ([ @)
s=0 "

1o j=1

Use Fourier series F(¢) =Y, ¢ €% F, and

(w-8y)*F)y = —(w-v)*F,, (0F), =ivF,

o0 1 S S
21 (k] _ : ; [k;]
(wo - V) h;[u]u = E 5 E ZI/Q;N(H i0u;) fro ( H hitl,
s=0 = J=1 i=1
k1+...+tks=k—1
27 [k Z Z ; ; [ky]
(w() . V) hLy]V = g ZVO;IthO ( H Wy - h,,jJ
s=0 "~ votvit...tvs=v j=1

ki ths=k—1

Check (induction): if v = 0 r.h.s. is 0 (Linstedt,NewcombPoincaré)
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S

, 1 1 _ . 5
C ) DD DR A 0) L)

votvy+...drs=v j=1
ki+.. . +ks=k—1

Diagrammatic interpretation. Each line A with a “fat” origin bearing
a label [ky] represents hy?,]. Tterate.
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v
Each node v carries a momentum label v,; each line A = ](%)’ v) from v’
to v carries a current vy = v(v'v) which equals the sum of all the
momentum labels of the nodes that precede v

vy=v('v) = Zl/w = Z Vo
w<v w<v’

Uniformize notations: imagine the root line end-point (which is not a
node) carries a momentum label vy = e, = unit vector in direction pu.
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v(vivs)

define value of the tree 6 Vi1

—fu Vy " Uy

Val(8) = — —_—

©) H So! H (w-v(v'v))?
nodes v lines A=(v'v)

The functions h,[f],, are expressed as sums over all trees with k lines

(including the root line).
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v(vivs)

9

Trees imagined drawn on a plane and two trees ar&lfequivalent” if can
be overlapped by continuously pivoting or deforming in length the
branches avoiding any overlapping of branches.

May be convenient to distinguish lines by appending an extra label,
number label from 1 to k. Equivalence will again be defined through
the overlapping of the branches through pivoting and length
deformations. The value of a numbered tree with k nodes will then be

1 Vy * Vyr
Val(o) = E H _.fl/v H (wO ] V(’UIU))2

nodes v lines A=(v'v)

The Lindstedt cancellation at v = 0 is inductively obvious here
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. . d
Conclusion: calling v ief > Vo

D SRR (8 | QRGO [ | Qe oy

all labels nodes v lines A=(v'v)
k—trees 0, vr=ey

This is nowadays called Lindsted series: [6].

Original Lindstedt’s work can be found in Poincaré, [7, p.462]:
original result is more general. If ¢ = 2 motions are solved in powers p
and of 4 parameters wy,wy representing, in Poincaré’s notation, € and
the first order variations of the new rotation vectors (they also depend
on two uninteresting arbitrary angles @y, w2). Series yield power series
for action and angles of perturbed motion as periodic functions of a
uniformly rotating pair of angles with new rotation vector A1, Aa.
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Above we fix A = (A1, A2) to 0 (d.e. fix the rotation vector to the
unperturbed one (and @y, ws also to 0)). So quasi periodic solutions
are found in powers of £, w1, ws and in an open set around the original
invariant torus.

Which P. proves to be not convergent, in general, because it would
imply 0 Lyapunov exp. for the dense periodic orbits (or also existence
of ¢ “uniform”, independent, constants of motion).

However the special case A = 0 is soluble by the KAM: as Weierstrass
seemed to conjecture, [8, p.9]
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The convergence problem

Suppose f, = f—, and f a trigonometric polynomial: |v| < N < co.
1) number of trees: Ay < K122k
2) |l < F
3) Define scale of a line A\ the integer n =1,0,—1,-2,...
n if 2"l < Clwy - vy <27, and n <0
1 if C|w0-1/>\|21
4) N, (k) max. number of lines of scale n in a k-lines tree 0

1 Uy * Uyt
Val(ﬁ) = H H _fl/v H (w() K I/(U/’U))Q

nodes v lines A=(v'v)

= [hl}l] < CPFPENRK TT 272 MW 5(jw < kN)
n=1
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Hence need bound on N, (k). Siegel-Bryuno? try:

Nou(k) < 2k

,W—l if M, >0 ?

for the number of lines of scale < n (notice the <).

The heuristic argument says that %2’”7 lines are needed to build a
line of scale n: once build need the same for one more and so on
which would imply the bound as in the Siegel problem.

Let E = w557+
the bound certainly holds because need at least u = %2’"/ ™ lines to
build a line of scale n and E27/7 < £273/127%/7 < 4 50 that

N (k) = 0.
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2k
ek . 0
j\/n(k)<E2 = 1 if Nj, >0 !

ok for k < E2—1/7T

If the root line has scale n and there is only one subtree § with root
line of scale n in the path leading to the root r

either /0 COntalnb k “lines” and k > then @ contains

Ek—k<k-— then OK because

2E2—"T
2E2 nT
2(k — k) ) 2k

(k) <1 -
N( )— + E2—v/T E2—v/T
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Or 9/5 contains “few lines” k < m%w If the v flowing into the root
of 6 is different from the current v’ through the root line of 6 it is

1 1
lwo V| > —|w V|4 |w- (v —1)| > —=2" + = (N2E2~/")"
o o
so that C|wg - v| > —2" 4 27132 > 2™ and this case ie therefore
impossible.

Since the cases in which the root line does not have scale n are trivial
the only case that needs study is if the root momentum v is equal to
the root momentum of the only subtree whose root has momentum v
exactly.
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In this case the A, can be much larger than wanted.

Remark: in Siegel’s case this does not arise because the analogue of
the momentum of X is the number of endpoints of the tree reachable
climbing up from A = it is stricly increasing while descending the tree.

Introduce the notion of cluster T of scale ny in a tree 8 as a maximal
connected set of lines of scale > np.

V(T) nodes in T,

(T) branches connecting them, “contained, or internal” to T,
A1(T) branches in A(T') plus the single exiting one (if any),

T () set of all clusters in 6.

Clusters form a hierarchical structure: a cluster can contain
subclusters and can be contained in larger clusters: the larger the
cluster the smaller its scale np
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This is an example of a family of clusters T has lower (more negative)
scale of T” which has lower scale than T".

The example is special because each cluster has only one entering line.

A key notion is self energy cluster or resonant cluster.
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Self energy clusters: suppose that

1) T has just one entering branch Ay and one exiting. Its scale
n = ny, is smaller than the smallest scale nr of the branches inside T’

2) let wy the node into which the branch Ar ends inside T'.
Then T is a self-energy subgraph if

(i) > wer Vw = 0: in and out lines carry same momentum.
(i) If n = ny,., EEquiv2=3/TN~1 then M(T) is not too large:

c 1
M(T)“ number of branches contained in T' < 562"

Call ny, the self-energy-scale of T, and Ar a self-energy branch
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A notion of self energy cluster abridged s.e.c designed so that deleting
each self energy clusters and joining the entering and exiting lines a
graph without any s.e.c. is obtained. Hence

N = # scale-n lines not counting the ones exiting a s.e.c.
2k
*
<

N" — E'2n/‘r
The s.e.c. do not allow a naive estimate of Siegel-Bryuno type because
if /6 contains “few lines” k < %E2*"T it can still be that the v
flowing into the root A of § equals the current v’ through the root A
line of # and the two lines are the entering and exiting lines of a s.e.c.
In fact if A\, A\ have equal scale but are not entering and exiting the
same cluster the difference v — v/ cannot be 0.
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Because all lines outside § have a scale > n (their momenta are sums
of <k node momenta = their size is < N3E27"7 < (2-(143/m)2-n/7)
plus, maybe, a contribution v from the current of A: so the
propagators are > 271327 — 27 > 2" — have scale > n + 3.

If \, X are part of the same cluster which is not a s.c.c. then the
number of lines in this cluster must be large, by the definition of s.e.c.
(item (ii)), and the bound is again trivial.

Conclusion, collecting the lines not accounted (i.e one per s.e.c.)
No SNi+ Y me=Ni+ Y (mr—1)+pnk)
Tnr=n T,np=n

where my is the number of s.e.c. of scale n in the scale-n cluster T'
and p(n, k) is the maximum number of scale n clusters that can be in
a cluster of scale n.
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The number p(n, k) is bounded in the same way by % —1, i.e. by
the same bound that can be placed on N}, so that the final estimate is

No(k) < EQTI/T + Z —1+mr)

Tnr=n

Cancellations: (figh) 3k + 1 lines such that w - vy = O(k™7)

1 Uy Uy
valo) = — I (~h. I CRTIOTE

nodes v lines A=(v'v)

after sum over labels is bounded by N3k+1 3k N6k(NE)™F = O(k!IT).
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This shows the need of cancellations. Cancellations must be relates to
s.e.c because values of trees without s.e.c. are bounded by

(2N 4 1)kaN2k( H 2_2,”271/7 Q/E)k
n<0

To treat the values of the trees 6 with s.e.c. consider first a tree that
contains only one s.e.c. R of scale n and entering line

Ar = (vgr,v1), (vr € R,v1 € R) and inner scale ng.

It is ng > n + 2 as the propagators Ay of the lines A C R have a
lua| < NE277/T = 2(=3=7)7 g6 that |Ay]| > 2317 — 27 > 22+n),

Collect all trees obtained from 6 detaching the incoming line Az and
attaching it successively to the inner nodes v; of the cluster 7" and
add to the collection the trees obtained by reversing simoultaneously
the sign of all nodes momenta v,,;, v; € R.
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The value of the trees so obtained changes because
1) the factor vy, - vy,

2) the current on A C R may change because it is
Ux =D werVw T NiVa, With n; = 0 if X is not on the path of the
s.e.c. and 1 otherwise

In this process the scale of the inner lines may change: the cluster R
remains a s.e.c. cluster (but the clusters inside R may change).

If n = wo - v, the sum of the values of the considered trees §; is
obtained by considering the tree 8y in which the s.e.c. is deleted and
its entering and exiting lines are connected into a single line A and
multiplying Val(y) by a function n_12F” r(n)

If the inner lines of § do not change scale in all 6;’s no matter which
value of n with || < 27" (even if complex) the function F, gr(n) is
uniformly bounded via the Siegel-Bryuno bound.
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|Fn7R(’r])| S (2N + 1)MFMN2k( H 2—2;021’/7 Q/E)M — BM
0>p>nr

where M is the number of lines in R and 7 is complex || < 2™.
Need to understand: what about possible scale change in a s.e.c. 7
Key remark: inside a s.e.c. few lines < k = %EZ‘"/T.

Their scale is >n+ 3: their momenta are sums of < k node momenta
= size is < Nk < (2-(1+3/7)2=7/7) plus, maybe, a contribution v
from the current of \g.

So the propagators are > 271327 — 27 > 2743 — gcale > n + 3.
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Isolate the tree g inside the s.e.c. (delete outside lines and the
incoming line).

Let v be the momentum of A € Og: |vy| < 2-G+)/7: then the true
momentum will be either Vf or V§ + v.

If for all |vo| < 2-G+/7 and n < 0 it is

max |Cwy - v — 2P| > 27T, V|vo| < 27 Gn/7
0=p=n

then the scale of Vf and of Vf + v are the same and no line can
change scale if the node v; € R of Ag = (v;ug) is shifted to any v; € R

Question: can the above strong Diophantine property be imposed?
The set of wq satisfying has full measure in R*
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Proof Vv take out of the ball of radius p a layer A, of width W
around the plane wq - ¥ = 0 so that, for w out of it, Clw - v| > #

The total volume extracted from the ball will be ¢ Y-, g W

2P ‘V‘<2(:s—n,)/r

clol’

-

Clv[™

Furthermore for each v with |v| < 27("=3)/7 and each p € [n, 0]
extract a layer of width % out of the planes orthogonal to v at

distances % from the plane wyq - v = 0; this takes out a further

PN . B 1
S SEA RS D
n=0

| <a-(n=9)/r

1 n 1
< i (nl + 120D <

Hence (as 7> ¢ — 1) C < 0o out a zero volume set (Borel-Cantelli)
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Going back to the bound of the sum of the values of trees with only
one s.e.c. on a line of scale n and momentum v

1 Uy - Uy
Z E nog v _fuv linesl;[(v’v) ((.do . V(U/’U))2

it is for n = w,, - VT

ok n2ke2k TT 1
S CQkaN2k22k H 2_2nNn(k)FFn,R(n)

n=1

Since the inner lines of § do not change scale in all 6;’s no matter
which value of 5 with |n| < 27" (even if complex) the function
F,, r(n) is uniformly bounded via the Siegel-Bryuno bound.

[Ewr)] < @N + DYFMNR( T 72T/ EM = B

0>p>nr

Paris UnivMIV & THP 8-19 June 2010



If there were more than one s.e.c. with no internal s.e.c. the same
bound would be

< O N T 272 VO }1% _Fo (%)
n=1 R (n )

and |F,r(n®)] < BI'™ < BEB* 1, s

with F,, r(n') holomorphic in nf for |pf| < 2% (actually for

[nR| < a1,

So if F(n) can be shown to vanish to second order in 7 the bound can

be improved to

CQkaN2k22k H 2= 2nN (k) HBMR
n=1

the sum ), Mr < k and the Siegel-Bryuno bound yields

>2n (22(%7”{))

N ) 1
< B§C2kaN2k22k H 27271./\/'”(](:) H . (22(n nR))
n=1 R
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The function Fr ., has a second order 0 in 1 as it can be seen by
remarking that the entering line modifies the propagators when
shifted from one inner node to another: hence it does not change if n
is set = 0 the value of F.

If the s.e.c. contains a 510)1' lines inner to the cluster R than The value

of F' contains a combinatorial factor % times 90;4_1 due to the node
© v4 - © v4

v; to which the line A\¥ is attached.

Therefore we can say that if the line A is attached to v; besides
changing the propagators will contribute a factor

VR - V;
0
Sy, +1
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However the line can be attached in sgi + 1 ways to v;.

Thus if different ways are identified we can say that the line attached
to v; gives a factor vy - v; to the value of the graph (neglecting the n
changes of the propagators).

Hence if n = 0 summing over ¢ changes the value of the graph by
VR - Zl v; = 0 because the sum of the node momenta of nodes
internal to R is 0 in every s.e.c.
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The zero is of order n? as Fg (1) is even in n (by the sum over the
s.e.c in which all internal node momenta were changed in sign).

Also the s.e.c. internal to larger ones can be treated in the same way:
the line A entering a s.e.c. is moved an reattached to the nodes
internal to the cluster producing the cancelation for the same reason.

To avoid “over-canceling” attention is paid to avoid reattaching the
entering line to nodes that are internal to s.e.c. R’ C R. Which is fine
because the sum of the node momenta of v € R/R’ already vanishes.
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After collecting the families of graphs associated with the s.e.c. and
resumming their values the bound becomes

1
k pk
< Byb H (nR)Q
R

where the product is over all s.e.c.

S BgchFkN2k22k H 2—211%271/7 H 2—2n(mT—1) H(22(n—’nR))
n=1 T R

The product of the last two is < 1 and the total contribution of order
k is bounded by B" (with B computable).
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The Siegel-Bryuno lemma in the version of [1] was extended to cover
the KAM case in [6]. A stronger bound was derived in [9] who showed

For graphs with no s.e.c., then there is a constant C' such that:

H 1 < Ck H’UE@ |VU|3T
N jw-wal ~ (Xves [Pol)”

for a proof see [10, Eq.(5.2)].

The method of Eliasson is quite different from the one here (based on
[6]): a careful and detailed comparison can be found in [11].

Differentiable KAM: f € C?), p > 27 + 4 (Moser).

If ||v|| = (X |wil?)2, f, = H:i&% with P; a harmonic polynomial of

degree j (and combinations thereof) tree method OK if £ > 3 + 67:
with the extra result of analyticity in e, [10]. This is so because the
Lindstedt series is well defined in spite of the non analyticity of f.
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Classic KAM (~ Arnold’s version)
Hamiltonian: Hy = ho(A) + fo(A, o).

holomorphic in W, ¢, (Ao) def Cpo (Ap) x Ay,

C,, = polydisk € C’ centered at Ay € R": |A; — Ag;| < po

Ag¢, = polyannulus C C* around unit circle: e <z < %o, & <1,
Ag, = {[Ima;| < &}

Notation z; = e Ou; = 12;0.,, wo(A) = daho(A).

def def
Ey = max |Oaho(A)|= max |w(A)|l = ||k
’ WPO’EO(A0)| A 0( )| Wpo,Eo(A0)| ( )| || 0||P0
def 9 .
= max 051 h(A
1o Wpo,so(Ao)K AR(A))
def 1 def
o™ max (|0afo(A @)+ —[Oafo(A @) <[ fol lp.co
r0>€0 0) o
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Suppose V0 # v € Z* exist Cy, 7 > 0 s..t.

1 de

lwo - v| > Colp[™ wo =fw0(A0)

AT, a,b,c>0s.t. 3 H, h analytic in ¢ € T’ and in fo s.t.

A()=Ao+H(y),  oa(Y)=v+h(¥)
are parametric eq. of an invariant torus run quasi periodically with
spectrum wp = wo(Ag): i.e
A(t) = Al +wot),  aft) = oy +wot)
IF
€0

5 < (EoCo)~*(noEopy ') PE5T
0
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Notice generality: only smallness of fE—%, expressed via few large
dimensionless parameters EyCy > 1, 19 Eop, 1>1, & 1>1

fo(A @) = > € fo,(A),

veZt
10 fo. (A)lpo < [l follpo.coe™ ™, [iv fou(A)] < pollfollps.coe™ !

by the maximum principle. Therefore f$>NO] =4 2olu|>No e f,(A)

1A go—so < 3 e (o5 | [ fou (A)] + 04 fu (A)])

[v[>No

_ _1
< yoeody ‘e 2%0N0 = 448 Co

if Nop = (3_20 log (Coendy)~!: dimensional or analyticity loss estimate.

Paris UnivMIV & THP 8-19 June 2010



Integrate the Hamilton Jacobi equation to “O(g3)”, setting aside
>No] - <N, >N
FEN n fy = IO 4 pEE:

ho(A! + 0a®o(A’, @) + iU A + 0400(A, @), @) = o — indep.

The function ®g is easily determined by solving
W(A) - DaB(A' a) + fi= (A, ) = T(AY) in W (Po. &0 — o),
0o to be fixed:

Po
<:>% |
Bo(A @) =— 3 Jow(A) o

w(A) v
0<|v|<Ng

provided A is close to Ag. This is implied by pg small.
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Choose pg so that w(A') -v| > for all |v| < No:

Rl
|(w(A') —w(A)) iq 1
w(Ayp) - v — 20 v|7

(no loss as ExCy > 1, and Ny > 2 can be)

w(A) V| = |wo - v| |1 -

~ 1
= Po = pPo _4EUCUNOTH
because

[w(A) wBa)) v < A Ag| max|8%h(A”)| < ZeCoNal i

1
w(Ap) v Po—Po 2

Then @, (dimensionless) is of order O(eg) in the precise sense

— (4T
1o 17,6050 < 11 EoCoNg165 T e0Co

(derived from he bound on 84 fo, < gopoe¢¥1)
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Motion in W (po, € — 89) better described in canonical coordinates
(A, a):
A=A"+08,P (A ), a'=a+0aPAa)

To find A = A’ + E(A', ') and @ = o’ + A(A’, &) solve the implict
functions with equal Jacobians Oas8,P¢(A’, @’) that can be bounded
in W (4 po, & — 280) (because ||Pol| is bdd in W (po, & — 6o))-

Again by a dimensional bound (Cauchy’s estimate), it is for instance

1
Irla'}(|8 8 Al(b0|lp0,§0 269 = ry ||(I)||P07€0 S0 cp 5[

(here 4o could be po | and other better bounds possible too). So
provided

Y2 EoCoNEH 55 0600 < 1
E(A ) = 04P0(A’, ) and A(A';a’) = OaPo(A’, o) defined
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max [E[ < pol|®|[5,¢-s max  [A] < [|®[5,¢-5
W (2 0,€0—260) p0,€0—60> W(LFo,e0 p0,80—00

Therefore if (A, &) € W(3po,& — 38y) the corresponding points
(A, o) are in W(3po,& — 250) provided

~ 1_
p0||q)||ﬁo,§0*5o < Zpo, ||(I)||507€0*50 < do
which, from [|®]]5, ¢ -5, < 71 EoCoNEH165 e Cy, is implied by
"/3EUCUNéle(SJ(Q[jLT)SUCU <1

if 3 is large enough. The last condition implies all the earlier ones.
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Hence motions starting in the (much) smaller W (o, & — 380) can be
described in the (A’, &’) coordinates (as long as they remain in W)
by the Hamiltonian

ho(A' +Z(A, &) + fo(A' + Z(A, ), o’ + A(A', ')

under the (above) condition

"/3E000Né+1($5(€+7+]>€QOQ <1
It is natural to write hy(A') 4+ f1(A/, &') with
1 def ’ 7 ’
hi(A7) = ho(A") + fo(AY)
d

However w(A) =) A hi(A’) evaluated at Ag is no longer wy.
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Look for A1 s. t. BAlhl(Al) = Wy

The equation for A; = Ag +a is wo(A;) +9a, fo(A1) = wo
a+(0aho(Ao)) " [Oaho(Ao+a)—wo—Baho(Ag)al+0a fo(Ag+a) =0
a+n(a)=0

|a® 0% 1
max [n(a)| < 74770(E0—p2 +£0), max|dan(a)| < 74770(E0E + 60)p—0
0 0
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02 al? 1
max |n(a)| < 74770(E0? +¢€0), ~amax|dan(a)| < 770(E07 + 50)p—
0 0 0

Hence |a| < cono if v {2 15e8 < 20 = 74 (0 Fopy ) (nozopy ') < 1
provided Jacobian |@,n(a)| < 1: same condition if v4 large enough

Y4 (moEopy ') (mogopg ') < 1.

Under earlier condition (v3 EgCoN{T'6, ooy < 1) we also need
gono < éﬁo. All of them are implied by

€ — — (4T
75E—(;(E07]0p0 1)(EOCU)QJVSZH% e+
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de ~ .
Let p1 et $00, &1 = & — 400, Hy = ha(A') + f1(a', ) in W(p1,&1)
At A1 it is 8A/h1(A1) = Wo and f1 is
fi(A ) = [hO(A’ +Z(A, ) — ho(A') —w(A) - E(A’,a')}
+{w(A) - Z(A, o) + [EVIA o + A &) - To(A)}
+ [fIEMIA 2 &), + AA, )
_ f[<N0](AI,C(I +A(A',a'))] +f[ZN0](A/ +E(A/,a/))
the “red” term is 0 by definition of ®y, E, A:
E(A,d)) = 04 Pp(a, ), A(A' d) =04 Pp(a, )
with ®¢ solution of HJ:

wo - Da®o(A, @) + fEVN (A @) — To(A) = 0
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To iterate it is necessary to estimate the sizes Fq,e1 of f1, E;

Dimensional estimates possible because p; = %ﬁoy & =& — 36 — o
are smaller than the domains of definition of f1, hy

El d:f max |8A/h1(A/)| S EO + €0
W(Plvgl)
Call fI, fI1, fIII the terms remaining in f;. Then
~ 1 1
P1 = 8/)0
111[5,c0—50 < 2E0CoNH10, a0 Co
= ||fI||Pl7§1

1 . FEy _ € , ot
< 5 —[=2(Bo]|Bo[)265 ] < Y5£0 = (EoCo)*Ng 1 g, 2+
P1 PO Ey
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Likewise || f11]|,,.& < 75g_gryl(EOCO)Ng+150—(€+T+l), and
2

||fIII||P1,§1 < 2_00

Conclusion: if Ny = 28, * log(goCody “ ™)1

Hy = hy + fi1, analytic in W, ¢,
Ey = Ey + €0

51—'7650 (EOC) 2(4+1)5 (+7)

m = mno(1 46,/ E—O(noEopal)(EoCO)2N§+l)

1 1
& =& — 46o, p1 = <po —
8" 55 M og(20Cody )

provided
€ — —(l+T
‘/7E—0(E0710/)o Y (EoCo)2 NEH s, T <1
0

To iterate choose & = &(16(1 + k2)) ™' = £ > & — 32, 0
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Simplify by imposing /2 (ExCo )4N2(£+1)5 () <

€k

By = By + ey, Ektl = Eky | =
Ey

Hence (suppose for simpl. E—% < %)

Sk
Ey,

€o

<(EO

YO B < By [T+ (50" < 2B,
k=0 Eo

if w/g\/E:Z(Eknkpk )(EpCo)*N 2(/+l)6;2(6+7—+1) <1

Therefore

Pk+1 = 2 5 ’YQQPk 3\k €0
(14 k2) (=& ~ + log(16(1 + k?)) — log(2E0Co) — (5)* log 7%)
£ 2 £ k2o
> S0 z
*’“O—bggg(a) "or > (710 logg—o) (3)7 po
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Therefore if

’Ylo\/;(E Co) N2 5 -200+m)
5
M < 1o H T/EI; < 219
k

Hence
(3)*
Ek < 2E0, Nk < 27’]0, Lk < 60( )
Ey
§O é.g k 2 k2
&> =, pr > po(——=) (3)
2 —log 7" 3
if

k — T
Y11 \4/E:];(Eknkpk )(ErCo) N, 2(é+1)5]C 26+741)
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The condition

£k B / s
m \ E_];(Eknkpk‘])(Ek700)4N2(é+])(5k 2(0+7+1) <1

can fail to be satisfied only for finitely many values of k if
€ks Bk, Mk, pr, &k aTe as

€0 (%)k
Ep <2Ey, mi < 2ng, € < Eo(E—)
0

&o £ k2.2
>0 o> po(—2—)" (2
k> 50 Pr Po(_logg;) (3)

Hence given Ey, po, &o €0 will be imposed to be so small that the
condition also holds for k& < kg = the condition is simply

€ —1\b¢e—c
3 F7 a, b7 c> 0 r (E_?J)(EOCO)G(UOEOPO 1)l£0 <1

is the only condition for the indefinite iteration of the construction.
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The successive cannical maps Co,C1,...,Cr—1 map W, ¢, into W, ¢
and the composition Cy o -+ -0 Ci_1 and Cy, is close within ||®|| to the
identity, i.e. within pi||®|| in the actions ||P|| in the angles and

(3/2)*
ol =o((z) " ).
Let initial data (A, ) € W), ¢, then their motion is up to an error

I fr]lt ~ 0(5(83/2)k) given by

A=A, o = af +wot

therefore fixed ¢, for k large, the point moves within W,, ¢, where the
canonical map Cyo-o0Cr_1 mc is defined.

The limit map is defined only for A, x T = Wo,¢0/2 which in the
original variable is a torus of dimension ¢ and motion on it is quasi
periodic with spectrum wy.

Paris UnivMIV & THP 8-19 June 2010



Resummation techniques and renormalized series

Transformations of (possibly divergent) power series in € into
convergent series of functions that depend in a nontrivial way on e.

1
Example: tori for H(A, o) = §A2 +ef(a)

KAM results are analytic in € and no resummation is needed.
However they provide an interesting arena to explain techniques (e.g.
like the perturbation series for resonant quasi periodic motions).

Solution “approximated to order k”

k
h(<k) ’lb E Z euz '(ph(<k) ) hsgk) (6) _ Z Ek’hgjk/),
veZt k=1

where hék) =0 and hs,k) are the Lindstedt series coefficients in tree
representation.
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. . Vi1
Each node v carries a momentum label v,; each line A = ](v’ v) from v’
1 ) = / — —_—
to v carries a current vy = v(V'v) = 30,V =D cp Vo

_fu Uy * Uy
Val(0) = — _—
a( ) nog ) Sy! y 1:[( ) (w . V(v/v))Q
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The functions h,[,k I are expressed as sums over all trees with k lines

A line factor is regarded as v,G(wo - V3V, where Gy(7) is a

. 5,
matrix G (z);, = -, “propagator”.

The propagator has (trivially) the properties GT (—x) = G*(z) = G(x)
Scales and clusters: as in the theory of the Lindstedt series

If T is a self-energy cluster in a tree 6, V(T) is the set of nodes in T,
A(T) the set of lines in T, kr is the number of nodes in 7' (ie

kr = |V(T)]), and A} and A% the lines exiting and entering 7.

0 be a tree 6 € Oy, ,, of order £ and momentum v, with a s.e.c T'.
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Let 0 be a tree 8 € Oy, ,, 5, of order k and momentum v, with as.e.c T'.

Let 6p = 6 \ T the nodes and branches of 6 outside T' (of course 6 is
not a tree), we define V(6y) = V(0) \ V(T') and A(6y) = A(0) \ A(T).

Consider all trees s.t. §y outside the s.e.c. is the same, while the s.e.c.
itself can be arbitrary, i.e. T can be replaced by any other s.e.c. T".

Define, as a formal power series the matrix,

M(wo - v;e) = Z Vri(wg - V), where

0=0oUT"
Vr(wo -v) 5"'T( H Fv) ( H G)\)v
veEV(T) AEA(T)

Sv

F, are tensors of nodes v: F, = ﬁf,,v V. gy Hi:l Vy,,j;; sum is over 0
s.t. 9\ T fixed to 6y and v, v € V(T) satisfy conditions defining s.e.c.
Tensor labels and corresponding propagartors labels are contracted,
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Algebraic identity of formal power series (propagators symmetries)

(1) (M(z;¢))" = M(—a;¢), and
(2) (M(z5¢))” = M(w;e);

Check: Consider a graph computed with propagators verifying the
properties (1),(2), trivially valid in our case.

Given a s.e.c. T with momentum v on entering branch 2., call P the
path connecting the exiting branch Al to the entering branch 2.

Consider the s.e.c. T obtained by taking A}, as entering branch and
A2, as exiting branch and by taking —v as momentum flowing through
the (new) entering branch AL.

= arrows of branches along P change orientation, while subtrees
(internal to T') rooted in P are unchanged.
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Momenta of branches in P change sign, while the others do not.

All propagators G of branches X € P are transformed into G, hence
the ij entry of M (wq - v;¢) equals the entry ji of M(—wq - v;e) =
property (1).

Given a self-energy graph T, consider also the self-energy graph T”

obtained by reversing the sign of the mode labels of the nodes
v € V(T), and by swapping the entering branch with the exiting one.

Again arrows of branches along P are reversed, while all the subtrees
(internal to T') rooted in P are unchanged.

The complex conjugate of Vs (wg - v) equals Vr(wq - v), by using the
form of the node factors, and the fact that one has f) = f_, (as f(«)
is real) and Gf(wq - v) = G(wy - v) = property (2).
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The symmetries have been obtained without using the exact form of
the naked propagator: only exploiting that it enjoys properties
(1),(2). Thus it has more general validity.

The function M (wq - v;€) depends on ¢ but, by construction, it is

independent of fy: hence we can rewrite as

M(wp -v;e) = EVT/(U()I/

where the sum is over all self-egnergy graphs of order k > 1 with
external branches with momentum v.

By definition of s.e.c., if 2" 7! < Clwy - v| < 2™, the sum is restricted
to s.e.c. T' on scale np» > n + 3.
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In other words: for A € T define n§ s.t., if ¥ would flow on the line A
after setting to v = 0 the entering line momentum it is

2"971 < C|w-l/g| < 2”3,

then, for all branches A € A(f) one has ny = nl because, for the same
reasons discussed in the theory of the Lindstedt series (i.e. shifting
the branches external to the s.e.c. of a 0, scale labels n) of all lines

A € A(6) do not change).

Denote O©F, trees of order k without s.e.c. and root current v:
renormalized trees.

Dressed propagators will be the matrices (d > 1)

—[0 _ —[d -1
GV =(wova) Gy = [(worva) = MU(wo wie)]

defined recursively
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{M 9 (wg - v;€)}gen is sum of the values of all renormalized s.e.c that
can be inserted on a line of momentum v computed via the

propagators 5&171], i.e. as (set M (wq-v;e) =0)

M[d](WO'V;€)= Z V:[/:ﬂ(w()'V),

renormalized T'

V[d]( ( H F)( H G[d 1)’

veV (T AEAN(T

By construction evaluating renormalized trees with the propagators

—ld—1 . d . .
G[A ] and summing, the sum hy] (¢) of the values of all s.e.c.
containing only 0 < p < d s.e.c. is reconstructed.

Hence the power series defining the functions hl? (), truncated at

order k < d, coincide with the functions h{=" (¢) obtained by
truncating to order k the (formal) series for h, ().

By induction G (z;6)T = @[d](—x; €).
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—[d . . .

If G[ ](a:; g) < w% it follows from the Siegel-Bryuno estimates that the
series defining h is uniformly convergent for |e| small.

The analysis of the cancellations can be reinterpreted to yield

Lemma: (Symmetry and cancellations properties)
(1) M9 (wq - v;e) satisfy M4 (x;e)T = MU (—z;¢).

(2) M4 (2;¢) is restriction to z = wp - v with v of scale < ¢ of a
function analytic in |z| < 27 if ¢ is small enough, and satisfies

| M1 @se)| < Da?eP?,
for all d € N and for a d-independent constant D.
(3) Hence 6&1] verify |@[d] (z;e)| < B, vd > 1.

(4) |M+ (z;6) — M (z;)| < By (By)4e2d a2, for 0 < By, By < o0,
le] < g0 small enough.
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Hence 3 M>(z;¢) = limg 0o M (2;¢) and the fully dressed

propagators
G (g5 e) (22 — M1l (z;6)) 71

1t ™ (¢ €) is the sum of the renormalized trees evaluated with the
fully renormalized propagators, then order by order in ¢

B (,0) = lim B (yie) = hiyie)

where h(4; ) is the formal Lindstedt power series. The function

H[Oo] (1, €) solves, therefore, the equations of motion.
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Resonances and low dimensional tori

1 1
H(A,a):wo-A+§A-A+§B-B+€f(a,,6'),

(a, A) e T" x R" and (3,B) € T*° x R® conjugated variables, wq in R"
satisfies Clwo -v| > V|77, Vw € Z"\ {0}, C > 0,7 >r—1

Resonant motion = quasi periodic motion with r < ¢ frequencies
Example a(t) = ag + wot, B(t) = B, for e = 0.
For e #0
a(t) = (1) +a( (1), Byie).
B(t) = By + b(¥ (1), Bo; €),
Necessary: Bq s.t. 9gf(By) =0

10 ok [ fla

P(t) = Py + wot
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Consider & = —8qf(a, 3), B = —0sf(e,3) and |wg - v| > ﬁ and
B such that

9sfo(By) =0, agfo (By) is negative definite.
3 and, Ve € (0,0),
a(t) =v(t) + a(y(t), By:e),
B(t) = By + b(¥ (1), By; €),

two functions a(v, By; ) and b(w, By; €), real analytic in ¢ € T",
such that is a solution with 1 = wo. Moreover a(v, B,;¢) and
b(v, By; €) are analytic in € for € € (0,g¢9) and divisible by e.

P(t) = Py + wot

The functions a, b exist and are abalytic in a comlex domain which
touches the negative € axis on a “Cantor set” with € = 0 as a density
point: at its points a, b are real and give a solution.

The solutions are called hyperbolic (¢ > 0) and elliptic (¢ < 0)
resonances.

Paris UnivMIV & THP 8-19 June 2010



complex
e—plane

The technique is based on the resummations method just described.

However there is no proof, so far, that the functions a, b are not
analytic at the origin!
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Hyperbolic resonances

Representation of phase space in terms of £ rotators.

Existence of a formal solution as a power series in e:

(a,b) =h=> e
k=1

No convergence in general (7): however
Idea: “There are no divergent series”. Hence look for sum rules

Split h®) as a sum of many terms and recombine them to obtain an
absolutely convergent series.
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In doing this we shall be forced to sum divergent series by giving their
sum by a prescription. A typical exemple

= 1

E P p— z#1
1—=2

k=0

even when |z[ > 1 1.

Not “harmless”: for instance it means that we are going to use:

Do =1424448+16+... =1 I
k=0

Repeating the algorithm for the nonresonant quasi periodic motions a
graphical representation for the functions a, b is easily found.

Equations of motion are

(wo - By)*h(¥h) = —cdf (¥ +a(¥), By + b(1))
with h(¢) = (a(¢), b(¢))
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Resonant motions represented as power series
§:k215k(a“ﬂ(¢ﬂvb(m(¢0)
To order k the equations of motion become
(@-v)al) = 0afl, ",
(w-v)* b = [9pf1, "
and[aafﬁf7U is

Zzp q,Z i) 0 o (Bo) (Ha(k ) H b)),
p>0g¢>0 j=p+1

0<kj <kVji=1,...ptqg*—1+X Tk =kvo+>Y " Tv,=v
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root

A tree ¢ with 12 nodes; one has s.,=2,s,, =2,50,=3,505 =2,5, 052

The rules for the graphical representation will be a bit different to
account for the two types of actions-angles. Changes marked in red

There will be two kinds of vertices v: nodes and leaves. Leaves can
only be endpoints, i.e. no lines entering them, nodes can be endpoints
or internal vertices.
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Lines exiting from leaves play a very different role with respect to the
lines exiting from the nodes.

v will be the last (i.e. leftmost) node, £y the root line; v denotes the
node following v (a different convention with respect to the earlier
discussion). v, = r but r will not be considered a node.

V() = nodes, L(#) = leaves and A(#) = lines.
Any /4, € 0 is root to subtree 6y, C 6.
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With each node v associate a mode label v, € Z", and to each leaf v a
leaf label k, € N. The order of the tree 0 is

k=V(O)|+ 2 ,cre) kv

With a line ¢ = (v'v) exiting a node v associate labels 7}, v, assuming
the symbolic values o or # and imagined affixed close to v’, resp., v
and a momentum label vy € 77, as

Vo =Vy, = E Vay,

weV(6)
w=v

while with a line ¢ exiting from a leaf v we associate only one label
Ye = B.

On node v labels are also associated: branching labels py, q,, denoting
how many « or, resp., §-labeled lines enter v, and a label §,, as

5 — Loif e, =B,
0,0 e, = a
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Then with each node v associate node factor

1 1 . p’U+(176v) S
F, = ol ! (Wv) 3?9“+ " fu. (Bo);
a tensor of rank p, + ¢, + 1.
With each leaf v we associate a leaf factor
L, =b{™),
a tensor of rank 1 (a vector) to be defined.

To line ¢ exiting from node v associate a propagator

1

def
GZ = 5’)’2772’ ((.d . V£)2,

a (diagonal) r x r matrix

No small divisor is associated to lines /¢ exiting leaves; let

def
Ge = 5%%/ 5Wﬂ
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Define the value and the reduced value as

varo) = ( II =)( I1 =)( II ).

VeV (0) veL(8) LEA(D)
Val’(a):( I1 Fv)( I1 L)( 11 Ge),
veV () veL(# LeA(0)\ Lo

where £y = root line. Formally, a, ( ) = 0 and for v #0,

al! = > Vval(e), b= > Val(9)

96@1“,,,(, 96@)@,”,[3
-1
b = [ag fo(,ﬁ'o)] 3 val'(e),
9€®Z+1,0,5

where * means that the tree whose reduced value is given by
9%f0(Bo) b(ok) has to be discarded from the set O41,0,3-
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If 0gfo(By) =0, det 8%]”0 (Bo) # 0 then are finite for all
v € Z* \ {0} to all orders k.

Summarizing: 6 with & lines (and without nodes with 0 harmonic
and just one entering line carrying a 0 current) we define its value

Val (0 ( I1 F)(HGg)

VeV (6) LEA(O
F, =110 .80,
J
Gr=9 1 if vy #0
€= Oypy, (w I/[)Q’ I vy )
Gi= (3[3]”0(,60))W " if v, =0, and v, >r

Gy=0, if v, =0, and v, with v, <r

hence division by 0 is forbidden: (Poincaré); .

If ©7 , ., = 0’s with degree ¢ and no divsion by 0 = Lindstedt series
et = Y Val(0)
9co7 ,
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