Thermostats and thermodynamic limit
by Errico Presutti, GG

Thermostat models (Feynman-Vernon 1963): finite systenoiiact with
infinite. Examples

G

CZ Q, Q, Q,

X= (XO’ XO’ xla Xla ey XV$ XV)

. def YV BH (X X LdX;
Initial state po(dx) = C e oAHesX) 1,
¥
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Equations of motiontermostat forcé a = 1)

mXoi = — 8Uo(Xo) — Z 0iUoj(Xo, Xj) + ;¥ (Xj) + @;i(Xo)
>0
m>"(]-i = - 6in(Xj) - 6]U0J(X0, Xj) + 6]'{’()(]') - aanji

UX)= > e@-q).  UyXoX)= > wa-q)

a0 X AeQo,q' €Y

¥(X) = > w(a)

geX

Initial state: infinite Gibbs at given densigyand temperaturg(if1
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If no phase transitions kinetic-potential energy density, density and many
observables areonstantwith ug probability 1 at time = 0: examples

1 d
lim K B0,
AI—>w|AﬂQ| ja(X) = ]

1
lim ———N; =0
A—>00|AmQ] JA() ]

1
lim
A—><>0|A QlU]A()

Thermostats should admit evoluticdefined by a limit of evolution in finite
volume
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Regularizen a ballA,, (side Z'r,)
i.e. enclose the system in a b&lln B(R) of radiusR

= Time evolution existx — §"%x =

it should be also lim,_., S"¥x = §9 2?2

Temperature, density, energy denghould be fixedvt,j > 0

d d
- iA(S9%) = 2715 = —kgTis; 2?2
Am, IAmQj|KJ'A($ X) = 5B 0 = SkeTio) 77

Entropy: thermostats entropy increases by

Qj def ¢
=5 , VL' X - 0x Uoj (Xo. X
oo(X) 24 keT;(0) Q it Ox; 0j(Xo, Xj))
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Existence: Theorem by Caglioti, Marchioro, Pulvirenti (2000)
Remarkableonclusion of a series of works by

Lanford (1968) 1 dimensiorconstructivefor “general” states)

Sinai (1971) 1 dimensiora(e.for general states, proving cluster dynamics)

Marchioro, Pellegrinotti, Presutti (1974).€.only for Gibbs states arbitrary
dim.)

Dobrushin Fritz (1975)4.e.for dim.=2 general states)

Control via specific energy itarge balls of radiusR = R, Clony

W(x; &, R) dﬁftotalenergycpo + numberof particles in ballB(¢, R)
W(x; &, R)

E(X) «f sup  sup =

¢ Re(log, ()M
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W(x ¢, R) = total energypo + number of particles in baiB(¢, R)

E(X) = sup  sup WX £.R)
£ Re(log, ()Y Re
Theorem: 3C(E),c(€)™ 1 & andif q(0) € Ak (vi = /22)
(6 1™ < vy C(E) kY2,
(2 distanc@f“o)(t),a(ujgj NA)) > (&) k32,
3) Ni(t,n) < C(&) k¥4
@ X0 -x0 < cE)r,e

¥ n > k. The X9(t) is unique frictionless motion satisfying 1,2,3
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Q1: is the temperaturéixed for t > 0 ? are intensive quantitiesonstants of
motion?

Q2: Alternative modelsA,—regularized Gaussian thermosta@ls?
mXgi = — 8;{Uo(Xo) — Z 9iUg;j(Xo, Xj) + 0;'¥(X;) + @i(Xo)

>0
m>"(ji =— 6in(Xj) — 6iU0,j(X0, Xj) + 6&'(X,~) - Q’j,nxji

With a;, so fixed thatj A, + Kj A, = Eja, iS €xact constant

def  Q

def :
= — v = — X - 0iUgi(Xo, X;
jn dNkeT; () Q j - 0jUoj(Xo, Xj)

with mX? £'2K; 5, (4 ' d N ks Ty ()

Equivalence? (in therm. lim\,, — o)
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Equivalence? (in therm. lim\, — o)

Idea: Q L X,- - 0jUqj(Xo, X;j) is O(1) (Williams,Searles,Evarz)04

henceq; = = 0asn — co.

Q;
d Nj kBTJ‘Yn(X)

ButisTjn(X) > c>0 ??notVvx!

Theorem (Presutti, G)with po—probability 1

Kj An
(a) A;Am;;; > 1d 5 keT] (hencer —— 0).
(b) limp_e S™Vx = lim 0 SO forallt> 0.
(©) ¥H = —o(m(d)  and

o(x) = PZO kB-?iJJ(X) +,30(K0 +Uo+ ‘I’O) d:efg-o(x) + F(X)

Entropy production= volume contractionr- a time derivative
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= (average ofr) = (average otrg)
provided g;(X) is a constant of motion as— co andg;(Sx) = g

In other words: very generally phase space contraction eaddntified with
the physically defined entropy production.

Theorem: LetI" be a pair potential ang + <I" be superstable foe| small
and Ry + &) (twice) djferentiable atc = 0 (i.e. “no phase trans.))

e 3 ) - () = g

def .
g(Sx) = lim
Ap—oo Ap i daex

with po-probability 1 and for all t > 0: i.e. g(x) constant of motion

Same with'no conditions”(of differentiability nor superstability) (including
many body potentialg)” If, for each fixequo “clusters”

Princeton 10-2010 9



Same with'no conditions”(of differentiability nor superstability) (including
many body potentialk)” If, for each fixedn, n, the correlation functions of
uo Cluster

p(ql7"'7qn7yl+§7""ym+§)_p(ql"“’qn)p(yl+§7'°"ym+§)—)o

-0

uniformly in the diameters of the sefi, ..., g,} and{ys, ..., Yn}.
= Infinitely many constants of motion.

Method: “Entropy estimatédor thermostatted motions

() Proof thatkinetic energy per particle (in the,—regularized motion) stays
> §6; B with o-probability 1for t < @.

(1) Proof that thenumber of particles and their (kinetizall) energy in a
unit box grows at most with a powegre (%, 1) of (Iog+(|§|/r¢))% - (logn)”
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Method: “Entropy estimatédor thermostatted motions

(1) Proof thatkinetic energy per particle (in thie,—regularized motion) stays
> §6; 87" with uo-probability 1for t < ©.

(1) Proof that thenumber of particles and their (kinetizall) energy in a
unit box grows at most with a powegre (%, 1) of (Iog+(|§|/r¢))% - (logn)”

Combining ideas of Sinai, Fritz-Dobrushin, and Marchid?ellegrinotti,
Presutti, Pulvirenti (1975,1976).

max(Nc, (%).ec, ()

ICTRGIA where

def
Let[|X]| = maXea,

(OF ©" unit cube centered & Nc, (X)= number of particles i€,

ga o maXgec, (367 + w(9))/o. kinetic + wall energy
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1) Define forx s.t. &(x) < E, thestopping time 7(x)

Tn(x)d:Ezf max{t: t<@: Vr<t,

K. n.l)x
Kin(S"™) k2", IS"xln < (logn)?}.
%o

2) show thatbefore the stopping timfictionless evolution and
thermostatted evolutioare very close for particles starting withig
provided the cut-fi n > k.

3) Checkthat theup-probability of 8 déef{x| x € Xg andTy(X) < O} is

fio(B) < Celoan”,

Via large deviations estimates

estimate the probability 0¥ = (E(X) < E: Ta(X) < ©).
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Estimate the probability ok, dg{&(x) < E; Ta(X) < ®}.

(2) = bound on thenax entropy production within the stopping time
| fOT”(X) o(§™Dx)dt) < C’ with C’ depending only oOfE.

For inst.estimate probab. that kinetic energy becof@es 1/2 of its
uo-almost sure asympt. valu& = N, d,Bj‘l. IF 10 were invariant

dsar €' ( f Lo(dXIKIS(K — G))dr

Remark:all shaded volumes would have the sam&olume!
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Thenuo(Xn) is boundedif C > | [ o-(S.x)dt, by:

§®IMME§®IMMMW—®M
Hence< %0 [ uo(dX)5(K — (G + n))IK], fore > n > 0= (anye > n > 0!)

<c fo dy [ ro@9o - G+

thus,by a large (kinetic energy) deviation estimate

S% fﬂo(dx))((G+ £ <K <G)K]|

SE Vio(x(G+e <K < G)) 1o(K2) < el
&

with y > 0: summable= “Borel-Cantelli” (after a similar bound on the
second item appearing in definition of stopping timeglds that the
stopping time must b® with uo-prob 1.
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BBGKY hierarchy, Fourier’s equation
(in progress)

by Guido Gentile, Alessandro Giuliani, GG

Key result in equilibrium has been virial expansion conesigge— complete
very detailecequilibrium rarefied gases at high temperature in Gibbgstat

It is highly desirable to achieve a similar understandingyistems in
stationarystates out of equilibrium.

Difficulty: in equilibrium systems enclosed in finite containease a
probability distribution with a density on phase space.

This is no longer true for systems in steady non equilibrineed infinite
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Study existence of stationary states of a hard spheres ¢fasamperatures
at +oo different;p...(qn) correspond te. and %8;1 = (pi2 ).

Joel (1959)We try to findI'-space ensembles that will represent systems not
in equilibrium in the same way that microcanonical, canahig.c.

ensembles represent systems in equilibriumndthere is of course no

priori assurance that such a parallel can be made

+00
Fig.1: A hyperboloid-like containef.
> < Shape is symbolic &B)
Statlonaryregular BBGKY hierarchyhard core)
—00 0p(Pn.Qn) = 0 = ( ~ pi - 0ip(Pn, dn)

i=1

+f( )a)'(ﬂ—pi)p(pn,qn,ﬂ',Qi+rw)d0’wdﬂ')
o(Gi.an

p(dn, pPn) differentiable ing; — g;| > r with continuous derivs ifo; — g > r.
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Representation (reference state activigy temperature:3;'):

—%.B(Qn)Pn'Pn
R C o o) H(—)
(2" detB(n) ! v2e

Look for BBGKY solutionexpanded in Wick (Hermite) monomials:

d
Gay(Pn) =

P(Pns tn) = Ga,(Pr) ), Pa(Cn) : P

A

n d
ph: € 1_[ H(ﬁka)a‘k* LB - V@I

k=1 a=1
Regular BBGKY= hierarchy in the caicientspa(qn).

Result O: For eachpa(qn) the hierarchy involvepa (gm) with
m=n+ 1, |A| = |Al or pa(qn) With |A’] = |A], |Al + 2, |Al + 4.

CancellationjA| + 6 is missing

Up to boundary condition€EvenA and oddA are independent
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BBGKY: Red= terms expected to yield all contributions®©fs):

#1 )" {0101 +B(@) (0, + Diiopsy]

i
1
#2 — Eﬁmﬁ(Qi) ; [p(B;f,);} (QH)

#3 + B(a) (2081 (An)duer

#4 + (b}, + 1 = 26,0 )05 2y (0n)
#5 + 2(b}, — Gowr JoE 2 1)1 (@)

#6 + B(0) (200w (B, + L)og1(Cln)

#7 + 2(0}, + 1) bl o1y (0n))|
#8+ f Wy [—ﬁ(CIi + rw)’lp(BAr)an m(q“’ g + rw)
S(0l;0In)

+ P (O, O + Fw)
+B(a)" (b, + pgay (Gn, G + rw)] doy,|] = 0
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Ansatz Py e B(G)pk: thenpa(gn) = 0if |Al = 1,2 and

p@(qn)+ Z Pat, . an qn)l_[ (26\')”

.....

n )a' .
+Z Z Oiaial... an(Qn)ap.yl_[ (Za')”

. iLa al,.., i=1
l.e.

Even correlations functions of trﬁi(p?)ai only.
Odd correlations functions of first derivativés, [T;(p?)? only.

Key remark:the equation fopy(qn) is, simply,

Ialg(q ),0 (qn) w(,da'mp(o(QnCIi + I’w) =0

— Oiq, +
op0(0n) Ba) o (G1.ah)

Eq. admits exact solution, close to the reference szba,ti’gl' the equilibrium
correlations of a hard spheres gas with actiz{ty) < z, £
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def g_

Even correlations: €XaClby recurrences(q) = & ﬂ(“) -Leo=75-1,

n
Pevedn, Pn) = po(dn) 1_[ ©(ai, pi) + /’hom(Qm pn) with

(e(@)* + (0) (-1)) | .
o(a.p) = ﬁ<q>(p)ﬁ(q) Z aon— B@P) )

. (-1 : (pD)?:
PG pr) = 21Ga(Pr) Z(]_[ K®)) e(a) Z W

i=1 j#i

Odd correlations: exact

Podd(@ns Pr)G1(PY) = 261 Z G1(Pn)

—Zk

(-1 :
(roiF(@) - 9 Z W)H K(®)

J#I

whereK(p) £ ¥, C(a) : P2 : & K(p) &' 32, C(a) : p2 :with the C(a)'s
arbitraryAND
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10p(e) - 3F(q) _

— AF(q) + 0, IinQ,
@ 2™ p@
onF(Q) =0, inoQ
So farno approximation. Bup(q) arbitrary!
GivenpB. (Bo = B+ < B- = Bo(l + &)): which B.C?

Boundary conditions:
(1) Equilibrium at +oco:

po(0n) ——— equilibrium with suitable activity.

qn—)i(XJ

(2) Collision continuity: if p1, p2 = pj. P, is a collision btwng; and
01 + rw (with w - (p2 — p1) < 0) in the directiorw then Etrong forn)

£(0n, Pn) = p(dn. Pp)
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e.g.“weak form” for all 1-particle momentum obser@Q(p) andq € Q this is

3
D e f p(p. DP.QP)Ap =
a=1

- f w(z - p)l - Q) - QP p(P. & 7. G+ rw) dp P o,

-(p—m)>0
if p,7 = p', 7’ after elastic scattering in the code
Key questionis request correct@varning: we get it only partially)

Continuity (strong is generally demanded (Cercignani, Lanford) in the
context of Boltzmann-Grad limit (not always, see Spohn).

But no proof available:

(2) at finite volume and out of equilibriugprrelations not even defindal
SRB states

(2) if the initial state has the property (not easy to impaskeps it forever
(Spohn): howevediscontinuity might develop dt= +co
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Boundary cond. imposed on the exact solutions at first ordey i
(temperature dierence) by requiring it only on “isolated” collisionise.

0= d do,
fw G

(P(Xn’ q’ p’ q + rw?ﬁ) - p(Xn, q’ p/’ q + rw?ﬁ/))w : (p - ﬂ)
(wherex, = (pn, gn)) demanded (up t@(s%, r.)) for

P=p-w-(P-Po. P =p+w-(P-Pw
andonly up toO((zr3)"'", £3) if ¢ = distance ofy, g+ rw from ¢, andoQ.
Beginwith p(q, p, q', p’): then¢ = distance t@Q. Let Q(p) = p? and require

0= f ped(@ G+ 1) (B(@) — B( + ) deo
S(QnQ

At distancef from 0Q thepeq(0, 0 + rw) is rotation and translation invariant
up toO((zr3)'") by Kirkwood-Salsburg theory of the Mayer expansion.

Trueif B(q) is harmonic(Fourier).
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BUT there are infinitely many other conditionsq,):
“all evert Q(p) = P2¥pop2™ with s+, +5, > 2 &
“all odd’ pap?f*pﬁsf 2 S, + s, + S, > 1: remarkably the free constar@$a)
are determined by the condition aridr all s.

LetT &' seraky andC(k) = G
simplicity):

k'2kC(k) then to lowest order im (for

__°°_ — _ d_efk_(s"'%)
= )W, 7 (e X )

is the conditiorfor all odd Q(p) coupled with

B(a)

Bo -1=F(9)

which isalso compatible t@(sg) with the condition ofF.
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Still there are infinitely many other conditions: however the eaeth odd
correlations have cluster properties (from KS):

n
peveddn, Pn) = po(an) | | #(ai, p) +p""(n, Po)
i=1

n
Podd(CIn, pn)Gl@g)) = z(”)(Sn>1 Z Gl(ﬁn)
i=1

2y (-1)F:p: _
: (I’ OiF(q) - a5, ; (()T)'F')) l_[ K(pj)

j#i

this allows to reduce the case to the pair correlations naityi if the
colliding pair is far enough from the remaining.

In other words the problem is reduced to two infinite lineaatsyns like
- S — _ dfk—(s+§)
=) 70, 7 () sk
k=1

—(s+3)
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The latter linear systens soluble

Also: the equation is of Toeplitz type and its ¢deents are integer fractions
therefore if the linear system is truncated tNl & N system it can be studied
with arithmetic precisiomp to exhaustion of computer power.

0.5

0.af

0.3

0.2

oaf e

L L L L L
20 40 60 80 100

Fig.2: The value of the first five cgigientsC(k), k = 1,.. ., 5 as functions of the
truncation of the matrix: they decrease in absolute value and alternate in sign: a
trend that persists for all the truncations sizes N and a#l @k)’s that have been
checked, exactly, up to N 100. The small discontinuities are due to the plotter
reaction to a4 decimals expression of the exact results (which requiresifags of
digits in their rational expressions, for N large).
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Let Q be the observables polynomialgrand let{ < sg.

Result:There are solutionsp toO(s3) which satisfy the boundary
conditions up ta(£3, (zr®)"") ¥Q € Q and

AT(@) =0 inQ, onT(@) =0 inoQ

T(x0) = Tico.

Questionis collision continuity to be requested?
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Also Dirichlet b.c. ondQ can be considered as well agher geometries can
be consideredFor instance conic geometry

+00

Fig.2:Qis acone with vertex at O
truncatedat a distance R from its
vertex; T(q) = To + 7(q) solvesAT
=0withd,T = 0ondQ and value
7_ at bottom ofQ andr, =0

BrRY at co: i.e.‘r,:%,‘u:O

v IR

\WJ
special case

Fig.3: A special case of Fig.2
R the “exterior problem”, i.e.
@ the heat conduction outside a
ball: a “ hot potatd problem.
It has an exact solution ().
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A geometry with a long cylinder which opens up in two resersoi

+00
O Fig. 4

The containeK is a cylinder of dia-
meteré and height Hgg > r conti-
nued into two cones extendingda

T

The interpolating inverse tempe-
rature 8(q) will be close tg3, at
the upper end of the cylinder and

Q_oo close to3_ at the bottom.

An essentially 1-dimensional geometry; temperature \séti¢he top and the
bottom (dictated by the b.c. ato via the heat equation) will beterpolated
essentially linearly“Saint-Venant's principle”)putsT = O(H™1).

Very differentfor Dirichlet (8(q) — 8o = conston Q) and Neumann b.c.
(0n8 = 0 0NOQY)
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Consider both Neumann b.@$3 = 0 ondQ) and Dirichlet
(B(q) — Bo = conston 9Q)

respectively

The transients at the extremes deeaponentiallyon scalef of the cylinder
diameter.
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Summary

(0) Investigation ofFormal seriesolutions (in powers of momentum)
(1) Exact solution®f the hierarchy without B.C. (no closure approx.)
(2) Boundary conditions of “continuity at collisions” amaposed to
determine uniquelthe free constants: this is done Ofe3, zot, (zor%)"'")

def D def . . def
&0 = - _ 1, LS container width zr3 = Boltzmann-Grad const

B+
Solution:p(dn, Pn) = pe(Gn, Pn) + P"(Pp, dn) + Podd(Tn, Pn)

(-1 (el + &(a))

pe(Cin. Pn) = Gl(pn)p@(qn)ﬂ Fop Z 2 JCIAEY
o pr) = 2GS (TR (@) 2(7@'2)&:
R g e (2K
k
PoeCin: Pr) = Z36n-1G1(Py) Zl [ U K(B)]rda F (@) Z ((Zkl))n H(E))"

def — ~,  def = —
KEOZ Y o) P KOS Ca): p
a=1 a=2
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Critiques (somewhat negative)

(1) even correlations (exact solutions) can be exactly sadhm

e 1Bop? Bo ~ _
Peverdn, Pn) =po(0n) l_[ ﬁ(Q) (2n51)772 (,B(C]) 1)5(pi))
+7 Z 2(@)o@) [ [K@)em)

j#i
n
podd(n, Pr) =201 ) [ | | K(B)G1(B)|rd F(ai)ap o()
i=1  j#
Nevertheles$ $p? ) = 2p(q) .
(2) The odd correlations can also be resummed and lead te term
proportional to delta functioderivatives not positive?
(3) Als0 podd(a, p) = 0

Possibly the above phenomena are due to the lowest order-T_ studied
and to a nonuniform convergence of the series considered.
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Solution isonly a first orderapproximation constructed by series whose
convergence is not discussed.

Deltas arise fronexactformula for “Wick’s Gaussians” foa < 1:

o o o ) 1
Gﬂ(p)é % Cp d=fGﬁ(p) e = Gyp),  pu= %

This is used to keep order by order tracke(d) Gz(p) #‘ﬂ)& . p? : which,
summed ovek, yield formally delta.

Hence the meaning that so far can be attributed to the sohiisothat of
allowing computation of expectation of polynomials in thementa.

The resulting quantities should be asymptotic to the exalctes azy — 0

log &2 . .
and logg:fs — 0. The errors however will depend on the particular

observables and will not be uniform for all observables.
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(a) The analysisannot be applietb dimension 12 because the heat
equation has no solution asymptotically equasto

(c) Looking for higher order corrections a diagonal ansatg(g)) should be
(likely) abandoned and a non diagonal quadratic form shbeldonsidered.
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Continuity? Itis not clear why the correlation functions of a stationstate
shoud be continuous at collisioresg.why

P01, P, G + Fw, P2) = p(Q1, PL. 01 + Fw, P5)

if p1, p2¢<—p}. P, is a collision aig; andq; + rw.

True conserved by dynamics; bab contradictiorwith initial states in
whichdoes not holdAnd even if holding at any finite timenight fail to hold
in the stationary stateScenario:

— Fig.6: a pair correlationsp(e),
o 0’ (&) discontinuity developing
attlarge: 4 == r.
Fort = +o00 A; = r and discon-
tinuity is sharp.
— >
r A €
Which should be appropriate collision b.c. is thereforerope continuity a
required property? are the multiple collisions relevauwtige that they
occurr in the hierarchy).
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Odd HierarchyForB = (Aq, ..., Ay) itis
Ca(AZ(TTLy G (T, F(a)) times

1%1 {/l(A a’)[aZFZal +(al - _) alanal ;,fl]

2a, +1 a
#H— /l(Agz, a)ﬁ[a Fo@ig + (a + )6 F2(31+1) lglfl]

23#+ “ﬁl Z/l( 27 @) B aFaog) + GaFaa( — A(A )

_ 1 z(aa’ + 6(m’)
44 — A+2 2/ A %) A2 4N

;/l( (y(y’a)(a(l/+2 6 ) 2(ag+1)
5t > A(A a)(2al — ba))
— 2 1

674+ aFo o (A, 0) - (L 28| oo 2

2(a,+1)
+ Cm.l(A/)ll(, +...=0
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1o is ([T @ (T, F(a) times
_1 —
B [ dou i G, Flan G+ o)
E(HeY)

with Bni1 = B(0n+1), Ons1 = Q1 + rw, A’ = 0 and the proportionality constant
isi, a-independent. Other equations: by symmetry over the sefeof the
particles positions.

cancellations?
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Odd hierarchyForB = (At} A, ... Ay) itis

nn’
1 |46 n
-3 (=g T, F(a) ;
Ca(AZ8,* T 2(a,,/+i)2(a,,+l) times

VAN 1)2(@, + 10y Fan) = AN 1)2(y + Dy Fa@)
2 (a2 + 3)20a, + 10, Fan
~ AR+ )28y + 10, Fag
28 + = Z AAZ2,17)2(8y + 1)2@0 + 60y )3y Foa
345# + Oy Faen)| — AATE, 7)2(ay + 1)
-z Z A(AYTR22 1) (28, + 2~ 28ay) - (28¢r + 2000y + 2800y7)

AP 7)2(8y +1) ) (280 + )]
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Th+ [AATZ 32,7028y + 1) ) (280 + Oury + Oury)

6%+ A(ATZ2,17)2(@y + 1)|0y Faaea))| + (ne—n')
which must be 0 after adding similar term with&7").
ForB = (A}, Agtt, ..., An) itis
1 i
3 7. (B)° = ;
Cn(A2)Z38; T1i Gayr W(H{LZ F(qg;)) times an analogous sum
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Cancellation
Why do the integral§; , li, vanish?

Realize that sum oveiis an integration over a closed surfageth w as
normal. Then

Y, [ wodupta + 1) H0,Fandon,
(04 9

_ (A (o) - LB OF(@
= D(qn)/s(q) (AF@ -5 C)

by Green'’s formula; here Neumann'’s or Dirichlet b.c.agnis relevant ifo
contains a part oAQ.

)dd

Hence the problem is purely algebraic.
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SomeDetails
Convergence™(t) — X°(1), a1 (0) € Ag

(O = max 1g™9() - g™ (w)|

on+ 1

Relation:q™(t) = g"?(0) + d™?(0)t + fot f,(x"9(r)dr — comparison
subtractn andn + 1 relations g = 3 + 3) =

t
u(t) < Cr fo W(dr ki =k+Cyh

#iteration steps> ¢ = 22 = |ul(t)] < CLTEL
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Why not “same” for thermostatted dynamigs

0]
u(t) < C f W ()dr+C2™ Kk =k+Cyh
0

#iteration steps is same ¢ = 2"/? BUT error Ce™0 24 oo

Up to Stopping time properties
Bl < Cwiklogny’,  1g™V(®) <1, (2¢+ C(k logn)?)

= N < C(klogn)®, p > c(klogn) 2@r+/e
Only (klogn)” particles interact witly € Ay

ComparexX™(t) andx™O(t) ¢ times X = 2% + ¢ C (klogn)”
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Compared<™(t) andx™O(t) £ times & = 2¢ + £ C (klogn)” with
¢ ~ 2"/(logn)”

Ut _ ¢ (klogny (2™ + f
[ 0

This time the Lyapunov exponent is small

! uk[+1 (s’ n)ds
r,0

uk(t’ n) < ec (k log n)”c(k |Og n)'lz—d“ + M

: C (2 +k(logn)” + k¥?)
ly ¢!
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