Stationary BBGKY hierarchy for hard spheres:
problemsand heat equation

by Guido Gentile, Alessandro GiuliaieG

Key result in equilibrium has been virial expansion conesige— complete
very detailedequilibrium rarefied gases at high temperature in Gibbgstat

It is highly desirable to achieve a similar understandingyistems in
stationarystates out of equilibrium.

Difficulty: in equilibrium systems enclosed in finite containesse a
probability distribution with a density on phase space.

This is no longer true for systems in steady non equilibrineed infinite
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Study existence of stationary states of a hard spheres ¢fasamperatures
at+oo different:p..(q,) correspond te.,. andg;! = (p?).

Joel (1959)We try to findI'-space ensembles that will represent systems not
in equilibrium in the same way that microcanonical, canahig.c.

ensembles represent systems in equilibriumndthere is of course no

priori assurance that such a parallel can be made

+00
Fig.1: A hyperboloid-like containef.
> < Shape is symbolic &B)
Statlonaryregular BBGKY hierarchyhard core)
—00 0p(Pn.Qn) = 0 = ( ~ pi - 0ip(Pn, dn)

i=1

+f( )a)'(ﬂ—pi)p(pn,qn,ﬂ',Qi+rw)d0’wdﬂ')
o(Gi.an

p(an, pn) differentiable ing; — g;| > r with continuous derivs ifg; — gj > r.

Rutgers 10-2010 2



Representation (reference state activigy temperature:3;'):

—%.B(Qn)Pn'Pn
R C o o) H(—)
(2" detB(n) ! v2e

Look for BBGKY solutionexpanded in Wick (Hermite) monomials:

d
Gay(Pn) =

P(Pn: Gn) = Ga,(Pr) ), Pa(Cn) : P
A

n d
def — _ def
on S ] ]e)® s BE - VB@pe
k=1 a=1
Regular BBGKY= hierarchy in the caéicientspa(qn).

Result 0: For eachpa(qn) the hierarchy involvepa (gm) with
m=n+ 1, |A’| = |Al or pa(Qn) with |A'| = |A], |Al + 2, |A] + 4.

Key cancellationjA| + 6 is missing

Up to boundary condition€EvenA and oddA are independent
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Ansatz: P, e VB(G)pk: thenpa(gn) = 0if |Al= 1,2 and

P(D(Qn)“‘ Z 28(231:;)' Foat,_2a0(On) : l—[(p|

+ Z 228(2312|6|(sz31 ,,,,, 2a0(0n) © O, ]—[(H )a'.

Even correlations functions of tHg; (p2)? only. |
Odd correlations functions of first derivativég, [Ti(p?)? only.

Egs. simplify:e.g.letAal;az,m,an FZal oan — Fo@isn). 2an then:

..........
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01(Cl1)
B(d)

+ Zof do_wwa(Aal;.‘.,an,O(qn’ . + I‘a))) =0
S(0li0n)

0100, (On)+ (alAZ(al—l);...(qn) - (al + 1)Aa1;...(qn))

Fora = 0 (A = 0) thisis,with m= 1, Z}A1q_ o = p'¥(gn) with

B
I(r n) — n a/d w mj nYi :O
") - e AL )+ f 0,7, 9@ + 1)

= solved by Kirkwood-Salsburg eq. in ext. fieldile. activity

@)m
Bo

def

20) = 2 - (
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Odd correlations

Look for solutions# 0 of the odd correlations. Exact solutions
can be found (disregarding boundary conditions at coltisjo
LA
Pn

all

podd(qna pn) = Ons1 Z Cn,i aicrE(qn) ’ aﬁia

with F(qn) = [T, F(gi) and withCy; (A4, .. ., A,) depending
only onA, j # i andarbitraryprovided
18- OF

AF -2 — =0inQ, dnF = 01in o0
2 B

Any relation betweefr andg leads to a nonlinear heat equation
which becomedT = 0 upon linearization.
Questions

(1) Are there solutions for the even correlations?
(2) How to determind- and the arbitrary constants?
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There arenanyexact solutions of the odd hierarchy
corresponding to the arbitrary consta@tgAs, .. ., An)

The even admit also many solutions: one)ﬁiisd_%fﬁ(qi))

Fort o & =2 (q"’l_[ - Eha-a- )

pM(qn) i |s the Gibbs state of hard spheres at variable activity
2(q) = 252,

No apparent freedom.
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So farno approximation. Among the solutioase there any
satisfying boundary conditions®hich B.C?

Giveng, (with B = B_ > B, = B — 9):
Boundary conditions:
(1) Equilibrium at +oo:

00(0n) o equilibrium with suitable activity.

(2) Collision continuity: if py, p, = p}, P, is a collision btwn
0. andq; + rw (with w - (p2 — p1) < 0) in the directionw then

£(n, Pn) = p(0n, P)
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i.e. for all 1-particle momentum obser@ andq € Q this is
3

D0 f p(p, AP.QAP)Ap =

a=1

- f w(m - P - (QP) - AP p(p. 4. 7. q + rw) dp Prdor,

-(p-7)>0

if p,m = p/, n’ after elastic scattering in the code

Result: There are (many) solutionp toO(6%), O(F) (L =width
of Q) which satisfy the boundary conditioR'§) € Q;, and

AT(@) =0 inQ, onT(Q) =0 iInoQ

Conjectureld4 — oo
Ambiguity is possibly due to lack of b.c. on multiple colbsis
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Theboundary condition equations:
FoT L &I .h.s.of BC for p,p*

s~ 3255'1( 255
and C(K)= C2(2k)2"k' r.h.s.of BC for p,p*
thenthe equation fo€(K) is

with 7, 2= ) 7CM

k>1

_ def & o(2ho — D! [s1] [s2] (S0 + ko = ho
Ysk = Z Z( ) 2Mohy! {kl}{kZ}( S0

k0+kl+k2 k hg=0
So+S1+52=S

+ (same withsy = 0) + (same withs; = s, = 0)

where, if a> b,
a
b|  (2b-1D!'(2(@-b)- 1)

and d:‘EfO if a<b.
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)

ko
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|



does it admit a solution?
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Also Dirichlet b.c. ondQ can be considered as well aser
geometries can be considerdr instance conic geometry

+00

Fig.2:Qis acone with vertex at O
truncatedat a distance R from its
vertex; T(q) = To + 7(q) solvesAT
= 0withd,T = 00noQ and value

7_ at bottom ofQ andr, =0

L _ 5 _
,BR . ateolie. 7 =g, 7, =0

\ 7
\

special case©®

Fig.3: A special case of Fig.2
R the “exterior problem”, i.e.
@ the heat conduction outside a
ball: a “ hot potatd problem.
It has an exact solution ().
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A geometry with a long cylinder which opens up in two
reservoirs

+00
Q Fig. 4

The containeK is a cylinder of dia-
meter¢é and height > & > r conti-
nued into two cones extendingda

—

The interpolating inverse tempe-
rature 8(q) will be close t@3, at

the upper end of the cylinder and
Q—oo close tg3_ at the bottom.
An essentially 1-dimensional geometry; temperature \&afie
the top and the bottom (dictated by the b.c+at via the heat
equation) will benterpolated essentially linearly

(“Saint-Venant's principle”)putsT = O(L™).

Very differentfor Dirichlet (3(q) — 8o = conston Q) and
Neumann b.c.d,8 = 0 onoQ)
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Consider both Neumann b.@,8 = 0 ondQ) and Dirichlet
(B(Q) — By = conston 0QY)

T, T,

To \-\ e To

T . T
- -

respectively

The transients at the extremes deeaponentiallyon scalef of
the cylinder diameter.
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Critiques (somewhat negative)
() even correlations (exact solutions) can be exactly sedhm

e %ﬁop,z ( ﬁO
ﬁ(Q) B2 "p(a)
Nevertheless 3p?) = 38(q)~.

(2) The odd correlations witﬁn(Az) =0unlesn=2,|A)| =
(simplest choice) can also be resummed

Pever(Tns Pn) = P (an) H - 1)6(p))

Podc(Cl1, G- P2: P2) = C 2 (0126(Py) - e B . f . +1—2)
but not positive Also pege(g, p) = 0

Way out? more solutions with more arbitrary constants when
studying the higher orde(8?)

Rutgers 10-2010 16



Referencegalso in http/ipparco.romal.infn.it and arXiv)

Lebowitz: Phys. Rev., 114, 1192-1202, 1959

Feynman , Vernon: Annals of Physics, 24, 118-173, 1963
Bonetto, Lebowitz, Rey-Bellet, In Mathematical Physic@0
Garrido, Gallavotti: J. Stat. Phys., 126, 1201-1207, 2007
Gallavotti, Presutti: J. Math. Phy$], 015202 ¢32), 2010
Gallavotti, Presutti: J. Math. Phy$], 053303 ¢9), 2010,
Gallavotti, Presutti: J. Stat. Phy439, 618-629, 10-2010,

Rutgers 10-2010 17



Continuity? It is not clear why the correlation functions of a
stationary state shoud be continuous at collisierg,why

p(ql’ pl’ ql + r(,(), p2) = p(ql’ pgl_a ql + r(,(), p,2)

if Py, P2 «— P}, P, is a collision aty, andg; + row.

True conserved by dynamics; bobd contradictiorwith initial
states in whicliloes not holdAnd even if holding at any finite
time might fail to hold in the stationary stat8cenario:

A Fig.6: a pair correlationsp(e),
Jolk B p’ (&) discontinuity developing

! < : attlarge: &y = .

N\ 1 Fort = +o00 A; = r and discon-
0 : : tinuity is sharp.

— >

r /1t &

Which should be appropriate collision b.c. is thereforeropg
continuity a required property? are the multiple collison
relevant (notice that they occurr in the hierarchy).
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Odd Hierarchy ForB = (Aq, ..., An) itis
a2, LT, F(a) times
148, {/I(A a)|02Fzm + (a* - —) Do 2P ==

,31
2a,+1 .
ﬁ[ Fo@isn) + (@ + E) OuFa@is1) ﬂﬁl]

o | 2702000 Fay+ P~ A )

#- AA2 Q)

23#+

Z(aa’ + 6(1(/)

1
4 - Z AN Z, @)@y + 5 = Ouer)

2 2, +1)
5t — Z AA, @)(28L, — 6.0))
2a,+1
67#+ aan(a1+1) 22 A(AZ, @) - (1 + 2a1)]}2(aa T 1)}

+ Cn+1(A,)|1a +...=0
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1.0 I8 (T 2T F () times
_1 —~
- 28+1 f dO’w waIanl aQnﬂ,aF(qn, gL + rw)
S(0i;0n)

with ﬁn+1 :ﬁ(qm_l), O+1 =01 + lTw, A’ = 0 and the
proportionality constant is a-independent. Other equations:
by symmetry over the selection of the particles positions.

cancellations?
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Odd hlerarchyForB = (AT A, L AY) LS

nn’

(ﬂl)a+5l' nl F(q') H
C”(A)ZSBl [Ti zan 2(aﬂ/+f)2(a,,+1) times

{/I(A:;Z n )2(& + 1)(9777] I:2(:;11+1) /1(A+2+2’ n )2(a77 + 1)87777 I:2(a1+2)
+ %(A(A;?, )@+ 5) 2(8y + 1), Fo.)
’ 3 -

— AN )@+ E)Z(a” + 1)0, Foiso)

2w+ 1 Z/I(A‘2+2 N2, + 1)2@y + 6o )3, F
2 o n aﬂ Ay a'n’ )Uny' V" 2a

345# + 0y Fae)| — AAZ.7)2(a, + 1)

1

-3 D AN )28y + 2= 25ay) - (280 + 280 + 200y
— AAF )20, +1) ) (280 +0uy)]
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TH+ (AN 2 )28, + 1) Z(Zaa/ + Sory + Oarry)

6%+ A(ATZ 2, 1)2(8, + 1)|0y Faea)} + (1=

non
which must be 0 after adding similar term with«—n’).
ForB = (Al ,7,, LAY IS

Cn(Az)zgg2 1. ((2{:;)” = +1)2@]1#1)([[{;2 F(qg)) times an analogous
sum
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Cancellation
Why do the integral§; , I , vanish?

Realize that sum oveiis an integration over a closed surface
with w as normal. Then

Y, [ wituplan + r) 20, F (o,
a 0

_ (A 2P  IF(@
= D(qn)B(Q) (AF@ - 5 e )d

by Green’s formula; here Neumann'’s or Dirichlet b.c.aghis
relevant ifd contains a part o6Q.

Hence the problem is purely algebraic.
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