
Ultraviolet and infrared properties of the sine-Gordon field

General problem: define, forx ∈ R2 andF = ccos(αϕx)

P(dϕ) =constexp[−1
2

∫

(~∂xϕx)
2+m2ϕ2

x dx]

·exp[λ
∫

F(ϕx)dx]

Ultraviolet:
∫ → ∫

Λ , finite Λ, or Λ = R2,m > 0

Infrared:
∫

→
∫

R2 & m = 0

λ = 0: Gaussian field〈ϕxϕy 〉=
(

1
−∆+m2

)

xy
=

{

1
2π log 1

m|x−y| x− y → 0, e−m|x−y| x− y → ∞ UV

const+ 1
2π log 1

µ|x−y| x− y → ∞ IR
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Regularization

Cxy → C[≤N]
xy =

( 1
−∆+1

− 1
−∆+22N

)

xy

=

{

1
2π log 1

|x−y |x− y|> 2−N

smooth |x− y|< 2−N
C[≤N]

00 =
N
2π

cN = e
α2
4π N ⇒

cN cos(αϕ)≡ ∑∞
k=0

(−α2)k

(2k)! : ϕ2k :
def
= : cos(αϕ) :

: ϕk :
def
=

√

C(≤N)
00
2

k

Hk

(

ϕ
√

2C(≤N)
00

)

“Wick’s polynomials”
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Pα,α,N(dϕ) =
P0,N(dϕ)exp[λ

∫

: cos(αϕ(≤N)
x ) : dx]

Z(α,λ ,N)

UV Theorem:

(1) Pα,λ ,N(dϕ)−−−→
N→∞

Pα,λ (dϕ), α2 < 8π

(2) Z(α,λ ,N) = Z0(α,λ ,N)e∑n
k=1Rk(α,N)λ k

,

8π(1− 1
2n

)≤ α2 < 8π(1− 1
2(n+1)

)

(3) Z0(α,λ ,N)−−−→
N→∞

Z0(α,λ ), Rk(α,N)−−−→
N→∞

∞

(4) : e±iαϕx :, : eεϕx :, |ε|2 < 4π , good random v.

Comment: : eεϕ (≤n)

x := e−
(ε2n)

2π eεϕ (≤n)
x ≥ 0 ⇒ ∀n ≤ ∞

µ(dx) = :eεϕ(≤n)
x :

∫

Λ:eεϕ(≤n)
v :dv

dx is a random measure onΛ
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Λ

1

2−N

Idea: Hierarchical model (Dyson-Wilson)

PavementsQk ⊂ Λ side,∆’s size 2−k

z∆ → 1√
2π

e−
1
2z2

∆ dz∆, iid

ϕx = ∑∆∋x z∆

ϕ(≤N)
x = ∑N

k=1 ∑Qk∋∆∋x z∆
∫

P(≤N)(dϕ≤N)·=
∫

P(<N)(dϕ<N)
∫

PN(dz)·

∆ ∈ QN ,∆′ ⊃ ∆ ⇒
(

∫

g(dz)eλ |∆| :cos(α(ϕ(<N)+z)):
)4

size= λ 2−2N 2
α2
4π N, (size)2 = λ 2(2−2N2

α2
4π N)2

∫

g(dz)eF = e4
∫

g(dz)F+error(size)2

number errors=|Λ|22N ⇒ total (2−2N2
α2
4π N)222N |Λ| summable!
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∫

P(N)(dϕ(N))e−λ
∫

:cos(αϕ(N)
x ):dx

= e
∫

P(N)(dϕ(N)):cos(αϕ(N)
x ):dxe±λ 2(2−2N2

α2
4π N

)22−2N |Λ|

Key propertyof Wick’s polynomials
∫

P(dζ ) : (ϕ +ζ )k :=: ϕk :

⇒
∫

P(N)(dϕ(N)) : cos(α(ϕ(<N)
x +ϕ(N)

x )) : dx =: cos(αϕ(<N)
x ) :

Conclusion forα2 < 4π
∫

P(N)(dϕ(N))e−λ
∫

:cos(αϕ(N)
x ):dx = e±∑∞

k=0 λ 2(2−2k2
α2
4π k

)22−2k|Λ|

Beyond 4π? expansion to ordern: error becomes summable

when(2−2N2
α2
4π N)n2−2N < 1 i.e. if α2 < 8π(1− 1

2n).

However calculations to ordern are harder (yet possible)
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Important that the free energy defintion only requiresconstant
counterms (theRk(α,N)): physical intepretation possible
(Yukawa-gas)

Infrared: Coulomb and dipoled gases

C(−R)
xy =

1
(2π)2

∫

d2k (
1

k2+2−2R − 1
k2+1

)eik(x−y)

lim
R→∞

(C(−R)
xy −C(−R)

00 ) = W(x− y)≃ 1
2π

log|x− y|−1

C(−R)
00 =

R
2π

log2,

lim
R→∞

Z(−R)(I,β ,λ ) = lim
R→∞

∫

P(dψ(≥−R))eλ
∫

I cosαψ(−R,0)
x dx

is the partition function of theneutralCoulomb gas (α2 = βe2)
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The change of variablesϕ(<R)
x = ψ(≥−R)

2Rx transforms the
problem into an UV problem in a boxI2−R

Z(−R)(I,β ,λ ) =
∫

P(dϕ(≤R)e
λ
2 2(2−

α2
4π )R ∑σ=±

∫

I2−R :eiσαϕ(≤−R)
x :dx

Theorem Forα2
n

def
= 8π(1− 1

2n)≤ α2 < 8π(1− 1
2(n+1)) the first

2n coefficients of the Mayer expansion are finite. Or
(1) as the temperature decreases for+∞ (i.e. α2 = 0) to
Tc =

1√
8π the Mayer series coefficients become defined and

(2) for T < Tc all are defined (BGM).
(3) For α2 large enoughα2 > 24π the Mayer series converges
(at smallλ ) (GawKup).
(4) At high T: “plasma phase” (Debye screening, (Bry))
(5) At low temperature “multipole phase” or
“Kosterlitz-Thouless” phase
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Hierarchical model

In this case it can be shown
(1) the Mayer series converges forα2 > 8π , i.e. in the entire
multipole phase, (BGN)
(2) correlations have power law decay exponentα2

2π (BGN)

Furthermore the “dipole gas” can be represented via the integral
∫

P(dψ(−R)) = consteλ
∫

I dxdθ cos(α∂ϕx·~n(θ ))

and in this case it has been proved convergence of the Mayer
expansion (GawKup) at allα2 with power law decay of the
corelations. With our method we can only prove finiteness of all
Mayer coefficients (BGN).

The hierarchical version is obtained by replacingz∆ with ±z∆
depending on the position of the pointx ∈ ∆ in the left or right
half. For this model: convergence of the Mayer expansion
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