Formal perturbation analysis of a
non equilibrium stationary state

by A.lacobucci, SOlla, G.G.
Non-equilibrium: statistics is often shown to exist.
(By) “compactness methods”: verysatisfactory.

Dissatisfaction: when physical quantities are needed “no
answers”.

E.qg. for hard spheres systems continuity of correlation of a
stationarynonequilibriumdistibution is not known=- no
answer to simple questions likéyp(q—d) ).

Particularly valuable are therefore exactly soluble msdel
Unfortunately they are very few , most involve stochasticés.
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Even so the study is very difficult. Here the question of
“computing” correlations for a “trivial” system. The = 1 case

i b ...... ,

The equation of motion is the stochastic equation

. P T |2 .
9=73 p=-0U-1 Jp+ W

W w.n. of width (535)3,

U = —gV cogq) conservative forger torque € friction, J
inertia

‘g»‘,d

(@]

Bo inverse temperature

Problem: find the stationary state distribution
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It is hard to believe that this in not knowa??.

F(p,q)dpda: the stochastic equation yields the PXEF =0

2F=—{(5aF(@.p) - (0@ +1)5F(a.p)

~ & (By"03F (a.p) +30p(pF(q, P))}



It is hard to believe that this in not knowa??.

F(p,q)dpdg: the stochastic equation yields the PEF =0

z*F:—{(paq (a,p) — (dqU (Q)+T)dp':(q7p)>

¢ (B3 '93F (a.0) + 305(0F (@) ) }
General resultanost interesting: simulations, ILOS1: [1]
(1) Thereexistsasmoothsolution (Hormander)
(2)is exponentiallyapproacheﬁd 2by initiad (Mattingly-Stuart)
@3)itis positive F(q.p) = 2 LB = G(p)p(p.) (MS)
(4) /G(p)p(p.a)* <, (?27?)



It is hard to believe that this in not knowa??.

F(p,q)dpdg: the stochastic equation yields the PEF =0

2F=—{(S0F (@p) - (0U(@) + DF (@)

g (Bo*ldSF(q p) +30p(pF(q, p)))}

General resultanost interesting: simulations, ILOS1: [1]
(1) Thereexistsasmoothsolution (Hormander)
(2) isexponentiallyapproached by initiad (Mattingly-Stuart)

Bl
4) /G(p)p(p.q)* <o (?27)

. . (B 2 p . .
(B)=if: p":= < ) Hn( \/ZJB—‘l) (Wick,Hermite poly.)
P(p,q) = G(p) (po(Q) +p1(A)P+p2(a) : P*: +pa(a) 1 p°: +...)
Problem: Find the expansion ig of pn(q) (why care?)
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(3) it is positive L\/p_(p’q) = G(p)p(p,q)




By algebraZ*F = 0 becomesn > 0 (p.o = 0)

B 10pn(@) + [ 30mn 2(0) + 20U (@) + D)pn 200

+n-1%pra(@)] =0

Messy! compute thpr[}](q) and go dimensionless with

on(@)E pu(@E™, n¥pe2/apr, pv

(1) Recursion idinear: take the F.Toy k

Onk

(2) Recursion is second degrett-:tkeZn,kOlg (o 71k(q>>

for k # 0 Fourier modes of the’s
(3) uy = average oby; then(r = 1)
] _ [r] [r] ] \Ir]
ok =MnkZp 1+ Xk Zox =Yg

up! :—Brumljtvg], u[zr] = ul"
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This can be written explicitly: the first order far> 2

1
Znk =MniZn 1kt Xnke  Zap=Yio  Xpl=Un[2)

Un = — BTUn_1, Uz = (_BT)Z
soun = (—B1)", and with initial data ah = 2. Setm=n—1

a1-iPh) |1>d§f(é), 2)"2‘(2)

et (Min ima, _1def (O 1
Mn7k: (kln On)v Ivln,lzl-: (L _i)’
’ imayn kay
[
def def
¥1% (= nawos—nBv) L= 00,1( 0 ) —nBVI)

Conclusion: gpk determines everything at given order: keeping
in mind thatat orderr it must belk| <r.

So infinitely many solutionshoweverp(q, p) must bel:
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Required:|on(q)| <

ﬂ

1 -1
=A I\/|n+1 : +h Z 1Mn+1 My Xn
nt-

A cut-off version is
Zn(N) =AM, L MGt 2) + z My My Xn
h=n+1
Need a theorem: foB37|,n~* small enough

Theorem 1: Given k, if ) islarge enough there is a sequence
Nx(n1,N) such that for all n; > 2and all k # 0 the

Zk(ny,N) & <Zk(n11, )) AL N)M L MY 2) (0.0)

isst. [{k(n1,N);| <land Zk(nl)dif liMN— e {k(N1,N) exists.
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Corollary: A solution, unique exponentially, is

Zan=Aln+én, n>2, where

[ee]

In=MnMsl(2), &= S —BVAME .. M X
h=n+1

|nl <BJ1—iBT|",  |Zy] <BBV[1—-iBT["

(1

oncel (2) = limnse Mgt - Myt|2) known impose initial data
Zo=(0p3%s —NBV)|1) =Ala+&
(recallyl) = —n(1+BL)) or

o5iv ~AL(2)1=(§(2)1+nBY)
A =£&(2)

determines the only unknovmg.l}l.



Hence thekeyis the theorem

Once more this is a problem orsng systencontrolled byy

ILENS ) gef 1+ I+y

yi mr’ ) m,k,:l: - 2kak
and spectral decomposition bf;
M-L — ’ Vo) (Wn,o
- n,K,o
i k] (Wn,a[Vno)’

(Wn,o| = <5n7)\n70>7 &= rgaﬁ

The Ising model arises becaugg®- - M *|2) is
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writing explicitly the matrix producMgl---M,g1|2> as

)

1,0

\Vaas <|1)‘1"1> i w,,aj. .0;)

“expectation” of|v o,) in a Gibbs stateGibbs factor?

0’37 500

Spin configuration #ntervals of— separated-, then
P
AN |_l|J is the Gibbs weight
i=

(J def szl 231<...<Jp (H&1|J5>
)= Q2(N)

P-= Y p(),0(=2"P +2A51P,
{3}ed
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2]def (Wi +Vi41,4+)
Aj
(I_L bx )(D (Wi +|Vj,+) )
o (70 (y Mchiea) el
ok Ait EL (W= Vi=) (Wi Vi1, 1)
_ (Wk—1,+|Vk,—> (Wie —[Vie1,4+) (Wie 4 [Vie +)
(Wi 1,+ Ve ) (Whe -+ Vie+2,+) (Wie,— Vi, —)

V2l K
FRVE (TZ)J (gj—ll)nz(lf’—l)3

Non transl. inv. but very small already fdrclose to the origin.

Hence thd”.. can be computed as convergent seridg’sas
well as the partition functioexp(Qn) which amits a limit as
N — oo (no logarithm necessary).
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Theorem: Fixed r > 0 the equation Z*F(p,q) =0

(1) admits (at most) a 1-que C" (in g,p,q) solution
nonnegative and in L;(dpdq) for 7,g,& ! small.

(2) The coefficients F'/(p,q) of its Taylor expansion
at g =0 are uniquely determined, analytic in q,p,

(3) are explicitly computable

Conjecturer = o andF analytic ing.



The idea should be applicable to the evaluation of the Lyapun
exponents of infinite products of matrices close to a hyparbo
matrix.

In particular could yield analyticity of the leading expoén
terms of parameters defining the matrices (a very specialafas
a result by Ruelle).

@ A. lacobucci, F. Legoll, S. Olla, and G. Stoltz.
Negative thermal conductivity of chains of rotors with
mechanical forcing.

Physical Review E, 84:061108 +6, 2011.
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