
Euclidean ϕ4 fiekd in 2D

G.Gallavotti, INFN Roma & Rutgers U.

Physics: provide example of relativistic quantum theory

Mathematics: show exist of (non trivial) Markov fields on R2

d=2: many examples (“λϕ4
x ,λP(ϕx),λeεϕx ,λ cosϕx, . . .”)

d=3: only λϕ4
x

Formal

P(dϕ) =
exp(−1

2
∫

R2((∂ϕx)
2 +ϕ2

x )d
2x)dϕ

Z
≡ the Gaussian process P0(dϕ) with covariance Cxy

〈ϕxϕy 〉= (
1

−∆+1
)x,y =

{
∼ e−|x−y| if |x− y|> 1
∼ log |x− y|−1 if |x− y|< 1
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ϕx ∈ H− 1
2−ε

(R2)loc contains length scales: 0 and 1:

hence ∞-many: 1, 1
2 ,

1
4 , . . . ,2

−n, . . .

Pλ (dϕ)
def
= P0(dϕ)

exp−λ
∫

R2 ϕ4
x d2x

Zλ

Regularization: infrared←→ R2→ Λ: e.g. Λ = T2

ultraviolet a scale 2−N ←→ replace 1
−∆+1 by

1
−∆+1

− 1
−∆+22N ≡ (

1
−∆+1

− 1
∆+22 )+

+(
1

−∆+22 −
1

−D+23 )+ . . .+(
1

−∆+22(N−1)
− 1
−∆+22N )

=
N−1

∑
k=0

(
1

−∆+22k −
1

−∆+22(k+1)
)≡

N−1

∑
k=0

C2kx,2ky

Cξ ,η =
1

(2π)2

∫ eik(ξ−η)d2k

(1+ k2)(1+4k2)
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