
1Fermions & Quasi-particles & RG
Let ψ±

x ,t = etTψ±
x e

−tT be Fermionic fields. The infrared

problem: evaluate Tr
∫
eVI (ψ)dPg with I = [−1

2L,
1
2L]

d+1

VI (ψ) =

∫
I
λ0(x − y) : ψ+

t,xψ
+
t,yψ

−
t,yψ

−
t,x : dtdxdy

+

∫
I
(α0 : ψ

+
t,x(−∆x + p2F )ψ

−
t,x : +ν0 : ψ

+
t,xψ

−
t,x :)dtdx

by power expansion of eVI and computing
∫
dPg of the

resulting polynomials in the fields by Wicks’ rule with
“propagator function” g in d + 1 dimensions, (β = pF

m ).

g(x, t) =

∫
dk0dk

(2π)d+1

e−i(k0t+kx)

−ik0 + (k2 − p2F )/2m
ϑ(k2/p20) =

Idea: multiscale approach g(x, t) =
∑−∞

n=0 g
(n)(x, t) with g (n)

smooth on scale γn ≡ 2n, n ≤ 0.

Difficulty: g depends on 2-length scales (p0, pF )
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Introduce quasi particles fields ψ±
t,x,ω in terms of which the

particle fields ψ±
t,x are written, [1]:

ψ±
t,x =

−∞∑
0

ψ
±,(n)
t,x , ψ

±(n)
x =

∫
|ω|=1

dωe±ipFωxψ
±(n)
x ,ω

x = (t, x) with integral over Fermi sphere momenta pFω.

Quasi particles propagator g (n)(x ,ω; x ′,ω′) is chosen so that:

g(n)(x,ω; x′,ω′) = δ(ω − ω′)g(n)(x− x′,ω)

g (n)(x) =

∫
dωe ipFωxg (n)(x ,ω)

g(n)(x,ω)∼ 2nCdp
d−1
F p0(τn − iω · xn)γ(xn)

with γ(x) exp decreasing in xn = 2n(τn, xn) and pF
m = 1, [1]

Note that the field dimension is 2n in all dimensions d .
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UV integration leads to a VI of the form (***) plus a
remainder sum of polynomials with coefficients of h.o. on
the constants L0 = (λ0, ν0, α0, ζ0)∫ 4∏

j=1

dxjdωje
ipF (

∑2
i=1ωixi−

∑4
i=3ωixi )

λ0(ω1,ω2,ω3,ω4)ψ
+
x1,ω1

ψ+
x1,ω2

ψ−
x1,ω3

ψ−
x1,ω4

+ (∗ ∗ ∗)

+

∫ 2∏
j=1

dxjdωje
ipF (ω1x1−ω2x2)

ψ+
x1,ω1

[ν0 +α0Dx,ω2 + ζ0∂t]ψ
−
x ,ω2

+ UV

where Dx,ω ≡ ∂x − i ω2pF ∆x.

Perform the expansion∫ −N∏
n=0

dP
(n)
g (1 + V0 +

1

2
V 2
0 +

1

3!
V 3
0 + . . .)
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Applying Wick’s th. express integrals at scale n = 0 as sum
of Wick ordered monomials with coefficients polynomials in
L0 = (λ0, α0, ν0). Introduce “localization operators”

L : ψ+
x1,ω1

ψ−
x2,ω2

: = : ψ+
x1,ω1

(ψ−
x1,ω2

+ (x2 − x1)D̃ω2ψ
−
x1,ω2

) :

L : ψ+
x1,ω1

ψ+
x2,ω2

ψ−
x3,ω3

ψ−
x4,ω4

: =
1

2

∑
j=1,2

: ψ+
xj,ω1

ψ+
xj,ω2

ψ−
xj,ω3

ψ−
xj,ω4

:

where D̃ω = (∂t ,Dω). Resulting Wick’s monomials of order
1, 2, 4 in ψ±

x ,ω will have the form below with coefficents
Λ−1 = (λ−1, α−1, ν−1). Iterating power series result:[2, 3]; e.g.
if d = 1:

λh−1 =λh + λ3hG1(λ≥h) + αhλ
3
hG2(λ≥h, α≥h) + ν2hλ

2
hG3(λ≥h, α≥h, ν≥h)+

+2hR1(λ≥h, α≥h, ν≥h)

αh−1 =αh + λ2hαhG4(λ≥h, α≥h) + ν2hG5(λ≥h, α≥h, ν≥h) + 2hR2(λ≥h, α≥h, ν≥h)

νh−1 =2νh + νhλ
2
hG6(λ≥h, α≥h, ν≥h) + 2hR3(λ≥h, α≥h, ν≥h)
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At fixed h ≤ 0 the series in the couplings Λh exist if |Λh| < C ;
and satisfy, at order n, scale indep. bounds DCnn! .

Two problems. Deepest is that there is n! in the estimates of
the n-th order coefficients of B functions. And even
heuristically the analysis of the dyn. system generated by the
map Λh → Λh−1 is difficult, [1].

Better results: for spinless fermions at d = 1 (hence ω takes
only two values, ±1), power series for the Rj ,Gj actually
converge; but the second problem remains.

Key idea at d = 1: use exact solubility of Luttinger’s model.

Studying the model with the same formalism as above, it
was possible to realize the identity of the G1 beta function
part, [3], in the two models.
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And G1 thad to be exactly 0 to be compatible with the exact
solution.

This was made possible by the hard work of Benfatto on the
precise study of the beta function, [1]: if λ0 is small enough,
α0, ν0, ζ0 can be assigned so Λh converges to a limit as
h → −∞.

It also led to the proof of anomalous scaling in 1D models,
as conjectured in [3].

At the time remained questions of mathematical rigor which,
again with the essential contribution of Benfatto, were
settled in shortly subsequent works, [4].
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Other work in which I had the privilege of collaborating with
Benfatto and his wealth of new ideas are:

UV stability of Euclidean φ4, d = 2, 3, [5, 6].

Smoothness properties of Gaussian fields in dimensions 2, [7].

Disorder in the 1D spinless Holstein model [?]

Kondo effect in a fermionic hierarchical model [8]

Some of the above results have been summarized in the
book Renormalization group [9].
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9His personality and width of interests is made more evident
by his works with other colleagues and witnesses his strong
inflence on the Mathematical-Physics groups at Roma.

Here is a briefly commented list

Multiple-scattering corrections to pion photoproduction, G
Benfatto, F Nicolo, GC Rossi - Il Nuovo Cimento A
(1965-1970), 1969

Radiative corrections to the lepton polarization and to the
rate in Kℓ3 decay, G Benfatto, F Nicolò, GC Rossi - Il Nuovo
Cimento A (1965-1970), 1969

Coherent nuclear photoproduction of the η-meson G Benfatto
- Il Nuovo Cimento A (1965-1970), 1970

A generalized Veneziano model with spin and isospin for
NN̄ K̄Kπ Processes, G Benfatto, M Lusignoli, F Nicolò - Il
Nuovo Cimento A (1971-1996), 1971
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Implications of gauge invariance for pion electroproduction at
threshold, G Benfatto, F Nicolo, GC Rossi - Nuclear Physics B,
1972

Pion electroproduction at threshold, G Benfatto, F Nicolo,
GC Rossi - Il Nuovo Cimento A (1965-1970), 1973.

A model for the deep inelastic annihilation functions of the
nucleon, G Benfatto, G Preparata, GC Rossi - Il Nuovo
Cimento A (1965-1970), 1974.

Conditions for the self-consistency of the multiperipheral
model, G Benfatto, GC Rossi - Il Nuovo Cimento A
(1965-1970), 1974.

Constraints on inclusive quantities in the multiperipheral
model. G Benfatto, GC Rossi - Il Nuovo Cimento A
(1965-1970), 1976.
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DLR Measures for one-dimensional harmonic systems, G
Benfatto, E Presutti, M Pulvirenti - Zeitschrift für
Wahrscheinlichkeitstheorie und . . . , 1978

Superstability estimates for anharmonic systems, G Benfatto,
C Marchioro, E Presutti, M. Pulvirenti - Journal of Statistical
Physics, 1980

Gaussian processes and constructive scalar field theory, G
Benfatto, F Nicolo - Random fields. Volume 1, 1981 -
inis.iaea.org

A diffusion process associated to the Prandtl equation, G
Benfatto, M Pulvirenti - Journal of functional analysis, 1983

On the susceptibility and clustering properties of unbounded
spins, G Benfatto, C Gruber - Journal of Statistical Physics,
1984.
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12Generation of vorticity near the boundary in planar
Navier-Stokes flows, G Benfatto, M Pulvirenti -
Communications in Mathematical Physics, 1984.

Planar Navier-Stokes flow for singular initial data, G
Benfatto, R Esposito, M Pulvirenti - Nonlinear Analysis:
Theory, Methods . . . , 1985

An iterated Mayer expansion for the Yukawa gas, G. Benfatto
- Journal of Statistical Physics, 1985.

Convergence of Chorin-Marsden product formula in the
half-plane G Benfatto, M Pulvirenti - Communications in
Mathematical Physics, 1986.

The dipole phase in the two-dimensional hierarchical
Coulomb gas: analyticity and correlations decay, G Benfatto,
G Gallavotti, F Nicolo - Communications in Mathematical
Physocs, 1986
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On the invariant measures for the two-dimensional Euler
flow, G Benfatto, P Picco, M Pulvirenti - Journal of Statistical
Physics, 1987

On the analyticity of the pressure in the hierarchical dipole
gas G Benfatto, G Gallavotti, F Nicolo - Journal of Statistical
Physics, 1989

The one-dimensional spinless Fermi gas and the Luttinger
model, G Benfatto - PROBABILISTIC METHODS, 1992 -
World Scientific

Nontrivial fixed points and screening in the hierarchical
two-dimensional Coulomb gas, G Benfatto, J Renn - Journal
of Statistical Physics, 1992

Some numerical results on the block spin transformation for
the 2d Ising model at the critical point, G Benfatto, E
Marinari, E Olivieri - Journal of statistical physics, 1995.
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Electrons in a lattice with an incommensurate potential, G
Benfatto, G Gentile, V Mastropietro - Journal of statistical
physics, 1997

Peierls instability for the Holstein model with rational
density, G Benfatto, G Gentile, V Mastropietro - Journal of
Statistical Physics, 1998

An approximate KAM-renormalization-group scheme for
Hamiltonian systems, C Chandre, HR Jauslin, G Benfatto -
Journal of Statistical Physics, 1999.

Approximate renormalization-group transformation for
Hamiltonian systems with three degrees of freedom, C
Chandre, HR Jauslin, G Benfatto, A Celletti - Physical Review
E, 1999
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Determination of the threshold of the break-up of invariant
tori in a class of three frequency Hamiltonian systems, C
Chandre, J Laskar, G Benfatto, HR Jauslin - Physica D:
Nonlinear Phenomena, 2001

On the Density-Density Critical Indices in Interacting Fermi
Systems, G Benfatto, V Mastropietro - Communications in
Mathematical Physics, 2002

Low temperature analysis of two-dimensional Fermi systems
with symmetric Fermi surface, G Benfatto, A Giuliani, V
Mastropietro - Annales Henri Poincaré, 2003.

Ward Identities and Vanishing of the Beta Function for d = 1
Interacting Fermi Systems, G Benfatto, V Mastropietro -
Journal of statistical physics, 2004
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Limit theorems for statistics of combinatorial partitions with
applications to mean field Bose gas, G Benfatto, M
Cassandro, I. Merola - Journal of Mthematical Physics, 2005

Fermi liquid behavior in the 2D Hubbard model at low
temperatures, G Benfatto, A Giuliani, V Mastropietro -
Annales Henri Poincaré, 2006 - Springer

Functional integral construction of the massive Thirring
model: verification of axioms and massless limit, G Benfatto,
P Falco, V Mastropietro - Communications in Mathematical
Physics, 2007

Extended scaling relations for planar lattice models G
Benfatto, P Falco, V Mastropietro - Communications in
Mathematical Physics, 2009
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Rigorous construction of Luttinger liquids through Ward
Identities, G Benfatto - New Trends in Mathematical Physics,
2009.

On the ultraviolet problem for the 2D weakly interacting
Fermi gas, G Benfatto - Annales Henri Poincaré, 2009

Universal relations for nonsolvable statistical models, G
Benfatto, P Falco, V Mastropietro - Physical Review Letters,
2010.

Universality relations in non-solvable quantum spin chains, G
Benfatto, V Mastropietro - Journal of Statistical Physics, 2010.

Drude weight in non solvable quantum spin chains, G
Benfatto, V Mastropietro - Journal of Statistical Physics, 2011

Universality of one-dimensional Fermi systems, I. Response
functions and critical exponents, G Benfatto, P Falco, V
Mastropietro - Communications in Mathematical Physics, 2014
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18Universality of one-dimensional Fermi systems, II. The
Luttinger liquid structure, G Benfatto, P Falco, V
Mastropietro - Communications in Mathematical Physics, 2014

quasi-particles, Roma 9-13 June 2025 18/8

18



19

λh−1 =λh + B
(≥0;[1,2])
1 (αh, ζh, νh;λh) + 2εhB

(≥1;≥1)
2 (αh, ζh, νh;λh), (ε < 0)

νh−1 =2νh + 2εhB
(≥2)
3 (αh, ζh, νh, λh)

αh−1 =αh + β
′′ν2h + 2εhB

(≥2)
4 (αh, ζh, νh, λh)

ζh−1 =ζh − β′′ν2h + 2εhB
(≥2)
5 (αh, ζh, νh, λh)

λh−1 =λh + λ3hG1(λh) + δhλ
2
hG2(λh, δh) + ν2hλ

2
hG3(λh, δh, νh)+

+thR1(λh, δh, νh, th)

δh−1 =δh + λ2hδhG4(λh, δh) + λ2hνhG5(λh, δh, νh) + thR2(λh, δh, νh, th)

νh−1 =2νh + νhλ
2
hG6(λh, δh, νh, th) + δhλ

2
hG7(λh, δh, νh, th)+

+R3(λh, δh, νh, th)

th−1 =2−1th
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