Gaussian fields regularity 1
Let o € D be C™ rapidly decreasing:

Proposition: Let A be a cube and A1, Ay, ... be unit cubes paving
A. Let ay € C®(RY), with support in Ay and let

aj(x) = a1(x — &) where & is the center of ;. Then ifs < m—4,
d¢j,j = 1....,4, N-independent constants, such that Vj:

_ —c, 82
pa(e s | lleyellp,rey < B) > e7¢ A

and if s=integer, s+ < m — % the probability that the Holder C.
norm ||ajpl|c. < B is > e—ae 2B

Replace RY by a cube A C Z9 and let ;14 be the Gaussian
process with index space A and generator

A=(1-D)™  meZ

where D is the discretized Laplacian.
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Consider D with periodic boundary conditions on the boundary of2
A. Let L be the side size of A\ (so that |A| = LY).

Of course the main point is the uniformity in the size of A.

A basic property of Dirichlet problem: let Q C Z9¢ and define
OmMQ ={€|1€¢Q, d(0,Q) < m}: Let Q C Z9 and the equation
(1-D)"u =01inQ, u =z on dMQ where z is a given function
on 0™Q. Then K,k > 0, Q-independent, such that

|ug| < K e~ d(Esupport of 2) 7|

Furthermore the following theorem (almost obvious in this
case) expresses the local support property at { € Q:

pa{e]lpe] > B}) < cre=®F’
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valid also for ug associated with the operator D with 3
Dirichlet (i.e. null) boundary c. on 9™, and for all Q € Z¢).

P2
1a({e|lpe| > BY) < cre V¢

if ¢7, cg, 2—independent, are suitably chosen.
Finally use the following Markov property:

Given Q2 C A the field ¢ with distribution ua can be represented as
a sum of two independent fields ¢ = u + ( where:

(i) ¢ is the Gaussian field on Q with Dirichlet (null) b. c. outside
Q (call u$} the distribution of ¢, (¢ = 0 if € & Q).

(ii) u for & & Q is distributed as the field with covariance A (i.e.

us = ¢, £ € Q) and inside Q it is determined by its values outside
Q as the solution of

(1-D)"u=0 inQ, us = e in 0MQ

provided diameter(Q) < diameter(A).
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This means that if F() depends only on ¢ outside Q and G4
is a function of ¢ depending only on its values in Q2 then

/ F(0)G(@)ualdy) = / F()G(u+ Oa(dp)ul(d0)

Let, VI C A: xF(p) = 1(if {|g¢| < B, V€ € T}) and let

PE) = [ naldo) ()
Divide A into boxes with side size R < A,

O denoted as O leaving a corridor C of width m
Now integrate over ¢ as follows

ch Hux (@)a(dye) =
= fxc ?XD (u+¢))p4(dC)

Having used the Markov property.
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The elliptic problem implies 3v,x > 0, R, L independent, s.t.b
el < vmaxleel <9 B, v = 3 27Ke 2"l < 0o, kK > 1

Hence Blu+¢) > XB/2

’Cd’<d>0
B% () and

PE) = [ & @I / PO nad) >

A
>exp(— Cloe—c11B2|?||) /X /W( Yua(de)
as ( flelds are independent (satisfy Dirichlet b,c.)

1
el i s Bl

We can repeat the argument to estimate last

integral P'(B). Consider again a pavement
of A by cubes of the previously used size

(with corridors C’) but with centers shifted along

the diagonal of the old ones by -diagonal.
Call d; the distance of ¢ from the old corridors C:
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Note that since we use periodic boundary conditions the setd
of shifted boxes still covers the box A.

P/(B) = / & () ualdy) >

Nd§/2

> [ 387100 T (a2
cec!
2 14/2d /\
(/uA do) [T x£/® E(<P)) e><p—HC12e‘cl3B2
gel!

First inequality implied by the extra characteristic functions;
then use Markov property with respect to the new corridors
C' and that |p| = |u+ (| < % due to the stronger conditions

(i) el < (25)2 €"%/2 in the corridor C’ (implying that v is
everywhere < B/4v) and

(i) |[¢| < B/4y in each of the boxes O into which the new
pavement divides A: event probability bounded by
exp—clge_clBQ per box DO.
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Then make a new identical argument by shifting the 7
pavement along the diagonal by % the diagonal. The last
integral, denote it P”(B), is bounded below by

,4/2 dgtdgs A
P8) = [ (] e (Pnaldy) e Srcuseoo0")
cec”

B ’2'4 2 A 2

Z/(Xce /(27) (W)dﬂA) eXp—||D|C1 e—C15B
1

kR

>e_%q4eich2P Bea”

B (27)?
Collect mequalities and use arbitrariness of R s.t.
ey B2
&l et &5 > 2, itis P(B) > (e~a0e V" IN) P(2B) Since

G
P(B) 5=z 1. by iteration:

[ee]
_ 2n R2 _ 2
P(B) > exp —|A|cis E e~ 72" > exp —|\|cige 198
u=0
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