
1Phi4 Hierarchical & Euclidean
Let Qi , i = 0, 1, . . . be a sequence of compatible pavements of
Rd with sides 2−i , i = 0, 1, . . ..

In ∆ ∈ Qi is defined a variable z∆(x) and E (z∆(x)
2) = 1

2

Field at a point x is φx =
∑N

i=0 z∆i
(x)2

1
2
(d−2)i. Models:

0) Ising h. fields: z∆(x) = z∆ = ±1, x-indep. in each ∆:
P(dz) =

∏
∆

∑
zD=±1

1) Bernoulli h. fields: z∆(x) = z∆ = ±1, x-indep. in each ∆:

P(dz) =
∏

∆
e−

1
2 z

2
∆dz∆
2π

2) Markov h. fields: z∆(x) x-indep. in each ∆

Z−1
N exp−β

2

[ N∑∗

∆,∆′∈Qi

(z∆ − z∆′)2 + α2
∑
∆∈Qi

z2∆

]
∑∗ over i & n.n. ∆,∆′ ∈ Qi ; β, α > 0 fixed s.t. ⟨z2∆⟩ is 1

2 .
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2(3) Euclidean h. fields: Gaussian with covariance
C≤N
x ,y =

∑N
i=0 2

(d−2)iC 0
2ix ,2iy

, i.e. C≤N
k = 1

1+k2 − 1
2N+k2

C
(0)
x ,y =

1

(2π)d

∫
3

(1 + k2)(4 + k2)
e ik(x−y)ddk

In all cases φ
(≤N)
x can be large ⟨(φ(≤N)

x )2⟩ = c
∑N

i=0 2
(d−2)i .

In all cases φi
x = c2

1
2
(d−2)i z ix+

√
ΓiX

i−1
x√

1+Γi
, Γi =

∑i−1
n=0

2(d−2)n

2(d−2)i , and

z i ,X i are constant in each ∆ ∈ Qi (in models 1,2) or
almost constant in model 3, i.e. are ε-Hölder c.

———————————————–
Why Hölder: let w =

z0x−z0y
|x−y |ε =

∫
ẑ0k

(e ikx−e iky )
|x−y |ε ddk; hence

⟨w2⟩ =
∫

3
(1+k2)(4+k2)

k2εddk = c < ∞ implies, if 2ε+ d < 4 and

x , y are in the same ∆ ∈ Q0 (or ’close’):

ε < 1, if d = 2 ε <
1

2
if d = 3

———————————————–

Pfi4, Roma 15-17 Sept. 2025 2/12

2



3In all cases z i , z j are independently distributed for i ̸= j and
at each scale correlation decays exponentially on the
respective scale, if present at all (in model 1 is absent).

Detailed UV-analysis deals with upper and lower bounds for∫
e
∫
I :(φ

≤N
x )4:ddx , where I is the unit box. And it relies on

Lemma: Let Λ be a cube and Λ1,Λ2, . . . be unit cubes paving Λ.
Let α1 ∈ C∞(Rd), with support in Λ1 and let αj(x) = α1(x − ξj)
where ξj is the center of Λj . Then if s < 4− d

2 , ∃ c1, c2,
Λ-independent constants, such that:

µA(φ |maxj∥αjφ∥Hs(Rd ) ≤ B) ≥ e−c1e−c2B
2 |Λ|

and if s=integer, s + ε < 2− d
2 the probability that the Hölder Cε

norm ∥αjφ∥Cε < B is

µA(max
j

∥αjφ∥Cε < B, ∀j) ≥ e−c1e−c2B2|Λ|
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4All examples have the properties:
a) almost independently valued on each scale h,
b) almost constant at scale h, by the lemma above
c) for all ∆ ∈ QN (up to large fluctuations):

V∆ =

∫
∆
λ : (φ≤N

x )4 : 2−dNdx = O(λ24
(d−2)

2 2−dN) = 0(λ2(d−4)N)

Therefore suggestion is to study, if d = 2, 3:∫
eλ

∫
I :(φ

≤N
x )4:dx =

∫
e
−λ

∑
∆∈QN

2(d−4)NH4(
zN∆+

√
ΓNXN−1

∆√
1+ΓN

)

simply by a careful perturbative evaluation of the integral
over z∆ distinguishing the cases in which |z∆|, |X∆| are
respectively above or below a treshold

B∆ = B(1 + N)p(log(e + λ−1))2,∆ ∈ QN

for p = 4, 2.
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5

The procedure is the same in the above models: in Euclidean
case Hölder continuity lemma essentially reduces the
problem to the Markov or even Bernoulli models.

The lemma was proved in [1] and is a legacy of Benfatto,
whose contribution was essential as well as the idea to
introduce and use it in the work on the Markov case [2].

The d = 2 Bernoulli field contains the key ideas:

φN
x =

∑
∆∋x ,∆∈Q i

√
2γiz

N
∆ , γi = 1, E((φN

x )
2) =

∑
∆∋x
∆∈Qi

1 = N + 1

φN
x =

√
N+ 1XN

∆ =
√
N+ 1

zN∆ +
√
NXN−1

∆′√
1+N

,

∫
eλ

∫
I:(φ

N
x )

4: dx

: (φN
x )

4 := (1+N)2H4(
zN∆ +

√
NXN−1

∆′√
1+N

)
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6

VN
I = λ

∑
∆∈QN

(1+N)2H4(
z∆ +

√
NX∆′

√
1+N

)σN, σN = |∆| = 2−2N

’Small fields’ integration:∫
eV

N
I χN, χN =

N∏
k=0

∏
∆∈Qk

χ∆(|XN
∆| < Bk)

Bk = (1+ k)4B0, B0 = (1+ log λ)2B, B0 > 3

Recursively: ṼN
I = VN

I , Ṽ
(N−k)
I = EN−k+1(V

(N−k+1)
I ), Ṽ−1

I = 0

∫
eV

N
I PN(dXN) ≥

∫
eV

N
I χNPN(dXN) =

∫
χN−1PN−1(dXN−1)·

∏
∆∈QN

(∫
χ(|

z∆ +
√
NXN−1

∆′√
N+ 1

| < BN)e
−λσN(1+N)2H4(

z∆+
√
NX∆′√

N+1
) e

− z2∆
2 dz∆√
π

)4
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7

Integrals over z∆’s independent: single ∆ is computed O(λ2):

1− λσN(1+N)2
∫

H4(
z+

√
NX∆′

√
N+ 1

)
e−z2dz√

π

+O(λ2σ2
NB

8
0N

18e
3
2
λN2σN)

= 1− λσNN
2H4(X∆′) +O(λ2(log λ)8ecλN20σ2

N)

= e−λσNN
2H4(X∆′ )+O(λ2(log λ)2ecλN20σ2

N)

By 4σNN
2 = σN−1(1+ (N− 1))2, and V−1 = 0, recompose as∫

eV
N
I χNP(dzN) ≥ eV

N−1
I eλ

2(log λ)2ecλN20σ2
N 22N I

≥ e−λ2ε(N,λ)σ2
N2

2N |I |

i.e. each ∆ ∈ QN contributes λ2ε(N, λ)σ2
N ,

ε(N, λ) = (log λ)2ecλN20; hence, by σ2
N2

2N = 2−2N :∫
eV

N
I

N∏
i=0

χi (z i )P(dz i ) ≥ e−
∑N

i=0 λ
2ε(i ,λ)2−2i |I |
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8

Now upper bound in view of the application to Markov fields.

Let χi
D =

∏
∆⊂D χ(|X i

∆| > Bi ), χ̂
i
D =

∏
∆⊂D χ(|X i

∆| < Bi ) s.t.∑
D eV

N
χN
D χ̂

N
Dc ≤

∑
D eV

N
DcχN

D χ̂
N
Dc or even, integrating:

≤
∑
DN−1

∑
D

∫
e
VN
Dc+VN−1

D/DN−1χN
Dχ̂

N
DcχN−1

DN−1χ̂
N−1
DN−1,c

because |X∆| > BN ≫ 3 implies V∆(X∆) ≫ 0 and X∆ is so
large in D/DN−1 that, even replacing VN(D/DN−1) with
VN−1(D/DN−1), yields an upper bound.

By the lower bound analysis∑
D

∫
eV

N
Dc χ̂N

DcχN
D ≤

∑
DN−1

∫
e
VN−1

DN−1,c+ε(N,λ)2−2N |I |
χN−1
DN−1χ̂

N−1
DN−1,c

as:
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9

D_N

D_{N-1}

Figure: Green=large |XN | > BN , Red=large |XN−1| > BN−1.

Replace VN
Dc

N
with VN−1

Dc
N

+ VN−1
DN−1/DN

= VN−1
Dc

N−1
: here enters the

positivity of H4(x) for x > 2.∫
eV

N
I χN(D)χ̂N(Dc) ≤ eV

N−1
I +λ2ε(N,λ)2−2N|I|χN−1(D)

so that the E+ = λ2
∑

N ε(N, λ)2−2N |I | is an upper bound.
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10Analysis to higher order: no extra work needed for

E± =
t∑

k=2

λtSt|I|±λt+1
∑
N

εt(N, λ)2−N|I|

where St are coefficients predicted by a perturbation analysis
(finite to all orders as the theory is “superrenormalizable”)
and εt(N, λ) = (log λ)2ectλN20t ;

In Markov models explicit integration over z∆,∆ ∈ QN can be
replaced by the cluster expansion or by an argument of
probability theory to control exponentially decaying
correlations z∆, z

′
∆,

[[3] with cluster expansion or [4] with a more standard
probabilistic method].
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11

The lower bound amounts to estimating, in presence of the
χN = {φ||z∆ + X∆′ | < BN |, |X∆′ | < BN−1} to a finite order in

λ: W (I ) =
∫
χNe

∑
∆∈QN

λσNH4(
z∆+X∆′

2
)
=

∫ ∏
∆ w(∆). Then:

W (I ) =

∫ ∏
∆∈QN

{(w(∆)−1)+1} =
∑
m

∑
R1,R2,...,Rm

K(R1) . . .K(Rm)

(∗)
where Rj is a collection of ∆′s forming a connected set Rj ,
and Ri ∩ Rj = ∅ and

|K (R)| ≤ (λσNe
O(λN20σN))|R|

This is a “short range hard core interaction” between
polymers Ri and a typical quantity to compute is partition
function to show validity of its perturbation expansion.
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12

In Euclidean models the Hölder continuity on scale N
Lemma, allows treating the problem as in Markov cases, [2].

The Ising hierarchy (zNx = zN∆ = ±1,∀x ∈ ∆ ∈ QN):

φ≤N
x = (1 + N)

zNx + NXN−1
x√

1 + N
, d = 2

φ≤N
x = 2N

zNx + XN−1
x

2
, d = 3

is an easy warm-up exercise (at least in the d = 2 case)

The Euclidean sine-gordon model can be treated along the
same lines and it is somewhat simpler, [5].
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14Proceed to the upper bound starting from the identity:

1 =
∑
∆i⊂Qi
i=0,...,N

N∏
i=0

 ∏
∆∈Di

χ(|X∆| > Bi)
∏
∆̸∈Di

χ(|X∆| < Bi)


and set: V(X∆) = 0,∆ ∈ QN, if |X∆| > BN (as
H4(x) > c x4, if x > 3). The integral to compute is then∑
DN⊂QN

∫
e
−λσN

∑
∆∈DN

H4(
z∆+

√
NX∆′√

1+N
)
∏

∆∈DN

χ(| |z∆ +
√
NX∆′ |√
N

< BN)

∏
∆̸∈DN

χ(| |z∆ +
√
NX∆′ |√
N

> BN)
e−z2∆dz∆√

π

each ∆′ ∈ QN−1 contains jD′ = 0, 1, . . . , 4 ∆ ∈ DN with

| |z∆+
√
NX′

∆|√
N

< BN). Let D ′ ⊂ QN−1 such that each cube in D ′

contains at least one ∆ ∈ DN with j∆ < 4 (i.e. a ∆ with
|X∆| > BN).
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15Hence the integral is, if {j∆}∆∈DN

P(BN ,D
′)

∏
∆′∈D′

(e j∆′ 14E−(λ,BN)+λσ2
NB

8
Ne

cλ
)

where P(BN ,D
′) = probability that j∆ > 0,∀∆ ∈ D ′.

By the lower bound the product is ≤ e+λ2(log λ)2ε(N,BN)2
−N |I |.

The number of ∆ ∈ Qn−1 labeled by j∆ > 0 is 42
2i
s. t.:∑

D′

P(BN ,D
′) ≤

∑
̸=D′⊂QN−1

ec−B2
N |D

′| ≤ (1 + ec−B2
N )2

2N |I |

Iterating over N an upper bound is

+E−(λ)|I |+
∞∑

N=0

e(c−B2
N)2

2N |I | = +E−(λ)I = O(λ∞)

(because BN = (1 + N)4(log λ)2B0).
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