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Preface

This book is intended as a first course in the theory of functions of a single complex
variable for students who have already acquired the fundamental notions of real
mathematical analysis. It is the expanded English version of an older text, published
by Springer in Italian, based on the lectures I gave for several years at the University
of Rome “La Sapienza” and at the Scuola Superiore di Catania.

The claim of mathematical rigor is combined with the idea that students should
develop, at the same time, know-how skills. In fact, half of the book is devoted to
the detailed solution of about 300 exercises illustrating, also with figures, the theory.

It’s a pleasure to thank Prof. Filippo Cesi for countless discussions and sug-
gestions. I also thank Prof. Alberto Perelli for his critical observations on the
second edition of the Italian book, especially regarding the proof of the Cauchy-
Goursat Theorem. Finally, I acknowledge the invaluable help of various students in
highlighting misprints and errors.

Rome, Italy Carlo Presilla
September 2025

vii



Declarations

Competing Interests The author has no competing interests to declare that are
relevant to the content of this manuscript.

ix



Contents

1 Complex NUMDEIS........ooviiiiiiiiiiiiiiiiiii i eeees 1
1.1 Axiomatic Foundations .............cccoiiiiiiiiiiiiiiiiiii 1
1.2 The Imaginary Unit .........coooiiiiiiiiiiiiiiiiiiiiiiiiiiiiiinas 2
1.3 Modules and CONJUZALES ....vuuureeieeeiiiieeeiiieeeannns 3
1.4 Triangle INeqUuality . ... ....uuuuunn e 4
1.5 Geometric Representation of Complex Numbers ................. 5
1.6 Polar Form of Complex NUmbers ...........ccoouuuuuuuunnnnnnnnnn. 5
1.7 Roots of Complex NUMDETS . ........uuuuuuuiniiiiaaans 7
1.8 Regions in the Complex Plane ..............ccoooiiiiiiiiiinnnnn. 8
1.9 The Extended Complex Plane .............ccooviiiiiiinnnnn. 9
2 MEetriC SPACES ..ottt 13
2.1 Distance and Metric SPaCes .........uuuuuuuuruiiiiiiiinnan, 13
2.2 Open and CloSed SetS........uuuuuuuuuteiiiaaas 15
2.3 Connected Metric Spaces...........uuuuuuuiuuuiiiiiiiiiiianaan, 18
2.4 Convergence Of SEQUENCES ..........uuuuuuiunuiiiiiiaans 20
2.5 Complete Metric SPacCes .......uuuuuuuueiaas 21
2.6 Compact MEtric SPaCES. . ....uuuuuuuaas 22
3 Limitsand Continuity ... 27
3.1 LImits .o 27
32 CONUNUILY .« . 31
4  Sequences and Series of Functions ........................... 39
4.1 Sequences and Series of Functions.......................oool. 39
4.2 Upper and Lower Bounds of a Real Sequence .................... 42
43 POWET SIS ... 46
5  Derivatives and Analytic Functions ...................................... 53
5.1 Derivatives of Complex Functions ........................ooooa. 53
5.2 Cauchy-Riemann Equations...................o.i.. 56
5.3 Analytic Functions ... 59

xi



xii

10

11

Contents
54 Derivatives of Complex Functions of Real Variable .............. 60
5.5 Conformal Transformations ...............cceeeiiiiiieeenninnn. 62
Elementary Functions............ ... ... 67
6.1 Exponential..........oooi 67
6.2 Logarithm ... 69
6.3 Powers with Complex Exponent ............ccoooiiiiiiiiiiinnnn.. 74
6.4 Exponentials with Complex Base ............ccooviiiiiiiiiiinn.. 76
6.5 Trigonometric Functions ...............coooiiiiiiiiiiiiiiiiiiinn.. 77
6.6 Hyperbolic FUnctions ............ccooiiiiiiiiiiiiiiiiiiiiiiiiinn, 80
6.7 Inverse Trigonometric and Hyperbolic Functions................. 82
Integrals ... 91
7.1 Integrals of Complex Functions of a Real Variable ............... 91
7.2 Paths, Path Traces, CUIVES. .......oviuiiiiiiiii i i 92
7.3 Integrals of Complex Functions Along Piecewise
Regular CUIVES ... vttt 95
7.4 Cauchy-Goursat Theorem ...........coooiiiiiiiiiiiiiiiiiiiiinnn, 102
7.5 Cauchy Integral Formula ..., 108
Taylor and Laurent Series .................ccovviiiiiiiiiiiiiiiiieeeans 119
8.1 TaYlOr SETIES . ... 119
8.2 Laurent Series ........uuuiiiiiii i 128
8.3 Multiplication and Division of Two Power Series................. 133
Residues ... 143
9.1 Isolated Singular Points: Residues ......................ooooiiain 143
9.2 Classification of Isolated Singularities..............cooeuuvuuuunnn. 146
9.3 Zeros of Analytic FUNCHONS ........uuuuuiiiiiaaa 148
9.4 Zerosand Poles ... 151
9.5 Behavior Near Isolated Singularities.......................ooooue 152
Applications of Residues ... 159
10.1  Improper Integrals: Convergence and Cauchy Principal Value ... 159
10.2  Integrals of Trigonometric Functions .............................. 160
10.3  Integrals of Rational Functions......................ooooiin, 162
10.4  Integrals of Rational and Trigonometric Functions ............... 165
10.5 Indented Paths Around a Simple Pole ........................ ..., 170
10.6  Indented Paths Around a Branch Point ........................ ... 174
10.7  Paths Coinciding with a Branch Line .............................. 176
10.8  Miscellaneous Paths ... 179
10.9  Bromwich Integrals: Inverse Laplace Transform.................. 184
Further Properties of Analytic Functions................................ 195
11.1  Analytic Continuation ..............ccoeiueeeriiiienneennnneennnne.. 195
11.2  Principle of Maximum Modulus ...................oiiiiiiiiin, 201

11.3  Meromorphic Functions ............cccooiiiiiiii i, 203



Contents xiii

11.4  Harmonic Functions ..............ooooiiiiiiiiiiiiiiiiiiiiiiennn. 208
11.5  Saddle Point Method...........oooiiiiiiiiiiiiiiii i 210
12 Solutions to the EXercises .............ccoooiiiiiiiiiiiiiiiiiiiiinnn... 221
12.1  Exercises of Chap. 1 ... 221
122 Exercises of Chap. 2 ........uuuuuiiiiiiiiiiiiiiiiiiiiaas 233
12.3  Exercisesof Chap.3 ... 238
12.4  Exercises of Chap. 4 ...ttt 245
12.5  Exercises of Chap.S ...t 260
12.6 Exercises of Chap.6 .......ccoviiiiiiiiiiiiiiiiiiiiiiiiiii e, 269
12.7  Exercises of Chap.7 ....oovviiiiiiiiiiiiiiiiiiiiiiiiiiiiiiee 300
12.8 Exercisesof Chap.8 ...t 316
12.9  Exercisesof Chap.Q ... 343
12.10 Exercisesof Chap. 10 ...t 369
12.11 Exercisesof Chap. 11 ... 420
References. .........o.ooiiiiii 435



	Preface
	Declarations
	Contents



