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Full Spectrum of the Liouvillian of Open Dissipative Quantum Systems in the Zeno Limit
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We consider an open quantum system with dissipation, described by a Lindblad Master equation (LME).
For dissipation locally acting and sufficiently strong, a separation of the relaxation timescales occurs,
which, in terms of the eigenvalues of the Liouvillian, implies a grouping of the latter in distinct vertical
stripes in the complex plane at positions determined by the eigenvalues of the dissipator. We derive
effective LME equations describing the modes within each stripe separately, and solve them perturbatively,
obtaining for the full set of eigenvalues and eigenstates of the Liouvillian explicit expressions correct at
order 1/T" included, where I is the strength of the dissipation. As an example, we apply our general results
to quantum XYZ spin chains coupled, at one boundary, to a dissipative bath of polarization.
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Recently a great deal of analytic progress has been made
in the theory of open quantum systems and their steady-
state exact solutions. Much less is known about the full
spectrum of the Liouvillian [the Lindbladian, more pre-
cisely, if the open quantum system is described, as very
often happens, by a Lindblad master equation (LME)]. Just
to say, the knowledge of this spectrum is essential to predict
the finite-time evolution of dissipative systems, as of
interest in fields ranging from quantum computing [1] to
quantum biology [2]. The problem basically remains
intractable, except via hard computational methods [3-6].

The existing literature regarding the Liouvillian general
properties focuses on an analysis of asymptotic time regime
t — oo, i.e., putting emphasis on the existence of a
decoherence-free subspace and the asymptotic leakage
out of it [7-9]. Within such an approach, however, a
substantial part of information about the Liouvillian spec-
trum is lost.

Exceptionally, under special conditions imposed on the
Lindblad operators and the Hamiltonian, the Liouvillian
spectrum can be related to the spectrum of auxiliary non-
Hermitian operators. However, even in this case, the
complete set of eigenstates is out of reach [10-13].

In the present communication, in contrast, we show how
to obtain the complete set of eigenvalues and eigenstates of
the Liouvillian, provided that the dissipation is sufficiently
strong with respect to the coherent part of the evolution, in
the so-called quantum Zeno regime [14—17]. For this setup
to be nontrivial, dissipation must act only on a part of the
degrees of freedom.

As we will see, in the limit of strong dissipation acting on
a part of degrees of freedom, the behavior of an open
quantum system simplifies and the full Liouvillian can be
block diagonalized.
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We provide a general procedure to obtain the full set of
eigenvalues and eigenstates by means of a perturbative
approach in terms of the solution of a linear problem for the
dissipation-projected Hamiltonian [18,19], and other
related Hamiltonians acting in a reduced Hilbert space.
As an example, we comprehensively discuss the case of
general open XYZ spin chains with arbitrary spin states
targeted at one of the boundaries by the strong interaction
with dissipative environments.

General theory.—We consider an open quantum Sys-
tem with finite Hilbert space H and dissipation acting
only on a part of its degrees of freedom, namely, those
associated to the subspace H, C H. Denoting by H;
the dissipation-free subspace, we have H = H, ® H,
with dim Hy = dy, dim’H; = d;, and dyd; = d = dim'H.
The evolution of the reduced density matrix operator of
the systems, dp(r)/dr = L[p(z)], is determined by the
Liouvillian

L[] = —i[H, ]+ TD[], (1)

where H is the Hamiltonian of the system, D[] a
Lindblad dissipator of standard form, and I" the strength
of the dissipation. The use of a Markovian Lindblad
dynamics for large dissipation is justified for reservoirs
with very short correlation times [20]. Note that we work
inunitsof A=1,1.e.,7 = tph/h and I" = ',y 71, where 7,5,
and I, are the physical time and dissipation strength.

In Ref. [18] it has been shown that in the Zeno
limit I' - oo the dynamics (1) is still reduced to a new
Lindblad equation written in terms of a renormalized
Hamiltonian and an effective dissipator. More precisely,
for times 7> 1/T" and with an error O(1/T?) we have
p(7) =wy ® Ry(z), where w, € Hy is the dissipator
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kernel, D[y,] = 0, (assumed to be unique) and Ry(7) € H;
satisfies

dR(7)
dr

= il + A,/ Ro(e)] + £DIR(®)]. (2)

The effective Hamiltonian H =hp+ H,/T s
the sum of the dissipation-projected Hamiltonian,
hp = try, [(wo ® Iy, )H]|, and a Lamb shift correction
H,. With try, we indicate the trace in the subspace H,.
Note that both A, and the effective dissipator D[-] act in
the sole subspace H,. Explicit expressions of A, and f)[]
are given in [6] and, for convenience, reported in
Supplemental Material [21].

Equation (2) provides complete information about R,
the dissipation-free component of the density matrix p. The
full density matrix has, however, an expansion of the form
p(t) = >, v ® Ry(r), where y;, are the eigenstates of the
original dissipator D (which we assume diagonalizable),

Dly] = cryi- (3)

The complex eigenvalues c; always have a nonpositive real
part and one of them is 0, conventionally, ¢y = 0. When I
is large, all the components k > 0 of the density matrix
lying outside the dissipation-free subspace can be shown to
scale as 1/I", namely, ||Ri(7)|| = O(1/T) for = > O(1),
see [19].

The spectrum of the effective Liouvillian L associated to
Eq. (2) gives only a part of the full Liouvillian spectrum,
namely, d7 eigenvalues out of d*> = (dyd,)?. The remaining
d? — d? eigenvalues of the Liouvillian £ originate from the
components R, with k> 0 in the expansion of the full
density matrix.

In [18] it has been shown how to obtain, in the Zeno
limit, the nonequilibrium steady state, i.e., the eigenstate of
L corresponding to the eigenvalue 0. Here, we derive
explicit formulas for all the eigenvalues and eigenstates of
L near the Zeno limit, up to order 1/I" included. Explicitly,
we will first obtain equations analogous to Eq. (2) for all the
components R, (z) of the density matrix, and then show
how to use these equations to derive eigenvalues and
eigenstates of L.

In order to formulate our main statement, note that the
dissipator eigenstates {y;} of Eq. (3) form a basis in H,.
Let {@;} be a biorthogonal basis in H, satisfying
tr(yr@,) = 6,. The decompositions of the Hamiltonian
H and of the density matrix p(z) in the bases {¢;} and
{w} are, respectively,

H=Y (on®gm) =) (9n®gn). (4

m

In = tr’Ho[(Wm ® IHI)H]’ (5)

p(r) =D wi ® Ry(2), (6)
k

Ry (1) = tryg, [(r ® I, )p(7)]. (7)

Statement.—The component R, corresponding to a non-
zero dissipator eigenvalue ¢, with degeneracy deg, near the
Zeno limit satisfy

dR,

o =TeRi+i Y (UroRy = RWy,)

SiCy=Cp

HYY Y Y

7>0 m>0n:c,#c; s:cy=cp

X (=7mi guRgt + €0 g guR + S Rygl gm)
+0(1/1?), (8)

where U, ; and W, ; are operators in H; given by

Uk,s = ZBn.s,kgjlv Wk.s = ZAn,s,kgjl’ (9)

n,s.k  n.sk

and yu%", ey, and 6?,;;‘;1‘ are the coefficients

7 = ConsnAznk + AconConn e (10)
el = CpynBonie (11)
S = Ay wCpm: (12)
with
Apkn = tr(@, Wi oh), (13)
Byin = w(@ahwry). (14)
Conien = 0(@uPms)- (15)

Note that the above coefficients are related to the dissipator
via its eigenstates {y} and the associated biorthogonal
basis {¢; }. For a nondegenerate eigenvalue, deg = 1, only
the simplified operators Uy, = U, and W, = W, appear
in Eq. (8), where

Uk =90+ ZBn,k.kg;’ Wi =90+ ZAn,k.kgj;- (16)

n>0 n>0

Equation (8) applies also in the presence of more degen-
erate eigenvalues.

The above statement follows from a perturbative
Dyson expansion with respect to the small parameter
1/T" of the Liouvillian equation for p(f), where ¢ is
the rescaled time r=Tr. With this scaling, we have
dp(t)/dt = Lylp(t)] + K[p(r)], where L[] =D[:] and
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K[-] = —(i/T")[H,]. The corresponding exact propagator,
namely, exp[(L, + K)t], can be expanded in a Dyson series
with respect to the perturbation K. Keeping the expansion
terms up to order K? included and coming back to the time
7, after some algebra, we get Eq. (8). Full details of the
proof are given in Supplemental Material [21].

Eigenvalues and eigenvectors of L£.—By finding the
normal modes of the linear problem (8) for each index
k > 0, as well as of the linear problem (2) for k = 0, we
obtain all the eigenvalues of the Liouvillian L. Let 4y , 4 be
the set of the eigenvalues of L corresponding to c.
First consider a nondegenerate c;. In the limit I' = oo,
the O(1/T") contributions in Eq. (8) can be neglected and,
expanding Ry (7) = Za,ﬁ cap(7)]) (B|, where |a) are the
right eigenvectors of U, with eigenvalues u, and (f| are
the left eigenvectors of W; with eigenvalues wgy, we
find dca/} (T)/dT:Ak.a,/}caﬂ(T) = [Ckr+ i(ua - Wﬂ)]caﬂ (T)
This implies

}“k,(l,ﬁ = ckF + i(l/la — Wﬂ) + O(I/F), (17)

with corresponding eigenvectors ;.5 =y ® |a) (pl.
Note that, even if not explicitly indicated, the eigenvalues
w, and uy; depend, as the corresponding eigenvectors do, on
the index k.

The 1/T" corrections to the eigenvalues (17) are
then found by a standard perturbative formula, 84y, 5 =
<Raﬁ|\7k|Raﬁ>, where V, is the vectorized form of the
O(1/T) term in the superoperator of Eq. (8) and |R,)
is an eigencomponent of the reduced density matrix
IRop) = |a) ® |B)*. Every perturbative term of type
Q|x)(y|P in (8) gives a contribution tr(Q|x){y|P|y){x|) =
(x|Qlx)(y|P|y) to the eigenvalue correction. Explicitly,
we obtain

TS D I 1Ck (~7i* (al gulat)

>0 m>0n:c,#c, "

x (BIg3|B) + eln*(al gl gm|a) + 82 (Blgtgm|B))-
(18)

The O(1/T) corrections to the respective eigenstates y;, ®
|a)(B| are also given by standard first-order perturbative
formulas [22].

Of course, the above 1/T" correction is valid if the
eigenvalues (17) are nondegenerate. In the case of 4,z
degenerate, a different, although still standard, procedure
must be undertaken (diagonalization within the subspace
of degeneration) to obtain the 1/T" corrections. Explicit
expressions will be given for the case study consid-
ered below.

The case of a degenerate dissipator eigenvalue c; can be
tackled in a similar way.

A case study: The XYZ spin chain.—We illustrate
the above results on a Heisenberg spin chain with
N + 1 sites, the first one being in contact with a strongly
dissipative environment. The coherent part of the
evolution is given by the standard XYZ Hamiltonian
H=3 N0 iy 00a0% ., 0f being the ath Pauli
matrix acting at site j, whereas dissipation acts locally
on site 0 and targets an arbitrary, pure or mixed, single
spin state p, at this site [23]. The evolution of the
density matrix p(z) of the full chain is determined
by a LME with Liouvillian as in Eq. (1). The Lindblad
dissipator acting on spin 1 is the sum of two terms,
D =[(1+p)/2]Dy + [(1 - 1)/ 2]D,,

L |
EL(I aP — EpLaLay
where L, = [5(0,¢))(s*(0,9)] and L, =LT, with
[5(0. @) = cos(0/2)e”*?|t) + sin(6/2)e*[|) and
(s(8,9)|s(0,9)) = 0. This dissipator targets the polari-
zation ui, on site 0, where 7, is the unit vector
iy = (sin@cos ¢, sin@sin @, cosf). The uniqueness of
the nonequilibrium stationary state (NESS) can be proven
using Evans criterion [24].

Striped structure of spectrum.—The distribution of
the Liouvillian eigenvalues manifestly depends on the
strength of dissipation I" in Eq. (1). For medium dissipation
strengths, comparable with the exchange integral in the
model, the eigenvalues are scattered seemingly randomly,
see Fig. 1 (top). For large I, they are arranged in distinct
stripes, see Fig. 1 (bottom). The stripelike structure stems
from the properties of the dissipator in the LME. In fact, the
eigenvalue problem (3) of the locally acting dissipator D
can be easily solved [18], yielding

D,lp] = LopLi — a=1,2 (19

14+ pu 1—pu
co =0, W0:T|S><S|+ 5 [s) (s,
1
cp = 5 v = |S><SL|’
: ) (s
CHy = —— = [sT)(s],
2 7 "5}
c3 = -1, w3 = |s)(s| = [s1) (s, (20)

where |s) = |s(0, ¢)). The respective biorthogonal basis
{¢:} is given by

o = Iy, P =y, P2 =Y,
1 —u 1+u
03 = — = Is) (s =Ll (s 1)

Neglecting the coherent part provided by the Hamiltonian
H, the Liouvillian £ of Eq. (1) would have the eigenvalues
[cy, k=0, ...,3, each eigenvalue having a degeneracy 2V
due to the inclusion of the N extra spins. Adding H acts as a
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FIG. 1. Exact complex eigenvalues of the Liouvillian evaluated
numerically for I" = 0.5, 8, 20 (from top to bottom). Increasing I',
eigenvalues arrange in stripes whose number equals that of the
eigenvalues of the dissipator. For I' large, the width of the
stripes scales as 1/I" while their height remains constant; the
distance between the stripes scales as I'. Parameters: N = 4,

J=(1,1,-0.6058), p =0, 0 = /2, u = 1.

perturbation (the small parameter being 1/I'), which
results in lifting the degeneracies. The perturbation-affected
eigenvalues have, therefore, real part approximately given
by I'c;.

Spectra of the stripes.—The stripe associated with
co = 0 is described by the equation for R, obtained in
[18,25]. We review this equation and evaluate the corre-
sponding spectrum in [21]. The other Zeno stripes are
associated with the nonzero eigenvalues of the dissipator
(20): ¢y = ¢, = —1/2 and ¢3 = —1. In the following, we
consider the eigenvalue c3. The analysis of the degenerate
eigenvalue c¢; = ¢, is similar and detailed in [21].

To evaluate the O(1) terms of Eq. (8) for k = 3, we need
the operators Uz and W5 (16). The only nonzero coefficients
A,s3and B, 33 withn > Qare A3 53 = B3 33 = —u and we
find U3 = W3 =40 —ﬂg; = Zj‘v:_]] hjj+1 —/«l(Jﬁo> '51, where
hj i1 =6 (J6;4y) is the local density of the Hamiltonian
H. Comparing U; and hp, we see that they differ just by
the sign of the local field acting on site 1. It can be shown
that hp and Uj; are, therefore, isospectral [21]. According
to (17), the corresponding Liouvillian eigenvalues are

Map =T +i(e,—€5) +O(1/T), (22)

and the corresponding eigenvectors are 3,4 = [y3) ®
|@) (B] + O(1/T"), where |a) is an eigenvector of Uz with
eigenvalue ¢,. The corrections O(1/T") are evaluated

[ e stripe 0
100+ °
0-100 @.."' v stripe 3
N [*)
S 0.001+ ?o5S stripes 1&2
S » °o%
~ _ o stripe 0
,-|< 10-5¢ .P
a v stripe 3
1077 o stripes 1&2
10 100 1000 104 10
r

FIG. 2. Standard deviation of the modulus of the difference
between numerically obtained Liouvillian eigenvalues and our
perturbative prediction as a function of I', separately for each
stripe. The set of data corresponding to empty symbols is
obtained with parameters as in Fig. 1 (pure target state). The
set with filled symbols corresponds to a mixed target state with
parameters: N =4,7 = (1,1.7,-0.137), ¢ =0, 0=2x/7,
u = —0.7. The straight lines are (I',/T)? with, from top to
bottom, I, = 129, 51, 6.3, 5.6.

according to Eq. (18) for f# # a. The case # = «a is similar
to the calculation done for ¢y = 0 and is detailed in [21].

Figure 2 shows, stripe by stripe, the standard deviation
of the error obtained by comparing the numerically
computed Liouvillian eigenvalues with our perturbative
eigenvalues, order O(1/I') included. As expected, this
error behaves like (I'./T")? for I" sufficiently large, with ",
possibly different for the various stripes depending on the
parameters chosen. The value of I'. can be used as an
indicator of an onset of the Zeno regime, characterized by
the appearance of stripes in Fig. 1. From Fig. 2 we also see
that the Zeno regime is reached easier for larger boundary
gradient |u|.

Our Zeno-limit expansion for an eigenvalue 4 is appli-
cable if the dissipation I" is much larger than the inverse
radius of convergence of the 1/I'* perturbative series for A.
The global radius of convergence, valid for all Liouvillian
eigenvalues, is problem specific. In Fig. 3 we show, as a
function of I, the real part of all Liouvillian eigenvalues of
a Heisenberg chain with 2 spins, the first spin being
targeted by a z-polarizing dissipation. Depending on the
anisotropy, we find up to eight exceptional points, where
two or more eigenvalues coalesce [26-29]. Fully analytical
Zeno regime sets in beyond the rightmost branching point,
see Fig. 3.

Let us summarize our findings. The eigenvalues of a
Liouvillian with a locally acting dissipator at large dis-
sipation strength I" are arranged in a set of stripes, see
Fig. 1, indicating the existence of a hierarchy of relaxation
timescales in the system [30]. The number of stripes
coincides with the number of different eigenvalues of
the Lindblad dissipator D in (1).

The width of the stripes scales as 1/T" and the distance
between the stripes scales as I'. The vertical extension of the
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FIG. 3. Rescaled real part of all Liouvillian eigenvalues versus

T, for N = 1. Parameters: J= (1,2.3,-0.61), ¢ =0 =0, and
u = 1. Dashed lines show the near Zeno-limit predictions
detailed in [21]. The vertical line at I';, marks the location of
the rightmost branching points where Zeno regime sets in.

stripes does not depend on I' and is of the order of the
norm ||H|| of the coherent part of the Liouvillian (1).
The position of the stripes on the real axis is
Rel = ¢;,I'+ O(1/T") where ¢, are the eigenvalues of
the dissipator (3). Each stripe corresponding to a non-
degenerate ¢ contains d? Liouvillian eigenvalues, where
d; =dim’H; is the dimension of that part of Hilbert
space which is not affected directly by the dissipation.
Emergence of stripes can be viewed as a hallmark of a
quantum Zeno regime.

We derived linear spectral problems for the dissipation-
projected Liouvillian, for each relaxation mode c¢;, and
outlined a complete solution of the eigenvalue problem
via a perturbative analysis. We demonstrated our general
results in the case of dissipation acting on a single boundary
qubit of an anisotropic Heisenberg spin chain. For this
case, we obtained explicit expressions for eigenvalues
and eigenvectors of the problem near the Zeno regime.
The solutions are given in terms of spectral data of a
dissipation-projected Hamiltonian and other similar
Hamiltonians, these being much simpler objects than the
original Liouvillian. Our method is straightforwardly
applicable to the XYZ model with dissipation acting on
both boundaries, thus creating boundary gradients [31,32],
which play a prominent role in studies of quantum transport
[33]. All the auxiliary Hamiltonians have the form of an
open XYZ spin chain with boundary fields and are
integrable [34].

To derive our results we used several assumptions:
(i) diagonalizability of the dissipator (3), (ii) uniqueness
of its kernel, (iii) absence of anomalous scaling of the
gaps in the spectrum of the Liouvillian, including the
Liouvillian gap. A generalization of our results is, in prin-
ciple, straightforward. We expect the emergence of striped
structure and scaling of the stripes in the Zeno limit to be
qualitatively correct also for degenerate kernels, e.g., for
those resulting from Hermitian Lindblad operators [35].

Our explicit results shed a light on the intrinsic properties
of an isolated system coupled strongly to the environment,
and make its study almost analytically affordable.
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