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PERTURBATIVE CRITERIA FOR THE ERGODICITY OF
INTERACTING DISSIPATIVE QUANTUM LATTICE SYSTEMS

L. BERTINI, A. DE SOLE, G. POSTA, AND C. PRESILLA

ABSTRACT. We introduce a class of quantum Markov semigroups describing
the evolution of interacting quantum lattice systems, specified either as generic
qudits or as fermions. The corresponding generators, which include both con-
servative and dissipative evolutions, are given by the superposition of local
generators in the Lindblad form. Under general conditions, we show that the
associated infinite volume dynamics is well defined and can be obtained as
the strong limit of the finite volume dynamics. By regarding the interact-
ing evolution as a perturbation of a non-interacting dissipative dynamics, we
further obtain a quantitative criterion that yields the ergodicity of the quan-
tum Markov semigroup together with the exponential convergence of local
observables. The analysis is based on suitable a priori bounds on the resolvent
equation which yield quantitive estimates on the evolution of local observables.

1. INTRODUCTION

A quantum Markov semigroup (QMS) is a strongly continuous contraction semi-
group (P)e>o of completely positive operators on a C*-algebra A. It has become
the basic modelling tool to describe the non-unitary evolution of open quantum sys-
tems, the typical example being the interaction with thermal baths. The generator
of a QMS is commonly referred to as the Lindblad generator. Both from a concep-
tual and an applied viewpoint, the ergodicity properties of QMS are particularly
relevant. We refer to [2 [7] for a general overview.

Under general conditions, finite dissipative quantum systems admit a unique
stationary state m. As in the case of classical Markov semigroups, a most relevant
issue is to provide quantitative estimates on the speed of convergence to the sta-
tionary state. More precisely, given an initial state © one would like to deduce the
exponential convergence of its evolution uP; to 7; a natural distance to quantify
this convergence is the trace distance, the non-commutative counterpart of the total
variation distance. By the quantum Pinsker inequality, see e.g. [23, Thm.11.9.5],
the convergence in trace distance can be deduced from the decay of the quantum
relative entropy of pP; with respect to m. For reversible QMS, the latter issue has
been recently pursued with different perspectives [0, 8] [0 [13}24]. In particular, in [g]
the exponential decay of entropy is deduced for both the Bose and Fermi Ornstein-
Uhlenbeck semigroups that describe the evolution of non-interacting bosons and
fermions. As discussed in [5], the exponential convergence in trace distance can
also be deduced by spectral methods.

2020 Mathematics Subject Classification. Primary 81522, 82C10 Secondary 81V74,47B44.

Key words and phrases. Quantum Markov semigroups, Lattice quantum systems, Fermionic
systems.

The work of A. De Sole has been supported by PRIN 2022S8SSW2.


http://arxiv.org/abs/2402.15488v1

2 L. BERTINI, A. DE SOLE, G. POSTA, AND C. PRESILLA

The present purpose is to investigate the ergodic properties of QMS correspond-
ing to infinite quantum lattice systems. We refer e.g. to [4, [20] for some physically
relevant examples. According to the standard framework, a quantum lattice sys-
tem is described by the so-called quasilocal C*-algebra A. We consider here both
the cases in which A describes generic qudits and fermions. While the analysis
of Heisenberg evolutions on A has been widely investigated, we are not aware of
mathematical results concerning dissipative evolutions on A.

As in the Heisenberg case, the natural choice for the generator is given by the
superposition of translation covariant local generators. In other words we are led
to consider generators on A of the form

L= ) Lx, (1.1)

where the sum is carried over the finite subsets of Z? and the local Lindblad gener-
ator Lx acts on Ay, the subalgebra of the X-local operators. In the simplest and
most relevant case, the family {Lx}xccze is translation covariant and has finite
range. For each X CC Z% the C*-algebra Ax is finite dimensional and Lx can
be prescribed according to the Lindblad-Gorini-Kossakowski-Sudarshan structure
theorem [T} [T9]. On the other hand, the right-hand side of ([I]) defines an un-
bounded operator on the C*-algebra A. A preliminary issue is thus to show that £
generates a QMS on A. This is the dissipative counterpart to the existence of the
Heisenberg flow for quantum lattice systems, see e.g. [22 Thm.7.6.2]. Defining £
on a suitable dense domain, we here deduce sufficient conditions on {Lx}xcczad,
holding in the translation covariant finite range case, which imply that the graph
norm closure of £ generates a QMS (P;)¢>0 on A.

We next turn to the discussion of the ergodic properties of the QMS (P;);>0 gen-
erated by (LI)). By a soft compactness argument, (P;);>0 has at least a stationary
state; on the other hand, for instance by considering classical stochastic Ising mod-
els as QMS, it is straightforward to exhibit examples for which the stationary state
is not unique. If the interaction is small, we expect uniqueness of the stationary
state and exponential convergence of local observables.

We deduce a perturbative criterion for the above conclusion. We write £ =
Ly + L1 where Ly describes the evolution of non-interacting qudits, i.e. it has the

form
Lo = Z Lgv
z€Z

for suitable translation covariant generators LY that act on Ayzy. The operator L,
that takes into account the interaction between the qudits, is then regarded as a
perturbation. As discussed in [8] [13], 24], a basic tool in the derivation of strong
ergodic properties for the QMS generated by L( is the construction of operators
{Ezn} on A satisfying the following intertwining relationship with £

EonLo—LoEyn = —AnEen (1.2)

for suitable Ay, > 0. When A is the fermionic C*-algebra and Ly is the generator
of the Fermi Ornstein-Uhlenbeck semigroup, the operators { £, j,} have been intro-
duced in [T2]. On the other hand, when A is a C*-algebra describing generic qudits,
we do not specify an explicit form for L2 but we assume that it is self-adjoint with
respect to the GNS inner product induced by its unique stationary state. We then
construct the operators E, 5 from the spectral decomposition of LY; accordingly
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{\n} are the eigenvalues of —LY. To achieve the perturbative criterion for ergodic-
ity of the QMS generated by £ = Ly + L1, we follow the argument for interacting
classical lattice systems in [I8, Ch.I]. The key step is the derivation of suitable a
priori bounds on the resolvent equation

Ag = f+ Ly, A>0, f,geA

By exploiting the intertwining relation (2], we derive a quantitative bound on the
locality of g in terms of the locality of f. Under a suitable smallness assumption on
the commutator E, ,L1—L1 E, p, the a priori bound on the resolvent equation yields
the uniqueness of the stationary state together with the exponential convergence of
local observables. We emphasize that the perturbative criteria here obtained rely
neither on the explicit knowledge of stationary states nor on the self-adjointness of
the generator.

Whenever the perturbation criterion applies, we can deduce that for any state
won A the sequence uP; converges weakly* to the unique stationary state 7 as
t — +o00. As in the classical case, it does not appear however possible to obtain a
quantitative bound uniform in p. Indeed, this fails even for non-interacting systems.
On the other hand, if we restrict to translation covariant interactions and trans-
lation invariant state u, the above conclusion holds. More precisely, we equip the
set of translation invariant states on A with the specific quantum one-Wasserstein
distance w introduced in [I5]. We then show that w(uPy, 7) decays exponentially
uniformly in p whenever the perturbative criterion holds. This statement appears
to be novel even in the context of interacting classical lattice systems.

2. INTERACTING QUDITS: RESULTS

Given a Banach space X', we denote by || - ||+ the norm in X and by X’ the dual
of X. The identity operator on X is denoted by Iy and the operator norm on the
set of bounded linear operators on X by || - [[x—x. In the present setting, given
a unital C*-algebra A, a Quantum Markov Semigroup (QMS) (P)i>0 on A is a
strongly continuous contraction semigroup on A (as a Banach space) such that for
each ¢ € [0,00) the linear operator P;: A — A is completely positive and satisfies
P:1 =1, where 1 is the identity in A. If A is commutative, namely A is the space
of complex valued continuous functions on a compact set endowed with the complex
conjugation and the uniform norm, a QMS on A is a (classical) Markov semigroup.

2.1. One-qudit unperturbed dynamics. Let H be a (n+1)-dimensional Hilbert
space and A a (N + 1)-dimensional unital %-subalgebra of the C*-algebra B(H) of
linear operators on H. Since H is finite dimensional, A endowed with the operator
norm is closed and therefore it is a C*-algebra. Let p be a faithful state on A,
namely a continuous linear functional on A such that p(Iy) = 1 and p(aa™) > 0
for all a € A\{0}. Denote by (-,-), the GNS inner product on A induced by p, i.e.
{a,b), = p(a*b), a,b € A. Let (P?);>0, be a QMS on A which is self-adjoint with
respect to (-,-), and denote by Lo: A — A its generator. We assume that Lo has
the form

Lo=> (6], +65, -169) (2.1)

j€lo
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for some finite set [y and {K?}jel C A. We refer to [8, Thm.3.1], [I, Thm.3], and
9

[5, Lem. 2.2] for the conditions on {ﬂ? }j el corresponding to the self-adjointness

of Ly with respect to (-,-),.

Since p is a stationary state for (P?);>0, the Kadison-Schwarz inequality implies
(PPa,PPa), < (a,a),. Therefore (P?):>¢ is a self-adjoint strongly continuous con-
traction semigroup on the Hilbert space (4, (-,-),). Hence —Lg is positive definite
with respect to (-,-),. Let Iz = eg,e1,...,exy € A be an orthonormal basis, with
respect to (-, - )p, of eigenvectors of —Lg, with eigenvalues 0 = Mg < A\ < -+ < Ap.
In particular,

N
—LO = Z)\h <€h, '>p€h~ (2.2)
h=1

2.2. Unperturbed dynamics of qudits. We denote by Z? the standard d-dime-
nsional lattice and by P the countable family of its finite subsets, P := {X C
Z%: |X| < oo}. Referring to [I6] for a detailed exposition, we briefly recall the
construction of the Hilbert space and the C*-algebra describing infinitely many
qudits.

Fix an orthonormal basis {w;}? , of H, where wy represents the vacuum state.
Let ® be the countable set of functions ¢ : Z¢ — {0,1,...,n} such that ¢(z) = 0 for
all but finitely many = € Z¢. We then let H be the Hilbert space with orthonormal
basis {Qy}pco. For A C Z? we also consider the subspace Hy C H spanned by
{Qs}pew,, where &y C P is the subset of functions ¢ € ® such that ¢(z) = 0 if
z & A. For A € P, we identify Hp ~ H® via Dy = QreAWg(a), ¢ € Pa. Note that
the construction of H depends on the choice of the vacuum wy.

Denote by B(H) the C*-algebra of bounded operators on H and by || - || the
corresponding operator norm. For A C Z? we have the canonical identification ® ~
Py X Ppc, which induces H ~ Hp ® Hae. As a consequence we have the canonical
embedding B(Hx) C B(H). For A € P, we set Ay := A®Y C B(H®M), which
we identify with the s-subalgebra of B(Ha) C B(H), via the above identification
H®M ~ 3. Since A, is finite dimensional, it is a C*-algebra when equipped with
the norm | - [|. Set A% := .5 Ax C B(H), and let A be the norm closure of A°.
In particular, A is a unital C*-subalgebra of B(H). We emphasize that, even in
the case A = B(H), A is a proper subalgebra of B(#). For example, for x € Z4,
consider the translation operator 7, € B(H), x € Z¢, defined by

T2(Qg) = Qs e, where 7,0 :=¢(- — ), e b. (2.3)

As simple to check, 7, does not belong to A. On the other hand, it induces the
automorphism Ad,, : A — A by Ad, (f) := 7.f7—. In the terminology of [22]
§6.2.4], the triple (A, Z%, Ad,) is the quasilocal algebra describing the qudits on Z.
The set of the states on A is denoted by S. A state m € S is translation invariant
if 7(Ady, (f)) = 7(f) for any = € Z* and f € A; the set of translation invariant
states is denoted by S;. A state m € S is stationary for the QMS (Pi)i>o if 7Py =7
for any t € [0, +00).

The unperturbed dynamics is next defined by letting each qudit evolve according
to the generator Lo in 22). For z € Z* we set L) = Lo ® Ta,,,., that is regarded
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as an operator on 4. The unperturbed generator is then informally given by

Lo= " LG=">" (&7, +1627,1¢2) (2.4)

z€Z% a€ly

where, recalling (Z.1)), Zo := Z%x I and for o = (z, 5) the operator £% corresponds to
ég-) via the identification Ay, ~ A. For future purposes, we denote by xo: Zg — 74
the projection xo(z,j) = x. We will show that the right-hand side of 24 is well
defined on a suitable dense subset of A and its graph norm closure generates a QMS
on A.

Recalling the spectral decomposition Z2), let E, ,, = € Z%, h € {0,1,...,N},
be the linear operators on A° acting on monomials as

Ew,h( Xy fy) = <eh= f:c>p1[H ® (®y7éw fy) (2-5)

As we prove in Lemma Bl F, ; extends to a bounded operator on A. Let also
eq,n be the element of A,y ~ A corresponding to ej. Since {e}} is an orthonormal
basis of A, for each z € Z% and f € A

N
F=> (Benf)esn (2.6)
h=0
Introduce the seminorm ||| - ||| on A by setting
N
WA= D" > IBan sl (2.7)
z€Zd h=1

where we emphasize that £, o does not appear on the right-hand side. We interpret

ZhN:1 | Ex.nf|| as a measure of the dependence of f on the qudit at site x € Z¢. In
particular, || ||| = 0 if and only if f is a scalar multiple of the identity. Let A be
the closure of A® with respect to the norm || - || + ||| - |||. Clearly, A° c A! C A.
Let ¢1(Z%) be the Banach space of summable real sequences indexed by Z?. For
fe Al set

N
8(f) = (0 yeza = (X 1Benfl) _, € a(Z), (2:8)
h=1

so that [||fll| = >, 0-(f) = 16(f)lle, 2

2.3. Dynamics of interacting qudits. The dynamics of the qudits is defined by
an unbounded Lindblad generator on A given by the sum of local generators. More
precisely, we fix a countable set Z and a map x: Z — P such that |y ~1(X)| < +o00
for any X € P. We then consider the informal generator on A given by

L= (ilkas -]+ [ L] + [£5, - 1ta) (2.9)

for some self-adjoint ko € Ay(o) and £, € A
ZaEX*I(X) ko and

Ly =i[Kx, -1+ > (6l ] + 16, 10a) (2.10)
aex— 1 (X)

v(a)- Note that, by setting Kx =
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then £ has the form (). If A = B(H) so that Ax ~ B(Hx), by the Lindblad-
Gorini-Kossakowski-Sudarshan structure theorem [I1l [19], the right-hand side of
([2I0) is the general form of a Lindblad generator on Ax.

The family {kq, EQ}QGI has finite range if there exists R € [0, c0) such that k, =
lo = 0 whenever diam(x(c)) > R. The family {kq, fa}aez is translation covariant
if there exists an action of the abelian group Z¢ on Z, denoted by (z,a) + = + «,
satisfying x(z + @) = 4+ x(«), such that Ad,, (k) = kzie and Ad;, (b)) = lota-
As we next state, under suitable conditions the operator £ in (Z9)) is well defined
on the dense subset A' C A.

Lemma 2.1. If
Co=2nsup > ([[kall +2]|a]l?) < o0 (2.11)

d
T€LY . x(a)3z

then for each f € Al the series defining Lf converges in A and ||Lf| < Colllf|ll-

2.4. Main results. The first result on interacting qudits establishes the existence
of the dynamics associated to the generator £ introduced in ([Z3). It will be con-
venient to write it as a perturbation of the dynamics of non-interacting qudits as
defined by [24). Namely, we let £ = Ly + £; where we recall that both £ and £,
have been constructed from local Lindblad generators.

This decomposition is achieved by decomposing £, = 05, + 4, for ag € Zy and
some o € Z. More precisely, fix an injective map 2: Zg — Z such that yo(ag) €
x(1(ao)), ao € Zo. Setting €3, = ly(ay) — Lo, a0 € Lo, we have L1 = > 7 L,
where

ggzo*[' gl ]+[€0 ' ']ﬂtllo

" Yo ap

00, T G + 165,518, i @ = (a0) € u(T),

o

Lo =ilka, ]+ q + 01 " 08 ]+ 68", - 168, (2.12)

Yo g

Gl la] + 165, - 1o if o ¢ 1(Zo).
The strength of the perturbation £; is measured by

M:=sup Y 0.y (2.13)
yedeEZd

where 0, , := 2Nn(09 , + 0} ), in which
00 = 0 (L 1200) B hao) + 2077 + 8) [0 (80 ) (|65, | + [1€25 ) 82 (¢5,)

ap€Zo
Xo(ao)=y

8 (Can) 100+ (1000 82 (62,) + 0 (20 ek, | + ke ] 82 (2, ])

and
Oryi= D ((140%00)00(ka) + 207 + 82, [0:063) el + 112211 62(£2)] ).
a€T\(Zo)
x(@)3y

We observe that both Cy in (ZI1]) and M in (ZI3) are finite whenever the family
{ka,la}act is translation covariant and has finite range. For A € P we denote by
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L the bounded Lindblad generator on A defined by
Ly= Y Lx (2.14)

XCA
and by (P?)i>o0 the corresponding QMS. We finally recall that \; is the spectral
gap of the unperturbed one-qudit generator Ly.

Theorem 2.2. Assume Cy, M < oo and consider L as an operator on A with
domain A'. Then
(i) the graph norm closure L of L generates a QMS (P¢)i>0 on A;
(ii) A is a core for L;
(iii) for each t > 0 the operator P; is the strong limit of P} as A 1 Z%;
(iv) [Peflll < MM F|, for any f e A" and t > 0;
(v) the QMS (Py)i>0 has at least one stationary state.

We emphasize that in the above statement we can take Ly = 0, letting for ex-
ample p be the normalized trace on H and {ej}_, be any orthonormal basis with
respect to the normalized Hilbert-Schmidt inner product. In general, Theorem 2:2]
provides sufficient conditions for the existence of the dynamics corresponding to
a Lindblad generator with local jump operators. In the particular case in which
L = i[KC, -] is the Heisenberg operator associated with the (informal) infinite vol-
ume Hamiltonian I = )y, Kx, with Kx as defined below ([2.9)), we deduce the
existence of a one-parameter group of automorphisms (U;);er describing the Heisen-
berg evolution on 4. In this case, the assumptions of Theorem are analogous
to classical conditions in the literature, see e.g. [22] Thm. 7.6.2].

The next result, which provides a perturbative criterion for the ergodicity of the
QMS (P¢)i>0, depends instead on the non-vanishing of £y and more precisely on
the existence of a strictly positive spectral gap for the one-qudit dynamics, A\ > 0.
If the family {k., £o}aecz has finite range the corresponding unique stationary state
has exponentially decaying correlations.

Theorem 2.3. Assume (ZII) and M < A\1. Then

(1) the QMS (P,)i>0 has a unique stationary state 7;
(ii) for any f € At andt >0

C
[Pef =m0 < 3= S0 1)

(iii) if furthermore {ka,luotacz has finite range then there exist C,{ > 0 such that
for any A1, Ao € P and any f1 € Ap,, fo € Ap,

|m(fufz) = w(f)m(f2)| < Cem ¢ B AR fo || [l £ 1) (I f2 ]l + 1)

The condition M < A\ can be explicitly checked for specific models, we refer to
the Sections ] and [£3] for the cases of quantum spin systems and of the XY Z-
model with site dissipation. In this respect, items (ii) and (iii) provide quantitative
bounds on the speed of convergence to the stationary state and on the spatial decay
of correlations for the stationary state.

By the density of A' in A, Theorem 23ii) implies that for each pu € S the
sequence pP; converges weakly™ to m. Even in the case in which £ = Ly, it does
not appear however possible to obtain a quantitative bound on this convergence
uniformly in 4 € §. On the other hand, as we next discuss, if we restrict to
translation covariant interactions and translation invariant 4 € S, there is a natural
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distance on the set of translation invariant states such that the distance between Py
and 7 vanishes exponentially uniformly in . More precisely, the final topic that we
discuss is the exponential convergence of the QMS (P;);>0 to the unique stationary
state 7 in term of the specific quantum one-Wasserstein distance introduced in [I5],
which is the non-commutative counterpart of the Ornstein d distance on the set of
translation invariant probabilities. Given A € P let || - |lw, be the norm on the
space OY of self-adjoint and traceless elements in Ay defined by

1Ay = %inf{ S IAD |y m: AD € OF, Trgpy A =0, 3 A@ = AL,
TEA zEA
where || - ||, is the trace norm on Ay, i.e. || flla,m = Tr(v/ff*), and Trg,y: Ax —
An\{z} denotes the partial trace on Hy,y. Denoting by Sa the set of states on
Ap, the quantum one-Wasserstein distance Wy on Sy is defined by W (u,v) =
£ — v]lw, . Here we have identified Sy with the positive elements in A, with unit
trace. Recalling that S; is the set of translation invariant states on A, as proven in

[15, Prop. 4.1], the specific quantum one-Wasserstein distance is the distance on
S; defined by

1
lim — W, 2.15
ATy Ak, va), (2.15)

where s denotes the restriction of the state u € S, to a state on Ax. Observe
that the topology on S, induced by w is finer than the weak™ topology.

1
w(p,v) = sup —=Wa(pa,va) =
aew A

Theorem 2.4. Assume (ZII), M < A1, and that {ka,lo}tacz is translation co-
variant. Then the unique stationary state m of the QMS (Pi)i>o is translation
invariant and there exists a constant C > 0 such that for any p € S and t >0

w(pPr,m) < Ce” MM,

The proof of both Theorems and 23] follows the strategy used in the con-
struction of the Markov semigroup describing the evolution of interacting classical
lattice systems [I8, Ch. I]. The key ingredient is an a priori bound on the resolvent
equation (A — £L)g = f showing that g € A* whenever f € A'. By approximating
L with the finite volume generator £, and using the Lumer-Phillips theorem, this
a priori bound implies the existence of the infinite volume dynamics. As in the
commutative case, when M < A;, the a priori bound obtained on the resolvent
equation actually implies that the seminorm ||| - ||| is exponentially contracted by
the QMS (P:)i>0. By routine arguments, this yields the exponential convergence
to equilibrium stated in Theorem 23|(ii). The exponential decay of spatial cor-
relation at equilibrium in Theorem [Z3|iii) follows from Theorem 23(ii) and the
“finite speed of propagation” of the QMS (P;);>0, see [18] §1.4] for the correspond-
ing statement in the commutative case. While Theorem 2.4 is a straightforward
consequence of Theorem 23] its formulation appears novel also in the context of
interacting classical lattice systems.

From a technical viewpoint, in the commutative case discussed in [I8, Ch. I]
the seminorm |[||f|| is defined in terms of the oscillations of f at the sites x € Z?
while here it is adapted to the unperturbed dynamics. Correspondingly, while in
[I8 Ch. I] the strength of the unperturbed dynamics is specified by a Doeblin
condition on the transition rates, here it is measured by the spectral gap A; of the
unperturbed one-qudit generator. Accordingly, a crucial input for the derivation of
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the a priori bound on the resolvent equation is the intertwining relationship (L2))
for the unperturbed generator.

3. INTERACTING QUDITS: PROOFS

In this section we prove Theorems 2.2} 2.3 and 2.4

3.1. Semigroup generation. Recalling the definition of 7 below ([2.2) we first
show that [|E; pllasa <.

Lemma 3.1. For each x € Z¢ and h € {0,1,...,N}, the operator E, ) defined
by @X) extends to a bounded operator on A. In fact, for each f € A we have
[Ezof Il < [IfI| and [|ExnfIl < nllfIl, b € {1,...,N}.

Proof. By the density of A in A, it suffices to prove the stated inequalities for
f e Ax with A € P. We first observe that, by the very definition of E; j,, we have
Eonf = Em)o(e;hf). On the other hand, for g € Ax we have E, og = Trg;)(pg) ®
Ty, in which Tre,y: Ay — Ap\(s) is the partial trace on H ~ H,. Since
g = Trgzy(pg) is completely positive and unital, the Kadison-Schwarz inequality
implies || Ey.09] < |lg]l. As ez0 =1 and |legn] < n, h € {1,..., N}, this bound
yields the claim. O

Proof of Lemma[21l The statement is a direct consequence of the following bound.
For each X € P, u € Ax, and f € A!,

1w, £11 < 20llull Y 6:(f)- (3.1)

reX

To prove this inequality, given x € Z¢ define the operator F,: A — A by

N
Fof = (Exnf)ewn, (3.2)
h=1
so that (2.0) can be recast as f = Egof + Fpf. Enumerating the elements of
X =A{x1,...,z,} and using recursively this identity,
f= (HE%O)HZ (HEH) . f. (3.3)
=1 j=1 i<y

Since the first term on the right-hand side commutes with u € Ax, the bound B
follows by observing that ||[f1, f2]ll < 2| f1l/llf2]] and [[Ezollasa = 1, ||Fuf] <
n0.(f), x € Z%. O

In order to construct the QMS generated by the operator £ defined in (29),
we shall use the terminology and the results of [2I §X.8]. In particular, a densely
defined operator T on a Banach space X with domain D is accretive if for each x € D
there exists p € X’ such that ||p|lx = 1, p(z) = ||z|lx, and Re(p(Tz)) > 0. By
the finite dimensional theory of quantum Markov semigroups, the bounded operator
Lx, X € P, as defined in (2I0), generates a QMS on the finite dimensional C*-
algebra Ax. The Lumer-Philips theorem [2I, Thm. X.48] thus implies that —Lx
is accretive and therefore also —£, with domain A!, is accretive. For the sake of
completeness, we however next provide a direct proof of the accretivity of —L.

Lemma 3.2. The operator —L with domain A' is accretive.
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Proof. By the definition of A!, Lemma 1] and the Banach-Alaoglu theorem, it is
enough to show that for each f € Ap, with A € P, there exists p € A’ such that

lolla =1, @(f)=Ifl,  Re(p(£f)) <0. (3.4)

Since Ap is finite dimensional, there exists £ € H with ||{][ = 1, which is eigen-
vector of ff* with maximal eigenvalue: (ff*)¢ = ||f||?¢. Let p € A’ be defined
by
(57 gf*g)'H

171l
where (-, )% denotes the inner product in H. We claim that this functional fulfil

the three conditions in ([B4]). The second condition holds trivially. The first one
follows from the second and the bound

laf el _ lor™l _ lgllF
@< FT < S T

Recalling ([2Z9)), in order to prove the third condition in (B4 it suffices to show that
for each self-adjoint k € A and u € A

Re p(ilk, f] + [u*, flu +u*[f,u]) < 0. (3.5)

For the first term we have

Rep(ilk, f]) = Im(¢, [k, f1f*)n = mIm((f*&kf*§)w—||f||2(§,k€)ﬂ) =

p(g9) =

= llgll

HfH
since k is self-adjoint. On the other hand,
Rep([u”, flu+ u*[f,u]) = Re p(2u” fu — v uf — fu’u)

= ”—}”Re (& u fu—u*uf — fu*u)f*f)H

= 57 Re (260 fuf " = (€l F*On = (€ Fuul ")

1 . ) *
= 7 B (207 s €0 — 171 e — s "€l

< ”—;”(Hf*u&n% — 112 ugl2,) <0

where we used Cauchy-Schwarz in the second last step. The proof of B3 is thus
completed. O

We next prove the intertwining relationship between the unperturbed generator
Ly and the operators E, ;, defined by ([2.1).

Lemma 3.3. For each f € A', v € Z¢, and h € {0,1,..., N},
Em,hLOf - ‘COEm,hf = _)\hEm,hf'

Proof. By linearity and density it is enough to prove the statement for a monomial,
f = ®yfy. Recalling (2.4)), from the spectral decomposition ([2.2) and the definition
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@3) of E, 5 we deduce
Em,hEOf = _)‘h<eh7 fm>p( ®y75$ fy)

N
- Z Z Ak<ek; fz>p<eh7 fz>p( ®y;ﬁm,z fy) & €2,k

z#x k=1

N
ﬁoEz,hf = - Z Z>Vc<ek7fz>p<eh; fm>p( ®y;ﬁm,z fy) oy €z k-

z#x k=1

The statement follows. O

The following lemma provides the key estimate in realizing the generator £ as a
perturbation of Lo. Recall that £, =Y .7 LL with L}, defined in 2I2) and that
5(f) € £1(Z%) has been defined in ([2F).

Lemma 3.4. Foreacha €T, f€ A, v €Z% and h € {1,...,N},
HEw,hLif - L(llE:E,th < Z 9w7y(04)5u(f)

yeZ4
where
9m7y(a) =2n(1 + 7725z,y)5 (ko)
(fo*) €601 + (1620 || 02 (€5,)
5. (€1 *) Hﬁ |+ [JL0]] 62(5,)  if o = 1(ao) € u(Zo)-
+ 40P (1+ 7720, X +5 (Ch) eIl + [1€0q || 2 (£2)
02 (03) [1all + 1€511 62 (€5,) if o & (Zo)

Proof. The statement is a direct consequence of the bounds [B.6) and (B7) below.
For each u € A%, x € Z¢, h € {1,...,N}, and f € A!,

HEm,h[uu f] - [uaEz,hf]H < Z ’Vm,y(u)éy(f)u (36)
yeZ4
where
Ya,y(w) = 2n(1 + 7725964/)596(“)-
For each u,v € A%, x € Z4, he {1,...,N}, and f € A',
HEI h( f7 ] [ af]v) - u[Emyhfv ’U] - [qufﬂ,hf]’UH < Z Fyfﬂ,y(uav)éy(f)v (37)
y€eZ
where
Yo (1,0) = 47 (140 20,) (Sa )llol] + [ull 8 (v) ).

To prove (B6), let X = {z1,...,2} € P with 2y = 2z and v € Ax. By (Z0)

and (BZI)
[’U,, f] [u E, hf] E, h[uv Ez,Of]

N (3.8)
+ Z { x,h ue:l) k m,kf) - (Em,kf)Em,h(em,ku)} - [u7 Ew,hf}
=1
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where we used that E; pey r = 0px. By B3) and recalling that eg = Iy, the first
term on the right-hand side above can be expanded as

m

Eunlt, Baof) = [Eayts Bryof] = 3 [Bovtrs (T] Boy0) o |

i=2 J<i

whose operator norm is bounded above by

N
2 Eenull Y NESI < 2Bl D D IE S

yeX\{z} yeX\{z} k=1

On the other hand, by using again the identity (2.6]) for u, the second term on the
right-hand side of (38) can be rewritten as

N
[Evots o]+ > { O (Bu ) (Bonf) = C j(Boaf) (Bugu) | (39)

k,j=1

where C1') := Eq p(€s jex k). Since CFy = ¢l 1 with [¢] | < n?, the operator norm
of the second term in (9 is bounded above by

N N
20° Y Bz jull Y I Eurfll.
j=1 k=1

Finally, again by the identity (2.6]) for u, the sum of the third term on the right-hand
side of (8] and the first term of B3] gives

N
3" [(Bewwes s Eonf]
=1

whose operator norm is bounded by

N
20 || Bo et | Banf -
k=1

Gathering the previous estimates we deduce (B.6).
To prove B.7), let X € P be such that X > = and u,v € Ax. Enumerate as
before the elements in X € P letting 1 = x so that X = {x1,...,2,,}. By the

identity (2.6]),
E.p (u[f, v] + [u, f]v) —u[Egpnf,v] — [u, Emyhf]v)
= m)h(u[Emyof, v] + [u, Ey o f]v+ 2u(Fy f)v — uv(Fy f) — (wa)uv) (3.10)
—2u(Ey 0 f)v +wo(Eypnf) + (Epnf)uv.
By B3)
E.p (u[Emyof, v] + [u, EL()f]’U) = ZEw7h{2u((HEmj7o)me)v
=2 g<i (3.11)

_uv((Hijyo)me) - ((HE1j70>Fmif)uv}.
j<i J<i
We claim that for g € Ag;yc and u,v € A
| Exn (ug) || < 0?19l 0z (w)[|v]] + ulldw(v)). (3.12)
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Indeed, by using the identity (Z0) for w,

N

By n(ugv) = (Epow)g(Eenv) + ) (Epju) By p(es jgv)
j=1

so that
N
B2 (ugo) | < gl (el Eapoll + 72 3 1 Exjul o]
Jj=1

which implies (812). By using (8I2) we then bound the operator norm of the
right-hand side of (3I1]) by

N N
4° Y (1B gullloll + ulll Bz goll) D= > (Bt

j=1 yeX\{z} k=1
By using ([2.6) and (33) first for v and then for v, noticing that E, Iy = Ey p,

Ew7h(2u(wa)v —uv(F,f) — (me)uv) = 2(Ey,0u)(Exnf)(Egov)
— (Ez0u)(Er0v)(Ez nf) = (B nf)(Erouw)(Ey,ov)

N
+ 3 (208 (Baow)(Ba ) (Be v) = O (Beou) (Be 0)(Erif)

= (3.13)

— O}y (Bae /) (Ew o) (B o))
+ B (20Fe0) (B ) = (Few)o(Fef) = (Fo ) (Fou)v),

where C,}g)j is defined below ([39). Using that ||C’,}§J|| < 3, the operator norm of
the third and fourth lines on [BI3) is bounded by

N N
A [ul] Y N Ea ol Y N Ex i fl.
j=1 k=1

By using Lemma 3] the operator norm of the fifth line on [BI3]) can be bounded
by

N N
ol Y 1B jull Y 11 Bw i 1l
j=1 k=1

Finally, again by the identity (2.6]) for u and v, the sum of the last line on the
right-hand side of (BI0) and the first three terms on the right-hand side of (313)
gives

= 2(Ez0u)(Eg,n f)(Fov) + (Epouw) (Fev)(Exnf) + (Eon f)(Esou) (Frv)

= 2(Fpu) (Exn f)v 4+ (Fow)v(Ep,n f) + (Epn f)(Fru)v

whose operator norm is bounded by

N
an Y (1Ez gulllloll + l[ullll Bojoll) | Eaf |-

j=1

Gathering the previous estimates we deduce (B1). O
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Recalling 6., has been defined below (ZI3)), let © be the operator on £;(Z%)

with kernel (ewy)m yeza- Namely,
(OB)r = > Oz4By,  wEL' Beh(Z?) (3.14)
yeL?

Recalling that A\; is the spectral gap of the unperturbed single site Lindblad gen-
erator, the following lemma provides an a priori bound on the resolvent equation.

Lemma 3.5. Assume ZII) and M < +oo. The operator © on (1(Z%) satisfies
1©lle, e, < M. Furthermore, if f,g € A' satisfy

A=L)g=f (3.15)
for some A > 0 such that A+ Ay > M, then
6(g) < A+ M — @)715(f) pointwise. (3.16)
In particular,
llgll < (A4 A = M) (3.17)

Proof. Definition ([ZI3) readily implies the bound |©]l¢,—e, < M. Assuming
@BI5), for z € Z% and h € {1,..., N} we have

ANEyhg = Egnf + ExnLy
=FEonf+LEng+ ExnLog — LoEyng + Ex w19 — L1Eyng.
Applying Lemma [3.3] we thus get
AN+ M)Eueng = Epnf +LE;ng+ ExnL1g — L1E4 19 (3.18)

Since, as proven in Lemma B2 —L is accretive, for each x € Z¢ and h =1,..., N,
there exists p € A’ such that ||p||a = 1, p(Ez.n9) = |Ezngll, and Re p(LE; hg) <
0. Pairing both sides of (BI8) with  and taking real parts we deduce

A+ 2| Bz ngll < Re p(Exnf) + Re p(ErnL1g — L1E5,19)
< Eznfll + 1 EBenLrg = L1Ezngll-

Lemma B4 and the definition of 6., below (ZI3)) imply that for each h €
{1,...,N}

(3.19)

1
1BonLrg = LrEzngll < & D 02y0y(9)-
yeZa

Since Ap, > Ay, summing over h € {1,..., N} the bound BI9)) we get
(A+A1)d(g) <0(f) +0O6d(g) pointwise.
Equivalently,

1 1
d(g) < )\+)\16(f)+m

Since © is positive operator and §(f),5(g) € £1(Z%), this inequality can be iterated
to obtain

©4(g) pointwise.

n—1
ok o
5(g) < 0 ) intwise.
(9) < kZ:O O AR (f)+ FSNE (9) pointwise
By assumption A+\; > M, hence the last term in the right-hand side above vanishes
asn — oo. The bound [B18)) follows. Since |[(A+X1—0) 7 ¢, e, < (A+A—M) 7L,
the bound (B.I7) is obtained by taking the £;(Z%)-norm of both sides in (.16). O
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Proof of Theorem[Z2. By Lemma 3.2] —£ is accretive thus closable, see e.g. [211
Ex. X.52]. The proof that its closure £ generates a QMS on A is achieved by the
following steps.

Step 1. The operator £ generates a strongly continuous contraction semigroup
(Pi)i>0 on the Banach space A.

In view of the accretivity of —£ and the Lumer-Phillips theorem, see e.g. [21]
Thm. X.48], it is enough to show Ran(A — £) = A for some A > 0, where Ran(T')
denotes the image of the linear operator T'. To this end it suffices to show that
Ran(A— L) is dense in A. Pick a sequence A,, € P, n € N, such that A,, C A,,+1 and
U, A = Z9. Let also £ be the finite volume generator defined in (ZI4) with
A replaced by A, and observe that —£(™ is an accretive bounded operator on A.
Hence, £(™ generates a strongly continuous contraction semigroup on A denoted
by (73,5(”))00. By the Lumer-Phillips theorem we then deduce Ran(\A — L) = A

for any n > 1 and A > 0. Fix f € A', choose A > 0 such that A+ A\; > M, and set
gn ==L f f = (XN = L)gn. We claim that

lfo—fll =0 as n—oo. (3.20)
Since A! is dense in A, this yields the density of Ran(\ — £) in A.

To prove B20) we decompose £ = £ + £ where £{" = > zea, Ly and
L8 =30 vyea, Li- Set 08 =0, if 2,y € A, and 61") = 0 otherwise and let
O™ be the operator on £;(Z?) with kernel 99(;2 We the claim that

6(gn) < A+ A1 — 6("))715(fn), pointwise.
This follows indeed from Lemma B4 and the argument in the proof of Lemma
to deduce BI6]). Since 9;"13 < 0,4, the previous bound implies

5(gn) < A+ M —0)715(f), pointwise. (3.21)
The argument in proof of Lemma 2.1l and more precisely the bound (3.1 implies

1 = £ = (£ = L)ga]| < 3 O ()62 (90)

z€zd
where
c@y =20 > (lkall +2)6al?).
aex ' ({z})
x ()AL #0

Recalling (ZIT) we now observe that C\™ (z) < Cy and C" vanishes pointwise as
n — oco. Hence, by the bound B2I]) and dominated convergence we conclude the

proof of (320).
Step 2. Pi(A') C A and ||| P, f|| < eM=2H||f|ll, t > 0 and f € A

We first observe that, by the relationship between the semigroup P; and the
resolvent (A — £)~!, for each u € A and ¢t > 0 we have

P = lim (f)"(f -£) "a. (3.22)
n—oo \ t t

For f as in the statement, let g, and f,, be defined as in Step 1, where we recall
that A +\; > M. Since, as proven in Step 1, f, — f, and (A — £)~! is bounded,
gn = (A=L)7Lf, is a Cauchy sequence, whose limit is denoted by g € A. We deduce
that the sequence Lg, = A\g, — fn has a limit. Hence, f belongs to the domain
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of £ and f = (A — L)g. By taking the limit n — oo in BZI)), we deduce that
5(g) < (A + X1 — ©)(f) pointwise, in particular g € A'. Thus (A — £)~t A c AL,
which, by [322), proves that P,.A' C A, t > 0.
As just proven, if A+ Xy > M,

S(A=L) ') <A+ M —0)71(f) pointwise.
Since © is a positive operator, by iterating this bound we deduce that for every
neN

S(A=L)"" ) <A +X —0)7"5(f) pointwise.
Hence, by (3.22)), for t > 0

IPsll = 3 aaPes) = 3 tim (2) 0 ((5-2) ')

z€Z? z€Z?
< X () (G on0) ),
z€Zd
=37 (elOTMs(f)), < M| £

€74

where we used [|O||s, ¢, < M in the last inequality.

Step 3. For each f € A and t > 0 the sequence ’Pt(n)f converges to Py f as n — 0.

Since P; and Pt(n) are contractions on A, and A! is dense in A, it is enough to
show the statement for each f € A'. By Step 2 and standard interpolation, we
have

Pt =P = [ ds g (POUPS) = [ dsPI(-L 4 LPs.
0 0
so that
t
1Pt =PI < [ dsll(-£ + P
0

By the argument below (3.2I)), dominated convergence, and again Step 2, we then
conclude that the right-hand side vanishes as n — co.

Conclusion. By Step 1, £ generates a strongly continuous contraction semigroup
(Pt)t>0 on the Banach space A. To show that (P;)¢>0 is a QMS we need to prove
that P; is a completely positive operator on the C*-algebra A for each t > 0.
Observing that £(™ is a finite rank operator, the standard theory of QMS on finite
dimensional C*-algebra [19] implies that Pt(n) is a completely positive operator on
A for each t > 0 and n € N. As follows from Step 3, for each ¢ > 0, the operator
P; is the strong limit of ’Pt(n), and therefore also completely positive.

In view of Step 2 and [2I, Thm. X.49] A! is a core for £. Claims (iii) and (iv)
are the content of Steps 2 and 3, respectively.

Finally, to prove item (v), pick 4 € S and set

1 /7
pl = —/ WPy dt, T € (0,00).
T Jo

Since ||uT|| 4+ = 1, the Banach-Alaoglu theorem yields the existence of 7 € A’ with
||| 4r < 1 and a sequence T}, — oo such that u’" — 7 weakly* in A’. Moreover, 7
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is positive and, since A is unital, 7(1) = 1 so that 7 € S. Fix s > 0, by taking the
limit n — oo in

T 1 Ty T 1 s 1 Th+s
Py = — sdt=pu " — — P dt + — Py dt,
p P T /0 WP+ H T, /o WPy dt + T )y Pt
we deduce that m = P4 hence 7 is stationary. O

Remark 3.6. The proof of Theorem given above actually implies that for each
feAlandt>0
S(Puf) < e Mte@5(f) pointwise.

3.2. Perturbative criterion for ergodicity. Before discussing the proof of The-
orem 23] we show that the QMS (Pt)t>0 has finite speed of propagation: the
evolution of the product of two observables, with distant “support”, can be ap-
proximated by the product of their respective evolution on a suitable time scale.

Proposition 3.7. Set

wey =807 > al?  zyez (3.23)
acT
x(a)D{z,y}

and assume there exists € > 0 such that

M¢ := sup Z 0e817 7Yl < o0, (3.24)
yezd rcZd

Qe = sup wy "7V < o0 (3.25)
T,yE€L?
Then, for each A1,Ao € P, f1 € Ap,, fo € Ap,, and t >0,

Q(Mgf)\l)t —1

IP(f112) = (Pf)(Pufa)]| < 926 e S BALAD £ |1 fo

2(Mg — A1)
Lemma 3.8. For any fi, fo € A and t > 0,

IP:(fifo) = (Pf)Pefo)ll < w“’/o dse™ 22 (e*95(f1))a (e*00(f2)) -

z,y€L

Proof. Set Fy = Pi(f1f2) — (Pef1)(P:f2). By direct computation,
d
EFIE = EFt + Gt

where
Gy = L((Pef1)(Pifa)) — (LPef1)(Pef2) — (Pef1)(LPef2) -

Since Fy = 0 and P is a contraction on A we deduce

t t
[ F = H/o PtststH S/O |Gsllds .

Given g1, go € A', by direct computation,
L(g192) — (Lg1)g2 — 91(Lg2) = 2> €4, 01][g2, o]
a€l

whose operator norm, using (B.1)), is bounded by 3,  wz,02(91)dy(g2). In view of
Remark B.6] the statement follows by choosing ¢g; = Py fi, i = 1, 2. O
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Proof of Proposition [3.7 Recalling [B14), assumption ([3:24) readily implies, for
s>0,

sup Z (686)1 Ueg‘””*y‘ < *Me

yeL? zezd b

This bound, together with assumption [B25]), yields

E EC] s© 2Me s—E&|x—y|
wm/)y/ (6 )1,)1 (6 )y,7y S Qge € .
m/,y/EZd

The statement now follows from Lemma [3.8] and elementary computations. O

Proof of Theorem[Z3. To prove (i), we observe that for f € A! the sequence
(Pif)i>0 is Cauchy in A as t — oo. Indeed, for ¢t > s >0

t
Pof —Puf = / P, f dr.

so that

t t
1Pif =Pt < [ NEPfldr < Co [P Al dr
. . o (3.26)
< CO‘/S 6_(>\1_M)T|||f||| dr = )H%M (e_oq—M)S — e_()q—M)t)lel” 7
where we used Lemma 2] for the second inequality and Theorem 22(iv) for the
third one. Let then fo = lim; o Pif € A. We claim that fo, € C1. Indeed, by
Lemma B.] and Theorem E2(iv) B, pfew = 0, * € Z%, h € {1,..., N} which, as
observed below ([27), yields fo, € C1.

Let m: A' — C be defined by fs = 7(f)1. We claim that 7 extends to a state
7w on A. The map 7 is obviously linear and, since P; is a contraction, |r(f)| =
limy oo ||Pef]] < || f]]. Hence, ||7r||a- < 1. This bound implies that the map = can
be extended to a continuous linear functional on A. Furthermore 7(1) = 1. Tt
remains to show that 7(f) > 0 for f > 0. Since (P;)i>0 is a QMS, we have that
P:f > 0, and passing to the limit ¢ — oo we obtain fo, > 0, which implies 7(f) > 0.
The semigroup property and the definition of 7 imply that 7(P:f) = 7(f) for any
t>0and f € A, hence 7 is a stationary state.

To show uniqueness, if v is a stationary state, for f € A* we have v(f) = v(P.f)
which in the limit t — +o0 yields v(f) = v(w(f)1) = 7(f). Hence v = 7 since A*
is dense in A.

To prove (ii) it suffices to take the limit ¢ — oo in (B26]).

Finally, we prove claim (iii). By the triangle inequality, for each t > 0,

[w(f1f2) = 7(fOT(f2)l < Pe(frfe) — w(fif2) U] + [[Pefr — w(f)L[[[Pef2
+ [ (fOPef2 = w(f2)1] + [Pe(f1f2) — (Pef1)(Pef2)ll
< Cem MU f folll + A2l + 1A + 1P f2) = (Pefi)(Pef)ll
where we have used (ii) and have set C' = Cy/(A1 — M). The bound BIZ) implies
LA f2ll < No? (FLAI =+ AN < No? (LA IAD (LI + A

Note that conditions [324) and [B23) trivially hold for any £ > 0 by the finite
range assumptions. Moreover, denoting by R the range, we have M, < Mef*. We
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can thus apply Proposition 3.7 which yields

m(f1f2) = w(f)w(f2)]
C - - eRE — is 1 2
S x G ) T (P R P I(FA R P
where C¢ = 2Nn? max {C, Q¢ /(2Me)}.
By choosing t = &(Ay — M +2M )~ 1dist (A1, Az), we deduce (iii) with C' = C¢

and ¢ = (A — M)E(A — M +2MeRE) ™, O

3.3. Convergence of the specific quantum one-Wasserstein distance. We
first recall the dual formulation of the quantum one-Wasserstein distance Wy in
terms of a Lipschitz seminorm proven in [14], Prop. 8]. Given A € P we introduce the
Lipschitz seminorm ||| - [||y 1, on A as [[|fll[s 1ip = SuPzep 02(f) where 0,(f) :=
2infyea, oy IIf = gll. Then the quantum one-Wasserstein distance on the set of
states on A4, can be represented as

Walp,v) = sup|u(f) = v(f)]. (3.27)
£ <1

Lemma 3.9. For each A € P and [ € Ax

1
A< S NIATIA g ip-

Proof. Since Eypf = Eypn(f —g) for any h € {1,...,N} and g € Ap\(a}, by
Lemma Bl we deduce ||Ey pf] < n0.(f)/2. The statement follows. O

Proof of Theorem[24} Since L is translation covariant, the QMS (P;);>0 has a
translation invariant stationary state m, which is unique by Theorem 2:3(i). Recall-
ing (215, for each p € S; and ¢t > 0,

1
w( Py ) = sup < sup ‘ (Ptf_ﬁ(f)l)‘
Aew [A] NIFZN.S!

1
< sup sup Pf —m(f)1]l.
ned AT s, H t (D1

Llp
The stated bound, with C = Cy(A; — M)~*Nn/2, now follows directly from Theo-
rem [Z3]ii) and Lemma O

4. INTERACTING QUDITS: EXAMPLES

To exemplify the abstract theory developed before, we next introduce simple
dissipative quantum lattice systems and discuss when the perturbative criterion for
ergodicity in Theorem can be applied.

4.1. Quantum spin systems: application of the perturbative criterion.
We consider a class of QMS with purely dissipative Lindblad generators £ and
show how the decomposition £ = Ly + £1 can be achieved. We focus on the case
of translation covariant interactions with finite range.

Let H = C?, A = B(C?) and denote by H and A the Hilbert space and the
C*-algebra constructed in Section 22 Let Z = Z% x {1,2,3} and x: Z — P be the
map (z,j) — {y: |[t—y| < R} =: BR({E). Consider the informal Lindblad generator

L=> (el 1), (4.1)

acl
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where the jump operators £, satisfy £, j) € App(,) and are translation covariant.
As we will next show, under suitable conditions on these operators, Theorems
and 23] can be applied to deduce that the graph norm closure of £ generates an
ergodic QMS.

We denote by o, j = 1,2, 3 the Pauli matrices

0 1 0 —i 1 0
1=\1 0) 27\ o) 7 \o -1

and by o, ;, j = 1,2, 3, the corresponding elements of Ay, .
Fix xg € Z%, let Dizoy C Afaoy be the real linear span of {1, 04, 3} and set
Ay = min {||o2g19 = Lizg ) | + 1020.29 = Liwo2)|l: 9 € Diag} }
Ag = min{llg - €(1013)|‘ g c D{Io}}'

Next, choose

(4.2)

a € argmin{||ozy19 — L(zo,1)ll + 020,29 = Lizo.2) |: 9 € Diao} }
be argmin{”g —Lzo)ll: 9 € D{IO}}.

By translation covariance, Aj 2, A3 do not depend on xy. Furthermore, identifying
Agzoy with A = B(C?), there exist reals ag, a1, 8o, f1 such that

_ (« 0 (B 0
=( a) = (0 5):

Hereafter, we assume of + af > 0.
Introduce on A the Lindblad generator
2
Lo = Z (an[ . oja] + [an, ']Uja) + b0'3[ . 0'3b] + [bUg, ']0’3b. (43)
j=1
By direct computation, the Lindblad generator L is self-adjoint with respect to
the GNS inner product induced by the density matrix

- 1 az 0
p_ag—i—a% 0 of)’

The eigenvalues of —Lg are \g = 0, A = 4(ad +af), and p = 2(ad +a3) + (8o — 1)?
with multiplicity 2. The corresponding normalized eigenvectors can be chosen as
eo = Icz,

e} 0 o2 (0 1 «2 (0 0
@—(‘61 _a)’ eu*_\/l“La_%(o 0)’ eﬂ_\/lJ’a_%(l 0)' (44)
(&7}

In particular, the spectral gap of —Lg is Ay = A A u. Moreover, again by direct
computation, n = max{|lex||a, [le,+ |4, [[ex-[|a} = (ao/a1) V (a1/ag).

The decomposition in Section 4] is then achieved as follows. Set Zyp = 7 =
7% x {1,2,3} and let 1: Ty — Z be the identity map. Denoting by a,b, the
elements in Ay, corresponding to a,b via the identification of A with Ay, we
then set K?mJ) = o0z, ] = 1,2, 6?1)3) = by, and £} = 4, — 0, a € I. By

construction
L= Z (fg*[-,fg] + [ﬂg*v ]Eg) + Z Lzlx
o€l acl
in which L} is given by the right-hand side of (2I2) with k, = 0.
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Recalling (Z11) and ZI3), by few trite computations we get Cyp = 4n 23:1 140,51
and

M < 720%(n* + 1) (2R + 1)(2(Jao| V [e1]) A2 + 2(|6o| V [B1)) Az + AT, + AF).

In particular, the QMS generated by L is ergodic if A; o and Az are small enough
compared to the spectral gap A;.

4.2. Quantum spin systems: conjugation with classical spin systems. Ac-
cording to the terminology in [I8 Ch.III], a (classical) spin system is a Markov
semigroup (P{!);>0 on the commutative C*-algebra C(2) of the continuous C-

valued functions on Q := {—1, 1}Zd whose generator acts on local functions by

(Lafa)lo) = Z cz(0)[fa (o) = fa(o)], o€

€74

where ¢, : Q — [0, 00) is the flip rate and o” is the configuration in which the spin
o is flipped at site z. Many popular models like the stochastic Ising model, the
contact process and the voter model are examples of spin systems. Provided the
flip rates ¢, satisfy suitable conditions, the semigroup generated by L is ergodic.
On the other hand, for particular choices of the flip rates ergodicity fails, i.e. the
stationary state is not unique. We refer to [I8] for the details of both situations.

When the jump rates ¢, have finite range, we next construct a QMS (P:)i>0
whose action on a commutative subalgebra D of A is conjugate to the one of
(Pf)i>0, thus providing, for non-ergodic (Pf!);>0, examples of non-ergodic QMS.
The corresponding Lindblad generator has the form considered in the previous
section, see in particular (@I). Let D C A be the commutative C*-subalgebra of
A generated by 0,3, z € Z?. Consider the C*-algebra isomorphism 2: C(Q) — D
defined by +(fe1) = fa({0e,3}seze). By choosing £, ; = 1(\/Cz)osj, j = 1,2 and
Uy 3 € D, a direct computation shows that £ o1 =10 L. Hence the QMS (P;)i>0
generated by L leaves invariant D and its action on D is conjugated to the one of
(P)eo0-

4.3. XY Z-model with site dissipation. In this section we consider a Heisen-
berg perturbation induced by the XY Z-Hamiltonian of non-interacting dissipative
spins. We show that, if the interaction parameters are small enough the resulting
evolution is ergodic.

As in the previous sections, let H = C?, A = B(H), and 0, j = 1,2,3 be the
Pauli matrices. The one-qubit unperturbed Lindblad generator is

Lo = Z (051,051 + [0, -10y)

RNy

which is self-adjoint with respect to the GNS inner product induced by the state
p = (1/2)1y. Note that this generator is a particular case of the one introduced
in ([@3) when a = Ty and b = 0. In particular, the eigenvalues of —Lg are \g = 0,
A1 = Ao = 2, A3 = 4, with corresponding normalized eigenvectors given by (&4)
with oy = 1 = 1/2 and ﬂo :ﬂl =0

0 1 0 0
eo = Iy, 61—\/5(0 0), 62—\/§<1 0>, €3 = 03.
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Hence n = max;e(1,23} |l¢jllu—m = V2. As in Section 2 we denote by Lo the
Lindblad generator in which each qubit evolves independently according to Lo, see
equation (2.4I).

Given J; € R, j =1,2,3, let kx; = Jj0, 0, if X = {z,y} with |z —y| =1,
and kx,; = 0 otherwise. Here we understand, as in the previous section, o, ; =
0; @ Mgy p e, J = 1,2,3. The XY Z model is then defined in terms of the informal

Hamiltonian £ = Yy o Z?:l kx ;. Accordingly, we set £L = Lo + £1 where £
is the informal Heisenberg operator £; = i[fC, -]. To fit this case in the general
framework of Section 23] set Z = P x {1,2,3}, let x: Z — P be the projection on
the first coordinate, k. as defined above, (51 ;) = (1/2)0, j, © € 7%, j=1,2, and
Lo = 0 otherwise. Note that the family {kn, £, }acz is translation covariant and
has range R = 1.

As by definition £ = Lo+ L1, to apply the results of Section 24]it is enough to set
To = 7% x {1,2} with 2: Ty — T given by 1(z, j) = ({z},4). By direct computation
5(zyy. |l < |Jj] for [z —y| = 1 and therefore the constant in (ZIT) satisfies Cp <
2v/2(1 + 2d|J|), where |J| = Z?:l |7;]. Recalling 2.13), few trite computations
yield M < 96v/2d|J|. In particular, by Theorem E3] the QMS generated by L is
ergodic whenever |J| < (48v/2d)~!.

5. INTERACTING FERMIONS

In this section we consider quantum lattice systems described in terms of ferm-
ionic operators satisfying the canonical anticommutation relations (CAR). The un-
perturbed dynamics is given by the Fermi Ornstein-Uhlenbeck semigroup, while
the interaction will be expressed as a superposition of local generators.

5.1. Canonical anticommutation relations and fermionic C*-algebra. Re-
ferring e.g. to [I7] for the abstract setting of Clifford algebras, we next introduce a
family of operators satisfying the CAR in a concrete representation that describes
fermions on the whole lattice Z%.

Let H be the Hilbert space with complete orthonormal system {ex }xecp, where
we recall that P denotes the family of the finite subsets of Z¢. For A C Z% we
also consider the subspace H, spanned by {ex}xca. If A is finite, then H, has
dimension 24/, Clearly, H° = UA€T Hp is dense in H. Moreover Ha,un, =
Ha, ® Ha,, where U denotes the union of disjoint sets.

Denote by B(H) the C*-algebra of bounded operators on H and by || - || the
corresponding norm. As in the previous sections 1 € B(H) is the identity. Fix a
total order < on Z< and for z € Z¢ define a, € B(H) by

agex = Ix(z)(—)IeXv<rlley oy Xe?
where 1x denotes the indicator function of the set X. Accordingly,
arex = 1zd\X($)(—1)‘{y€X: y<x}|eXU{x}, X e?
By direct computations, the family {a,,a*},czq satisfies the CAR, i.e.
{az,a,} = {a},a;} =0, {az, a5} = 041 (5.1)

where {a,b} = ab + ba is the anticommutator of a and b. Let n, = a%a,, v € Z4,
be the fermionic number operators. These operators are pairwise commuting, self-
adjoint, satisfy n2 = n,, and act on H as nyex = 1x(v)ex.
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For A € P, let Ay C B(H) be the subalgebra generated by {ay,a’}.ea and set
A% := Jpep An. Noticing that A? is a x-subalgebra of B(H), we finally let A be
the norm closure of A". In particular, A is a unital C*-subalgebra of B(H). In
fact, it is a proper subalgebra as, for example, the translation operators 7., x € Z<,
defined by 7,(ex) = exq, lie in B(H) but not in A. As in the previous section,
we denote by S the collection of states on A.

Note that the Hilbert space H constructed above can be identified with the
one presented in Section when H = C2. However, under this identification,
the C*-algebra A defined here does not coincide with the C*-algebra A defined in
Section 2] since the fermionic operators a,, a’ are not local.

In order to define the dynamics, we next introduce another family of operators
{Vs, V% } peza satistying the CAR. They will have the property that v, and a, com-
mute for 2 # y. To this end, let w be the self-adjoint and unitary element of B(H)
given by

wex = (—1)Xlex, Xe?
The operator w is usually referred to as the main automorphism or sign operator
[I7]. Observe that it does not belong to A and

Wag = —azw, wa, = —ayw, z ezl (5.2)
Hence, letting Ad,, (f) = wfw, f € B(H), for each A € P, the subalgebra A, is left

invariant by Ad,,. In particular, Ad,, defines an outer automorphism of A.
Define also the operators in wA C B(H)

Vg = WAy , vy =a,w, rezt, (5.3)

Readily, also the family {v,,v}},cze satisfies the CAR. Moreover, by direct com-
putations,

[Ve, ay] = [vy,a;] =0, [Vz, ay] = —[vy, ay] = 6z yw, z,y € L. (5.4)

For A € P we let V) be the finite-dimensional C*-subalgebra of B(H) generated by
{vg, vi}oen. As for the algebra A, set VO := [Jycp Vo C B(H), and let V be its
norm closure. As follows from (5.4)), for disjoint X,Y € P the algebras Vy and Ay
commute, that is

[u, f]=0, foranyue Vx, fe Ay with X NY = . (5.5)

For A € P, the algebras Ay and V) are Z/2Z-graded, by letting deg(a,) =
deg(aX) = 1 and deg(v,) = deg(v}) = 1, respectively. Hence, we have the de-
compositions Ay = Ap0 @ Aa1 and Vo = Va o @ Va1, where Ay, and Va , are
the subspaces of parity p € Z/2Z, respectively. In view of (2], Va0 = Aa0 and
Va1 = wAx 1.

Following [8, T2] we introduce a gradient structure induced by the fermionic
operators. Let 0, 05, x € Z%, be the bounded operators on A defined by

O = w[vg, -], Oy = —wv}, -]. (5.6)
In view of (52) and (E3), if f € Ag,ye then 0, f = 0, f = 0. Moreover, 9, and 0,

are skew derivations in the sense that for each f,g € A

0:(f9) = (0:£)g + Adu(f)Drg,  0:(f9) = (02f)g + Adu(f)Drg.
Let also d;, Oy, © € Z%, be the bounded operators on V defined by

O = wlag, -1, Op := —wlak, -]. (5.7)
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5.2. Dynamics. As unperturbed dynamics we consider the Fermi Ornstein-Uhlen-
beck semigroup introduced in [8] [12], that describe the dissipative evolution of free
fermions.

For h € R let mg € S be the product state corresponding to free fermions with
external field h. More precisely, for A € P and f € Ay, we set

’I‘I’HA (ehzzeA "Ef)
7TO(f): (l—l—eh)W

which, by the density of A° in A, uniquely defines 7.
We then define the unperturbed generator on A by

Lo= )Y LY (5.8)

z€Z%

where
LY = " ([vg, ok + val -, v2]) + e M2k, - Jug +vi] - vl (5.9)

By direct computation, LY A C A, and Ly is symmetric with respect to GNS inner
product induced by mg.

In this section, we define the seminorm ||| - || on A° by
7= > (1= F1 + 1182.11). (5.10)
zeZd

Observe that || f]|| = 0 if and only if f is a scalar multiple of 1. Let also A' be the
closure of A? with respect to the norm || - || + ||| - [||. Clearly, A° C A! C A.

We consider perturbations of the generator Ly, both of conservative and dissi-
pative type. The local Hamiltonians will be assumed, as natural from a physical
viewpoint, to be even functions of the fermionic operators, while the jump opera-
tors associated to the dissipative perturbation, belonging to V), can be both even
and odd but we will require them to have a definite parity. More precisely, fix
a countable set Z and functions p: Z — Z/27Z and x: Z — P with finite fibers
X H(X), X € P. Denote also Zy = p~1(0) and Z; = p~1(1). Fix then a collection
{ka,la}acz such that ko = k7, € Vy(a),0 = Ay(a),0 for a € Iy, ko = 0 for a € T,
and Lo € Vy(a),p(a) for every a € Z. We then set

Ly=) L, where L} =ilke, ]+ [l o+ L5[ . lo]. (5.11)
a€el

The above parity assumptions guarantee that LLA C A, a € Z. We will show
in Lemma [ and Theorem that, under suitable conditions on the family
{ka, o} acr, the right-hand side of (GI1)) is well defined on A!, and the graph
norm closure of £ = Ly + £; generates a QMS on A.

As in Section[2] the family {ka, Ka}aez, has finite range if there exists R € [0, 00)
such that ko = ¢, = 0 whenever diam(y(«)) > R. The family {ka,éa}aez is tran-
slation covariant if there exists an action of the abelian group Z¢ on Z, denoted by
(z,a) — x + «, satisfying x(z + a) = = + x(«a), such that Ad., (ko) = kst and
Ad;, (0a) = lyta-

5.3. Main results. As we next state, under suitable assumptions, the operator
L = Lo+ L, is well defined on A"
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Lemma 5.1. If

Co:=2ch(h/2)+4sup Y ([lkall +2[€al?) < +oo, (5.12)

d
T€LY . x ()3

then for each f € Al the series defining Lf converges in A and ||Lf| < Collf|ll-

As in the case of qudits, we first show the existence of the dynamics of interacting
fermions. For A € P we denote by £, the bounded Lindblad generator on A defined

by
Lp = ZL?” + Z Li

EASHIN a€Z: x(a)CA

and by (P{);>0 the corresponding QMS.

Theorem 5.2. Assume (12) and consider L = Lo+ L1 as an operator on A with
domain A'. If

M =4 suI:; Z Z (”azka” + Hgmkan
YELS L e7d o x(a)3y (513)

+ 2/ Call (10l + 102651 + 1920l + Hémﬁilll)) < o,

then
(i) the graph norm closure L of L generates a QMS (Py)i>0 on A;
(ii) Al is a core for L;
i) for each t > 0 the operator Py is the strong limit of P} as A 1 Z%;
g t
(iv) for any f € A' and t > 0 we have
Pl < =220 )
(v) the QMS (Py)i>0 has at least one stationary state.

The perturbative criterion for the ergodicity of interacting fermions is then stated
as follows.

Theorem 5.3. Assume (BI2) and M < 2ch(h/2). Then

(i) the QMS (Pi)i>0 has a unique stationary state m;
(ii) for any f € A* andt >0

Co _ _
_ 1l < (2ch(h/2)—M)t .
IPef = #U < =3 71

(iii) if furthermore {ka,fa}aez has finite range, there exist C,( > 0 such that for
any A1, Ay C Z4 and any f1 € Ap,, f2 € An,,

m(f1f2) = w(fr)m(fo)] < Cem ¢ B RAD (g Al (1L 2l + N2l -

As gap(—L%) = 2ch(h/2), the above criterion corresponds to the one formulated
in Theorem for qudits. As in Section [2 in the translation covariant case,
Theorem implies the exponential decay of specific quantum one-Wasserstein
distance between pP; and w. We refer to Theorem 2.4 for the precise statement.
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5.4. Bounds on the commutators. The proofs of Theorems and are
accomplished by the arguments presented in Section The relevant ingredients
are: (i) the intertwining relationships, as discussed in [§] and stated in Lemma G5
below, between the derivatives d,, 0, and the unperturbed generator Lo; (ii) some
quantitative bounds on the commutators between the derivatives 9, 0, and the
perturbed generator £, that are here derived anew.

We start with the following lemma which provides the fermionic counterpart to

@9).

Lemma 5.4. Let E, be the normalized partial trace on Hy,y and set

Dz:a;azzvz[vma ']7 Dz:azazzvz[vza ']7

that are regarded as bounded operators on A. Then for each x € Z¢ and f € A
_ 1 _ _

Proof. By linearity and density it suffices to show (5.I4]) when f is a monomial;
namely, when f = ®, f, with f, € A, and the product runs over finitely many
sites. In view of (&), for such f

Dof = (®y<a fy) (Dafe)(@ysa fy),  Daf = (@yca fy)(Dafa)(@ysa fy)-
On the other hand, by direct computations,
l_)zl =0, Qmaz =0, Qma; =al, l_)znz = Ng,
D;1=0, Dgay=ay, Dyai=0, Dyng=n,—1.
As the linear span of {1, a,,a},n.} is Ag,y, the statement follows by linearity. [

Proof of Lemma[5d) Since ||w|| = ||a.| = ||a%|| = 1 and w? = 1, we have
v, Il =01, oz, fll=10:£1, e, £l < 102f1 + 18a£1. (5.15)
Hence, from ([B.9) we get
IL2f1l < 2ch(h/2) (101 + 192 £11)- (5.16)

As follows from a direct computation, the statement is achieved by the following
estimate. For each X € P, u € Vx, and f € A!

s £ < Al > 10=F 1+ 192 £1)- (5.17)
reX

To prove the bound (E.I7), let X = {1,...,2,} and introduce the operator
F,: A— Adefined by F, = D, + D, —(1/2)(D,D,+ D.D.,). By recursively using
BI4) we deduce, cf. (33),

m j—1

f= (f[Emj)HZ(HEM)F%f. (5.18)

J
j=1 h=1

Since 1B, Jasa < 1, IDsllaca < 2 [Dalaca < 2, DSl < 0.f], and
Do fl < 1|0 f]], we deduce

H(ﬁ Emh)szfH <2105, f1 + 10s,£1), G=1,....m. (5.19)
h=1

Recalling (G, the claim (GIT) follows by noticing that ( H;n:l E.,) f belongs to
AXC. I:l
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We next recall the intertwining relationship between the unperturbed generator
Lo and the gradient structure introduced in (G.6).

Lemma 5.5. For each f € A and x € Z¢
0:Lof — L0 f = —2ch(h/2)0. f
(igﬁo’u — Eoémf =-2 Ch(h/Q)gmf

Proof. Both identities are obtained by a straightforward computation, see also [8|
§6.2]. O

Lemma 5.6. Firxz € Z? and X € P.
(i) For each u € Vx, and f € A

102, f] = [, 22 f1I < 4]0zl D~ (119, £1 + 119, £11),

yeX

10alu, 1= [, B f1Il < 4l1Bull Y (10,1 + 119y f1)-

yeX
(ii) For each j =0,1, u € Vx j, and f € A'
100 ("] + [, FJu) — (e fr el — ("0 flu]
< 8Jfull (0w || + 102ull) D (10, £l + 10, £11),

yeX
< 8l (10w (| + 10aull) S (10, £1 + 10, £1)-

yeX

Proof. We use the notation introduced in the proof of Lemmal[Gl For (i), we prove
only the first bound. Since u € Vx o, the Jacobi identity yields

Oulus = 0,0af] = vzl /] = 0" [ful (T 2.) £t

where we used (B.I8) and (&3] in the second step. The statement now follows from

E.I9).
Regarding (ii), we prove again only the first bound. By direct computation, for
jZO,l,UEVj,fEA,

0o (u*[f, u]) = u* [0 f, u) = w((@ou)[f,u] + (= 1)u*[f, )
Ou([u*, flu) = [u*, 0u flu = w([Osu”, flu+ (=1)[u, f)(Osu)).
The statement now follows by (G.I7). O

As we next state, the estimates in Lemma provide the required bounds on
the commutator between the gradient structure introduced in (&8 and perturbed
generator L;.
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Lemma 5.7. For x,y € Z¢ set
Oy =4 > ([0ckall +20€all(0atall + 110:651))

a: yex(a)

Ory =4 > (10ckall +20Call(10:Lall + 10:25]))-

a: yex(a)

Then for each x € Z¢ and f € A
102 L1 f = L2011 <Y Oy (10 f | + 10, £11)

yeZa
102 L1 f = L10: fI <Y Oay (10, FIl + 10, £11)-
yezd
Proof. The result is a direct consequence of Lemma [5.6] O

Recalling (513, note that

M = sup Z (Oz,y + gmy)
yezdmeld

LemmatalpIl 5.5 and B provide the ingredients to achieve the proofs of Theorems
and by the arguments presented in Section

5.5. Nearest neighbor interacting fermions with site dissipation. Consider
the informal Hamiltonian given by

K=J Z (a;ay + a;;az),
{z.y}: lo—y|=1
for some J € R. Letting £y be the Lindblad generator of the Fermi Ornstein-
Uhlenbeck QMS introduced in (5.8)), consider the QMS with informal generator
L=Ly+iK,-].

It fits the setting introduced in Section with the translation covariant conser-
vative interaction parametrized by Z = {{z,y}: z,y € Z% |z —y| = 1} C P and
given by

ke yy = J(day + ayas),
understanding that x: Z — P is the inclusion map. In particular, the family
{ka}aez has range 1. By direct computation, ||ky, || = |J/] and

8|J|d if x =y,
O,y = Oz,y = § 4|J] if |z —y| =1,
0 otherwise.

Correspondingly, M = 32d|J|, so that the assumptions of Theorem [£.3] are met
when |J| < ch(h/2)/(16d).
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