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17

Jhe Laws of Induction

17-1 The physics of iuduction

In the last chapter we described many phenomena which show that the effects
of induction are quite complicated and interesting. Now we want to discuss the
fundamental principles which govern these effects. We have already defined the emf
in a conducting circuit as the total accumulated force on the charges throughout
the length of the loop. More specifically, it is the tangential component of the force
per unit charge, integrated along the wire once around the circuit. This quantity
is equal, therefore, to the total work done on a single charge that travels once
around the circuit. : ‘

We have also given the “flux rule,” which says that the emf is equal to the rate
at which the magnetic flux through such a conducting circuit is changing. Let’s
see if we can understand why that might be. First, we’ll consider a case in which
the flux changes because a circuit is moved in a steady field.

™ Fig. 17-1 we show a simple loop of wire whose dimensions can be changed.
The .00p has two parts, a fixed U-shaped part (a) and a movable crossbar (b)
that can slide along the two legs of the U. There is always a complete circuit, but
its area is variable. Suppose we now place the loop in a uniform magnetic field with
the plane of the U perpendicular to the field. According to the rule, when the cross-
bar is moved there should be in the loop an emf that is proportional to the rate of
change of the flux through the loop. This emf will cause a current in the loop.
We will assume that there is enough resistance in the wire that the currents are
small. Then we can neglect any magnetic field from this current.

The flux through the loop is wLB, so the “flux rule”” would give for the emf—
which we write as §—

dL
& = wB T

= wBu,
where v is the speed of translation of the crossbar.

Now we should be able to understand this result from the magnetic v X B
forces on the charges in the moving crossbar. These charges will feel a force,
tangential to the wire, equal to vB per unit charge. It is constant along the length
w of the crossbar and zero elsewhere, so the integral is

& = wuB,

which is the same result we got from the rate of change of the flux.

The argument just given can be extended to any case where there is a fixed
magnetic field and the wires are moved. One can prove, in general, that for any
circuit whose parts move in a fixed magnetic field the emf is the time derivative
of the flux, regardless of the shape of the circuit.

On the other hand, what happens if the loop is stationary and the magnetic
field is changed? We cannot deduce the answer to this question from the same
argument. It was Faraday’s discovery—from experiment—that the “flux rule”
's still correct no matter why the flux changes. The force on electric charges is
given in complete generality by F = g(E 4+ v X B); there are no new special
“forces due to changing magnetic fields.” Any forces on charges at rest in a
stationary wire come from the E term. Faraday’s observations led to the discovery
that electric and magnetic fields are related by a new law: in a region where the
magnetic field is changing with time, electric fields are generated. It is this electric

17-1

17-1 The physics of induction
17-2 Exceptions to the ‘‘flux rule’’

17-3 Particle acceleration by an
induced electric field; the
betatron

17-4 A paradox

17-5 Alternating-current generator
17-6 Mutual inductance

17-7 Self-inductance

17-8 Inductance and magnetic
energy

. @ - -
l . .
.I . '{b s
w = ._3.
- 1 - .
e \ oo
.a T
: -
" LINES OF B
Fig. 17-1. An emf is induced in a

loop if the flux is changed by varying the
area of the circuit.
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field whic'1 drives the electrons around the wire—and so is responsible for the emf
in a stationary circuit when there is a changing magnetic flux.

The general law for the electric field associated with a changing magnetic
field is

vV XE-= —‘zﬁ. azn
We will call this Faraday’s law. It was discovered by Faraday but was first written
in differential form by Maxwell, as one of his equations. Let’s see how this equation
gives the “flux rule” for circuits.
Using Stokes’ theorem, this law can be written in integral form as

f};-:ﬁ:f (V X E) nda = —/ L (17.2)
r S s ot

where, as usual, T is any closed curve and S is any surface bounded by it. Here,
remember, T is a mathematical curve fixed in space, and S'is a fixed surface. Then
the time derivative can be taken outside the integral and we have

d
frE ds = = SB~nda

- 6—‘31 (flux through S). (17.3)

Applying this relation to a curve T that follows a Jixed circuit of conductor, we
get the “flux rule” once again. The integral on the left is the emf, and that on the
right is the negative rate of change of the flux linked by the circuit. So Eq. (17.1)
applied to a fixed circuit is equivalent to the “flux rule.”

So the “flux rule”—that the emf in a circuit is equal to the rate of change of
the magnetic flux through the circuit—applies whether the flux changes because the
field changes or because the circuit moves (or both). The two possibilities—
“circuit moves” or “field changes’—are not distinguished in the statement of the
rule. Yet in our explanation of the rule we have used two completely distinct laws
for the two cases—v X B for “circuit moves” and Vv X E — —aB/at for “field
changes.”

We know of no other place in physics where such a simple and accurate
general principle requires for its real understanding an analysis in terms of fwo
different phenomena. Usually such a beautiful generalization is found to stem from
a single deep underlying principle. Nevertheless, in this case there does not appear
to be any such profound implication. We have to understand the “rule” as the
combined effects of two quite separate phenomena.

We must look at the “flux rule” in the following way. In general, the force per
unit charge is F/g = E+ v X B. In moving wires there is the force from the
second term. Also, there is an E-field if there is somewhere a changing magnetic
field. They are independent effects, but the emf around the loop of wire is always
equal to the rate of change of magnetic flux through it.

17-2 Exceptions to the ““flux rule®’

We will now give some examples, due in part to Faraday, which show the
importance of keeping clearly in mind the distinction between the two effects re-
sponsible for induced emf’s. Our examples involve situations to which the “flux
rule” cannot be applied—either because there is no wire at all or because the path
taken by induced currents moves about within an extended volume of a conductor.

We begin by making an important point: The part of the emf that comes from
the E-field does not depend on the existence of a physical wire (as does the v X B
part). The E-field can exist in free space, and its line integral around any imaginary
line fixed in space is the rate of change of the flux of B through that line. (Note
that this is quite unlike the E-field produced by static charges, for in that case the
line integral of E around a closed loop is always zero.)

17-2

TP



_—
il 2

|
Fig. 17-2. When the disc rotates ‘
there is an emf from v X B, but with . [
GALVANOMETER no change in the linked flux.

Now we will describe a situation in which the flux through a circuit does not
change, but there is nevertheless an emf. Figure 17-2 shows a conducting disc
- which can be rotated on a fixed axis in the presence of a magnetic field. One
* contact is made to the shaft and another rubs on the outer periphery of the disc. v
A circuit is completed through a galvanometer. As the disc rotates, the “circuit,”
" in the sense of the place in space where the currents are, is always the same. But
~the part of the “‘circuit” in the disc is in material which is moving. Although the
~ flux through the “circuit” is constant, there is still an emf, as can be observed by
the deflection of the galvanometer. Clearly, here is a case where the v X B force in
the moving disc gives rise to an emf which cannot be equated to a change of flux.
o Now we consider, as an opposite example, a somewhat unusual situation in
= rich the flux through a “circuit” (again in the sense of the place where the current
is) changes but where there is no emf. Imagine two metal plates with slightly curved
{  edges, as shown in Fig. 17-3, placed in a uniform magnetic field perpendicular to
their surfaces. Fach plate is connected to one of the terminals of a galvanometer,
as shown. The plates make contact at one point P, so there is a complete circuit.
If the plates are now rocked through a small angle, the point of contact will move
to P'. If we imagine the ‘“circuit” to be completed through the plates on the dotted
line shown in the figure, the magnetic flux through this circuit changes by a large
amount as the plates are rocked back and forth. Yet the rocking can be done with
small motions, so that v X B is very small and there is practically no emf. The |
! “flux rule” does not work in this case. It must be applied fo circuits in which the (.
! material of the circuit remains the same. When the material of the circuit is chang- ?
¢ ing, we must return to the basic laws. The correct physics is always given by the GALVANOMETER
. two basic laws .
' Fig. 17-3. When the plates are
F = g(E + v X B), rockgd in a uniform mcgneficpﬁeld, there
can be a large change in the flux
linkage without the generation of an
emf.

B
VXE=-F-

; !
i 17-3 Particle acceleration by an induced electric field; the betatron
!

We have said that the electromotive force generated by a changing magnetic
ﬁe.]d can exist even without conductors; that is, there can be magnetic induction
without wires, We may still imagine an electromotive force around an arbitrary
\ !nathematical curve in space. It is defined as the tangential component of E
i integrated around the curve. Faraday’s law says that this line integral is equal to
\i the rate of change of the magnetic flux through the closed curve, Eq. (17.3).

] fﬁ“ an example of the effect of such an induced electric field, we want now to
{ consudef the motion of an electron in a changing magnetic field. We imagine a
} f“ﬂg_nﬂlc field which, everywhere on a plane, points in a vertical direction, as shown
{ in Fig. 174, The magnetic field is produced by an electromagnet, but we will not
i‘ : worry abou_t the details. For our example we will imagine that the magnetic field
E: desyﬂ‘ilmelnc about some axis, i.e., that the strength of the magnetic field will
; limp:n “?nly on _the d_15tance from the axis:.. The.ma.gneti(.: field is also varying v."ith
Circl:: of:: now 1magu_1e an.elef:tron that is moving in this field on a path thatis a
onstant radius with its center at the axis of the field. (We will see later

17-3
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Fig. 17-4. An electron accelerating in an axially
symmetric, time-varying magnetic field.

how this motion can be arranged.) Because of the changing magnetic field, there
will be an electric field E tangential to the electron’s orbit which will drive it around
the circle. * Because of the symmetry, this electric field will have the same value
everywhere on the circle. If the electron’s orbit has the radius r, the line integral
of E around the orbit is equal to the rate of change of the magnetic flux through
the circle. The line integral of E is just its magnitude times the circumference of
the circle, 27r. The magnetic flux must, in general, be obtained from an integral.
For the moment, we let B,, represent the average magnetic field in the interior of
the circle; then the flux is this average magnetic field times the area of the circle.
We will have

y

d 2
2mrE = ™ (B - 7).

Since we are assuming r is constant, E is proportional to the time derivative of
the average field:

r dB,y
E = ik (17.4)

The electron will feel the electric force gE and will be accelerated by it. Remember-
ing that the relativistically correct equation of motion is that the rate of change of
the momentum is proportional to the force, we have

d
gE = d—f- (17.5)
For the circular orbit we have assumed, the electric force on the electron is
- always in the direction of its motion, so its total momentum will be increasing at
the rate given by Eq. (17.5). Combining Egs. (17.5) and (17.4), we may relate the

rate of change of momentum to the change of the average magnetic field:

d_[) _qr dBav
=il (17.6)
Integrating with respect to ¢, we find for the electron’s momentum
qr '
p = po-+ 7 AB,y, (17.7)

where p, is the momentum with which the electrons start out, and AB,, is the sub-
sequent change in B,,. The operation of a betatron—a machine for accelerating
electrons to high energies—is based on this idea.

To see how the betatron operates in detail, we must now examine how the
electron can be constrained to move on a circle. We have discussed in Chapter 11
of Vol. I the principle involved. If we arrange that there is a magnetic field B at
the orbit of the electron, there will be a transverse force gv X B which, for a suit-
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'ly chosen B, can cause the electron to keep moving on its assumed orbit. In the
atron this transverse force causes the electron to move in a circular orbit of
1stant radius. We can find out what the magnetic field at the orbit must be by
ng again the relativistic equation of motion, but this time, for the transverse
npg;"‘ﬁ of the force. In the betatron (see Fig. 17-4), Bis at right angles to v, so
-tranverse force is guB. Thus the force is equal to the rate of change of the trans-
se component p, of the momentum:

dp,

;I dt

(17.8)
ien a particle is moving in a circle, the rate of change of its transverse momentum
qual to the magnitude of the total momentum times «, the angular velocity of
ation (following the arguments of Chapter 11, Vol. I):

dp, _
o = eps (17.9)
2re, since the motion is circular,
v
o=z (17.10)

ting the magnetic force equal to the transverse acceleration, we have
v
- qBorvic = p > (17.11)

are Bypit 18 the field at the radius r.

As the betatron operates, the momentum of the electron grows in proportion
B, according to Eq. (17.7), and if the electron is to continue to move in its
per circle, Eq. (17.11) must continue to hold as the momentum of the electron
reases. The value of B, must increase in proportion to the momentum p.
mparing Eq. (17.11) with Eq. (17.7), which determines p, we see that the follow-

relation must hold between B,,, the average magnetic field inside the orbit
he radius r, and the magnetic field B, at the orbit:

AB. = DihBiq, (17.12)

: correct operation of a betatron requires that the average magnetic field inside
orbit increase at twice the rate of the magnetic field at the orbit itself. In these
‘umstances, as the energy of the particle is increased by the induced electric
1 the magnetic field at the orbit increases at just the rate required to keep the
ticle moving in a circle.

The betatron is used to accelerate electrons to energies of tens of millions of
ts, opven to hundreds of millions of volts. However, it becomes impractical for
acc. cation of electrons to energies much higher than a few hundred million
ts for several reasons. One of them is the practical difficulty of attaining the
uired high average value for the magnetic field inside the orbit. Another is that
(17.6) is no longer correct at very high energies because it does not include the
i of energy from the particle due to its radiation of electromagnetic energy
> so-called synchrotron radiation discussed in -Chapter 36, Vol. I). For these
sons, the acceleration of electrons to the highest energies—to many billions of
‘tron volts—is accomplished by means of a different kind of machine, called a
hrotron.

174 A paradox

We would now like to describe for you an apparent paradox. A paradox is a
ation which gives one answer when analyzed one way, and a different answer
:n analyzed another way, so that we are left in somewhat of a quandary as to
1ally what should happen. Of course, in physics there are never any real para-
s because there is only one correct answer; at least we believe that nature will

17-5
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act in only one way (and that is the right way, naturally). So in physics a parad.
is only a confusion in our own understanding. Here is our paradox.

Imagine that we construct a device like that shown in Fig. 17-5. There is
thin, circular plastic disc supported on a concentric shaft with excellent bearin;
so that it is quite free to rotate. On the disc is a coil of wire in the form of a shc
solenoid concentric with the axis of rotation. This solenoid carries a steady curre
I provided by a small battery, also mounted on the disc. Near the edge of the di

e cenrs COIL OF WIRE and spaced uniformly around its circumference are a number of small metal spher
insulated from each other and from the solenoid by the plastic material of the dis
Each of these small conducting spheres is charged with the sanie electrosta
charge Q. Everything is quite stationary, and the disc is at rest. Suppose now th
by some accident—or by prearrangement—the current in the solenoid is inte
rupted, without, however, any intervention from the outside. So long as the curre
continued, there was a magnetic flux through the solenoid more or less paral
to the axis of the disc. When the current is interrupted, this flux must go to zer
There will, therefore, be an electric field induced which will circulate around
circles centered at the axis. The charged spheres on the perimeter of the disc w
all experience an electric field tangential to the perimeter of the disc. This electi
force is in the same sense for all the charges and so will result in a net torque on t!
disc. From these arguments we would expect that as the current in the soleno
Fig. 17-5. Wil the disc rotate if the  gjcapnears, the disc would begin to rotate. If we knew the moment of inertia
current | is stopped? the disc, the current in the solenoid, and the charges on the small spheres, we cou
compute the resulting angular velocity.

But we could also make a different argument. Using the principle of the co
servation of angular momentum, we could say that the angular momentum of t]
disc with all its equipment is initially zero, and so the angular momentum of t]
assembly should remain zero. There should be no rotation when the current
stopped. Which argument is correct? Will the disc rotate or will it not? We w
leave this question for you to think about.

We should warn you that the correct answer does not depend on any no:
essential feature, such as the asymmetric position of a battery, for example.
fact, you can imagine an ideal situation such as the following: The solenoid
made of superconducting wire through which there is a current. After the disc h:
been carefully placed at rest, the temperature of the solenoid is allowed to rise slowl
When the temperature of the wire reaches the transition temperature betwec
superconductivity and normal conductivity, the current in the solenoid will |
brought to zero by the resistance of the wire. The flux will, as before, fall to zer-
and there will be an electric field around the axis. We should also warn you that tl
solution is not easy, nor is it a trick. When you figure it out, you will have di
covered an important principle of electromagnetism.

17-5 Alternating-current generator

In the remainder of this chapter we apply the principles of Section 17-1 -
analyze a number of the phenomena discussed in Chapter 16. We first look in mo
detail at the alternating-current generator. Such a generator consists basically of
coil of wire rotating in a uniform magnetic field. The same result can also
LOAD achieved by a fixed coil in a magnetic field whose direction rotates in the mann
described in the last chapter. We will consider only the former case. Suppose v
have a circular coil of wire which can be turned on an axis along one of its dian
eters. Let this coil be located in a uniform magnetic field perpendicular to the ax
| of rotation, as in Fig. 17-6. We also imagine that the two ends of the coil a.
ﬁ93 - brought to external connections through some kind of sliding contacts.

Fig. 17—6. A coil of wire rotating in a Due to the rotation of the coil, the magnetic flux through it will be changin
|| uniform magnetic field—the basic idea  The circuit of the coil will therefore have an emfinit. Let S be the area of the cc
-‘-.5 |/l of the ac generator. and 6 the angle between the magnetic field and the normal to the plane of the coil

i .
ﬂ * Now that we are using the letter 4 for the vector potential, we prefer to let S star
; for a Surface area.

il 17-6
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