Ideal Gas in a Nutshell
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where ()1 = % The Free Energy F' can be written as
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To evaluate the pressure, we differentiate SFy finding
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and z = exp Bu = pA3.

Ideal gas of clusters
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Note that @, is the partition function of the cluster, i.e. the conditions for being a cluster must
be satisfied. This introduces a constraint (a reduction) of the phase space drj....d7y, that we may
indicate with a ’ sign in the integration. While it is simple to define a cluster as a group of particles
such that each particle is connected to any other particle via a sequence of bond, it is sometime
less clear how to define a bonded pair. In the case of strong bonds (the one commonly found in
association) or in the case of square-well like interaction, there is not much ambiguity.
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Note also that particles can be not spherical. In this case
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where now A includes the rotational component of the integral over the kinetic energy. In these cases
it is convenient to redefine \'® = A3 / | d© and define a spherically averaged partition function

1 [ dfy...dindSy...dQy exp — BV (71, 7, ooy T, Q1 . Q)
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Going back to the calculation of F', we have

[e.e]

BF=-nQ=-) [NoIn@Qn — Ny In N, + N, (10)
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To find the cluster size distribution in equilibrium N,, this time we have to minimize SF under the
constraint ) nN, = N. Introducing a Lagrange multiplier c, we get

N, =0 (11)
In gz —na=0 (12)

or
Ny = Qn(expa)” (13)

Since N1 = Q1 exp «, the same expression can be written as
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since p; = 2

The resulting free energy is



[e.9]

BF = _Z[annQn - annQn

n=1

N

o + N, = —;[nNn ln% + Np] =NInNi/Q1 — #. (15)

where #. is the total number of clusters in the system. The free energy, in the ideal gas of cluster
approximation, can always be written as

|BE = N — #.| (16)

which is reminiscent of the ideal gas relation #. = BPV. Note that the monomer concentration
(which fix the value of p) and the total number of clusters are the only information we need to
write down the system free energy.

Warming up and simple definitions

To warm up, let’s evaluate the partition function for the monomer (setting \® = 1)

1=V (17)

For the dimer Q3 =V f driodw; dwye PV (F12:91.02) - Tf we assume that the interaction is square-well
like ( a potential well of depth -ug (ug > 0) and volume of a single patch Vb11 and that the particle
has f patches

Q2 = 5 P exp (5u) (18)

In the case of the Kern-Frenkel potential V;!* = %71'[(0‘ + A)3 — 0%)]x? where Y is the coverage, i.e.
1—cosf
5
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Pictorial representation of a f = 4 Kern-Frenkel particle (left), in a non-bonded dimer configuration (center) and in a bonded one (right)

the fraction of surface defining a patch x =




Theory f =2

Several interesting experimental systems are described by equilibrium polymerization, when aggre-
gating particles form chains of independent bonds
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For the case f = 2, the partition function can be written as

_ wn,
QI = VY exp (Buo) (19)
with #; =n — 1 and
Wn _ on—1
P 2 (20)

To calculate w,, one considers that the first particle can be selected in n ways and that it has two



possible bonding configurations. The second one among the n — 1 remaining particles, always with
two bonding possibilities. Hence

Wp=2nx2(n—1)x2(n—2)x..x2=mn!2""1

Hence
QI=2 = 2V [V exp (Bug)]" 1 = V2V exp (Bug)]" ! (21)

This expression has a simple interpretation: V' is the center of mass partition function and [2V;!! exp (Buo)]
the partition function of a bond. In a chain of n particles there are n — 1 bonds. Often one find
defined a bond free energy as

e v = 2V exp (Buo)

so that
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The cluster size distribution is given by

N Qn Qn = piVIe PP = Ny[pre P!

We can also find interesting to provide a more physical (or geometrical) interpretation of the cluster
size distribution. Let’s start by defining the bond probability p, as the probability that a random
site in the system is bonded as the ratio between the number of bonded sites in the system 24
and the total number of sites in the system 2/N. Then
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The total number of bonds in the system is ), (n — 1)N,, and hence
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Now, it is easy to convince yourself that the number of monomers are given in term of p;, by
N; = N(1 — pp)?, since a monomer must have a two unbonded sites. Hence p; = % =p(1 —pp)?

1— 2
(1 —pp) |~y
1 — [p(1 — pp)2eB%]
or I
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T-m?

In this language



Ny = N(1—pp)?[pp)" (22)
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Check > nN,, = N% Sonpy =N
Hence we have an exponential decay of the cluster size distribution, with characteristic size 1/ In py,

diverging when p, — 1:

1— 2
N, = N(pfb)e"lnpb (23)

We also note on passing that the expression
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could have been obtained by using the relation

2

Ny = Q2%

considering that N3 = N (1 —p,)? and Ny = Qopy(1 — p)?. The value of 5 can be calculated with

simple consideration. A dimer is found by selecting randomly a particle, by selecting randomly

one of the two sites, by bonding it with another particle, by imposing that all remaining sites are

empty. The final result has to be divided by two to account for the probability of starting on the
second particle and re-generating the same dimer. This shows that (2o = 1. Then

N2(1 — pb)4

2 Py = p 2Vpe?"0(1 = pp)°

4
Npp(1 —pp)* = QVVzaeﬁuo

The same expression can be interpreted as a chemical reaction between two sites
A+ A<=> Ay

in which p2V,ef = pe=P%b plays the role of free energy change from a free state in which the
volume per particle is V/N to a bonded state in which the volume is Vj, and the energy is wuyg.
pe BFe = &vaeﬁu(). The entropy change is the ratio between the total volume for bonding and V/,
while the energy change is ug.

Some key elements of self-assembly are already visible in the simple f = 2 case: The way the
aggregation depends on p and T and the peak in the constant volume specific heat.

Identical particles with f patches - Limited valence particles



Let’s now discuss how the previous formal information can be applied to the case of single-bond-
per-patch cases (limited valence particles), when there are f patches per particle and under the
assumption of independent bonds...

Assuming no loops and independent bonds, and neglecting any information on the vibrational
properties of the aggregate as a whole (e.g. the polymer radius of gyration entropy) the general
expression is

Qn = "V exp (Bup)] (25)

where #, = n — 1 is the number of bonds and w,, is the number of independent bonding configu-
rations (the permutations of all distinct ry...r,, 2;....82,, in the integral of @, i.e. colored particles
and colored bonding sites). In the absence of bond loops, the system partition function can be
written in term of the total number of bonds in the system #yr = N — #.

Vexp (u)Fr [ ()™ (26)

It is easy to see that w; = 1 and wy = f2.

f=3,N=2w=9

‘ ‘ AD,AE,AF, BD,BE,BF, CD,CE,CF

f=3N=3w; =162

Y

3 different dimers (12,13,23) each of them made in 9 ways, times 4x3 ways to mix
a dimer with the remaining monomer, divided by two to avoid overcounting

3x9x4x3/2=162



f=3,N=4ws=4536

4 different trimers (123,124,134,234),each of them made in 162 ways. Separating the
linear and the star configurations one gets:

Linear configurations: times 4x3 (bonds, 4 on the trimer and 3 on the monomer) ways
divided by two to avoid overcounting: 4 x 162 x 4 x 3 /2 = 3888

Star configuration: times 1x3 (bonds, 1 on the central particle and
3 on the monome) divided by three to avoid overcounting
4x162x1x3/3=648.

i,

Stockmayer (JCP 11,1945) has shown that the general expression for wy, is

on= L0 (27)
resulting in
N = Ni"g—? = N?% = %m{ﬁiffzﬁ;yvm” exp fuol"”! (28)
By grouping the terms in power n — 1,
N, = Ny PNV exp /v (29)

For example, No = Ny f[f N1V, exp Bug/2V]

Now, for a better understanding, let’s define 1 — p; the probability that an arbitrary patch is not
bonded. Clearly, then the number of monomers is Ny = N(1 — pb)f . Also, considering that in the
no-loop approximation the number of bonds in a cluster of size n is n — 1, then — apart from
geometric factors — N,, must be proportional to pg_l and to (1 —py)/"2(»=1 (the number of free
sites is equal to the total number of sites fn minus the number of sites involved in bonding and
each bond blocks two sites). Hence

Ny~ pp (1 = pp)" U722 = pn=1 (1 — )= (1 = )2 = [pp(1 — pp) V=271 — )

This allow us to confirm that
Ny = N(1—p)

and identifying the contributions in powers of n — 1



(1 — )2 = FN(1 — ) V! exp Buo/V (30)

so that
Pb 11

——— = fpV, " exp Bu 31
(1 _pb)2 fp b pﬁ 0 ( )

We can thus write

f(fn— n)! —21n—1

N, =N(1—p)! 1—pp)f 3" 32
(1—pp) n!(fn—2n+2)![pb( po)’ 7] (32)

Here Ny = %N(l — o) [pp(1 — pp)f 2] = %N[pb(l —pp)?/72] and ]]\\;—1% = %fZVb11 exp (Buyg).

One can check that > nN, = N (when p < p,). The two boxed equations (Eq. 31 and 32)
are particularly important, since they completely define the self-assembly process. The T and p
dependence of the aggregation enters in p,. Solving this expression provides p, (T, p). Plugging py
in Eq. 32 allows us to calculate the cluster size distribution.

Understanding Wertheim

Let’s assume we are dealing with particles with valence f, all identical and with the single-bond
per patch condition, and assume that all sites can bind. The maximum number of bonds that the
system can form is N;"** = N f /2. If we call #; the number of bonds in the system, then we can
define a bond probability p, as py = #u/Ny"* = 2#4/N f. In term of p, the monomer number is
N(1 —pp)?. Similarly, the total number of clusters is #. = N — #;. Indeed, each bond decreases
by one the number of clusters. Hence #.= N — N fp,/2 = N(1 — fpy/2) and

BF = Nlnfo(1 - pp)’] = N(1— fps/2) = Nlin(p) — 1] + N{In[(1 — pp)/] + fp/2}  (33)

This can be written in a more transparent way, separating the ideal gas component from the
bonding remaining part

BF = ﬁEg =+ ﬂFbonding (34)
where

ﬁFbonding = N{ln[(l - pb)f] + fpb/z} (35)

The density and T dependence of py controls everything. All systems with the same valence behave
in the same way if p; is assumed as a scaling variable.



One can do a little better by adding the bonding free energy 8F,onging to the hard-sphere reference.
Also, consistently, the hard-sphere radial distribution function grg modulates the bonding volume

1 [ driadwidwagrs(rig)e PV (mzwnen)

VE} f dw1 d(.UQ

(36)

To evaluate the T" and p dependence of p, one need to solve in term of p, the equation for Na,

N?
Ny = sz

Theory f =3 (or larger)

When f > 2 ... see slides....

Exercise: Binary mixture of Ay, and By, with only AB bonds
How will the bonding free energy be written in term of bond probability ? First of all, we note that

the probability that a A site is bonded is p4 = #/fN4 and that the probability that a B site is
bonded is pp = #/fNp. Since #; is the same, py :pB%—’j. Now....

BEF = NaBua+ NpBup — #e (37)

where Bua = In(Na(1 — ps)f4) and Bup = In(Np(1 — pp)B). The number of clusters is given,
once more, by the number of particles minus the number of bonds (assuming no loops). Hence
#.=Na+ N —pafNy, or in a more symmetric way #. = Na+ Ng —pafNa/2 —ppfNp/2.

Hence

BE = Naln(Na(1—pa)f4/V)+ NgIn(Ng(1 — pp)/2/V) — (Na+ Np — pafaNa/2 — ppfsN5/2)
(38)

BF = NsaInN4/V—Na+NpIln Ng/V—Ng+Na[ln(1—pa)4+pafa/2]+Np[n(1—pp)'®+psfs/2]
(39)
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where the first contribution can be identified with the ideal gas contribution (including mixing
entropy)

BFijg =NsInNy/V —Ns+ NplnNp/V — Np=Njzlnz+ (1 —z)In(l —z) +InN/V —1] (40)

and
BFbonding = N[l‘(]n(l - pA)fA +pAfA/2) + (1 - l‘)(ln(l - pB)fB +prB/2)] (41)

Theory f =2 competing structures ... chains and rings

(if you are interested see Quantitative description of the self-assembly of patchy particles into chains
and rings J. Chem. Phys. 137, 044901 (2012))

If we assume an ideal gas of chains and rings, we can separate the cluster size distribution in two
groups, chains and rings. The monomer is in equilibrium with both and hence

NY

hai hai

N;z: ain _ Q; ain Qn (42)

1
Nring _ ringi 43

1

or

Nchzzz'n chain

n " Gn (44)

N;/l‘ing :ng

which means that, at the same size, the ratio between number of chains and number of rings
depends only on the ratio between their partition functions. This shows that in the ideal-gas (of
clusters) limit the ring size distribution is not an independent variable, being proportional to the
chain size distribution times the ratio of the ring and chain partition functions.

If we define Q,, = Q,, /V, the chain partition function can be written as
Q= e(n—1)BF, (45)

in term of the bond free energy ;. This expression corresponds to assume that each of the n — 1
bonds lowers the free energy by Fp. The ring partition function depends for short rings on the

11



geometry of the model, while it reaches a well established asymptotic value for large n values,
dictated by the self-similar nature of the growth process. More specifically, in the dilute limit,

ol Ve nBFy

Qn ~ nRge (n) e (46)
where V} is the bonding volume and R.. is the end-to-end distance. Compared to linear polymers,
rings are thus stabilized by the presence of n bonds (one more than a chain). On the other hand, the
number of configurations allowing for ring formation are proportional to the ratio Vj/R2,(n). The
additional n dependence arises from the number of way a ring can open to form a chain. Assuming
that chains form a self-avoiding walk for large n (i.e. Ree(n) ~ n¥S4W  where vgaw = 0.588 is the
self-avoiding walk exponent), one can thus write

O = a(n)— 2t eni% (47)

n n3vsaw+1

where a(n) describes the model dependent short-n behavior and approaches a constant value for
large n, when the self-similar nature of the chain is reached.

The system free energy can thus be expressed as

where
#C = Z(Nﬁhmn + Ngmg) — ZNgham <1 + a(n)n—(3uSAW+1)eﬁfb)
Qv{ﬁ = V[QVE;H €xp (5U0)]n_1 (49)
Now...

1 —[2p1 VM exp (Buo)]

, N -
ZNyclhmns _ VZ(vl)"p%ﬂ exp (Bu())]?’b 1

D N2V exp (Bu)] = V') m(%)"w}l exp (Buo)]" =V Y Wa[2p1V;!" exp (Buo)]”

And the free energy assumes the form

BF = Nln L — i
Vo 1—=[2p1 V! exp (Buo)

7~ VY Wal201Vi exp (Buo))” (50)
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In Wertheim language, since the rings do not have broken bonds, the fraction of unbonded sites
X4 =2, Nehains [(2N), and Xy is the name associated to the fraction of unbonded particles
(monomers) (Xo = Ni/N). In this language

Xo

X4 =
AT T 12XV exp (Buo))]

The normalization condition, to evaluate Ny arises from
Z(nN;l:hains + nNgings) - N
n

which can be expressed as

Ny
(1= [2p1 VM exp (Buo)

2 + Z an[2p1Vbn exp (Bug)]" =N

and defining the Wertheim quantity

G = Z nW,[2p1 Vi exp (Bug)]™

In symbolic form the normalization condition becomes

X3

=1
Xo p

Free energy for particles with competitive interactions

Let’s discuss here the case of a particle with 2 A sites, promoting chaining and f B sites promoting
branching, via AB bonds.

In this case, we can define two probabilites: the probability p4 that an A site is occupied and pp that
a B site is occupied. The monomer concentration will then be given by N1 = N (1 —p4)?(1 —pp)/.
In the system there will be N4 bonds of type AA and N4p bonds of type AB. In terms of these
quantities we can write

_ 2Naa+ Nap _ Nap

PAS TN PN

The probability p4 can be written as paa + p + AB according to the type of bond the site is
involved. Clearly paqa = Naa/N and pap = Nap/2N.

Inverting these relations

13
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2
The number of clusters is always N — #, = N — Nga — Nap, so that

Nga = Npa — Nap = fNpp

N1 —pa)2(1 —pp)f N

BF = N (1 —pa)“(1 - pp) —N+NpA+f PB _
Vv 2

foB

N(lnp—1)+N 21n(1_pA)+fln(1_pB)+pA+T

where we can easily identify the bonding contribution (per particle)

ﬂFbonding/N: 21n(1_pA)+fln(1_pB)+pA+ fp%

To estimate the T" and p dependence of p4 and p, we can make use of the connection between the
number of dimers and of monomers. Defining X4 =1 —p4 and Xg =1 — pg we can immediately
write

Ny = Nx3x1
N§ = AN XA X s
NP = BN XX pa
where pap = %(1 — Xp) while

paa = Naa/N =pa — fp% =(1-Xa) - g(l — XB)

Note: wé‘lA = 1. Indeed a dimer can be formed by starting on any monomer N, selecting two
possible sites to start the chaining (2), then connecting with probability pa4 and then imposing
the emptiness of the other sites. Then we have to divide by 2 to avoid over-counting (selecting the
final particle as the original one). For the AB case, also wj'? = 1, since we select in two ways (2)
a site A and connect it to a B with probability p4p. Note that we would have got the same result
by selecting a B site in f ways and connecting it with an A site with probability pga. Indeed,

frBA = 2paAB.

Now, as usual,

N? N2
gt = Mo wg = g

which gives

14



WAAN X2 XB PAA = (NX%X};)Q AA

V2 2
and ;
A 21 (NX3X5)® 4
wyP NXEXH 'pap = TB 57
Simplifying one gets
NX? NX2 QA
wypaa = AQ pAA = V2A wz%
and
NXaXp Q4P
PAB = — 5 —
V2 w?B
From which we obtain the system to be solved
; NX3
(1-X4)—=(1-Xp)=
2 V2 o
and AB
NXu,X
§0-Xp) = AR
w3

Now, wstd = WP =1 and one gets

AA 1 V fdflgdﬁldggexp—ﬁV(Flg,Ql,Qg)

= = 2V VA4 ePuaa
207 AN [ dQd, boe

where we have considered that there are 4 idential integral over AA bonds and similarly (there are
2f identical integrals for AB)
2fy
AB _ AB oBuan
so that the equations to solve are

(1—X,4)— 5(1 — Xp) = 2VMePuaa px?

and
1— Xp=2pVABePuas X, Xp

Evaluation of (), via simulations

Work in the subspace of the cluster ('), i.e. the set of configurations in which all n particles belong
to the same cluster.

1) Start from infinite 7" and integrate (see Fantoni et al Soft Matter )

15



e 2) Perform a grand canonical simulation in cluster space (see XXXX)

Let’s look at the second method:

Q) = P(n,z,T)
" en1P(1,2,T)

From here... and if one want to compare with a system with z2M¢ = N, /V

N  P(n,z,T) N7 P(n,zT), zMC¢
Nn:Qnilz ( ) 1 _Nl ( )( )n 1

QY P(1,2,T) (zV)»1 " P(1,2T)

e MCsimulation (T=0.16, KF 1 Patch, cosB=0.4)
— GCcluster results  [P(n)/P(1)]
—— Theoretica N N

P(n)/P(1)

N,,

0 20 40 60 80 100
Cluster sizen

Possible numerical tricks:
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(53)

(54)



e Implement umbrella sampling (even better successive umbrella sampling)
e Implement re-weighting techniques, such that in each umbrella window P(n) ~ P(n + 1)

e Implement parallel tempering

‘When do we need this ....

e When the gas phase is a cluster phase !
e To evaluate coexistence with crystal phases

e To access the metastability of the gas phase
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