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Directional interactions  --- Limited number of HB ….   

Strong Directional interactions  --- Limited number of HB

Prone to tetrahedral coordination – Empty liquid ! 

What is special about the water molecule 



Thermodynamic Anomalies

Supercooling enhances fluctuations…..
Do response function diverge at lower T ?

Thermodynamic
Anomalies !

Thermodynamic Anomalies !
(Angell, Speedy)
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Search for the origin of the anomalies via 
computer simulations (1990)

ST2 model of water

Comparison with applied shift in T (35 K) and P (80 MPa)



1992

P. H. Poole, F. Sciortino, 
U. Essmann and H. E. Stanley,
Phase behavior of metastable water
Nature 360, 324-328, 1992

Liquid-Liquid critical point hypothesis: the beginning 

235K



The liquid-liquid critical point 
scenario (and the two-glasses)



configurations (assigned to the 1b1′ peak) of 2:1. However,
direct experimental observations of such molecular-level details
are difficult to obtain particularly as the temperature is
decreased into the supercooled regime. Furthermore, both the
observations of a maximum in κT

16,17 and a minimum in ρ18

have been controversial, underscoring the importance of
realistic computer simulations that can be used independently
to corroborate or challenge the experimental measurements,
while providing a direct link between molecular-level structure
and thermodynamic response functions. Such computational
approaches could also help validate/confirm unifying thermo-
dynamic explanations for water’s anomalies, such as the
possibility that water exhibits a second critical point in the
supercooled liquid.19−22

Developing a realistic molecular model of water has been a
grand challenge for theoretical/computational chemists and
physicists since the first Monte Carlo (MC)23 and molecular
dynamics (MD)24 simulations of liquid water. Despite
remarkable progress in the implementation of efficient
quantum-mechanical approaches based on either wave
function theory25 or density functional theory,26 and
impressive advances in the development of more sophisticated
force fields,27 a molecular model capable of accurately
predicting the properties of liquid water from the boiling
point down to the supercooled regime is still missing. The past
decade has witnessed the emergence of explicit many-body
models which, rigorously derived from the many-body
expansion of the underlying interaction energies,28 have
shown great promise for predictive simulations of water across
the entire phase diagram.27 Among the existing many-body

models, MB-pol29−32 correctly reproduces structural, thermo-
dynamic, dynamical, and spectroscopic properties of gas-phase
water clusters,33−35 liquid water,36 the vapor/liquid inter-
face,37−39 and ice,40,41 which suggests that MB-pol could
provide a reliable link between water’s anomalous thermody-
namic response functions and molecular-level structure.
In this study, we perform classical MD simulations with the

MB-pol model to monitor the evolution of the thermodynamic
response functions and local structure of liquid water, from the
boiling point down to deeply supercooled temperatures.
Although several MD simulations of supercooled water
performed with various water models have been reported in
the literature,42 none of these simulations have been able to
accurately reproduce the experimentally measured variation of
κT and cP as the temperature decreases down to ∼228 K.43

Herein, we report the temperature dependence of κT, cP, and ρ
obtained from isothermal−isobaric simulations of MB-pol at
ambient pressure as well as the oxygen−oxygen radial
distribution function, tetrahedral order parameter, and hydro-
gen-bonding topologies and compare our simulation results
with the latest available experimental data for liquid water
across a wide temperature range. Although we performed MD
simulations with both N = 256 and N = 512 molecules, we
focus the majority of our discussion on the results for the
smaller system since, as shown in Table S1, they were obtained
from longer simulations and more temperatures. In this regard
it should be noted that the values of κT, cP, and ρ calculated for
temperatures above 245 K from shorter MD simulations with
with N = 256 MB-pol water molecules were reported in ref 32.

Figure 1. Thermodynamic response functions of liquid water. (a) Isothermal compressibility, κT, from experiments in refs 4, 6, and 44 (black
symbols) and as predicted by MB-pol with N = 256 molecules (blue circles) and N = 512 molecules (green squares). (b) Isobaric heat capacity, cP,
from experiments in refs 5, 7, and 45 (black symbols) and as predicted by MB-pol with N = 256 molecules (blue circles) and N = 512 molecules
(green squares). (c) and (d) include the same data as (a) and (b), respectively, but with axis scale adjusted to focus on the κT and cP maxima. All
solid lines are guides to the eye; solid blue and green lines are polynomial fits to the simulation data, and the red line interpolating the experimental
data in (d) is taken from ref 7. Error bars in simulation results represent 95% confidence intervals.
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Figure 1a shows the variation of the isothermal compres-
sibility at ambient pressure in the temperature range between
198 and 368 K. In a seminal study, Speedy and Angell4

extended the original measurements by Kell44 down to 247 K
and observed a power-law increase of κT as the temperature
was decreased, which is the characteristic behavior of
thermodynamic properties in the vicinity of a critical point
or a limit of stability. However, using ultrafast X-ray
spectroscopy, Kim et al.6 extended the accessible temperature
range down to 227 K and detected maxima for both isothermal
compressibility and correlation length at 229 K. In the present
work, the values of κT calculated from MB-pol simulations with
256 water molecules closely follow the experimental data over
the entire temperature range. Similar agreement is obtained
from analogous simulations with 512 molecules. Importantly,
MB-pol with N = 256 predicts a maximum of (113 ± 21) ×
10−6 bar−1 at 223 K (κT = (108 ± 1) × 10−6 bar−1 for N =
512), which is in remarkable agreement with the experimental
value of ∼105 × 10−6 bar−1 (Figure 1c). Below 223 K, MB-pol
predicts a steep decrease of κT, which reaches a value of ∼(15.1
± 0.4) × 10−6 bar−1 at 208 K. This behavior is consistent with
the concept of the Widom line, i.e., a line in the P−T diagram
emanating from a critical point at which a thermodynamic
response function and associated fluctuations reach maximum
values. It should be noted that the relatively larger error bars
associated with the MB-pol results at 218, 223, and 228 K are a
direct consequence of the longer relaxation times near the
Widom line, as can be seen in the density vs time results
presented in Figures S1 and S2 and the density autocorrelation
functions in Figure S2d, which indicate relaxation times on the
order of several to tens of nanoseconds for temperatures below
230 K. We note that while the relaxation time is near the total
simulation length for the lowest temperatures explored, in
Figure S3 we show further evidence for liquid-like structural
relaxation at all temperatures studied via the mean-squared
displacement and the self-intermediate scattering function of
the oxygen atoms. Figures S2 and S3 may suggest slower
liquid-like relaxation at 208 K compared to 198 K. However, it
should be emphasized that it is not possible to pinpoint the
dynamics quantitatively in these simulations due to the action
of a massive Nose−́Hoover chain thermostat (i.e., each degree
of freedom is coupled to its own Nose−́Hoover chain
thermostat of length 3) and global barostat. A detailed
exploration of the dynamics of MB-pol at deeply supercooled
temperatures will be forthcoming; here we merely emphasize
the liquid-like nature of the simulations.
To place the MB-pol results in context, it should be noted

that popular water models that predict a maximum in κT in the
range 225−240 K, such as TIP4P/2005 and iAMOEBA, were
shown to significantly underestimate (by nearly half) the
experimental value, while other models, such as mW and SPC/
E, also underestimate the temperature of maximum κT by ∼20
K.46 More recently, a neural network potential based on the
SCAN density functional was shown to predict a maximum of
∼50 × 10−6 bar−1 at 255 K.47 One may ask if nuclear quantum
effects are the source of part of the discrepancies observed in
previous studies, as classical MD simulations neglect the
quantum nature of the hydrogen atoms.48 However, recent
path-integral molecular dynamics (PIMD) simulations, which
explicitly account for nuclear quantum effects, performed with
the q-TIP4P/F empirical water model show only a moderate
increase in the peak value of κT relative to the classical MD
simulations and no appreciable change in the temperature of

maximum κT,
49 suggesting that MB-pol’s quantitative accuracy

in reproducing κT at ambient pressure should be robust to the
choice of treatment of nuclear quantum effects.
The temperature dependence of the heat capacity is shown

in Figure 1b. Also in this case, the MB-pol simulations with N
= 256 predict a maximum in cP at 218−223 K, which is close to
the temperature (229 K) determined experimentally.7 The
MB-pol results with N = 512 are qualitatively similar to N =
256 over the explored temperature range, with a sharp increase
in cP as the temperature is decreased. However, because of our
approach to calculating the cP (fitting polynomials to obtain
the slope of enthalpy vs temperature, as described in the
Supporting Information), we cannot calculate cP values for N =
512 at temperatures below 223 K. Thus, we report a maximum
in cP only for N = 256 due to the longer time scales, better
statistics, and wider temperature range accessible for the
smaller system. Focusing on the N = 256 results, while the
qualitative observation of a cP maximum is preserved, the
agreement between measured and calculated cP values is not
quantitative as it is for the κT. In particular, the high-
temperature values of cP are larger than the experimental
results, and the low-temperature peak in cP is broader than
recent experiments (Figure 1d). We posit that these differences
are due to the cP being particularly sensitive to nuclear
quantum effects relative to other thermodynamic quantities.
PIMD simulations with the q-TIP4P/F model have indeed
found that the difference between classical and quantum values
of cP is ∼50 J mol−1 K−1.49 Applying the same difference to the
MB-pol results of Figure 1b would bring the MB-pol values of
cP close to the experimental data above 250 K but, at the same
time, would also worsen the agreement with experiment at
lower temperature. However, we note that there is no reason to
expect that a consistent shift in cP would be observed across all
temperatures,48 thus necessitating full PIMD simulations with
MB-pol at supercooled temperatures to definitively evaluate
this discrepancy, which will be the focus of a future study.
The temperature dependence of ρ calculated from MB-pol

simulations is shown in Figure 2 along with the available

experimental data; these results show essentially no depend-
ence on system size. In agreement with previous results, the
temperature of maximum density for MB-pol is 263 K, which is
14 K below the experimental value, with an average absolute
deviation of 0.013 g cm−3 from the experimental data over the
temperature range between 247 and 373 K.32 At lower

Figure 2. Mass density of liquid water. Density, ρ, from experiments
in refs 45 and 50 (black symbols) and as predicted by MB-pol with N
= 256 (blue circles) and N = 512 (green squares). Error bars in
simulation results represent 95% confidence intervals.
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isothermal compressibility heat capacity density

Gartner III, Hunter, Lambros, Caruso, Riera, Medders, Panagiotopoulos, Debenedetti, Paesani, J. Phys. Chem. Lett. 13, 3652 (2022)

Where are we after 30 years 
ST2 (shift in 35 K T and 80 Mpa in P)

MB-pol (no shift)

Poole, FS, Essman, Stanley, Nature 1992



Nature Communications, (2023)



What are the difference between the two liquids ?

The density:  
0.92 – 1.1 g/cm3

0.4
5 n

m



Is the LL transition observed in other models ?



TIP4P (Ice and 2005)
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The latest member 
of the certified LLCP family: 
DNN@MB-pol 

(F. Paesani, FS, unpublished data)

(Tc=187+-2 K, Pc=1050+-100 bar, preliminary)
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Can we 
experimentally
observe the
LL CP ?

Bulk samples 
crystallize
(µs time scales)!



Recent experimental data..
Maxima in supercooled water
at ambient pressure 



A beautiful recent experiment:



A beautiful recent experiment:



How general is this phenomenon in tetrahedral 
systems ?

Vasisht, V. V.; Saw, S.; Sastry, S. Liquid-Liquid 
Critical Point in Supercooled Silicon. Nat. Phys. 
2011, 7, 549−553.

Silicon
(Stillinger-Weber model)



Others… tetrahedral 
particles Sticky tetrapod 



Interpenetrating flexible colloidal
(tetrahedral) particles

Science  Vol. 351,  pp. 582-586  2016:



Triblock Janus Particles 
(Steve Granick’s Lab)

Two-step self-assembly model proposed by Dwaipayan Chakrabarti 
(Birmingham) 



Water-like thermodynamic anomalies 
of colloidal water 



Why am I here:

A fresh look at the LL transition

Focus on the bond network

Identify the  rings in the network

Look how rings  are linked 



From a physical network to an abstract network



Nodes

Bonds

From a physical network to an abstract network



The colloidal water 
bond network

Idea:
Focus on the rings 
and look how they 
are “linked” and/or
entangled 





Two important quantites:

The linking number (are rings I and J linked ?) 

The Writhe  number (is ring I coiled and knotted 
?) 



Two important quantites:



Linking and Writhe of one configuration 



Variety  of  knotted structures in HDL (colloidal 
model)



The writhe and the linking as order parameters



Does it holds also for molecular water ?



TIP4P/Ice 
(a water model)



TIP4P/Ice 





Strong coupling between density and linking 
(entanglement) 

This coupling arises from the physical nature of 
the network (directionality of the bonds, valence, 
excluded volume)

The spatial distribution of the network nodes and 
edges assumes critical importance.

How general  is the coupling  ? Can we learn 
more ?





PNAS, in press

Low density liquid 

High  density liquid 

Very-high  density liquid 



PNAS, in press
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Molecules far in 
# of bonds but 
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Foffi, Russo, Sciortino JCP 2021
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The transition(s) as seen by the topological order parameters



Rings properties as a function of their size l
Ri
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Rings properties as a function of their size l
Ri

ng
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ize
 l Low density liquid

Almost planar rings
for all sizes  



Rings properties as a function of their size l
Ri

ng
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 l Intermediate

density liquid

Twistings for
large rings



Rings properties as a function of their size l
Ri
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One higher-order network



A ring of rings (a cycle)…..



B

Fcycle of linked rings

network of linked rings"system of rings"

A

D E

Number of cycles of size r (             )r

C vHDLHDL

l=10

l=4

l=10

l=4

 r=3 (3-cycle)

 r=4 (4-cycle)

 r=5 (5-cycle)

 r=6 (6-cycle)

The very high-density 
network has cycles,

The intermediate 
density network has 
very few cycles



Conclusions:
A liquid-liquid transition (LLPT)  provides an elegant 
scenario to interpret the origin of the thermodynamic 
anomalies in water (Cp, KT, TMD). A LLPT has been 
definitively proved numerically for several water models. 
Tc, rc and Pc model dependent. Experiments strongly 
support the LLPT idea



Conclusions:
Topology offers a key to describe the differences between 
LDL and HDL. The LLPT is a transition between an 
unentangled LDL and an entangled HDL, the latter 
containing an ensemble of topologically complex motifs. 

Entanglement emerges as a general mechanism for 
densification. A physical network embedded in three-
dimension space (where interactions between the nodes 
determine its layout) must increase its topological 
complexity to become more dense without changing its 
local connectivity.



Where to go:
Is it possible to develop a thermodynamic description of 
the LLPT based on topological order parameters ?

How is dynamics affected by the topological organization of 
the network  (transient bonds in physical networks) ?



Thanks to….. Among others…..
• Andreas Neophytou, Dwaipayan Chakrabarti 

Francis Starr

PNAS, in press


