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We report molecular-dynamics simulation results performed for a model of molecular liquid orthoterphenyl
in supercooled states, which we then compare with both experimental data and mode-coupling-theory(MCT)
predictions, aiming at a better understanding of structural relaxation in orthoterphenyl. We pay special attention
to the wave number dependence of the collective dynamics. It is shown that the simulation results for the
model share many features with experimental data for real system, and that MCT captures the simulation
results at the semiquantitative level except for intermediate wave numbers connected to the overall size of the
molecule. Theoretical results at the intermediate wave number region are found to be improved by taking into
account the spatial correlation of the molecule’s geometrical center. This supports the idea that unusual dy-
namical properties at the intermediate wave numbers, reported previously in simulation studies for the model
and discernible in coherent neutron-scattering experimental data, are basically due to the coupling of the
rotational motion to the geometrical-center dynamics. However, there still remain qualitative as well as quan-
titative discrepancies between theoretical prediction and corresponding simulation results at the intermediate
wave numbers, which call for further theoretical investigation.
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I. INTRODUCTION

Describing the microscopic origin of structural slowing
down on cooling or compressing glass-forming liquids is one
of the most challenging problems in condensed matter phys-
ics. During the past decade the research in this field was
strongly influenced by the idealized mode-coupling theory
(MCT) for the evolution of structural relaxation[1–3]. The
theory predicts the structural arrest—also referred to as the
idealized liquid-glass transition—driven by the mutual
blocking of a particle and its neighbors(cage effect) at a
critical temperatureTc which is located above the glass-
transition temperatureTg. For temperatures close to but
aboveTc, MCT predicts universal scaling laws and power
laws for describing the glassy slow structural relaxation. Al-
though such complete structural arrest atTc is not observed
in experiments and therefore the idealized theory cannot lit-
erally be applied for describing dynamics belowTc, exten-
sive tests of the theoretical predictions carried out so far
against experimental and computer-simulation results sug-
gest that MCT deals properly with some essential features of
supercooled liquids[2,3].

The molecular van der Waals liquid orthoterphenyl(OTP)
has long been used as a model system in the study of the
glass transition.(See, e.g., Refs.[4–6] and papers quoted
therein.) Extensive experiments on OTP have been per-
formed to monitor the onset of glassy structural relaxation on
microscopic time and length scales. Using in particular
quasielastic neutron scattering, the decay of collective and
self-density fluctuations has been measured as a function of
temperature, pressure, and wave number[4,7–12]. Based on

these studies, the validity of theuniversal predictions of
MCT, such as the factorization theorem and the time-
temperature superposition principle, has been established.
However, there arenonuniversalaspects in the glassy struc-
tural relaxation which cannot be elucidated solely by those
universal predictions. For example, parameters describing
the decay of the collective density fluctuations in the
a-relaxation regime exhibit a characteristic wave number de-
pendence, which is an important nonuniversal aspect to be
accounted for by the theory[4,12]. As will be discussed be-
low, we found from the analysis of molecular-dynamics
(MD) simulation results interesting dynamical properties of
OTP at intermediate wave numbers, and their theoretical in-
vestigation is one of the main points of the present paper.

One of the distinctive features of MCT is that it can also
make predictions concerning nonuniversal aspects, such as
the value ofTc and the details of the time and wave number
dependence of various dynamical quantities, provided the
system’s static structure factor is known with sufficient ac-
curacy. Utilizing this feature, there have been quantitative
tests of the theory concerning nonuniversal as well as uni-
versal aspects using as input only the static structure factor
determined from integral-equation theories or from computer
simulations[13–19]. In the present paper, we apply MCT to
discuss in detail properties of the slow structural relaxation
in OTP, paying special attention to the wave number depen-
dence of the structurala relaxation of the collective dynam-
ics. This will be done by regarding MD simulation results as
a bridge connecting experimental data and theoretical predic-
tions.

Although OTP is one of the simplest molecular systems
from an experimental side, it is rather a complicated system
for a theoretical treatment. Therefore, it is unavoidable to
deal with a simple model for OTP which is still efficient in
mimicking the complexity of the dynamical behavior of real
system. In this respect, Lewis and Wahnström(LW) [20]
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introduced a particularly useful three-site model, each site
playing the role of a whole phenyl ring, and this model will
be considered in this paper.

For the LW OTP model, static and dynamic properties in
supercooled states have been extensively studied based on
MD simulations[21–23]. In the present work, the simulation
results for the static structure factors serve as input to the
theory, and those for dynamics can be used in testing the
so-obtained theoretical results. Thereby, a stringent test of
MCT predictions against the simulation results can be per-
formed. Furthermore, by making connections between the
simulation results for LW OTP and experimental ones for
real system, the relevance of our theoretical results and their
interpretation in understanding experimental data can be es-
tablished.

A theoretical analysis for LW OTP has already been pre-
sented in Ref.[21] based on a simplified theory which is
essentially the same as the one for spherical particles. But,
since OTP is a molecular system, a full molecular approach
is desirable. Recently, MCT for spherical particles has been
extended to a theory for molecules. This has been done based
on the tensor- and site-density formulations. In the tensor-
density formulation, the density-fluctuation correlator is gen-
eralized to the one of infinite matrices of correlation func-
tions formed with tensor-density fluctuations[17–19,24–29].
However, the tensor-density formulation has the difficulty
that the resulting equations are so involved, and it is not
obvious whether those equations can be numerically solved
within the regime of glassy dynamics. To overcome this dif-
ficulty, it has been suggested to base MCT for molecular
systems on the site representation[30–34]. The fluctuations
of the interaction-site densities have been used as the basic
variables to describe the structure of the system. As a result,
the known scalar MCT equations for the density fluctuations
in simple systems have been generalized ton3n matrix
equations for the interaction-site-density fluctuations, where
n denotes the number of atoms(or sites) forming the mol-
ecule. Thus, relatively simple equations of motions can be
obtained within the site representation, and these MCT equa-
tions will be solved in the present work to discuss the struc-
tural relaxation in OTP.

The paper is organized as follows. In Sec. II, the LW OTP
model shall be introduced, and static as well as dynamic
quantities to be used in discussions of simulation and theo-
retical results are defined. In Sec. III, MD-simulation results
for LW OTP are summarized and possible connections to the
experimental results for real system are established. In Sec.
IV, after reviewing relevant MCT equations based on the site
representation, theoretical results are presented and com-
pared with the simulation results. The paper is summarized
in Sec. V with some concluding remarks.

II. MODEL

The LW OTP molecule designed by Lewis and
Wahnström[20] is a rigid isosceles triangle; the length of the
two short sides of the triangle is,=0.483 nm and the angle
between them isu=75°. Each of the three sites represents an
entire phenyl ring of massm<78 amu, and is described by a

Lennard-Jones(LJ) sphere whose interaction potential is
given by

Vsrd = 4efss/rd12 − ss/rd6g + A + Br, s1d

with e=5.276 kJ/mol,s=0.483 nm,A=0.461 kJ/mol, and
B=−0.313 kJ/smol nmd. Schematic representation of the
LW OTP molecule is presented in Fig. 1. The shape of the
molecule and the LJ parameters have been chosen to repro-
duce some bulk properties of the OTP molecule. The values
of A andB are selected in such a way that the potential and
its first derivative are zero at the cutoffrc=1.2616 nm
adopted in MD simulations. MD simulation results on the
thermodynamic and dynamic properties of LW OTP have
been reported in Refs.[20–23].

Discussions on the dynamics shall be done based on the
site-site density correlators

Fq
abstd = krqW

astd*rqW
bs0dl/N sa,b = 1,2,3d, s2d

and their derivatives to be defined below. HererqW
astd

=o j=1
N expfiqW ·rW j

astdg, with rW j
astd being the position vector of

sitea in j th molecule at timet, denotes the site-density fluc-
tuations,N the number of molecules in the system, andk¯l
canonical averaging for temperatureT. (As depicted in Fig.
1, we shall use the convention thata=1 refers to the central
site anda=2,3 to theadjacent sites.) Because of isotropy,
Fq

abstd depends only on the wave numberq= uqW u. The initial
values constitute the site-site static structure factors,Sq

ab

=Fq
abs0d, which provide the simplest information on the equi-

librium structure of the system.
We also introduce tagged-molecule correlators,Fq,s

abstd
=krqW,s

a std*rqW,s
b s0dl, in which rqW,s

a std=expfiqW ·rW s
astdg with rW s

astd
denoting the position vector of sitea in the tagged molecule
(labeleds) at time t. The initial value shall be denoted as

FIG. 1. Schematic representation of the three-site LW OTP mol-
ecule in the body-fixed molecularXY plane where the origin is
taken to be the geometrical center(GC), rW j

GC=s1/3doa=1
3 rW j

a, and the
Y axis is along the symmetry axis of the molecule. The diameter of
each site is taken from the LJ parameters=0.483 nm. The dotted
circle is drawn with the van der Waals radiusrW=0.37 nm[37] and
taking GC as the origin.
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wq
ab=Fq,s

abs0d. For a rigid molecule, it is given bywq
ab=d ab

+s1−d abd j0sqlabd, where j0sxd denotes the 0th-order spheri-
cal Bessel function andlab the distance between sitesa and
b.

Let us consider a more convenient representation of the
site-site density correlators which exploits theC2v symmetry
of the LW OTP molecule. For this purpose, we introduce the
following density correlators

Fq
Xstd = krqW

Xstd*rqW
Xs0dl/N for X = N, Z, and Q, s3d

defined in terms of the linear combinations

rqW
N = srqW

1 + rqW
2 + rqW

3d/Î3, rqW
Z = s2rqW

1 − rqW
2 − rqW

3d/Î6,

rqW
Q = srqW

2 − rqW
3d/Î2, s4d

of the site-density fluctuationsrqW
a sa=1,2,or 3d. One can

easily show thatFq
Xstd can be expressed in terms ofFq

abstd:
one finds, for example,Fq

Nstd=oa,b=1
3 Fq

abstd /3. Their normal-

ized correlators shall be denoted asfq
Xstd=Fq

Xstd /Sq
X with the

corresponding static structure factorSq
X =Fq

Xs0d. We also in-
troduce self-parts of these correlators, to be denoted as
Fq,s

X std, which are defined similarly in terms of the site-
density fluctuationsrqW,s

a of the tagged molecule. Normalized
tagged-molecule’s correlators shall be written asfq,s

X std
=Fq,s

X std /wq
X with wq

X =Fq,s
X s0d.

Due to theC2v symmetry of the LW OTP molecule, one
finds that density correlators involvingrqW

Q, krqW
Xstd*rqW

Ql /N, be-
come nonzero only for X=Q, and the nonzero correlator for
X=Q is identical to its self-part, i.e.,Fq

Qstd=Fq,s
Q std. Viewed

as a matrix, this means thatkrqW
Xstd*rqW

Yl /N (X,Y=N, Z, or Q)
can be represented as

1 Fq
Nstd Fq

NZstd 0

Fq
NZstd Fq

Zstd 0

0 0 Fq,s
Q std

2 , s5d

where the only cross correlation is given byFq
NZstd

=krqW
Nstd*rqW

Zl /N. Thus, the dynamics associated with the vari-
able Q is uncoupled from the one with N and Z, and is
strictly connected to the single-molecule dynamics.

Assuming the equal scattering lengths for all the constitu-
ent sites, the normalized correlatorfq

Nstd is directly related to
the cross section as measured in the coherent neutron scat-
tering. The functional forms offq

Zstd and fq
Qstd have been

chosen so that their small–wave number limits reduce to the
first-rank reorientational correlators[23], respectively, for the
directions associated with theY and X axes in Fig. 1. Dy-
namical features offq

Nstd based on MD simulations have
already been discussed in Refs.[21,23], and some results on
fq

Zstd andfq
Qstd in Ref. [23].

Two formulas shall be quoted here which are useful in
analyzing simulation results for correlators.(For simplicity,
we shall write down only those formulas forfq

Xstd, but simi-
lar ones hold for all the correlators introduced above.) The
correlatorfq

Xstd in supercooled states exhibits the two-step

relaxation: the relaxation toward the plateau, followed by the
final relaxation from the plateau to zero. The latter is referred
to as thea relaxation. The von Schweidler law as derived
from MCT including the next to leading order corrections
[35]

fq
Xstd = fq

Xc − hq
Xst/tdb + hq

Xs2dst/td2b + Ofst/td3bg, s6d

describes the departure from the plateau valuefq
Xc—also re-

ferred to as the critical nonergodicity parameter—in the early
a-relaxation region. Herehq

X andhq
Xs2d denote the critical and

correction amplitudes, respectively,b the von Schweidler ex-
ponent, andt the a-relaxation time. The exponentb is
uniquely related to the so-called exponent parameterl de-
fined in MCT [1]. Another formula, which is purely empiri-
cal and well adopted for fitting correlators in thea-relaxation
region, is the Kohlrausch law

fq
Xstd = Aq

Xexpf− st/tq
Xdbq

X
g, s7d

with the correlator-dependenta-relaxation timet q
X and the

stretching exponentbq
X. It is worthwhile to mention that, in

the large-q limit, the Kohlrausch law(7) can be derived from
MCT [36]. In particular, one gets limq→`bq

X =b irrespective
of the choice for X. Since the exponentb is uniquely related
to l, the Kohlrausch-law fit in the large-q regime thus pro-
vides a means to estimatel based on simulation results for
fq

Xstd.

III. SUMMARY OF SIMULATION RESULTS

In this section we summarize results of MD simulations
performed for LW OTP: more complete description of the
simulation results can be found in Refs.[21–23]. We also
present some additional results which have not been consid-
ered so far. At the final section, we discuss that the simula-
tion results for LW OTP share many features with experi-
mental data for real system.

A. Static structure factors

We first briefly review the main features of the static
structure factors, which turn out to be important in under-
standing simulation results for dynamics. These static struc-
ture factors are also to be used as input in theoretical calcu-
lations presented in Sec. IV.

Representative MD simulation results for the static struc-
ture factors in a supercooled state are presented in Figs.
2(a) and 2(b). We show in Fig. 2(a) the static structure factor
Sq

N and the geometrical-center(GC) static structure factor

Sq
GC. The latter is defined bySq

GC=o j ,lke−iqW·srW j
GC−rW l

GCdl /N with

rW j
GC denoting the GC positionrW j

GC=s1/3doa=1
3 rW j

a of the LW
OTP molecule. The GC position actually coincides with the
center-of-mass position, but we prefer to use the term “GC”
because of the reason discussed in Ref.[23]. Sq

N has a main
peak atq=qmaxs<14.5 nm−1d, which is compatible with the
inverse of the LJ diameters=0.483 nm of a site in the sense
that qmaxs<7. On the other hand,Sq

GC has a peak atq
=qGCs<9 nm−1d which can be related to the inverse of the
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van der Waals radiusrW=0.37 nm for OTP molecule[37]
sinceqGCs2rWd<7, i.e., it is connected to the overall size of
the molecule(cf. Fig. 1).

Figure 2(b) exhibits the static structure factorSq
Z and the

cross correlationSq
NZ=Fq

NZs0d. Also added in this figure are

their self-parts,wq
Z andwq

NZ. One recognizes thatSq
Z andwq

Z

are nearly the same. It is also seen thatSq
NZ<wq

NZ holds to a
reasonable extent and that the magnitude of the cross corre-
lation is rather small. This means that, within the description
based on the site-site static structure factors, the representa-
tion (5) for t=0 is nearly diagonal, in which essentially only
Sq

N is associated with the intermolecular correlation.
The peak atq=qGC in Sq

GC also reflects intermolecular
static correlations in the system. However, as discussed in
Ref. [21] and reproduced in the inset of Fig. 2(a), the most
pronounced temperature dependence in the static structure
factors shows up atq=qmax in Sq

N, whereas the peak atq
=qGC in Sq

GC is nearly temperature independent. Thus, for
LW OTP, the slowing down of the dynamics upon lowering
T is connected with the intermolecular correlation manifested
as the main peak inSq

N (the cage effect).
In the present work, we shall primarily be interested in the

collective dynamics arising from intermolecular correlations.

As noted in connection with Eq.(5), the correlatorfq
Qstd is

strictly connected to the single-molecule dynamics,fq
Qstd

=fq,s
Q std. Furthermore,Sq

Z<wq
Z and Sq

NZ<wq
NZ<0 shown in

Fig. 2(b) imply that also the correlatorfq
Zstd approximately

reflects the single-molecule dynamics only, i.e.,fq
Zstd

<fq,s
Z std. Indeed, we confirmed both from simulation and

theoretical results that such approximation holds to a very
good extent for the whole time region. We shall therefore not
consider the correlatorsfq

Zstd and fq
Qstd any more in the

following.

B. Density dependence ofTc and l

Simulation results for the MCT critical temperatureTc
and the exponent parameterl are often determined from the
fit of the diffusion constantsD according to the MCT
asymptotic power law[1]

DsTd ~ sT − Tcdg, s8d

where the exponentg is uniquely related tol. Such a fit has
been performed in Ref.[22] for various densities, and circles
in Figs. 3(a) and 3(b) denote the resultingTc and l as a
function of the densityr. The critical temperatureTc in-

FIG. 2. MD simulation results for the static structure factors at
r=2.71 molecules/nm3 and T=190 K. (a) Solid and dashed lines,
respectively, denote the static structure factorSq

N and the
geometrical-center static structure factorSq

GC. In this and the fol-
lowing figures, the arrows indicate the peak positionsqmax

s<14.5 nm−1d in Sq
N andqGCs<9 nm−1d in Sq

GC. The inset exhibits
the temperature dependence of the peak heights forSq

N (filled
circles, left scale) andSq

GC (open squares, right scale). (b) Solid and
dashed lines, respectively, denote the static structure factorsSq

Z and
Sq

NZ. Dotted lines refer to their self-parts,wq
Z andwq

NZ.

FIG. 3. MD simulation results for(a) the MCT critical tempera-
tureTc and(b) the exponent parameterl as a function of densityr.
Circles in(a) and(b) denoteTc andl as determined from the fit of
the diffusion constantsD according to Eq.(8). In (b), squares refer
to l based on the exponentb, which is determined from the large-
q behavior of the Kohlrausch stretching exponents limq→`bq

N=b for
the density correlatorsfq

Nstd. In both (a) and(b), lines are guide to
the eyes.
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creases with increasingr. The exponent parameterl seems
to increase with increasingr, but the statistical errors in
simulations do not allow one to rule out the possibility of a
constant value(see below). We also note that an unbiased
three-parameter fit based on Eq.(8) suffers from correlations
between the fit parametersTc andg [14]. It also suffers from
the identification of a fittingT range bounded below fromTc
and above from theT at which correlation functions start to
obey the time-temperature superposition. We note in passing
that deviation from the MCT behavior forT,Tc has been
discussed for the LW-OTP model in Ref.[22].

Often, ther dependence ofTc can be condensed into an
effective coupling parameter

G ~ rT −1/4. s9d

This is the only relevant parameter for specifying the ther-
modynamic state of soft-sphere systems whose repulsive in-
teraction is proportional tor−12 [38]. Indeed, in the case of
binary mixture of soft spheres, it was found from computer
simulations that the ideal glass transition occurs at a constant
value,G=Gc [39,40]. Although Eq.(9) is valid only for the
r−12 soft-sphere system, a computer-simulation study for a
model of polymer at different pressures[41] indicate that,
also for LJ systems, the MCT critical point might be de-
scribed well in terms of the effective coupling parameter. For
LW OTP, we find from ther dependence ofTc shown in Fig.
3(a) that Gc=1.57±0.05, where the prefactor in Eq.(9) has
been chosen to besG

3eG
1/4 with sG=0.76 nm andeG=600 K as

in Ref. [11] for later comparison with experimental result.
Thus, to a reasonable extent, the parameterG for LW OTP is
also found to be nearly constant at the MCT critical point.

Concerning ther dependence of the exponent parameter
l shown in Fig. 3(b), we note that a different value forl is
occasionally obtained from some other analysis of simulation
results. For example, one gets another estimate forl from
the Kohlrausch-law fit of some density correlators as de-
scribed just after Eq.(7). l obtained in this way, based on the
Kohlrausch-law fit of the correlatorsfq

Nstd, are also included
as squares in Fig. 3(b), which are nearlyr independent.(We
confirmed that the stretching exponents in the large-q regime
do not depend on the choice of correlators.) The difference
between circles and squares in Fig. 3(b) can be considered as
a sort of error bars in determiningl based on the simulation
results, but we already note here that the insensitivity ofl to
density is consistent with the experimental and theoretical
results to be described below.

C. Critical nonergodicity parameters and critical amplitudes

Figures 4(a) and 4(b) show theq dependence of the criti-
cal nonergodicity parametersfq

Nc and the critical amplitudes
hq

N of the correlatorsfq
Nstd based on the fit according to Eq.

(6) for three representative densities,r=2.71, 2.83, and
2.97 molecules/nm3. The fit of fq

Nstd according to Eq.(6)
has been performed by constraining the exponentb to the
value specified byl, the latter being taken from the squares
in Fig. 3(b), and by regardingfq

Nc, hq
N/t b, andhq

Ns2d /t 2b as

fitting parameters. Thus,hq
N andhq

Ns2d can be determined only
up to q-independent multiplicative factors, and this is why

hq
N shown in Fig. 4(b) are given in arbitrary units.(Hence,

one cannot directly compare the amplitude but only the wave
vector dependence inhq

N for different densities.)
For q*qmax (<14.5 nm−1 for all the densities consid-

ered), fq
Nc for the three densities are very similar to each

other. Forq,qmax, on the other hand,fq
Nc is higher for lower

density, and this holds in particular around the intermediate
wave numberqGCs<9 nm−1d: whereasfq

Nc atq<qGC exhibits
only a shoulder for the highest densityr=2.97
molecules/nm3, a well-developed peak is discernible for the
lowest densityr=2.71 molecules/nm3.

The results forhq
N shown in Fig. 4(b) are somewhat noisy

compared tofq
Nc. Concerning theq dependence, we note that

there are two minima inhq
N located atq<qGC andqmax. As

will be mentioned in Sec. III D, this is consistent with the
existence of the peaks infq

Nc around these two wave num-
bers. Furthermore, the minimum inhq

N at q<qGC is more
pronounced for lower density in the sense thathqmax

N /hqGC

N is
larger for lowerr, and this is also consistent with the found
density dependence offq

Nc around this wave number.

D. Unusual feature in the wave number dependence

All parameters describing density correlations exhibit a
characteristic wave number dependence reflecting that of the
underlying static structure factor. As found in Ref.[21] and

FIG. 4. MD simulation results for(a) the critical nonergodicity
parametersfq

Nc and (b) the critical amplitudeshq
N of the correlators

fq
Nstd as determined from the fit according to Eq.(6) for three

densities r=2.71 (solid lines), 2.83 (dashed lines), and
2.97 molecules/nm3 (dotted lines). hq

N are in arbitrary units.
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also discussed in more detail in Ref.[23], however, the dy-
namics in LW OTP exhibits an unusual wave number depen-
dence of the critical nonergodicity parameters and the
a-relaxation times of the correlatorsfq

Nstd at intermediate
wave numbersq<qGC. Before embarking on the unusual
feature, let us first consider a “usual” case as a reference.

We show in Figs. 5(a) and 5(b) the critical nonergodicity
parametersf q

c, the critical amplitudeshq, the a-relaxation
timestq, and the Kohlrausch stretching exponentsbq of nor-
malized density correlatorsfqstd for the hard-sphere system
as determined by solving the MCT equations for simple sys-
tems [1,42]. tq and bq have been obtained from the fit ac-
cording to Eq.(7) of thea-master curve forfqstd. The static
structure factor used is evaluated within the Percus-Yevick
approximation[38], and the one at the critical point is in-
cluded in Fig. 5(a). A strong correlation in theq dependence
of these quantities can clearly be observed for the whole
wave number regime:fq

c, 1 /hq, tq, andbq oscillate in phase
with Sq, and this holds in particular around the first sharp
diffraction peak,qd<7 with d denoting the hard-sphere di-
ameter. A theoretical explanation of such correlation has al-
ready been documented[29,35], and shall not be repeated
here. Such “usual” results have been observed in simulation
studies for LJ binary mixture[43], silica [44], and water

[45], and also in experimental results reviewed in Ref.[46].
The result found in the simulation study for LW OTP is

unusual in that such a correlation is violated at intermediate
wave numbersq<qGC. This is summarized in Figs. 6(a) and
6(b) for the densityr=2.71 molecules/nm3. A related figure
for r=2.83 molecules/nm3 can be found in Ref.[23]. One
recognizes from Figs. 6(a) and 6(b) that fq

Nc, 1 /hq
N, andt q

N of
the correlatorfq

Nstd exhibit an additional peak atq<qGC

which does not exist in the corresponding static structure
factor Sq

N. A signature of such a peak inbq
N is also discern-

ible, but a definitive conclusion cannot be drawn since the
results forbq

N are rather noisy. As already noted in connec-
tion with Figs. 4(a) and 4(b), this unusual feature is found to
be more pronounced for lower density. It was suggested in
Refs. [21,23] that the unusual feature is caused by the cou-
pling of the rotational motion to the GC motion. This follows
from the fact that the GC static structure factorSq

GC has a
peak atq=qGC as shown in Fig. 2(a).

To understand what is really the unusual feature, espe-
cially concerningfq

Nc shown in Fig. 6(a), we go back to the
original site-site density correlatorsFq

abstd. Let us recall that
fq

Nstd=Fq
Nstd /Sq

N with Fq
Nstd=oa,b=1

3 Fq
abstd /3 and Sq

N

=oa,b=1
3 Sq

ab/3. Critical nonergodicity parametersFq
ab c of the

correlatorsFq
abstd, obtained similarly from the fit according

FIG. 5. MCT results for the wave number dependence of vari-
ous quantities for the hard-sphere system as a function ofqd with d
denoting the hard-sphere diameter.(a) Solid and dashed lines, re-
spectively, denote the critical nonergodicity parametersf q

c and the
critical amplitudeshq for normalized density correlatorsfqstd. Dot-
ted line refers to the Percus-Yevick static structure factorSq, mul-
tiplied by a factor of 0.08 for ease of comparison, at the critical
point. (b) Solid and dashed lines, respectively, denote the
a-relaxation timestq and the stretching exponentsbq obtained from
the fit according to Eq.(7) of thea-master curve forfqstd. tq are in
arbitrary units.

FIG. 6. MD simulation results for the wave number dependence
of various quantities for LW OTP atr=2.71 molecules/nm3. (a)
Solid and dashed lines, respectively, denote the critical nonergodic-
ity parametersfq

Nc and the critical amplitudeshq
N for the correlators

fq
Nstd. hq

N are in arbitrary units. Dotted line refers to the static struc-
ture factorSq

N, multiplied by a factor of 0.08 for ease of comparison,
at T=190 K (cf. Tc<172 K for this density, see Fig. 3). (b) Solid
and dashed lines, respectively, denote thea-relaxation timestq and
the stretching exponentsbq obtained from the fit according to Eq.
(7) of the correlatorsfq

Nstd at T=190 K.
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to Eq. (6), and the site-site static structure factorsSq
ab are

shown in Figs. 7(a) and 7(b), respectively.(Only the inde-
pendent components inFq

ab c and Sq
ab are shown. The inde-

pendent components, e.g., in the total nineSq
ab, areSq

11, Sq
12,

Sq
22, andSq

23 due to the symmetrySq
ab=Sq

ba as well as theC2v
symmetry of the LW OTP molecule.) It is seen from the
comparison of Figs. 7(a) and 7(b) that the results for LW
OTP are usual in the sense that theq dependence ofFq

ab c

correlates well with that ofSq
ab in the whole wave number

regime includingq<qGC. We also note that these quantities
take positive and negative values atq<qGC. The unusual
feature concerningfq

Nc shows up only after summing up the
site-siteFq

ab c and Sq
ab to obtainFq

Nc and Sq
N. One observes

that positive and negative components inSq
ab almost cancel

out after taking the summation, which results in small and
flat Sq

N at q<qGC as shown in Fig. 6(a). On the other hand,
such a cancellation does not occur in the summation of the
componentsFq

ab c, and this causes the unusual peak inFq
Nc,

and hence infq
Nc=Fq

Nc/Sq
N, at q<qGC. Thus, the mentioned

unusual feature reflects purely dynamical effects, since it can
be observed only in such dynamical quantities asfq

Nc, 1 /hq
N,

andt q
N.

E. Comparison with experimental results

Since the LW OTP model is a very simplified one, one
might think that a straightforward comparison of the MD
simulation results with experimental data is not feasible.
However, we discuss in the following that the simulation
results for LW OTP share many features with experimental
ones. Since we are interested in theq dependence of collec-
tive dynamical quantities, especially in the vicinity ofqGC
and qmax, we shall be mostly concerned with coherent
neutron-scattering results. A review of neutron-scattering
studies of OTP is presented in Ref.[5], and the experimental
results to be presented below can be found in this article and
references cited therein.

Let us first consider the static structure factorSq
exp from

coherent neutron scattering for fully deuterated OTP, which
is given as a weighted sum of atomic correlations,Sq

exp

~oa,bbabbSq
ab. Here a and b refer to deuteron and carbon

atoms,ba the scattering length, andSq
ab the partial structure

factors.(Greek charactersa and b are used here to distin-
guish them from Roman charactersa andb which have been
adopted to label sites in the LW OTP molecule. Also, quan-
tities as determined from experiments shall be distinguished
with the superscript “exp.”) It has been observed that, in
contrast to atomic systems, the main peak ofSq

exp is split into
two maxima at aboutq=14 and 19 nm−1 [4]. Also, a shallow
shoulder is discernible inSq

exp aroundq=9 nm−1. It was con-
jectured that the peak atq<19 nm−1 is built up mainly by
intramolecular correlations within phenyl rings, while the
maximum atq<14 nm−1 is associated with intermolecular
correlations between phenyl rings. The shoulder atq
<9 nm−1 was interpreted as being due to correlations be-
tween molecular centers of mass since its position is com-
patible with the inverse of the van der Waals radiusrW
=0.37 nm[37].

This picture forSq
exp is consistent with the simulation re-

sults forSq
N andSq

GC shown in Fig. 2(a). Since each site of the
LW OTP molecule represents an entire phenyl ring, the peak
at qmax<14.5 nm−1 in Sq

N corresponds to the first main peak
in Sq

exp. No second peak aroundq<19 nm−1 can be observed
in Sq

N since the internal structure within a phenyl ring is
completely discarded in the LW OTP model. The peak at
qGC<9 nm−1 in Sq

GC is related to the shoulder inSq
exp, al-

though this is not reflected inSq
N. As discussed in connection

with Fig. 7(b), the disappearance of any shoulder or peak at
q<qGC in Sq

N is due to the cancellation of the constituent
site-site correlation functionsSq

ab, which do exhibit(positive
and negative) peaks around this wave number. Such an al-
most perfect cancellation might not occur inSq

exp, due to
more complicated nature of the constituent atomic correla-
tions Sq

ab in real system. Indeed, this conjecture is supported
by MD-simulation studies for more realistic OTP models
[47,48], where a shoulder atq<9 nm−1 is discernible in the
static structure factor which corresponds toSq

exp.
It has been discussed for a liquid of linear molecules that

orientational correlations can lead to a prepeak at lowq [49].
By calculating the corresponding static orientational correla-
tion functions, we confirmed that there is no prominent peak

FIG. 7. MD simulation results for the site-site critical nonergo-
dicity parametersFq

ab c and the site-site static structure factorsSq
ab

for the densityr=2.71 molecules/nm3. (a) Fq
11 c (solid line), Fq

12 c

(dotted line), Fq
22 c (dashed line), andFq

23 c (long-dashed line). (b)

Sq
11 (solid line), Sq

12 (dotted line), Sq
22 (dashed line), andSq

23 (long-
dashed line) at T=190 K.
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at qGC<9 nm−1 in these functions for LW OTP. Therefore,
we do not think the shoulder atq<9 nm−1 as observed in
Sq

exp reflects the orientational correlations of the kind dis-
cussed in Ref.[49], and this is consistent with the picture
that the shoulder stems from the correlations between the
molecular centers of mass.

We next compare the simulation and experimental results
for the r dependence ofTc andl. It has been shown in Ref.
[11] from an analysis of incoherent density correlators at
various pressures that ther dependence ofTc can be com-
bined to the effective coupling parameter given in Eq.(9).
This observation is in agreement with the simulation result
for LW OTP. Furthermore, using the same prefactor as de-
scribed just after Eq.(9), the experimental valueGc

exp

<1.498±0.004 characterizing the MCT critical point is
rather close toGc<1.57±0.05 found for LW OTP. A smaller
error bar inGc

exp might be due to a narrower density range
investigated in the experiment. Concerningl, its insensitiv-
ity to density has been demonstrated with the experimental
valuelexp<0.77. This is in accord with the simulation result
shown as squares in Fig. 3(b), including the value forl.

Coherent as well as incoherent neutron-scattering results
for density correlators in supercooled states exhibit two-step
relaxation in agreement with the prediction of MCT. The
wave number dependence of various quantities characteriz-
ing such glassy dynamics has been determined from fits of
those density correlators according to MCT asymptotic for-
mulas or to the Kohlrausch law, like we did for simulation
results. It was observed that the critical nonergodicity param-
etersf q

exp c of coherent density correlators oscillate in phase
with Sq

exp, with the two peaks aroundqGC andqmax [4]. The
critical amplitudeshq

exp were found to oscillate in antiphase
with Sq

exp, with the existence of two minima atq<qGC and
qmax. These trends are in agreement with the simulation re-
sults forfq

Nstd shown in Fig. 6(a).
Let us now consider theq dependence of the relaxation

times and the stretching exponents of coherent density cor-
relators in thea-relaxation regime. Some reservation is nec-
essary in the experimental results for smallq due to the
presence of incoherent background and to contributions from
multiple scattering. Therefore, the experimentala-relaxation
times t q

exp show a tendency to increase for decreasingq.
Nevertheless, on top of such background, it was observed
thatt q

exp exhibit two plateaus aroundqGC andqmax [12]. This
is a signature of the characteristicq dependence as found in
t q

N for LW OTP shown in Fig. 6(b). Concerning the stretch-
ing exponentsb q

exp, a systematic variation in phase withSq
exp

was observed, especially in the vicinity ofqmax [12], al-
though a definitive conclusion cannot be drawn forq<qGC
due to the noise in the experimental results. Thus, the overall
q dependence oft q

exp andb q
exp is in accord with the one for

LW OTP shown in Fig. 6(b), and even a signature of the
unusual peak atq<qGC as discussed for LW OTP can be
observed int q

exp.
A natural question arises as to whether the peaks atq

<qGC found in the experimental results forf q
exp c, 1 /hq

exp,
and t q

exp can really be considered as unusual. This is be-
cause, in contrast toSq

N for LW OTP, the experimental static
structure factorSq

exp exhibits a shoulder, though tiny, in this

wave number regime. However, it is rather surprising that
such a tiny shoulder inSq

exp is related to a pronounced wave
number variation of those dynamical quantities, and it seems
worthwhile to pay special attention to dynamical features
aroundqGC. Therefore, we consider that a further investiga-
tion for the unusual features in LW OTP is valuable and
might also be relevant in understanding the experimental re-
sults.

IV. THEORETICAL RESULTS

In this section, results for dynamical quantities calculated
from MCT based on the site representation are presented,
and are compared with those from the MD simulations. In
particular, we examine whether the unusual feature at inter-
mediate wave numbers discussed in Sec. III D can be ac-
counted for by the theory. Since the unusual feature is found
to be more pronounced for lower density, most of the theo-
retical calculations shall be done for the lowest densityr
=2.71 molecules/nm3 studied in the MD simulations.

A. MCT equations based on the site representation

Within the site representation for molecules, the dynamics
of the system is most naturally characterized by the site-site
density correlatorsFq

abstd defined fora,b=1, . . . ,n, wheren
denotes the number of sites in a molecule. The MCT equa-
tions for Fq

abstd consist of an exact Zwanzig-Mori equation
and an approximate expression for the relaxation kernel,
which are given in Ref.[33]. RegardingFq

abstd as elements of
ann3n matrix Fqstd, the Zwanzig-Mori equation is given by

]t
2Fqstd + Vq

2Fqstd + Vq
2E

0

t

dt8mqst − t8d]t8Fqst8d = 0,

s10ad

whereVq
2 denotes the characteristic frequency matrix

Vq
2 = q2JqSq

−1, s10bd

with Sq
−1 representing the inverse matrix ofSq. Jq

ab denote the
site-site static(longitudinal) current correlation functions,
whose explicit expressions for molecules possessing theC2v
symmetry(like LW OTP and water) in terms of molecule’s
inertia parameters can be found in Ref.[50]. The MCT ex-
pression for the relaxation kernel reads

mqstd = SqFqfFstdg, s11ad

where the mode-coupling functionalFq is given by the equi-
librium quantities:

Fq
abff̃g =

1

2 o
l,m,l8,m8

E dkWVlml8m8
ab sqW ;kW,pWd f̃ k

lm f̃ p
l8m8,

s11bd
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V lml8m8
ab sqW ;kW,pWd =

r

s2pd3hqW · fd al8kWck
al + d alpWcp

al8gj

3hqW · fd bm8kWck
bm + d bmpWcp

bm8gj/q4, s11cd

with pW =qW −kW. (We have used here a slightly different conven-
tion for writing the mode-coupling functional from the one
adopted in Ref.[33] to simplify some equations which fol-
low.) Here, the direct correlation function is defined via the
site-site Ornstein-Zernike equation[38], rcq

ab=fwq
−1gab

−fSq
−1gab. Equations(10a), (10b), and (11a)–(11c) constitute

a set of closed equations of motion for determiningFqstd,
provided the static structure factorsSq

ab are known. In the
present work,Sq

ab determined from MD simulations shall be
used.

The matrix of long-time limits(or the nonergodicity pa-
rameters), Fq=Fqst→`d, obeys the implicit equation defined
by the mode-coupling functionalFq,

FqfSq − Fqg−1 = SqFqfFg. s12d

This equation can be derived from Eqs.(10a) and (11a) by
taking the t→` limit. From an iterative procedureFq

s j+1d

3fSq−Fq
s j+1dg−1=SqFqfFs jdg starting with Fq

s0d=Sq, one ob-

tains a solution of Eq.(12) asFq=lim j→`Fq
s jd [33]. One gets

trivial solutions Fq=0 for T.Tc, whereas nontrivial solu-
tions Fqs0 can be obtained forTøTc. Here, and in the
following, we mean byFqs0 (or Fq

abs0) that the matrixFq
is positive definite. Thus, one obtainsTc as the highest tem-
perature at which there holdsFqs0, and the solution at this
critical point provides the critical nonergodicity parameters
Fq

c.
The convergence of the iterative procedure for Eq.(12) is

ruled by the spectral radius of a stability matrix, which can
be defined from the mode-coupling functionalFq as in the
case of simple systems[1] and is given by

Cqk
aba8b8 = o

p
o

l,m,l8,m8

Vll8mm8;qkp
ab fSk − Fkgla8fSk − Fkgmb8Fp

l8m8.

s13d

In deriving this expression from Eq.(11b), the wave vector
integrals are converted into discrete sums by introducing
some upper cutoff and using a grid ofM equally spaced
values for the wave numbers. Thus, the wave number(q, k,
and p) can now be considered as a label for an array ofM

values. Correspondingly, the coefficientsV lml8m8
ab sqW ;kW ,pWd in

Eq. (11b) are expressed asV ll8mm8;qkp
ab in Eq. (13). The de-

tails of the transformation of the mode-coupling functional to
a polynomial in the discretized variables can be found in Ref.
[35].

For the notational simplicity, we introduce new indicesi
=sq,a,bd and j =sk,a8 ,b8d using the so-called dictionary or-
der, which run from 1 toMn2. Then, the stability matrix
given in Eq.(13) is simply denoted asCij . Unlike the case of
simple systems for which the stability matrix is given by
positive matrix[1], each element ofCij can take positive and
negative values. However,Cij can be considered as a gener-

alized positive matrix in the sense that it transforms a posi-
tive definite matrix into another one: ifxi s0 (meaningxq

ab

s0), theno jCijxj s0 andoixiCij s0. Such matrixCij has a
nondegenerate maximum eigenvalueEø1, and the corre-
sponding rightseid and leftsêid eigenvectors can be chosen as
ei s0 andêi s0 [51]. The MCT critical point is characterized
by Ec=1. Let ei and êi specifically denote the right and left
eigenvectors, respectively, of the stability matrixCij

c at the
critical point: o jCij

cej =ei, oiêiCij
c = êj. The eigenvectors are

fixed uniquely by requiringoi êiei =1 and oiêifesS−Fcdegi

=1. These eigenvectors can be used to evaluate the critical
amplitudes

Hq = fSq − Fq
cgeqfSq − Fq

cg, s14d

and the exponent parameterl

l = o
q

o
a,b

êq
abFq

abfHg. s15d

The above formulation for molecular systems is essentially
the same as the one for simple systems, the only difference
being the appearance of matrices in place of scalar quantities.
It is then obvious that all the universal results concerning the
MCT-liquid-glass-transition dynamics, as originally derived
for simple systems[1], are valid also for MCT for molecular
systems with such replacement of scalar quantities with ma-
trices.

Since the LW OTP molecule consists of three sites, a
natural choice would ben=3, and the MCT equations(10a),
(10b), and (11a)–(11c) for this model are given by 333
matrix equations. On the other hand, the analysis of the
simulation results presented in Sec. III D concerning the un-
usual feature at intermediateq<qGC suggests the importance
of taking into account the spatial correlation of GC through
the static structure factorSq

GC. This implies that, in account-
ing for the unusual feature atq<qGC, it might be necessary
to include GC as the additional 4th site in the theoretical
calculations. This leads to another formulation for LW OTP
based on 434-matrix site-site density correlatorsFq

abstd, for
which the MCT equations(10a), (10b), and (11a)–(11c) are
given by 434 matrix equations. The required static inputs
Sq

ab for a,b=1, . . . ,4 in the new formulation can also be de-
termined from MD simulations. By comparing theoretical
results with and without including GC, one can judge
whether the unusual feature at the intermediate wave num-
bersq<qGC discussed in Sec. III D stems from the coupling
to the GC dynamics or not.

One might think that the inclusion of GC as an additional
site is anad hocprocedure, which is motivated in view of the
simulation results. This kind of problem can occur in the
site-density formulation since the site-density fluctuationsrqW

a

defined forfinite number of sites do not provide a complete
set of variables describing the dynamics of molecules. This is
in contrast to the tensor-density fluctuations as adopted in
Refs. [17–19,24–29], which do provide a complete set of
variables for molecules and also naturally incorporate the
GC correlation. However, as mentioned in Sec. III A, the
most important density fluctuations relevant for the structural
slowing down manifest themselves as the main peak atq
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=qmax in Sq
N (the cage effect). Such correlations are incorpo-

rated in the site-density formulation even with the natural
choice for the number of sites(n=3 for LW OTP). Indeed, it
will be shown below that the MCT equations withn=3 can
describe the basic feature of the simulation results, and this
formulation is already useful. Our attitude here to include
GC as an additional site(resulting inn=4) is only for the
investigation of the dynamical features atq<qGC. In fact, we
will see that the inclusion of GC does not alter significantly
the results for the wave numbers other thanq<qGC.

B. Density dependence ofTc and l

Figures 8(a) and 8(b), respectively, show the theoretical
results forTc andl as a function of the densityr, along with
the corresponding simulation results to be denoted asTc

MD

andlMD from here on in this section. It is seen from Fig. 8(a)
that both of the theoreticalTc, with and without including
GC, exhibit qualitatively the same density dependence as
that ofTc

MD. Concerningl shown in Fig. 8(b), the theoretical
results with and without including GC are practically the
same, and are nearly independent ofr. The latter feature is in
accord with the simulation result shown as squares in Fig.
8(b). The agreement between the theoretical and simulation
results for the value ofl is reasonable in view of the error
bars in estimatinglMD as discussed in connection with Fig.
3(b).

The theoreticalTc with including GC is in better agree-
ment withTc

MD, but is still located considerably belowTc
MD at

all the densities investigated. One might think that the dis-
crepancy between the theoreticalTc andTc

MD is much larger
than the one known for the hard-sphere system(HSS): MCT
for HSS yields the critical packing fractionwc which differs
only about 7% from the experimental valuewc

exp for hard-
sphere colloids[14], for which HSS is known to serve as a
good model.(The previous estimate of the difference be-
tween the theoreticalwc and the experimentalwc

exp was about
15% [1], but a recent analysis performed in Ref.[14] indi-
cates that half of this error is due to the use of the Percus-
Yevick static structure factor as input instead of simulated
one.) However, we argue in the following that the discrep-
ancy between the theoreticalTc andTc

MD for LW OTP is of
comparable size to the one for HSS.

To this end, we note that ther dependence ofTc
MD could

be condensed into a nearly constant effective coupling pa-
rameterGc

MD =1.57±0.05(cf. Sec. III B). We found that, to a
reasonable extent, this holds also for the theoretical results:
from the r dependence of the theoreticalTc, one getsGc
=1.77±0.07 and 1.9±0.1 with and without including GC,
respectively. Thus, in terms of the critical effective coupling
parameterGc, the discrepancies between the theoretical and
simulation results are only within 13% and 20% with and
without including GC, and are of comparable size to the
discrepancy found for HSS. A similar analysis has been done
for binary mixture of LJ particles(BMLJ) [15], for which it
was discussed that the difference betweenTc=0.922 from
MCT and Tc

MD =0.435 from the MD simulation is compa-
rables<20%d to the one for HSS when quantified in terms of
the effective coupling parameter. We thus conclude that our
theoretical estimate ofTc for LW OTP is within the compa-
rable error bar as the one for HSS and BMLJ.

However, we note that our theoretical results exhibit an
unconventional feature in thatTc is underestimatedcom-
pared toTc

MD. This is in contrast to all previous MCT calcu-
lations, where MCT is found to overestimateTc (or underes-
timate wc when the packing fraction is concerned): e.g.,wc

=0.546,wc
exp<0.58 for HSS [14], and Tc=0.922.Tc

MD

=0.435 for BMLJ[15]. In particular, this is also in contrast
to MCT results for molecules based on the tensor-density
formulation [17–19]. Concerning this problem, we note that
including the triple direct correlation functionc3 was found
to move upTc for LW OTP more than by a factor of 2[21].
Although the finding in Ref.[21] is based on the simplified
scalar MCT equations dealing with the correlatorsfq

Nstd
only, we expect that the inclusion ofc3 would significantly
move upTc shown in Fig. 8(a) and would lead toTc.Tc

MD in
agreement with the previous MCT studies.

Such theoretical calculations with includingc3, however,
shall not be performed in the present work. This is basically
because an accurate evaluation ofc3 from MD simulations is
quite a demanding task. Furthermore, it was also found in
Ref. [21] for LW OTP that includingc3 does not significantly
alter theoretical results other thanTc, and we consider that
MCT without c3 captures the essential physics in the dynam-
ics of supercooled LW OTP. Indeed, as we will see below,
our MCT results without the use ofc3 are in semiquantitative
agreement with the simulation results.

FIG. 8. Same as in Fig. 3, but here theoretical results are in-
cluded as well. In both(a) and (b), MCT results with and without
including GC are denoted as filled diamonds(connected with thick
solid line) and filled triangles(connected with thick dashed line),
respectively.

S.-H. CHONG AND F. SCIORTINO PHYSICAL REVIEW E69, 051202(2004)

051202-10



C. Critical nonergodicity parameters and critical amplitudes

Figures 9(a) and 9(b) compare the theoretical and MD
simulation results for the critical nonergodicity parameters
fq
Nc and the critical amplitudeshq

N of the correlatorsfq
Nstd,

respectively. In both of these figures, solid and dashed lines,
respectively, refer to the MCT results with and without in-
cluding GC, while circles denote the simulation results.

Concerningfq
Nc shown in Fig. 9(a), it is seen that, even

without including GC, theq dependence of the simulation
result is well reproduced by the theory, especially for wave
numbersq*qmax. However, the theory without GC fails to
reproduce the peak infq

Nc at q<qGC found in the simulation
result. This peak is reproduced by the theory which includes
GC, although its magnitude is underestimated. Furthermore,
the overall agreement with the simulation result becomes
better also forq*qmax by including GC.

Also for hq
N exhibited in Fig. 9(b), the overallq depen-

dence of the simulation result is well reproduced even by the
theory without GC. On the other hand, the minimum inhq

N at
q<qGC found in the simulation result is accounted for only
by the theory which includes GC. The found improvement in
the theoretical results forfq

Nc and hq
N at q<qGC, which is

achieved by including GC, supports the idea that the unusual
wave number dependence discussed in Sec. III D is basically

due to the coupling to the GC dynamics. A further support
shall be discussed in Sec. IV D from the analysis of the
a-relaxation times.

D. Dynamics in the a-relaxation region

As discussed in Ref.[23] for LW OTP based on the MD
simulation, the most faithful tests of MCT concerning the
dynamics should be performed in thea-relaxation part start-
ing from the plateau regime. This is because the approach
toward the plateau, for which MCT predicts an asymptotic
power-law ,t−as0,a,0.5d [1], was found to be almost
completely masked by the microscopic dynamics. In view of
this, tests of the theoretical results for density correlators
shall be done in terms of MCTa-master curves. Of particu-
lar relevance here is the MCT second scaling law—also re-
ferred to as the superposition principle—which states that
correlators in thea-relaxation region for different tempera-
tures can be superposed on top of each other simply by res-
caling the time scale:

fq
Xstd = f̃q

Xst/t q
Xd. s16d

Here f̃q
Xst̃d denotes thea-master function.

In the strict test of the MCT second scaling law, on the
other hand, one cannot freely choose the scalet q

X, which can
depend on the choice of the variable X as well as on the
wave numberq. According to MCT, there exists a single
time scale, sayt, characterizing thea relaxation of all the
correlators[1]. Thus, instead of Eq.(16), one actually has for
the MCT second scaling law

fq
Xstd = f̃q

Xst/td. s17d

The MCT a-master functionf̃q
Xst̃ d can be evaluated from

the MCT equations atT=Tc up to an overall time scale, with
the initial behavior given by the von Schweidler law, Eq.(6)
[1].

The mentioned second scaling law of MCT implies that
the test of the MCTa-master functions against simulation
results for density correlators should be done by adjusting
the single time scalet only. Such test is performed in Fig. 10
for the correlatorsfq

Nstd at three wave numbersq=13.1,
20.0, and 30.0 nm−1, which are close to the first peak, the
first minimum, and the second minimum inSq

N, respectively
(cf. Fig. 2). In Fig. 10, circles refer to the simulation results
for fq

Nstd at r=2.71 molecules/nm3 and T=190 K. Solid

lines denote thea-master curvesf̃q
Nst /td from MCT which

includes GC, wheret has been chosen so that both the the-
oretical and simulation curves atq=13.1 nm−1 yield the
samea-relaxation timet q

N when fitted with Eq.(7). It is seen
from Fig. 10 that the MCTa-master curves describe well the
time dependence of the simulation results forfq

Nstd in the
a-relaxation region, including the relativea-relaxation times
for different wave numbers.(Note that, from the construction
of t, the real test of the relativea-relaxation times is per-
formed only forq=20.0 and 30.0 nm−1 in Fig. 10.) In par-
ticular, the relaxation stretching, which is pronounced forq
=20.0 and 30.0 nm−1, is well reproduced by the theory. In-

FIG. 9. Comparison of MD simulation and theoretical results for
(a) the critical nonergodicity parametersfq

Nc and (b) the critical
amplitudes hq

N of the correlators fq
Nstd for the density r

=2.71 molecules/nm3. In both (a) and(b), circles denote the simu-
lation results as determined from the fit according to Eq.(6), while
solid and dashed lines refer to MCT results with and without in-
cluding GC, respectively. The simulation results forhq

N are in arbi-
trary units.
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deed, from the Kohlrausch-law fit according to Eq.(7), we
found, e.g., for q=20.0 nm−1, bq

N=0.62 from the MCT
a-master function and 0.60 from the simulation curve. A
similar quantitative test of MCT against simulation results
for density correlators, which uses the single time scale as an
adjustable parameter, has been performed in Ref.[52] for
binary mixture of LJ particles.

Theoretical and simulation results for thea-relaxation
timest q

N and the stretching exponentsbq
N of the correlators

fq
Nstd for the whole wave numbers are compared in Figs.

11(a) and 11(b), respectively, which are obtained from the
fits according to Eq.(7). In these figures, solid and dashed
lines, respectively, denote the MCT results with and without
including GC, whereas circles refer to the simulation results.
Again, the overall scale of the theoretical results for the
a-relaxation times has been chosen so as to reproduce the
samet q

N at q=13.1 nm−1 as that from the MD simulation. It
is seen that, even without including GC, theq dependence of
the simulation results fort q

N and bq
N is well reproduced by

the theory at the semiquantitative level, especially for the
wave numbersq*qmax. For q,qmax, on the other hand, it is
seen from Fig. 11(a) that the unusual peak in thea-relaxation
times at intermediateq<qGC, as observed in the simulation
result, is reproduced only by the theory which includes GC,
although its magnitude is still underestimated. This again
supports the idea that the unusual peak is basically due to the
coupling to the GC dynamics.

V. SUMMARY AND CONCLUDING REMARKS

In this paper, we reported MD simulation results per-
formed for a model of molecular liquid OTP developed by
Lewis and Wahnström, paying special attention to the wave
number dependence of the structurala relaxation of the col-
lective dynamics, and showed that the simulation results for
the model share many features with experimental data for

real system(Sec. III). We then demonstrated that theoretical
results based on MCT captures the simulation results at the
semiquantitative level(Sec. IV): it is found that MCT yields
a fair estimate of the critical temperatureTc and the exponent
parameterl including their density dependence, and predicts
the wave number dependence of dynamical quantities rather
well, in particular near the first sharp diffraction peakqmax of
the static structure factorSq

N. Through these investigations,
we established the relevance of our theoretical results and
their interpretation in understanding experimental data for
real system.

As described in Sec. III A, major intermolecular correla-
tions manifest themselves as the peaks atq=qmax in Sq

N and
at q=qGC in Sq

GC. On the other hand, the most pronounced
temperature dependence in the static structure factors shows
up atq=qmax in Sq

N [cf. the inset of Fig. 2(a)]. This indicates
that the structural slowing down and anomalous glassy fea-
tures in the dynamics upon loweringT are primarily caused
by the intermolecular correlation manifested as the main
peak inSq

N (the cage effect). This is supported by the obser-
vation in Sec. IV that the theoretical results, which do not
take into accountSq

GC, already capture the basic features of
the simulation results.

FIG. 10. Comparison of MD simulation and theoretical results
for the correlatorsfq

Nstd for the densityr=2.71 molecules/nm3 at
three wave numbersq=13.1, 20.0, and 30.0 nm−1. Circles denote
the simulation results atT=190 K. Solid lines refer to thea-master
curvesf̃q

Nst /td from MCT including GC, wheret has been chosen
so that both the simulation and theoretical curves atq=13.1 nm−1

yield the samea-relaxation timetq
N when fitted with Eq.(7).

FIG. 11. Comparison of MD simulation and theoretical results
for (a) the a-relaxation timestq

N and (b) the stretching exponents
bq

N of the correlatorsfq
Nstd for the densityr=2.71 molecules/nm3.

In both (a) and (b), circles denote the simulations results atT
=190 K, while solid and dashed lines refer to results from the MCT
a-master curves with and without including GC, respectively. The
overall time scale of the theoretical results fortq

N has been chosen
so as to reproduce the sametq

N at q=13.1 nm−1 as that from the MD
simulation.
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On the other hand, though of subordinate nature in the
above sense, the simulation results for LW OTP exhibit in-
teresting and unusual properties at intermediate wave num-
bersq<qGC, which reflect purely dynamical effects. As dis-
cussed in Sec. III E, similar features can also be observed in
experimental data for real system. We argued that such un-
usual features forq<qGC are basically due to the coupling to
the GC dynamics. This is because, compared to the simula-
tion results, the theoretical results forq<qGC were found to
be improved by including the spatial correlation of GC
through Sq

GC. However, there still remain quantitative dis-
crepancies between the theoretical and simulation results for
q<qGC compared with the agreement found for the other
wave number regime. This implies that the present theory
still lacks some features which might be relevant for the
dynamics at intermediate wave numbersq<qGC. Now, we
provide additional evidence showing that this is the case.

Figure 12(a) exhibits the simulation result for the tem-
perature dependence of thea-relaxation times normalized by
the one atq=qmax, tq

N/t qmax

N , of the density correlatorsfq
Nstd

for the densityr=2.83 molecules/nm3. MCT predicts the
universal asymptotic power-law increase of thea-relaxation
times[1]. This implies that the ratio of thea-relaxation times
like the one shown in Fig. 12(a) should be temperature inde-
pendent forT close to but aboveTc, which is referred to as

the a-relaxation-scale coupling. However, Fig. 12(a) clearly
demonstrates that this universal prediction of MCT is vio-
lated around(and only around) the wave numberqGC. (For
the other wave numbers, it is seen that thea-relaxation-scale
coupling holds fairly well, includingT=230 K which is be-
low Tc<234 K for the density considered.) Thus, the found
temperature dependence of the ratiot q

N/t qmax

N around q
=qGC is beyond the implication of MCT, and the present
theory, formulated within the framework of MCT, cannot be
used to explain such a finding. Unfortunately, due to the
presence of incoherent background, it is not clear whether
experimental results for the coherenta-relaxation times re-
ported in Ref.[12] also exhibit such a temperature depen-
dence atq<qGC. (See also below for some other related
simulation and experimental studies.)

Combining the results shown in Figs. 4(a), 4(b), and
12(a), one recognizes another interesting property of the un-
usual peak atq<qGC that it is more pronounced atlower
density and athigher temperature. In view of the fact that the
overall shape of the LW OTP molecule is well described as a
sphere of the van der Waals radiusrW=0.37 nm(cf. Fig. 1),
the dynamics at low-density, high-temperature regime is ex-
pected to be dominated by the spatial correlation of mol-
ecule’s geometrical center, i.e., bySq

GC. This is in contrast to
the high-density, low-temperature glassy regime where the
dynamics is primarily determined by the cage effect mani-
fested as the main peak inSq

N. Thus, one might conjecture
that the unusual feature atq<qGC is an inheritance from the
low-density, high-temperature dynamics, and that this cannot
be explained by the universal predictions of MCT since, up
to the lowest temperature investigated, the dynamics atq
<qGC might not have yet reached the asymptotic regime for
which those MCT predictions are applicable. Such a possi-
bility has been discussed in Refs.[29,34], where the standard
MCT scenario for the glass-transition dynamics was shown
to be modified for some reorientational correlators due to
precursor phenomena of a nearby type-A transition.

The above conjecture, however, might not be appropriate
in the present case in view of the following result. Figure
12(b) exhibits the temperature dependence of the plateau
heights f q

N of the correlatorsfq
Nstd. For T.Tc, the plateau

height can be obtained from the von-Schweidler-law fit ac-
cording to Eq.(6). Although Eq.(6) cannot be employed for
fitting the correlators referring toT,Tc, we used it just to

estimate the plateau heightsf q
N for T=230 K.

(For T=230 K, the correlators fq
Nstd exhibit well

developed plateau regime as, e.g., shown in Fig. 3 of Ref.
[23], and the plateau heights can easily be estimated from
such graphs. We confirmed that the so-estimated plateau
heights are in good agreement with the ones based on thead
hoc use of the von-Schweidler-law fit.)

Since the plateau heights forT.Tc corresponds to the
critical nonergodicity parametersf q

Nc [cf. Eq. (6)], MCT pre-
dicts that they should be temperature independent. Further-
more, MCT predicts forT,Tc the increase of the plateau
height,f q

N− f q
Nc~hq

N.0. The results shown in Fig. 12(b) are,
within the statistical errors, consistent with these universal
predictions of MCT. Note that this holds also for the inter-

FIG. 12. MD simulation results for(a) the rescaleda-relaxation
times tq

N/tqmax

N and (b) the plateau heightsfq
N of the correlators

fq
Nstd for the densityr=2.83 molecules/nm3. The results atT

=260 K (solid lines), 300 K (dashed lines), and 340 K (dotted
lines) refer to T.Tc<234 K (cf. Fig. 3), whereas those atT
=230 K (dash-dotted lines) to T,Tc.
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mediate wave numbersq<qGC. Thus, the plateau heights
aroundq=qGC have already reached the asymptotic regime
for which the universal MCT description is adequate. Since
the plateau heights also quantify the strengths of the
a-relaxation processes, it is then difficult to imagine that
only the a-relaxation times have not yet reached the MCT
asymptotic regime, and the above conjecture introduced to
explain the finding in Fig. 12(a) might not be appropriate.

The positionq<qGC where the unusual feature we dis-
cussed occurs in LW OTP is compatible with the inverse of
its van der Waals radius(cf. Sec. III A), i.e., it is connected
to the overall size of the molecule. It is interesting to note
that similar unusual peaks were found in a model for poly-
mer around the intermediate wave numberq=2p /Rg, where
Rg denotes the radius of gyration[53]: in this wave number
regime, a shoulder is discernible in the critical nonergodicity
parametersf q

c, and peaks are observable in the inverse of the
critical amplitudes 1/hq, the a-relaxation timestq, and the

stretching exponentsbq of the correlators which correspond
to fq

Nstd in the present paper. In particular, the ratiotq/tqmax
of the a-relaxation times atq<2p /Rg for this model exhib-
its the same temperature dependence as the one shown in
Fig. 12(a). A similar temperature dependence of the ratio
tq/tqmax

at intermediateq ranges<0.4 qmaxd was also found
in the coherent neutron-scattering results for a real polymer
system[54]. Thus, further investigations are necessary for a
comprehensive understanding of the unusual features at in-
termediate wave numbers as observed in simulation and ex-
perimental results for molecular and polymer systems.
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