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ABSTRACT
The well-known and widely used Wertheim thermodynamic perturbation theory (TPT) of associating fluids averages over the orientational
dependence of the bonding interactions. For this reason, density functional theories based on the otherwise very successful TPT have been
unable to describe the structure of patchy particle fluids at hard walls, when the coupling of positional and orientational degrees of freedom
becomes important at low temperatures [N. Gnan et al., J. Chem. Phys. 137, 084704 (2012)]. As a first attempt at remedying this, we propose
to introduce into the theory an additional, nonbonding, anisotropic interparticle potential that enforces end-to-end alignment of two-patch
particles. Within the simplest mean-field approximation, this additional potential does not change the thermodynamics of the bulk system
and hence preserves its phase diagram but has the qualitatively correct effect on the order parameter and density profiles at a hard wall, as
determined from computer simulation.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5124008., s

I. INTRODUCTION

Recently, it has become possible to fabricate very well-defined
colloidal particles with dimensions in the nanometer to microme-
ter range by utilizing modern synthesis techniques. Spherical col-
loidal particles arrange themselves in the same way that atoms do
into solids, liquids, or gases. However, unlike in atomic systems,
we are now able to control the interactions between colloidal par-
ticles, which provides a window into structural and thermodynamic
behavior.1

Of particular interest are the so-called “patchy colloids,” the
surfaces of which are patterned so that they attract each other via
discrete “sticky spots” of tunable number, size, and strength. More
generally, models consisting of hard particles with attractive sur-
face sites are suitable to investigate the interplay between conden-
sation and clustering, e.g., in protein solutions or strongly dipolar
fluids (though in the latter case, aggregation is driven by long-ranged
forces),2 and have also been extensively used to model pure or mixed
chain molecules, e.g., in industrial contexts.3

Some of the collective properties of colloids with identical
patches have been intensively studied by theory and simulations,
and a number of results have been obtained. In particular, if the
mean number f of bonding sites per particle is greater than two,
then the model exhibits liquid-vapor coexistence.4 As f is reduced
toward two (this can be done continuously by mixing particles with
different numbers of bonding sites), the critical density goes down
dramatically and liquid states become possible with vanishing pack-
ing fraction: empty liquids of spherical colloids, which are still dis-
tinct from the gaslike phase of yet lower packing fraction. These are
not achievable if the interparticle interactions are isotropic, although
they have been found by theory and simulation of colloidal ellip-
soids,5 as well as observed experimentally in suspensions of plate-
like clay particles,6 proteins,7 and DNA-made patchy particles.8,9 In
addition to the equilibrium phase diagram, gelation and clustering
are also strongly affected by patchiness.10

A natural generalization of the model is to allow patches to
be of different types, which introduces whole matrices of energy
scales and patch sizes. This was first introduced by Wertheim11–14
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in the context of his first-order thermodynamic perturbation the-
ory of association (TPT1), later reformulated by Jackson, Chap-
man, and Gubbins.15,16 The special case of two types of patches
(A and B) was extensively studied using TPT1,17–21 which yields
results for the liquid-vapor coexistence that are in qualitative (and
in some cases semiquantitative) agreement with computer simula-
tions. More accurate extensions of TPT1 have been proposed by
Kalyuzhnyi, Cummings, and co-workers,22–26 and by Marshall and
Chapman.27

Considerably less attention has been devoted to inhomoge-
neous associating fluids, in part owing to the intrinsic complexity
of their treatment. These are, however, of increasing relevance in
view of advances in the micro- and nanopatterning of solid sub-
strates, which can be used for templating colloidal self-assembly.28

This relevance extends to microfluidic devices; to electronic ink, in
which pigments must assemble reversibly; and to the confined envi-
ronment of the living cell, where short-ranged, strongly directional
hydrogen bonds play a key role. Now, Wertheim’s TPT1 was initially
formulated as a theory of inhomogeneous systems; i.e., it allows for
position-dependent densities; in earlier work, we have applied this
to study the liquid-vapor interface of colloids decorated with two
patches of type A and up to ten patches of type B, for which conden-
sation is driven exclusively by the (strongly anisotropic) interpatch
attractions.29,30 This extended the findings of Bernardino and Telo
da Gama31 to the case where all three types of bond (AA, BB, and
AB) can form.

“Hard” interfaces – as in patchy colloids at walls or in con-
fined environments – lead to highly nonuniform structural features,
which are a challenge to model theoretically. The earliest develop-
ments, by Holovko et al.32–34 and Henderson et al.,35,36 were along
the route of merging Wertheim’s TPT with the integral equation
formalism. Kierlik and Rosinberg were the first to combine den-
sity functional theory (DFT) and Wertheim’s TPT1 (albeit only
in the limit of complete association37,38); this they then applied
to hard-sphere (HS) chains in slit-like pores.39 Partially associated
systems were first attacked using DFT by Segura and co-workers,
who generalized Wertheim’s TPT1 to pure40 or mixed41 patchy col-
loids between parallel hard walls, using Tarazona’s weighted density
functional (WDA) prescription.42 However, these authors restricted
themselves to particles with only four sites and a subset of all pos-
sible site-site interactions, where the nonzero interactions all have
the same strength, as proposed by Kolafa and Nezbeda.43 The same
system was revisited by Patrykiejew et al.44 and Yu and Wu,45 who
combined Wertheim’s TPT1, respectively, with either the modified
Meister-Kroll DFT46 or the very accurate fundamental-measure the-
ory (FMT) of Rosenfeld.47 The performances of integral equations
and DFT in describing patchy colloids with one or two sites at a
hard wall have been compared by Segura et al.,48 who found the
DFT-based method to be marginally more accurate. Later, Gnan
and co-workers49 applied TPT1, together with either WDA or FMT,
to colloids with three identical patches at a single hard wall. Both
latter sets of authors found generally good agreement with simula-
tions, which nevertheless tends to deteriorate at low temperatures,
at which the patchy particles become orientationally ordered at the
wall, an effect which is neglected by both theories. Later refinements
of DFT have allowed for competition between inter- and intramolec-
ular bonding50 or have relaxed the single-bonding condition of
TPT1.51,52

Developing a TPT-based theory of nonuniform associating flu-
ids which accounts for orientational order is highly nontrivial. To
our knowledge, this has only been accomplished for two-patch par-
ticles in a uniform external field53 or confined in a one-dimensional
(1D) pore.54 In both cases, it was found that association was signif-
icantly enhanced: an external field will order the particles and thus
reduce the entropic penalty of association, while in 1D making one
bond will align the particles involved and thus render additional
bonds more likely. Studies of patchy particles interacting with spe-
cific sites on a functionalized surface55,56 introduced angular depen-
dence in the particle-surface potential only (patchy particles at a
patchy surface).

In this paper, we follow a different route. Our purpose is to
study a patchy particle fluid at a hard wall, following Gnan et al.49

However, unlike these authors, we consider particles with two iden-
tical patches, which do not exhibit condensation: this allows us to
concentrate on the effects on structure, without distracting com-
plications. To this end, we introduce an additional orientation-
dependent pair potential that acts between the particle centers and
enforces end-to-end alignment, in order to mimic patches located at
the opposite ends of a particle diameter. This new potential should
not be understood as something that augments the model: it is not.
Our model is still hard spheres with two identical patches. Rather,
this new potential, henceforth termed “effective” for want of a bet-
ter word, is something that we add to the theory to – admittedly
somewhat artificially and perhaps not entirely consistently – restore
the orientational dependence lost when averaging over the angular
dependence of the interparticle potentials in the derivation of the
TPT free energy. In a more mathematical language, we are map-
ping our model onto a slightly different one that the theory can
handle better. This approach is inspired by models of liquid crys-
tals (LCs) comprising spherical hard cores and where the anisotropy
is introduced through the long-range part of the interaction poten-
tial only. Such a potential was used to lift the degeneracy of the LC
director orientation at the nematic-isotropic or nematic-vapor inter-
faces.57,58 This effective potential is then treated in a mean-field (MF)
approximation that does not change the thermodynamics of the bulk
system, which will be that of two-patch particles as described by first-
order TPT (TPT1). Of course, a theory thus constructed is not fully
self-consistent, but as we shall see, it is able to reproduce qualita-
tively, and in some cases semiquantitatively, wall-induced alignment
as revealed by computer simulation.

This paper is organized as follows: in Sec. II, we recapitulate
Wertheim’s TPT1 and introduce the effective orientation-dependent
potential that mimics the angular dependence of the interpatch
attractions. The corresponding contribution to the free energy (of
nonuniform phases) is derived, as are the self-consistent equations
for the orientational order parameters. Section III gives details of
the computer simulations performed to validate our theoretical
approach. Results from theory and simulation are then compared
in Sec. IV. We summarize and conclude in Sec. V.

II. THEORY
We consider a one-component fluid of N hard spheres (HSs) of

diameter σ and volume vs= (π/6)σ3, each decorated with two identi-
cal patches at its poles. The interparticle pair potential is the sum of
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HS repulsion between the cores and square-well attraction between
the surface patches,

u(ri, r̂j) = uHS(rij) +
2

∑
α,β=1

Vij,αβ. (1)

The attraction between patch α on particle i at position ri and patch
β on particle j at position rj is given by the potential originally
proposed by Bol,59 which has subsequently become known as the
Kern-Frenkel potential,60

Vij,αβ = V
SW
(rij)G(r̂ij, r̂iα, r̂jβ), (2)

where VSW(r) is a square-well potential,

VSW
(r) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∞, if r < σ
−ε, if σ < r < σ + δ
0, otherwise,

(3)

and G(r̂ij, r̂iα, r̂jβ) is the angle-dependent part,

G(r̂ij, r̂iα, r̂jβ) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

1
⎧⎪⎪
⎨
⎪⎪⎩

if
r̂ij ⋅ r̂iα > cos θmax

and −r̂ij ⋅ r̂jβ > cos θmax

0, otherwise.
(4)

Here, rij = ri − rj is the interparticle vector, of length rij = ∥ri − rj∥,
r̂ij = rij/rij is the unit vector along the interparticle axis, and r̂iα (r̂jβ) is
the unit vector pointing from the center of particle i (j) to the center
of patch α (β) on its surface. The model is thus specified by three
parameters: the interaction energy between patches ϵ, its range δ,
and the patch opening angle θmax. Together, the range and opening
angle set the volume vb available to a bond,

vb =
π
3
[(σ + δ)3

− σ3
](1 − cos θmax

)
2. (5)

We choose the bond volume such that each patch can only inter-
act with one other patch at a time, and we assume that the patches
are located at the poles of the HS cores. Imposing these conditions
allows each patch to bond to at most one other patch, thereby ensur-
ing that the system satisfies the assumptions made in Wertheim’s
TPT1.11,12,15

We now introduce an effective interparticle potential that
enforces end-to-end (i.e., pole-to-pole) alignment of the particles.
This is introduced in the theory only, not the simulations, as it
is not intended to augment or modify our model. Rather, it is
meant to mimic the angular dependence of the true interpatch
potential V ij ,αβ, Eq. (2), which is averaged over in TPT1, and thus
enable the theory to describe orientational order as seen in the
simulations,

Veff (rij,ωi,ωj) = v(202) + v(022) + v(222), (6)

where ωi (ωj) is the orientation of particle i (j), defined as the com-
mon direction of vectors r̂iα and −r̂iα (r̂jβ and −r̂jβ), as the patches
are identical and located at the HS poles. Furthermore,

v(l1l2l) = ∑
m1 ,m2 ,m

v(l1l2l; rij)C(l1l2l : m1m2m)

×Yl1m1(ωi)Yl2m2(ωj)Y∗lm(ωij), (7)

where ωij is the orientation of r̂ij, C(l1l2l: m1m2m) are Clebsch-
Gordan coefficients, and Y lm(ω) are spherical harmonics, in the
notation of Gray and Gubbins.61 The restriction to l = 0, 2 comes
from the symmetry of particles, which are invariant under ωi → −ωi
because the two patches are identical. For reasons that will be dis-
cussed in more detail below, we choose for v(l1l2l; rij) a cutoff and
shifted generalized Lennard-Jones (GLJ) functional form,

v(l1l2l; rij) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

∞ if rij < σ

ϵl1 l2 l[(
σ
rij
)

24
− ( σ

rij
)
n
] − ϵl1 l2 l[(

σ
rmax
)

24
− ( σ

rmax
)
n
] if σ ≤ rij < rmax

0 if rij ≥ rmax,

(8)

which is continuous at its (strictly finite) range rmax. The parame-
ters in Eq. (8) will be chosen to best fit the numerical data. Here,
the exponent 24 of the repulsive terms is meant to mimic HS
repulsion.

Potentials v(202) and v(022) were introduced in Ref. 57 to fix a
problem with Maier-Saupe type LC models, in which the hard cores
are assumed spherical and angular dependence is implemented only
via the long-range part of the interaction potential: if this only cou-
ples particle orientations [i.e., if it is v(220) in the above notation],
there is no preferred director alignment at the interface between
nematic and isotropic liquid or vapor phases, which is unphysical.
v(202) and v(022) couple the orientation of particle i, ωi, and of
particle j, ωj, with that of the interparticle vector, ωij. Positive (neg-
ative) ϵ202 and ϵ022 enforce end-to-end (side-by-side) particle con-
figurations and thus favor parallel (perpendicular) alignment at any

interface. v(222) has a qualitatively similar effect as it couples ωij, ω1,
and ω2 simultaneously. Figure 1 shows the energies of some of these
configurations.

The grand canonical potential of the model fluid described
above, in contact with a planar hard wall of area A lying in the
xy-plane, is given by62

Ω[ρ(z), f̂ (z, θ)]

A
= F [ρ(z), f̂ (z, θ)] + ∫ dz [Vext(z) − μ]ρ(z). (9)

Here and in what follows, we assume that there is no structure in
the plane of the hard wall, and therefore, all quantities only depend
on z, the coordinate measured perpendicular to the wall, and on θ,
the angle between the line connecting the two patches at the ends
(“poles”) of a particle and the z-axis. However, we shall also need

J. Chem. Phys. 151, 174903 (2019); doi: 10.1063/1.5124008 151, 174903-3

Published under license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

FIG. 1. r-dependence of (a) v(202)
+ v(022) and (b) v(222) potentials for
some configurations of two patchy par-
ticles.

the azimuthal angle ϕ in some intermediate calculations, where we
denote ω = (θ, ϕ) and dω = sin θ dθdϕ.

In Eq. (9), ρ(z) is the (number) density profile and f̂ (z, θ) is
the orientational distribution function (ODF) in the presence of the
external (hard-wall) potential,

Vext(z) = {
0, if z ≥ σ

2

+∞, if z < σ
2 .

(10)

μ is the chemical potential, and F [ρ(z), f̂ (z, θ)] is the intrinsic
Helmholtz free energy of the inhomogeneous fluid, which is inde-
pendent of the external potential. F [ρ(z), f̂ (z, θ)] can be written as
a sum of three contributions:

F [ρ(z), f̂ (z, θ)] = Fid[ρ(z), f̂ (z, θ)] + Fhs+b[ρ(z),X(z)]

+FMF[ρ(z), f̂ (z, θ)], (11)

where X(z) is the spatially varying fraction of unbonded sites.
The first contribution in Eq. (11), Fid, is the (exact) entropy

of the ideal, noninteracting fluid, comprising both translational and
rotational terms (as we are explicitly taking into account particle
orientations),

Fid[ρ(z), f̂ (z, θ)] = kBT ∫ dz ρ(z){log[Λ3ρ(z)] − 1}

+ kBT ∫ dz dωρ(z)f̂ (z, θ) log[4πf̂ (z, θ)],

(12)

where Λ is the thermal De Broglie wavelength, kB is Boltzmann’s
constant, and T is the temperature.

The second contribution in Eq. (11), Fhs+b, accounts for both
excluded volume and bonding interactions. Because these have sim-
ilar ranges, it was argued by Segura et al.40 that they might be treated
together within the framework of a WDA of DFT.63 The idea is to
write the free energy of the inhomogeneous patchy HS fluid as an
integral of the free energy density of the homogeneous fluid eval-
uated at some effective density given by an appropriate averaging
procedure. It was found that Tarazona’s WDA performs better than
FMT when either is combined with Wertheim’s TPT1 to describe the

structure of particles with three identical patches at a hard wall.49 For
this reason, we shall employ the same variant of Tarazona’s WDA,
developed by Kim et al.,64 and write

Fhs+b[ρ(z)] = ∫ dz ρ(z)Φhs+b(ρ(z)). (13)

The weighted density ρ(z) is expanded as

ρ(z) = ρ0(z) + ρ1(z)ρ̃(z) + ρ2(z)ρ̃(z)2, (14)

with

ρ̃(z) = ρ0(z) + ρ1(z)ρbulk + ρ2(z)ρ2
bulk, (15)

where ρbulk is the bulk density and

ρi(z) = ∫ dz′ ρ(z′)wi(∣z − z′∣) (i = 0, 1, 2) (16)

are convolutions of ρ(z) with appropriate weight functions,

w0(z) =
3
4
(σ2
− z2
)Θ(σ − ∣z∣), (17)

w1(z) = π[0.0565(σ4
− z4
) − 0.432(σ3

− z3
) + 0.475(σ2

− z2
)

− 0.03317]Θ(σ − ∣z∣) + π[ − 0.0935(16σ4
− z4
)

+ 0.5093(8σ3
− z3
) − 0.924(4σ2

− z2
) + 0.576(2σ − ∣z∣)]

× [Θ(2σ − ∣z∣) −Θ(σ − ∣z∣)], (18)

w2(z) =
5π2

144
[

5
2
(σ4
− z4
) − 8(σ3

− z3
) + 6(σ2

− z2
)]Θ(σ − ∣z∣),

(19)

with Θ(x) the Heaviside step function. In Eq. (13), Φhs+b is the excess
free energy per particle of a uniform fluid of HSs with two identi-
cal patches, which in turn comprises excluded volume and bonding
terms,

Φhs+b(ρ) = Φhs(ρ) + Φb(ρ), (20)

for which we use, respectively, the Carnahan-Starling approxima-
tion65 and Wertheim’s TPT1, as shown in the following:15
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Φhs(ρ) = β
−1 ξ(4 − 3ξ)
(1 − ξ)2 , (21)

Φb(ρ) = β
−1
(2 logX + 1 − X), (22)

where ξ = (π/6)ρσ3 is the packing fraction and β = 1/kBT. The frac-
tion of unbonded sites X is given by the law of mass action, which in
this particularly simple case can be solved analytically to yield

X =
−1 +

√
1 + 4ξΔ

2ξΔ
, (23)

with Δ the bond partition function,

Δ =
1
vs
∫
vb

gref (r)[exp(βϵ) − 1]dr. (24)

The integral in Eq. (24) is calculated over vb, the volume of a bond,
gref (r) is the pair correlation function (PCF) of the reference (HS)
system, and vs is the volume of a HS. As in an earlier work, we
employ a linear approximation for the PCF,66 with the result

Δ =
vb
vS
[exp(βϵ) − 1]

1 − C1ξ − C2ξ2

(1 − ξ)3 , (25)

where

C1 =
1
2

⎡
⎢
⎢
⎢
⎢
⎣

−8 −
27
4
(1 + δ

σ )
4
− 1

(1 + δ
σ )

3
− 1

⎤
⎥
⎥
⎥
⎥
⎦

, (26)

C2 = −
9
2

⎡
⎢
⎢
⎢
⎢
⎣

1 −
3
4
(1 + δ

σ )
4
− 1

(1 + δ
σ )

3
− 1

⎤
⎥
⎥
⎥
⎥
⎦

. (27)

Finally, the third contribution in Eq. (11), FMF , is that of the
orientation-dependent effective potential, Eq. (6), which we write,
in the usual mean-field (MF) approximation,57 as (see the Appendix
for details of derivation)

FMF[ρ(z),η(z)] =
1
2 ∫

dzidzj ρ(zi)[v(202; ∣zi − zj∣)η(zi)

+v(022; ∣zi − zj∣)η(zj)]ρ(zj)

+
1
2 ∫

dzidzj ρ(zi)η(zj)v(322; ∣zi − zj∣)

× ρ(zj)η(zj), (28)

where v(022; z) are given in the Appendix, and we have defined the
orientational order parameter as

η(z) = ∫ P2(cos θ)f̂ (z, θ)dω, (29)

with P2(x) = 1
2(3x

2
− 1) the second Legendre polynomial. η(z) is

thus a measure of particle orientations. Positive (negative) values of
η(z) indicate preferentially perpendicular (parallel) alignment to the
hard wall at a given z.

In deriving Eq. (28), we have used the fact that the system
is (by reasonable assumption) axially symmetric with respect to z
and dropped any terms containing the azimuthal angle ϕ, which
would vanish on integration. Besides its simplicity and qualitative

correctness, the MF approximation has the key advantage that
Eq. (28) vanishes in isotropic bulk phases.61 This implies that at the
MF level, the thermodynamics of the present model is exactly the
same as that of HS with two attractive patches. In particular, there is
no liquid-vapor critical point, which allows us to concentrate on the
structural effects of patchiness.

Once we are in possession of the Helmholtz free energy,
Eq. (11), the grand canonical potential, Eq. (9), can be minimized
with respect to the density profile ρ(z) and the ODF f̂ (z, θ) to obtain
the Euler-Lagrange (EL) equations for the system,

δΩ[ρ(z), f̂ (z, θ)]

δρ(z)
= 0⇔

δF[ρ(z), f̂ (z, θ)]

δρ(z)
= μ − Vext(z), (30)

δΩ[ρ(z), f̂ (z, θ)]

δf̂ (z, θ)
= λ, (31)

where λ is a Lagrange multiplier that enforces normalization of the
ODF. This yields the following pair of nonlinear integral equations
that can only be solved numerically,

ρ(z) = ρbulk exp{βμexc − βVext(z) + c(1)[z; ρ(z)]}, (32)

f̂ (z, θ) = Z−1 exp{−β[a(z) + b(z)]P2(cos θ)}, (33)

with μexc the excess chemical potential, and

c(1)[z; ρ(z)] = −βΦhs+b(ρ(z)) − β∫ dz′ ρ(z′)
∂Φhs+b(ρ(z))

∂ρ(z)
δρ(z′)
δρ(z)

−β log
4π
Z
− βb(z)[

ϵ202

ϵ222
+ η(z)], (34)

δρ(z′)
δρ(z)

= w(z − z′, ρ̃(z′)) + w(z − z′, ρbulk)

× ∫ dz′′ ρ(z′′)
∂w′(z′ − z′′, ρ̃(z′′))

∂ρ̃(z′′)
, (35)

a(z) = ∫ dz′v(202; ∣z − z′∣)ρ(z′), (36)

b(z) = ∫ dz′v(222; ∣z − z′∣)ρ(z′)η(z′), (37)

Z = ∫ dω exp{−β[a(z) + b(z)]P2(cos θi)}. (38)

Readers are referred to Refs. 49 and 57 for details of their
derivation.

The surface tension can be calculated as the excess grand
canonical potential per unit area,

γ =
Ω[ρ(z), f̂ (z,ω)] −Ωbulk

A
=

Ω[ρ(z), f̂ (z,ω)] + pV

A
, (39)

where Ωbulk = −pV is the grand canonical potential of the uniform
fluid at the coexistence pressure p and chemical potential μ (V is the
volume of the system).
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III. SIMULATIONS
We have studied a system composed of N = 10 800 particles

enclosed in a cubic box of edge length 30σ (ρσ3 = 0.4), with stan-
dard periodic boundary conditions along directions x and y, in the
NV T ensemble, via the standard Monte Carlo (MC) method. Two
hard walls constrain the z coordinates of all particles to be always
between ±15σ. The elementary rototranslational moves consist of
a random translation of at most ±0.05σ and a random rotation of
at most ±0.1 rad. We have investigated a range of temperatures
extending from kBT/ε = 0.30 down to kBT/ε = 0.08. For all these tem-
peratures, there were no difficulties in equilibrating the sample. The
number of MC steps (each step being defined as N attempts to move
a particle) increased progressively from 106 to 107 on lowering the
temperature.

IV. RESULTS
Equation (32) was solved iteratively by a variant of the Picard

method, in which the density profile at the (j + 1)th step, ρ(j+1)(z),
is taken to be a linear combination of ρ(j) (z) and ρ̃( j)(z) using a
mixing parameter α,67

ρ( j+1)
(z) = (1 − α)ρ( j)(z) + αρ̃( j)(z). (40)

Iteration was started from a uniform density ρ(0) (z) = ρbulk. At each
step, η(z) was computed using Eqs. (29), (33), and (38), and the
(nonequilibrium) surface tension using Eq. (39). The calculation was
deemed to have converged when

∫ dz [ρ( j+1)
(z) − ρ( j)(z)]

2
< 10−8, (41)

∫ dz [η( j+1)
(z) − η( j)(z)]

2
< 10−8, (42)

∣γ( j+1)
− γ( j)∣

γ( j)
< 10−4, (43)

which in most cases was achieved in fewer than 100 steps for
α = 0.1.

Comparison between theory and simulation requires finding
optimal values for the parameters entering Veff (rij, ωi, ωj), i.e., ϵ222,
ϵ202, ϵ022, n, and rmax. Because all particles (and patches) are identi-
cal, ϵ202 = ϵ022, which reduces the number of fit parameters by one.
Interestingly, we were able to obtain fairly good agreement between
theory and simulation over an interval of temperatures by keeping
ϵ222, ϵ202 = ϵ022, and n fixed, and varying just rmax, the range of the
effective orientation-dependent potential Veff (rij, ωi, ωj). Table I col-
lects all potential parameters used. Though we do not rule out that
comparable success may be achieved with functional forms other
than a GLJ, cutting off the potential at a finite range turned out to
be crucial: if rmax → ∞, then η(z) will not decay to zero away from
the wall, in contradiction with simulations.

Figure 2 shows the density profiles [panels (a), (c), (e), and (g),
left column] and order parameter profiles [panels (b), (d), (f), and
(h), right column] at bulk density ρbulkσ3 = 0.4 and five reduced tem-
peratures T∗ = kBT/ε. At the highest temperatures considered (T∗

= 0.30 and 0.20), MC simulations yield fairly high densities right at

TABLE I. Parameters of the (short-ranged) interpatch interaction and of the effective
orientation-dependent potential used in this work.

cos θmax δ/σ ϵ202/ε = ϵ022/ε ϵ222/ε n

0.895 0.119 0.6 0.6 4

the wall [ρ(z ∼ 0.5σ) ≫ ρbulk] and a moderate amount of layering
up to z ∼ 2σ [see Fig. 2(a)], similar to those exhibited by a HS fluid
at a hard wall, which is the infinite-temperature limit of our model.
These features are remarkably well reproduced by theory. As already
reported in Ref. 49, particles align with their axes parallel to the wall,
leading to η(z) < 0 for 0 < z <∼1.5σ. This effect is weak atT∗ = 0.30 and
0.20, for which theory and simulation agree very well [see Fig. 2(b)].
At these temperatures, there is little association (see Fig. 3), so we
have mostly individual particles lying flat against the wall to expose
both their patches and thus maximize the number of bonds they can
form. Notice that theory is able to reproduce not only the dip in η(z)
at z ∼ σ but also the blip at z ∼ 1.5σ, which is indicative of (very weak)
alignment perpendicular to the wall. This likely arises from a second
layer of particles partially penetrating the gaps in the first layer and
bonding with particles in the first layer that are not parallel to the
wall.

Lowering the temperature drives much stronger wall-induced
orientational order [η(z ∼ σ) becomes more negative; see Figs. 2(d)
and 2(f)]: longer chains form, which like all elongated hard objects
tend to align parallel to a hard wall68 while at the same time – because
they are very open aggregates – decreasing the density there [see
Figs. 2(c) and 2(e)]. One additional factor contributing to desorp-
tion is that additional bonds can be more easily formed if particles
move away from the wall.

At the lowest reduced temperature shown [T∗ = 0.11; see
Figs. 2(g) and 2(h)], agreement between theory and simulation dete-
riorates considerably, with theory overestimating both amplitudes
and positions of the maxima and minima of η(z). This may be a
consequence of the MF approximation overestimating the contri-
bution of the effective orientation-dependent potential to the free
energy (recall that MF is essentially a high-temperature approxima-
tion). At yet lower temperatures (T∗ < 0.11), no meaningful fit could
be accomplished, even if the potential strengths ϵl1 l2 l and exponent n
were also used as fit parameters.

In Fig. 3, we plot X(z), the fraction of unbonded sites, from
simulation and theory. Theory predicts that bonding is always more
extensive at the wall than in bulk, and more so as T∗ is lowered.
This is what one would expect from bulk Wertheim TPT, given that
the density from theory is also higher at the wall than in the bulk [see
Figs. 2(a), 2(c), 2(e), and 2(g)]. Simulation, however, finds ρ(z = 0.5σ)
< ρbulk for T∗ ≤ 0.20 and less bonding at the wall than in bulk for all
temperatures investigated. As the WDA of DFT is known to provide
a very accurate description of the HS-hard wall interface, this dis-
crepancy probably means that our effective orientation-dependent
potential approach is not able to capture the full richness of bond
directionality.

In an attempt to rationalize the above results, we computed the
mean sizes of aggregates (which in this case are linear chains), from
simulation and Wertheim’s theory. These are compared with the
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FIG. 2. Density profiles (left column) and
order parameter profiles (right column)
from MC simulation (symbols) and theory
(lines) of patchy particles at a hard wall,
for ρbulkσ3 = 0.4: (a) and (b) T∗ = 0.30
and T∗ = 0.20; (c) and (d) T∗ = 0.15;
(e) and (f) T∗ = 0.12; and (g) and (h) T∗

= 0.11. The parameters used to compute
the theoretical curves are listed in Table I
and Fig. 4.
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FIG. 3. Fraction of unbonded patches profiles for bulk density ρbulkσ3 = 0.4 and
reduced temperatures as given.

FIG. 4. Comparison of range rmax of effective anisotropic potential used to fit the
density and order parameter MC data of Fig. 2 with mean size of aggregates (i.e.,
chain lengths) in units of number of particles, from both Wertheim’s theory and MC
simulation.

fitted rmax in Fig. 4. Interestingly, for most temperatures, there
appears to be a clear correlation, with rmax being approximately two
times the mean chain length in units of σ. It thus appears that the
directional character of the interpatch interaction manifests itself
through an increase in its range as the temperature is lowered, sug-
gesting that Veff (rij, ωi, ωj) has to correlate particle orientations over
distances of the order of the average chain length.

V. DISCUSSION AND CONCLUSIONS
We have attempted to remedy a well-known, but difficult

to fix, shortcoming of DFT implementations of the Wertheim
TPT of associating fluids by introducing an effective, orientation-
dependent potential that mimics the directional character of the
short-ranged bonding interactions, which is averaged over in TPT.
This was treated at the MF level and combined with the WDA
approximation of DFT, which consists in writing the free energy
of the inhomogeneous patchy particle fluid as an integral of its
TPT1 free energy density, evaluated at an appropriate weighted
density.

For particles with two identical patches at their poles in con-
tact with a hard wall, the theory is able to reproduce the qualitative
features of layering and of the preferential alignment of particles
parallel to the wall seen in the simulations, over a reasonably wide
interval of temperatures, with just one temperature-dependent fit
parameter: rmax, the range of the effective orientation-dependent
potential. We have also found a consistent correlation between rmax
and the mean size of aggregates (linear chains).The theory is, how-
ever, unable to predict the smaller degree of bonding close to the
wall, which appears to be a shortcoming of our approach.

The angular dependence of the effective potential is dictated
by the patch positions on the particle surface, so, in principle,
other patch configurations could be modeled in this way, albeit at
a cost of added analytical complexity. One additional constraint
is that the effective potential must not change the patchy fluid
thermodynamics.
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APPENDIX: EFFECTIVE ORIENTATION-DEPENDENT
POTENTIAL CONTRIBUTION TO THE FREE ENERGY

The MF expression for the contribution of long-range inter-
actions to the Helmholtz free energy of an inhomogeneous fluid
reads62

FMF[ρ(r), f̂ (r,ω)] =
1
2 ∫

dridωidrjdωj ρ(ri,ωi)

×Veff (ri,ωi; rj,ωj)ρ(rj,ωj), (A1)

where ρ(r, ω) is the density-orientation profile in the presence of
some external potential, r = (x, y, z) is the set of position coordinates,
and ω = (ϕ, θ, χ) is the set of orientation coordinates (Euler angles)
of a particle. The density profile and ODF thus follow:

ρ(r) = ∫ dωρ(r,ω), (A2)

f̂ (r,ω) =
ρ(r,ω)
ρ(r)

. (A3)

In the case of a planar, featureless wall lying in the xy-plane, the sys-
tem is nonuniform in the z-direction only, about which it is also
reasonable to assume axial symmetry, i.e., ρ(r) ≡ ρ(z) and f̂ (r,ω)
≡ f̂ (z, θ). Using Eqs. (A2) and (A3), Eq. (A1) becomes

FMF[ρ(z), f̂ (z, θ)] =
1
2 ∫

dzidωidzjdωj ρ(zi)f̂ (zi, θi)

×Veff (∣zi − zj∣, θi, θj)ρ(zj)f̂ (zj, θj), (A4)

where we have defined the laterally averaged effective potential
Veff (zij, θi, θj) by integrating over xij and yij (in practice, the inte-
gration is performed using cylindrical coordinates, for symmetry
reasons),
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Veff (zij, θi, θj) = ∫ dxijdyij [v(202; rij)P2(cos θi) + v(022; rij)P2(cos θj) + v(222; rij)P2(cos θi)P2(cos θj)]P2(cos θij)

= ∫

2π

0
dϕij ∫

+∞

0
RijdRij [v(202;Rij, zij)P2(cos θi) + v(022;Rij, zij)P2(cos θj)

+ v(222;Rij, zij)P2(cos θi)P2(cos θj)] ×
1
2
⎛

⎝

3z2
ij

R2
ij + z2

ij
− 1
⎞

⎠

= v(202; zij)P2(cos θi) + v(022; zij)P2(cos θj) + v(222; zij)P2(cos θi)P2(cos θj), (A5)

where

v(l1l2l; zij) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−ϵl1 l2 l{[(6n
2
− 12n)πσn log σ + (n2

− 2n)πrnmax(
σ

rmax
)
n

+[(12n − 6n2
)π log rmax + (−n2

− 4n + 12)π]σn

+(6n − 12)πrnmax]z2
ij + (2n − n2

)πrnmaxσ2
( σ
rmax
)
n

+n2πr2
maxσn − 2nπrnmaxσ2

} × [(2n2
− 4n)rnmax]

−1
if zij < σ

−ϵl1 l2 l{(6n
2
− 12n)πrmmax(

σ
rmax
)
n
zm+2
ij log zij

+znij{[(12 − 6n)πσn + (2n − n2
)πrnmax(

σ
rmax
)
n

+(12n − 6n2
)πσn log rmax]z2

ij + 2nπr2
maxσn

+(n2
− 2n)πrn+2

max(
σ

rmax
)
n
} + (4n − 12)πrnmaxσnz2

ij}

×[(2n2
− 4m)rnmaxznij]

−1
if σ < zij < rmax

0 if zij > rmax.

(A6)

Substitution of Eq. (A5) into Eq. (A4) then gives Eq. (28).
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