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Materials and Methods 
Simulation Methods 

Molecular dynamics simulations of water were performed with GROMACS (43 ,44) 
version 5.1.4, both in the isothermal-isochoric (NVT) and the isothermal isobaric (NPT) 
ensembles. In both cases, a leap-frog integrator with a time step of 2 fs was used. 
Electrostatic interactions were calculated using the particle-mesh Ewald method (45) with 
a real space cutoff distance of 0.9 nm. A 0.9 nm cutoff distance was also used for the van 
der Waals interactions. A Nose-Hoover thermostat with a characteristic time of about 10 
ps implemented the constant temperature condition. In the NPT simulations, pressure was 
maintained via an isotropic Parrinello-Rahman barostat with time scale around 20 ps. 
Molecular constraints were implemented with the LINCS algorithm of order 6. Cubic 
systems (with periodic boundary conditions) of size 300, 500 and 1000 were studied in 
the (N, P, T) ensemble. A cubic system of 36,424 molecules at density 1.012 g/cm3 (also 
with periodic boundary conditions) for TIP4P/2005 and one of 10,000 molecules at 
density 1.015 g/cm3 for TIP4P/Ice were studied in the (N, V, T) ensemble. The 
temperatures and duration of the NVT simulations are presented in Table S4. The studied 
state points and the length of each run for NPT simulations are listed in the following two 
tables, one for TIP4P/2005 (Table S1) and one for TIP4P/Ice (Table S2). 

The density of 1.012 g/cm3 is the critical density estimated by Abascal and Vega 
(46) for TIP4P/2005. We note that the difference between this estimate and a more recent 
estimate of critical density with two-state fit (1.017 g/cm3) (47) is less than 0.5%. As we 
had to fix the density at the critical density, we decided to use one of the close estimates 
mentioned above. Subsequently, our concomitantly running smaller box simulations 
yielded an average critical density of ρc = 1.030 ± 0.006 g/cm3 (the average is calculated 
from the estimates at different sizes given in Table S3), which is ca. 1% different than the 
density we used. Given the flat nature of the phase coexistence curve near the critical 
point, we consider these densities to be nearly equivalent for the purpose of estimating 
the scaling of critical fluctuations, especially for temperatures not too close to the critical 
temperature (48, 49). For TIP4P/Ice, our concomitantly running smaller box simulations 
yielded an average critical density of ρc = 1.015 ± 0.002 g/cm3 (the average is calculated 
from the estimates at different sizes given in Table S3) so we fix the density at ρc = 1.015 
for the N = 10,000 system. 

The N = 36,424 and N=10,000 systems are equilibrated at each temperature, 
independently, monitoring the time dependence of the potential energy. For TIP4P/2005, 
we treat the initial 2 µs and 0.5µs as equilibration for temperatures between 179 and 185 
K, and for temperatures between 190 and 300 K, respectively. For TIP4P/Ice, we treat the 
initial 1 µs as equilibration. The equilibration period is excluded from the analysis.   

Supplementary Text 
Multiple Histograms 

The idea of the Multiple Histogram method (50 ,51) is to merge information from 
several independent simulations to generate the best estimate of the density of states Ω. It 
can be used in any ensemble. In the NPT ensemble the partition function Z(Pi, βi) 
depends on the temperature Ti (or equivalently on βi = 1/kBTi where kB is the Boltzmann 
constant) and on the pressure Pi as independent variables, and can be written as: 
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𝒵(𝑃! , 𝛽!) = ∑ ∑ Ω(𝑉, 𝐸)"# 𝑒$%!("'(!#) =	𝑒$%!*((!,%!)  
 
where Ω(E,V) is a function of the system energy E and volume V (assumed to be discrete 
variables calculated with some predefined mesh size). G(Pi, βi) is the associated Gibbs 
potential. 

To find the best estimate of Ω(E,V), R simulations at different (Ti, Pi) (i = 1, ..., R) 
are performed, saving Ni equally spaced configurations. The histogram Hi(E, V) of 
sampled E and V in simulation i provides an estimate (Ωi) of Ω(E, V), 

 

Ω!(𝐸, 𝑉)	𝑒$%!("'(!#)	𝑒%!*((!,%!) =
,!(",#)
-!

⟶Ω!(𝐸, 𝑉) =
,!(",#)
-!

𝑒'%!("'(!#)	𝑒$%!*((!,%!). 
 

Each of the R simulations provides an estimate over a portion of E and V values, the 
ones preferentially sampled at the selected βi and Pi. The optimal Ω(E, V) is written as a 
linear combination, with weight factors ωi(E, V) as 
 
Ω(𝐸, 𝑉) = ∑ 𝜔!(𝐸, 𝑉)Ω!(𝐸, 𝑉) = ∑ 𝜔!(𝐸, 𝑉)

,!(",#)
-!

.
!/0

.
!/0 𝑒'%!("'(!#)	𝑒$%!*((!,%!). 

 
This expression can be optimized by minimizing the variance of Ω(E, V), subject to 

the constraint ∑ 	𝜔!(𝐸, 𝑉) 	= 	1! . The final result is (50) 
 

Ω(𝐸, 𝑉) = ∑ ,!(",#)"
!#$

∑ 2%&!(()*!+)	2&!-(*!,&!)-!"
!#$

        (S1) 

 
where, for consistency, 
 
	𝑒$%!*((!,%!) = ∑ ∑ 𝑒$%!("'(!#)"# . 

 
The last two equations are solved self-consistently in an iterative way. Less than 50 

iterations are usually sufficient to reach convergence. 
Once Ω(E,V) is known, it becomes possible to predict the probability of observing 

the system with energy E and volume V at any generic T and P as (52): 
 

𝑃(𝐸, 𝑉, 𝛽, 𝑃) = 4(",#)2%&(()*+)

∑ ∑ 4(",#)2%&(()*+)(+
 .       (S2) 

 
To provide an indication of the quality of the numerical data and of the ability of the 

histogram reweighting technique to combine different sets of data (at different T and P) 
in order to generate an optimal density of states, in Fig. S1 we present a comparison of 
density histograms calculated directly from the simulations with those recalculated from 
Eq. S2 (i.e., from histogram reweighting) at the same state points. 
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Fit to the Ising Universality Class 
To provide evidence that the liquid-liquid critical point belongs to the 3D-Ising 

universality class, we compare the spectrum of density and energy fluctuations with the 
known asymptotic expression for the order parameter M for the Ising model, where M is 
the system’s magnetization. A convenient expression, which can be used in a non-linear 
fit procedure is provided in Ref. (53). It states that at the critical point, a surprisingly 
good approximation to PIsing(M ), the probability that the system has magnetization M, is 

 
𝑃56!78(𝑀) = 𝐴	𝑒𝑥𝑝{−(9

/

90/
− 1):(𝑎 9/

90/
+ 𝑐)}       (S3) 

 
where a = 0.158 and c = 0.776, M0 is a scale-dependent parameter that controls the 
variance of the distribution, and A is a normalization factor, such that ∫𝑃56!78(𝑀)𝑑𝑀 =
1. 

In the case of a fluid, the order parameter M can be identified with a linear 
combination of density ρ and energy per particle E (32).  A non-linear fit procedure can 
be exploited to find the T, P and field mixing parameter s for which the fluctuations of M 
match the theoretically predicted ones (Eq. S3). 

More specifically, we implement the following procedure: for any state point (T, P), 
histogram reweighting (see Eqs. S1-S2) is used to generate the distribution of E and ρ and 
the associated distribution P (t) of t ≡ ρ + sE. The variable t is then shifted by its average 
value t ̅and scaled according to the variance σt as 

 
𝑀 ≡ (;$;̅)

=1
           (S4) 

 
to generate a new variable M whose distribution has by construction zero average and 
unitary variance. 

A comparison of P (M ) with the theoretical PIsing(M), also transformed in its 
normalized and unit variance form (M0 = 1.1341655) allows us to calculate the least 
squared error and use this quantity in the MINUIT package in the search for the optimal 
T, P and s, thus yielding numerical estimates of Tc, Pc. ρc is the average density calculated 
at the state point Tc, Pc. 

 
 
Ising Fit for N=500 and N=1000 Systems 

We have also studied N=500 and N=1000 systems to reproduce the Ising behavior 
observed in the N=300 system. 

Fig. S6 compares the behavior of TIP4P/2005 (top) and TIP4P/Ice (bottom) with the 
ideal Ising distribution for all small sizes studied in this work. 

Table S3 shows the results of the fit (Tc, Pc, s, ρc) for all studied system sizes. The 
table also reports the critical T evaluated from the temperature dependence of S(0) and ξ 
for the  N = 36,424 system for TIP4P/2005 (see Eqs. 2,3,5 and Fig. 3 in main text). The 
size dependence of the critical parameters is well within the numerical error. The average 
of the values over the three smaller sizes provides the best estimate of the critical 
parameters, and is the value reported in the main manuscript for each model. 

 



 
 

5 
 

Evaluation of the Critical Correlation Length and the Critical Compressibility from fit of 
the Small k Region of the Static Oxygen-Oxygen Structure Factor S(k)  

Close to a critical point, anomalous fluctuations in density develop, which can be 
quantified via scattering experiments, visible at small wavevectors, k. These fluctuations, 
i.e. the anomalous component of the structure factor, SA(k), are properly described by a 
Lorentzian functional form for k → 0, 

 
𝑆>(𝑘) =

?2(@)
0'A/B/

  
 

to which should be added the standard normal component. SA(0) is linked to, indeed, is 
linearly proportional to, the critical component of the compressibility (Eq. 2 in the main 
text) and ξ measures the static correlation length. 

We evaluate the instantaneous value of the structure factor, i.e., structure factor for a 
configuration, by estimating the Fourier transform of the density 

 
𝜌BC⃗ =

0
√-
∑ 𝑒!BC⃗ ∙G⃗3-
H/0 , 

 
where i is the imaginary unit, 𝑟H is the position of the oxygen atom of molecule j and 

N is the total number of molecules. The ensemble-averaged structure factor is then 
evaluated as 

 
𝑆(𝑘) =< 𝜌BC⃗

∗𝜌BC⃗ >         (S5) 
 

where the average runs over all configurations and all wavevectors have the same 
modulus 𝑘 = |𝑘H⃗ | and the symbol ∗ indicates the complex conjugate. The boundary 
conditions determine the possible |𝑘H⃗ | values according to 𝑘H⃗ = :J

K
(𝑛L , 𝑛M , 𝑛N) where L  is 

the size of the edge of the simulated box and nx, ny, nz are integers. To evaluate the best-
fit values for SA(0) and ξ, we perform a least-square fit limited to k < 4 nm−1 with the fit 
function  
 
𝑆(𝑘) = 𝑎 + 𝑏𝑘: + ?2(@)

0'A/B/
 , 

 
where the term a+bk2 models standard component of the structure factor at small k (54). 
In the fit procedure, weights, which take two independent quantities into account, are 
assigned to each S(k) value. In the first one, the error is assumed to be proportional to the 
number of independent 𝑘H⃗  having the same modulus. In addition, the error on each data 
point is considered to be proportional to the relaxation time of  𝑆(𝑘H⃗ ), assuming a k2 
dependence. 

Indeed, as shown below (subsection on S(k, t)), the density-density relaxation time 
scales with k−2 at small k. Examples of the fit procedure are reported in Fig. S8. 

Fig. S9 shows the inverse of the critical component of the structure factor (defined 
as S(k) − (a+bk2) ) as a function of k2. Even at small k, a linear fit in k2 provides a high 
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quality representation of the data, suggesting that corrections to the Lorentzian shape 
expected at the critical point (35) are not visible in the studied T interval. 
 
S(k) from g(r) 

To provide an estimate of the quality of the numerical S(k), we also calculate S(k) by 
taking the Fourier transform of the radial distribution function g(r) (54): 

 
𝑆(𝑘) 	= 1 + 4𝜋𝜌 ∫ [𝑔(𝑟) − 1] 6!7(BG)

BG
𝑟: 𝑑𝑟O

@       (S6) 
 
where ρ is the molecule number density. The resulting structure factors are also 

shown in Fig. S8. In the region of wavevectors accessible to the size of the simulation 
box L, direct calculations of S(k) in Fourier space (Eq. S5) and S(k) estimates from 
transformed real space (Eq. S6) provide the same results. 
 
S(k,t) 

To properly estimate the error at different k in S(k), we study the k-dependence of 
the correlation time of the collective density fluctuation correlation function 

 
𝑆(𝑘, 𝑡) =< 𝜌BC⃗

∗(𝑡)𝜌BC⃗ (0) > . 
 
Fig. S4(a) shows the time dependence of S(k, t) for one arbitrary temperature. The 

behavior of S(k, t) at small k can be quite precisely modeled as a stretched exponential 
function (55), with stretching exponent β = 0.7 ± 0.1. The k-dependent correlation time, 
as illustrated in Fig. S4(b), follows a k−2 dependence, a characteristic behavior of 
diffusive processes. 

 
Test of the Equilibration for the N =36,424 System 

To provide evidence that even the slowest relaxation times have been sufficiently 
equilibrated, we show the normalized correlation function of the density fluctuations 
S(k,t)/S(k,0) for several low T simulations in Fig. S5. Due to the presence of critical 
fluctuations, the slowest mode is the one with the smallest accessible k. For all T and all 
k, S(k,t)/S(k,0) relaxes to zero on a time scale smaller than the simulated trajectory. The 
length in time for each trajectory is reported in Table S4. 
 
Correlation Between Density and Structure 

To provide evidence that the structural properties of the system are different in the 
two phases, we compare the oxygen-oxygen radial distribution function g(r) and the 
corresponding structure factor S(k) averaged over different time blocks, centered in 
different points of the investigated trajectory. In particular, Fig. S2 shows that during the 
time in which the system prevalently explores low density values, the first shell is very 
well resolved (g(r) ≈ 0 for r ≈ 3.2). In contrast, when the system explores higher 
densities, there is no clear separation between first and second shells. Similarly, the 
structure factor pre-peak shifts from 17 to 19 nm−1 on going from low to high density 
(56). 
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Crystallization 
To provide evidence that no crystallization occurs in the simulations, we have 

evaluated the fraction of molecules with crystalline character following two of the most 
common classification schemes, CHILL+ (57) and Russo-Romano-Tanaka (58). CHILL+ 
classifies molecules according to three crystalline structures (cubic ice, hexagonal ice, 
and clathrate) and two interfacial structures (interfacial ice and interfacial clathrate). The 
fraction of molecules belonging to these groups as a function of T along the ρ = 1.012 
g/cm3 isochore are shown in Fig. S3. The fractions of crystalline ices are limited at all T 
below a few percent. There are about 5% molecules classified as interfacial clathrate and 
10% classified as interfacial ice. Both these two classes of molecules show a weak 
dependence on T. None of these classes shows any significant increase with time during 
the simulated period. 

The classification of Russo-Romano-Tanaka (58) is designed to eliminate the large 
fraction of local environments commonly detected as being interfacial ice but that are not 
wetting a crystalline nucleus, by including information up to the third shell of neighbours 
in the classification scheme. Here, molecules are classified according to four crystalline 
structures (cubic and hexagonal ice, ice 0 and clathrate) and just one of interfacial ice 
species. The fraction of molecules belonging to these groups as a function of T along the 
ρ = 1.012 g/cm3 isochore are shown in Fig. S3. As expected, the Russo-Romano-Tanaka 
method detects a significantly smaller concentration if ice molecules compared to 
CHILL+. 

 
 
  



 
 

8 
 

Fig. S1. 
 

 
 
Comparison of the distribution of density fluctuations. Density fluctuations observed 
in individual runs are presented with symbols at T=178 K and multiple pressures (see the 
legend: pressures in bars) and the corresponding quantities rebuilt from the histogram 
reweighting technique are presented with lines. Here the model is TIP4P/2005 and 
N=300. 
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Fig. S2 
 

 
 
Correlation between density and structure. (a) Time dependence of the density at P = 
1750 bar, T = 177 K, and N=300 for TIP4P/2005. Four intervals are highlighted by 
different colors. Two of the intervals are centered at times at which the density assumes 
large values (red and magenta) and the other two are centered at times at which the 
density is smallest (blue and green). (b) Oxygen-oxygen radial distribution function g(r), 
(c) corresponding structure factor S(k) averaged over each colored time block (same color 
code as in (a)). 
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Fig. S3 

 
Crystallization analysis. Molecules are classified according to (a) the CHILL+ (57) and 
(b) the Russo-Romano-Tanaka (58) algorithms. Here the model is TIP4P/2005 and the 
density is 1.012 g/cm3. Note the small fraction of crystalline particles detected by both 
methods. 
 
 

178 180 182 184 186 188 190
T (K)

0.05

0.1

0.15

Fr
ac

tio
n 

of
 m

ol
ec

ul
es

Cubic Ice
Hexagonal Ice
Clathrate
Interfacial Ice
Interfacial Clathrate

(a)

180 185 190 195 200
T (K)

0

0.0001

0.0002

0.0003

0.0004

0.0005

Fr
ac

tio
n 

of
 m

ol
ec

ul
es

Cubic Ice
Hexagonal Ice
Clathrate
Interfacial Ice
Ice 0

(b)



 
 

11 
 

Fig. S4 

 
 
Time-dependent analysis of density fluctuations. (a) Symbols indicate S(k, t) for 𝑘 =
J
K
𝑛, with n=2,3...9,10. Lines are fit according to a stretched exponential function. (b) 

Corresponding τ −1 for each k2. Here the model is TIP4P/2005 and T=183K, N = 36,424, 
ρ = 1.012 g/cm3. 
 
  

10-2 10-1

t   (µs)

0

0.05

0.1

0.15

0.2
S(

k,
t)

n=2
n=3
n=4
n=5
n=6
n=7
n=8
n=9
n=10

(a)

0 2 4 6 8 10
k2  (nm-2)

0

10

20

30

40

50

60

t-
1 

 (µ
s-1

)

(b)



 
 

12 
 

Fig. S5 

 
 
Time-dependent analysis of density fluctuations for six low temperatures. Symbols 
indicate S(k, t) for k =J

K
n, with n=2,3...9,10. Note that, due to periodic boundary 

conditions, the smallest accessible k is :J
K

, hence the smallest n is 2. The correlation 

functions are averaged over all 𝑘H⃗  with the same |k|.  Calculations are for TIP4P/2005, N = 
36,424, ρ = 1.012 g/cm3. 
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Fig. S6 
 

 
 

Ising fit for TIP4P/2005 (top) and TIP4P/Ice (bottom) for small-system sizes studied 
here. 
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Fig. S7 

 
Critical temperatures evaluated at different sizes for TIP4P/2005 systems. Bars are 
estimated systematic errors arising from calculation methods. 
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Fig. S8 

 
 
Structure factor analysis and fits at multiple illustrative temperatures (top-left: 
T=180.3 K, top-right: T=181 K, bottom-left: T=183 K, bottom-right: T=185 K). The 
red curve is the best fit to a normal component (green) plus a Lorentzian (blue) function 
of the numerical data (filled circles). The black curve is the structure factor as evaluated 
by the Fourier transform of the radial distribution function. The model is TIP4P/2005 at a 
density ρ = 1.012 g/cm3. 
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Fig. S9 

 
Inverse of the critical part of the structure factor as a function of k2 for the 
TIP4P/2005 model at ρ = 1.012 g/cm3. The straight lines have intercept of SA(0)−1 and 
slope of ξ2/SA(0). For clarity, data at different T have been shifted by 2, 4 and 6 along the 
y axis. 
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Fig. S10 
 

 
Anomalous behavior of the structure factor near the critical point of TIP4P/Ice. A. 
Low-k region of the structure factor computed for N = 10,000 TIP4P/Ice molecules at 
different temperatures and a fixed density r = 1.015 g/cm3, in close proximity to the 
critical isochore (see Table S3). B. Calculated values of the isothermal compressibility 
(see main text Eq. 2), in units of Pa-1, and scaled by a multiplication factor 2x108, and the 
correlation length (see main text Eq. 3). The slope of the lines through the data 
correspond to the Ising 3-d critical exponents (𝜈 = 0.63; 	𝛾 = 1.26), see Eqs. 4, 5 in 
main text. Critical temperature obtained by a constrained least-squares fit to the data, 
yielding Tc = 188.6 K. 
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Table S1. 
Number of independent runs and total length of TIP4P/2005 runs for each state point (and 
for each run). 
 

  N=300 N=500 N=1000 
T (K) P (bar) runs time/µs runs time/µs runs time/µs 
177 1650 1 10 2 80, 90 2 51, 64 

 1725 1 29     
 1700   3 91, 91, 113 3 50, 65, 51 
 1750 1 29 3 80, 95, 112 3 50, 65, 60 
 1775 1 20     
 1800   3 71, 73, 86 3 40, 77, 67 
 1850   2 94, 90 1 51 
178 1400 1 12     

 1500 1 45 1 10 1 10 
 1550   1 10 1 43 
 1600 1 25 2 32, 30 3 33, 10, 40 
 1650 1 5 3 30, 30, 40 3 33, 10, 30 
 1700 1 30 3 35, 30, 40 4 3, 39, 31, 17 
 1725 1 33     
 1750 1 33 2 35, 75 2 31, 29 
 1800 1 20 2 30, 72 1 34 
 1850   1 50   
 1900 1 10     
 2000 1 10     
179 1400 1 20     

 1500 1 12 2 20,42   
 1550   1 42 1 20 
 1575   1 20   
 1600 1 88 3 11, 40, 40 3 40, 32, 7 
 1625     1 40 
 1650 1 20 3 73, 40, 11 3 43, 7, 7 
 1700 1 12 3 72, 11, 10 3 42,25, 7 
 1750 1 20 1 72 2 40,10 
 1800 1 8 2 40,20 2 31 ,8 
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Table S2. 
Number of independent runs and total length of TIP4P/Ice runs for each state point (and 
for each run). 
 

  N=300 N=500 N=1000 
T (K) P (bar) runs time/µs runs time/µs runs time/µs 
188 1100 1 43     

 1300 1 43     

 1500 1 43     

 1625 1 43     
 1675 1 43   1 4 
 1725 1 43   1 6 
 1800     2 6,6 
 1850 1 43     
 1900     2 9,6 
 2000 1 43     
 2500     1 4 

190 1100   1 16 1 9 
 1300 1 43 1 16 1 9 
 1500 1 43 1 38 1 9 
 1625 1 43     
 1650 1 43 1 34 1 9 
 1675 1 43     
 1700   1 16   
 1725 1 43   1 15 
 1760     1 9 
 1800   1 9 1 8 
 1850 1 43     
 1900     1 9 
 2000 1 43 1 9 1 9 

191 1600     1 40 
 1650     2 54, 50 
 1675     1 46 
 1700     1 53 
 1750     1 49 
 1800     1 35 
 1850     1 29 
 1900     1 19 

192 1100 1 30 1 12   

 1300 1 30 1 15   
 1500 1 30 1 28   
 1550     1 30 
 1600     1 12 
 1625 1 41 1 25   
 1650   1 30 1 35 
 1675 1 25     
 1700   1 30 1 13 
 1725 1 40     
 1750     1 22 
 1800   1 10   
 1850 1 28     
 1900     1 16 
 2000 1 18 1 8 1 5 
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Table S3. 
Critical parameters calculated from the simulations.   
 

 TIP4P/2005    TIP4P/Ice  
 

N 
 

Tc 
 

Pc 
 

s 
 
ρc 

 
Tc 

 
Pc 

 
s 

 
ρc 

 (K) (bar) (kg mol/m3 kJ) (g/cm3) (K) (bar) (kg mol/m3 kJ) (g/cm3) 
 

300 
 
172.0 

 
1861 

 
96.0 

 
1.039 

 
188.6 

 
1725 

 
83.3 

 
1.017 

500 171.5 1872 75.1 1.024 188.1 1746 86.7 1.015 
1000 173.1 1850 73.1 1.028 188.6 1746 82.3 1.012 

10000     188.6    
36424 173.3        
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Table S4. 
Length of large box simulations for scattering analysis of TIP4P/2005 (N = 36,424) and 
TIP4P/ICE (N = 10,000).  

 
TIP4P/2005 TIP4P/ICE 

T (K) time/µs T (K) time/µs 
180 30.1 191 17.4 

180.3 21.7 193 5.0 
180.6 25.4 195 4.4 
181 17.4 200 4.1 

181.5 10.2 205 3.6 
182 7.7 210 2.3 
183 10.1   
185 9.0   
190 3.2   
200 4.5   
250 1.0   
300 1.0   
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