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We study through numerical simulations the phase behavior of a 2D system of particles interacting
through a Gaussian repulsive core supplemented with a short-range attraction and a long-range repul-
sion. We find that the system investigated forms a variety of crystals, a phase characterized by stripe pat-
terns, and quasicrystalline phases displaying 8-fold, 12-fold, and 18-fold symmetry. We discover that, in a
narrow density range, particles self-assemble into remarkable clusters with dodecagonal symmetry, a
phenomenon to our knowledge never reported previously in the literature.
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1. Introduction

Self-assembly is the process in which a disordered system of
pre-existing components, be it molecules, polymers, colloids, or
macroscopic particles, spontaneously forms organized structures
as a result of interactions among the components, without external
driving. Quasicrystals (QCs) - a growing group of materials charac-
terized by non-periodic order - are a peculiar class of self-
assembled structures. A quasicrystalline pattern can continuously
fill all available space, but it lacks translational periodicity. The
aperiodicity is revealed in the unusual symmetry of the diffraction
pattern, which displays crystallographic forbidden rotational sym-
metries (e.g. 5-fold, 8-fold, 10-fold, 12-fold, 18-fold). Often, in the
same system, quasicrystals coexist with their approximants, i.e.
ordinary crystals that are built from the same structural subunits
of quasicrystals, but arranged in a periodic way, representing the
link between quasicrystals and periodic crystals.

Since the first observation of a decagonal quasicrystal in Al–Mn
alloys [1], many metallic QCs have been discovered [2]. Subse-
quently QCs have been observed in an increasingly number of
soft-matter systems [3–7]. Compared with metallic QCs, soft mate-
rials are more promising candidates for self-assembling mono-
component QCs. Moreover, in comparison with atomistic qua-
sicrystals, colloidal quasicrystals are orders of magnitude larger.
Due to the complex non-periodic structures on nano- to microme-
ter length scales, colloidal quasicrystals are natural candidates for
advanced photonic materials in a range of optical devices [8,9].
Self-assembled soft-matter quasicrystals are thus of interest for a
number of reasons, not least because they promise to provide a
route to manufacturing materials and coatings with novel optical
or electronic properties arising as a consequence of their high
degree of rotation symmetry [10,11].

Since in soft materials the interaction between particles can be
tuned in various ways, soft systems are also well suited for inves-
tigating how self-assembly depends on the interaction features.
This has stimulated the interest in understanding the mechanisms
by which soft-matter QCs can form. Formation of quasicrystals was
reported (in numerical studies) for several mono-component sys-
tems with a variety of interactions: these include isotropic poten-
tials with competing length scales [12–15] and anisotropic
particles naturally possessing multiple length scales, such as pat-
chy particles [16] and spherical building blocks functionalized with
mobile surface entities [17]. In most studies, particles interact via
an infinitely repulsive core decorated with additional components.
Only few authors [18,19] considered systems of soft core particles
interacting through potentials that are finite at the origin, a feature
that, though being non-physical for atomic systems, is relevant in
the realm of soft matter, where effective interactions among soft,
re and
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flexible macromolecules such as polymer chains [20], dendrimers
[21], polyelectrolytes, etc. may result in a bounded short-range
repulsion. A typical example is the well-known GCM (Gaussian
core model) [22], a model able to describe in an excellent approx-
imation the repulsive entropic interactions between the centers of
mass of two polymer chains.

We here study the phase behavior of a 2D system of particles
interacting through a Gaussian repulsive core supplemented by a
short-range attraction and a long-range repulsion. This system
has been considered in a previous study where the formation of
aggregates of particles was investigated [23]. We find, through
molecular dynamics simulations, that the investigated system
forms a variety of crystals, a phase displaying stripe patterns, and
a number of quasicrystals characterized by 8-fold, 12-fold, and
18-fold symmetry. At high densities, crystals are characterized by
the presence of sites with multiple occupation, a phenomenon
which is allowed by the finite nature of the repulsion at the origin.
In a narrow density range the system is characterized by the for-
mation of remarkable clusters having full dodecagonal symmetry,
a feature to our knowledge never reported previously in the
literature.
Fig. 1. Interaction potential U(r) defined in Eq. (1); a ¼ 0.05. The function f(r) is
shown in the inset.
2. Model

We consider a 2D system of particles interacting through the
following potential:

UðrÞ
e

¼ expð� r=Rð Þ2Þ �w � exp½�ððr=RÞ � 2Þ2�
þ a � exp½�ððr=RÞ � 3Þ2� � f ðrÞ ð1Þ

where r is the interparticle distance, e and R are arbitrary energy
and length units, respectively, w and a are the strength of the
short-range attraction and of the long-range repulsion, respectively,
and f rð Þ is the function:

f rð Þ ¼ 1

1þ exp 3� r=Rð Þ
0:1

h i ð2Þ

Throughout our investigation � is the unit of energy (and tem-
perature, choosing Boltzmann constant kB = 1) and R is the unit
of length. With this choice, � ¼ 1, R ¼ 1. Moreover, we choose
w ¼ 0:05. The potential U rð Þ defined in Eq. (1) is composed of three
terms: a finite repulsive core having the form of a gaussian cen-
tered at the origin, an attractive component consisting in a nega-
tive gaussian centered at r ¼ 2 having fixed strength w, and a
repulsive long-range term which is given by the product of a gaus-
sian centered at r ¼ 3 times the function f rð Þ , which is a continu-
ous function approximating a Heaviside step function that goes
from 0 to 1 around r ¼ 3. This specific form of the long-range
repulsion makes it possible to vary its strength, i.e. a, without
significantly affecting the inner repulsion and attraction. The
potential U rð Þ is shown in Fig. 1 for a ¼ 0:05. With this choice
of parameters, the potential has a minimum at rmin = 2.27, with
U(rmin) = -0.04 and a secondary maximum at rmax = 3.36, with
U(rmax) = 0.035.
3. Methods

We have investigated the properties of a system of particles
interacting through the potential described in Eq. (1) via Molecular
Dynamics (MD) simulations. MD simulations have been performed
with standard home-written codes in the NVT and NPT ensembles.
In the NVT ensemble, the velocity Verlet algorithm has been used
to integrate the equation of motion, supplemented by the Ander-
sen thermostat. In the NPT ensemble, we have selected a mixed
2

MD-MC scheme, where a Monte Carlo move in which each of the
box lengths (along x and y) is varied by a random quantity (and
accepted with the proper MC acceptance rule [24]), is randomly
alternated with a 200 steps NVT MD simulation. We have verified
that the pressure imposed in the MC part coincides with the aver-
age pressure measured with the standard virial expression.

We have studied systems of N = 1000 particles (though in some
investigations we used N = 16000 and N = 25000) in two dimen-

sions. As usual, time is expressed in units of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mR2=�

q
where

m ¼ 1 is the mass of the particle. In these units, the timestep is
0.01. Pressure is measured in units of �=R2: We study the system
at a temperature T ¼ 0:01 in a wide range of values of the surface
density q (measured in units of 1=R2).
4. Results

4.1. Gas phase

We first considered small densities (q < 0.10), where the system
is in the gas phase. In a previous investigation [23], we found that a
three-dimensional system of particles interacting through the
potential here considered, at low densities is characterized by the
presence of polydisperse clusters. In order to analyze the possible
aggregation of particles with the resulting formation of clusters
in the 2D system, we calculated the probability distribution PðsÞ
of finding clusters of size s for several densities. Particles are con-
sidered as bonded if their distance is smaller than the position of
the maximum rmax of the long-range repulsive component of the
interaction (rmax = 3.36). Particles are assumed to be part of the
same cluster if there is a continuous path of bonds connecting
them.

As shown in Fig. 2, the cluster size distribution PðsÞ becomes
wider and wider on increasing the density q, so that a spanning
cluster (indicative of a percolation transition) eventually develops
around q � 0.10. The distribution PðsÞ shows a weak peak, indicat-
ing a preferred cluster size, around s � 3–4.

The clustering process is manifested in the behavior of the
structure factor SðqÞ at small q (Fig. 3). Assuming that clusters



Fig. 2. Cluster size distribution PðsÞ vs. cluster size s at T = 0.01, for several densities
(number of particles N = 25000). PðsÞ is normalized such that R sP sð Þ ¼ N.

Fig. 3. Structure factor calculated at a temperature T = 0.01 for q = 0.01, 0.05
(number of particles N = 1000). The inset shows SðqÞ for a system of N = 25000
particles, to highlight the small q behavior.

Fig. 4. Equation of state PðqÞ (MD-NPT simulation). T = 0.01 (number of particles
N = 1000). Red arrows indicate first order phase transitions. The blue labels specify
the different phases.
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are uncorrelated in space, the system can be considered as an ideal
gas of clusters, so we can use the ideal gas formulas for pressure
and compressibility.

More precisely,

P ¼ kBTNcluster=A; vT ¼ 1= kBTNcluster=Að Þ

where Ncluster is the total number of clusters in the system of surface
A.

From the well-known long-wavelength limit of the structure
factor

Sðq ¼ 0Þ ¼ qkBTvT

it follows that

Sðq ¼ 0Þ ¼ N=Ncluster

Since N is approximately equal to Ncluster times the average clus-

ter size s
�
, the limit of SðqÞ for q approaching zero is set by s

�
.

The ideal gas of cluster hypothesis can be checked indepen-
dently both by counting the number of clusters and predicting
the pressure (and the compressibility) as well as calculating the
average cluster size N=Ncluster . Both checks are satisfied by the data.
3

4.2. Crystalline and quasi-crystalline phases

The system considered exists as a gas phase only at very low
pressures (smaller than 0.005). At higher pressures it shows a very
rich scenario of crystalline and quasi-crystalline phases. In order to
calculate the equation of state PðqÞ, we performed NPT MD simu-
lation at several pressures in the range 0:00001 � P � 1:5.

To facilitate the identification of the numerous phases, the
equation of state is shown in Fig. 4 in three different pressure inter-
vals. The occurrence of phase transitions is indicated through the
red arrows (arrows point at phases with approximately equal pres-
sure and different densities). In the regions between two succes-
sive phase transitions, the points laying on the line representing
PðqÞ belong to the same phase.

We report below, for several significant (q,P) state points, a
snapshot of the particle configuration as obtained at the end of a
MD-NPT run of the order of � 5�108 integration timesteps. Each
particle is represented as a circle having radius r = 0.2. For each
snapshot we show also the corresponding bidimensional structure
factor in the plane qx, qy. Next, we discuss the different phases
observed.
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Upon increasing pressure (starting from the gas phase), the sys-
tem crystallizes at first in a triangular phase (e.g. at P ¼ 0:04), and
then in a square phase (e.g. at P ¼ 0:09). This behavior is the oppo-
site of what happens for systems with infinitely repulsive core,
such as, e.g., hard disks, where the triangular lattice is preferred
at high densities, since it is more efficient at filling the plane with
respect to the square lattice. In fact, the densest packing of hard
disks in the plane is attained by arranging them in the triangular-
hexagonal lattice, with maximum packing fraction gmax � 0.9069,
whereas a square lattice attains gmax � 0.7854 (in 2D systems the

packing fraction is g ¼ p
4qd

2, where q is the number density and
d is the hard disk diameter). The reason for the ‘‘inversion”
observed in the system investigated is related to the soft nature
of the repulsion. Since as the density increases, repulsion loses
its efficacy, in certain density ranges increasing the number density
results in making available additional space to the particles, as a
consequence of the decreasing effective particle radius. Thus, the
decreased efficacy of the long-range repulsion makes it possible
for the system to crystallize in a less efficient space-filling lattice,
in spite of the increased density.

Upon further increasing the pressure, in a restricted range of
pressures (0:112 < P < 0:121) the system displays two quasicrys-
talline phases characterized by non-periodic order. More precisely,
the system forms an 18-fold symmetric quasicrystal in the pres-
sure interval 0:1125 � P � 0:116, and a 12-fold symmetric qua-
sicrystal in the pressure interval 0:118 � P � 0:12 (see inset in
the top panel of Fig. 4).
Fig. 5. 18-fold QC phase (q = 0.3217 ± 0.0005, P = 0.114). (a) Particle configuration; b
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Fig. 5 shows the particle configuration and the corresponding
structure factor at P ¼ 0:114 . In order to make evident the local
arrangement of the particles, in a few portions of the snapshot
we connected neighbouring particles through segments. In addi-
tion to tilings such as pentagons, flattened hexagons and quadran-
gles, we observe the presence of nonagons (with a central particle),
that are generally surrounded by pentagons. The structure factor
exhibits an evident 18-fold symmetry, a crystallographic forbidden
rotational symmetry, characteristic of an octadecagonal quasicrys-
tal. We show also a 3d representation of the structure factor, where
the lowest values of SðqÞ have been cut off and the bases of the
highest peaks have been connected so to highlight the two inner
shells in the reciprocal space. Analogous features, both as it regards
the particle configuration and the structure factor, were observed
at P ¼ 0:1125;0:116.

In the pressure range 0:118 � P � 0:12 the structure factor is
characterized by the presence of 12 peaks in the inner shell in
the reciprocal space (Fig. 6). This feature is an indication of a 12-
fold rotational symmetry. However, only the peaks in the first shell
are well defined, while those of the second shell are rather broad,
which suggests that a certain amount of disorder is present in the
quasicrystalline arrangement. Indeed, though in the snapshot one
can observe the presence of tilings (not highlighted in the figure)
such as pentagons, flattened hexagons, few quadrangles, and a cou-
ple of nonagons, these tilings are in general rather loosely defined.

As pressure increases, the system crystallizes first into a rhom-
bic phase, in a range of pressures around P ¼ 0:15, and then, in the
pressure range 0:2 � P � 0:3, we observe a phase with particles
) diffraction pattern (map view); c) 3d representation of the diffraction pattern.



Fig. 6. 12-fold QC (q = 0.328 ± 0.0005, P = 0.119). a) Particle configuration; b) diffraction pattern.
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arranged on squares and triangles (Fig. 7). In a square-triangle til-
ing, each particle is simultaneously the vertex of two squares
(2x90�) and three equilateral triangles (3x60�), for a total of 360�.
Depending on the local arrangement of squares and triangles
around the central particle, environments can be categorized as
r-type (where contiguous squares have in common only one ver-
tex) or H-type (where contiguous squares share one side) in anal-
ogy to the Frank-Kasper phases [25–26] (see the insets of Fig. 7 and
Fig. 9). Both these phases are considered as crystalline approxi-
mants to dodecagonal quasicrystals. We connected particles in a
portion of Fig. 7 so to make evident that the crystalline structure
is typical of a r-phase.

For 0:3 � P � 0:55, the system crystallizes in a triangular lattice,
whereas for 0:6 � P � 0:75 the crystal displays a square lattice.
Thus, similarly to what observed for P � 0:1, with increasing pres-
Fig. 7. r-phase (q = 0.4812 ± 0.0005, P = 0.25). Particle configuration; inset: r-type
local environment.
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sure, the decreasing efficacy of the soft repulsion (now tested at
inner distances) makes available additional space to the particles,
which allows the system to crystallize in the less efficient space-
filling square lattice, in spite of the higher density.

In the pressure range 0:755 � P � 0:825, we observe a phase
whose structure factor shows an 8-fold symmetry typical of an
octagonal quasicrystal (Fig. 8). By connecting particles in portions
of the snapshot we make evident that particles are arranged
mainly on octagons (with a central particle) and pentagons. Octag-
onal rings may be directly in contact or separated by pentagonal
tiles surrounding the ring. The diffraction pattern shows an octag-
onal symmetry, with peaks arranged in concentric octagons, as is
evident both from the map view and the 3d representation.

In the pressure range 0:84 � P � 1:15, particles are arranged
according to a tiling that closely resembles one of the Archimedean
lattices, the (32,42) tiling, also called trellis tiling, with each vertex
of the tiling occupied by a single particle (Fig. 9). With respect to
the trellis tiling, which is made up of squares and equilateral trian-
gles, the tiling pattern in the configuration shown here is slightly
elongated along the direction coincident with the axis of the col-
umns of squares. Aside from this distortion, the local environment
is of the H-type.

For P > 1:15, particles begin to overlap with each other. In spite
of being finite at the origin, and thus allowing particle superposi-
tion, the Gaussian repulsion does not favor particle overlapping
since this has nevertheless an energetic cost. However, when an
extra particle is inserted in a dense enough configuration of parti-
cles, the partial overlap of its long-range repulsion with the repul-
sive tails of the numerous neighboring particles would imply a
higher energetic cost with respect to the complete overlap of the
extra particle with just one of the pre-existing particles. Particle
overlaps are thus energetically preferred as the density increases.

As the pressure increases, dimers (i.e. couples of particles with
interparticle distance r < 0.3) organize so to formworm-like stripes
alternated with parallel stripes of single particles. Around P ¼ 1:2,
the system shows a mixed phase displaying regions characterized
by the trellis tiling and regions with alternating stripes of dimers
and single particles. At P ¼ 1:35, the stripe pattern extends over
the whole system. To make evident the spatial distribution of the
overlaps, we represent dimers as red dots, and single particles as
black dots (Fig. 10). It can be observed that within ‘‘black” stripes
the distance between adjacent particles is approximately half than



Fig. 8. 8-fold QC (q = 0.743 ± 0.0005, P = 0.825). a) Particle configuration; b) diffraction pattern (map view); c) 3d representation of the diffraction pattern.

Fig. 9. H-phase (q = 0.8058 ± 0.0007, P = 0.95). Particle configuration. Upper inset:
trellis Archimedean tiling; lower inset: H-type local environment.
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the distance between adjacent dimers in ‘‘red” stripes. Thus, the
overall number of particles per unit length along the black stripes
or along the red stripes is roughly the same. The points of the recip-
rocal lattice are arranged according to the (22,82) Archimedean lat-
tice, or CaVO tiling.

Stripe patterns analogous to those present in the snapshot in
Fig. 10 can be generated starting from the H phase and proceeding
as follows: for each square of the trellis tiling, leave two adjacent
particles in their place and move the two on the opposite side of
the square so that they overlap in the midpoint of the side, as bet-
ter illustrated in Fig. 11.

Upon slightly increasing the pressure (and the density) a novel
remarkable feature emerges. In addition to stripes of sites with sin-
gle and double occupancy, dodecagonal clusters of particles
appear. This new feature is quite evident in the particle configura-
tion shown in Fig. 12, obtained by performing MD NVT simulations
at q ¼ 1:0. A significant number of clusters are present in the snap-
shot. Moreover, in a portion of the snapshot we observe a triangu-
lar lattice, where the basis added to each lattice point is a
dodecagonal cluster. A triangular crystal of this type represents
an approximant to a dodecagonal quasicrystal [14]. Accordingly,
the structure factor SðqÞ corresponding to the snapshot exhibits
an evident 12-fold symmetry.

At such densities, particle overlapping is quite relevant, as made
evident by the high number of red dots in the snapshot. Accord-
ingly, the radial distribution function (not shown) has its highest
peak at r = 0.



Fig. 10. Stripe phase (q = 0.9915 ± 0.001, P = 1.35). a) Particle configuration. Black dots represent single particle, red dots represent dimers (i.e. two particles with interparticle
distance r < 0.3); b) diffraction pattern; inset: CaVo Archimedean tiling.

Fig. 11. From trellis tiling to alternated stripes of dimers and single particles.

Fig. 12. MD NVT simulation. Particle configuration and corresponding structure factor at q ¼ 1:0 (and T = 0.01). a) Particle configuration; b) diffraction pattern (the intensity
values are here shown in a logarithmic scale).
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To check the possibility that the system might crystallize into a
triangular lattice, we performed very long runs, but independently
of the run length only limited portions of the system display a crys-
talline triangular arrangement. However, when performing simu-
lation starting from a triangular crystal of dodecagonal clusters,
we found that the crystal is mechanically stable.

Let us now examine more in details the nature of the dodecago-
nal clusters observed. Each cluster consists in a central site sur-
rounded by twenty-four sites arranged in two concentric
circumferences. In each circumference there are twelve approxi-
mately equally-spaced sites. The radius of the external circumfer-
ence is slightly smaller than twice the radius of the inner
circumference (which is approximately 1.4). In a hypothetically
isolated cluster, the central site of each cluster is doubly occupied,
while the other sites are singly occupied (see Fig. 13). However,
when clusters develop in the system, the sites of the second cir-
cumference overlap with those of adjacent clusters (thus becoming
doubly occupied) as can be appreciated in Fig. 12.

The geometrical structure of each cluster consists in a 12-fold
rosette of rhombs with 30� acute angles. The sites occupied by
the particles in the cluster coincide with the vertices of the rhombs.
This geometrical structure has been used as a starting point to
build through recursive relations quasiperiodic tilings with 12-
fold rotational symmetry of interest in the study of quasicrystals,
such as the Socolar 12-fold A tiling, obtained by combining thin
rhombs, thick rhombs, and squares, or some of Stampfli 12-fold til-
ings, obtained combining thin rhombs, equilateral triangles and
squares, or just thin and thick rhombs [29].

Dodecagonal quasicrystals formed by real systems, as well as
those obtained through simulation of model systems, are more
commonly described in terms of 12-fold square-triangle tilings of
particles [27]. As found in numerical simulations of systems both
of isotropic particles with hard core + soft corona [14] and of
non-isotropic patchy particles [16,28], a common motif formed
by particles in dodecagonal quasicrystals is that shown in
Fig. 13b. This motif is also frequently used to generate quasiperi-
odic tilings through an inflation process [27,30]. It is evident that
though such motif has a dodecagonal shape, it possesses just a 6-
fold symmetry.

To evaluate the presence of finite size effects we performed NVT
simulations with a system of N = 16000 particles at q ¼ 1:0 and
T = 0.01. As shown in Fig. 14, the system is characterized by the
presence of domains of different types: alternate stripes of parti-
cles with single and double occupancy, and regions where particles
form clusters. Unfortunately, the dynamics is so slow that we were
not able to follow the system till thermodynamic equilibrium is
reached and the proper stable phase takes over or coexistence
between two phases is reached.

Since the orientation of the different domains is essentially ran-
dom, it follows that the intensity pattern in the structure factor is
characterized by concentric circumferences similarly to what
Fig. 13. a) 12-fold symmetric cluster (present paper); b) dodecagonal motif (6-fold
symmetric) observed in the literature [14,16,28] (reproduced from Ref. [28]).
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occurs in an isotropic system (Fig. 14, inset). However, the inten-
sity of the peaks along each circumference is modulated in such
a way that peaks are arranged in 12 equally-spaced arches of equal
length.

This is the signal of an underlying 12-fold symmetry that can be
related to the regions displaying square-triangle arrangements of
clusters. We consider as an example a portion of the snapshot in
Fig. 14 (located close to the lower left corner of the snapshot)
where clusters of particles are mainly arranged on squares and
equilateral triangles. By connecting the centers of adjacent clus-
ters, one makes evident that clusters are arranged according to a
square-triangle tiling and their centers form H-type, r-type and
also hexagonal local environments (Fig. 15a). On the other hand,
by connecting adjacent particles, it is possible to note that particles
are arranged on thin rhombs, equilateral triangles and squares (see
Fig. 15b) similarly to what occurs in the Stampfli 12-fold tiling
shown in Fig. 15c.

The system investigated in the present paper, at q ¼ 1:0 and
T = 0.01 exhibits a multi-domain structure that only locally might
be considered as an approximant to a dodecagonal quasi-crystal.
However, at best of our knowledge, it is the only physical system,
be it a real material or a model system, where particles aggregate
to form dodecagonal clusters having a 12-fold symmetry, quite
similarly to the motif present in the Stampfli 12-fold tiling shown
in Fig. 15c. We performed also NPT calculations with N = 16000 at
P = 1.36 and T = 0.01, and we obtained analogous results to those
obtained through NVT simulation at q = 1.0, T = 0.01.

Upon further increasing the density, almost all particles over-
lap two by two, so the system is formed almost entirely by
dimers. These are arranged at first in a triangular lattice
(q ¼ 1:075, Fig. 16a), and at higher density (q ¼ 1:2, Fig. 16b),
in a square lattice. This inversion between square and triangular
lattices of dimers is analogous to that observed at lower pressures
for square and triangular lattices of single particles. With increas-
ing density or pressure, the decreasing efficacy of the soft short-
range repulsion makes available additional space to the particles,
so the system is allowed to crystallize in the less efficient space-
filling square lattice, in spite of the increased density. As density
further increases, trimers (formed by the overlapping of three
particles) appear, and at q ¼ 1:7 (Fig. 16c) we observe a square
crystal of trimers and dimers. Eventually, at the highest density
considered (q ¼ 2, Fig. 16d), tetramers formed by the overlap of
four particles coexist in a square lattice with trimers and few
dimers.

At such high densities the behavior of the system investigated
has some similarities with that of the PSM (penetrable sphere
model). In fact, the PSM (in 3d) crystallizes into a fcc solid where,
with increasing density (and temperature), sites are occupied by an
increasing number of particles [31]. Thus, the PSM forms multiple
fcc solids differing for the fractions of sites occupied by pairs, tri-
plets, etc. As already observed in a previous paper by us [23], the
presence of the interaction components (i.e. the short-range attrac-
tion and the long-range repulsion) added, in the model here con-
sidered, to the Gaussian repulsive core, modifies the re-entrant
melting behavior that is typical of the Gaussian core when alone,
and determines a tendency to form at high densities a clustered
solid similarly to systems such as the penetrable sphere model
and the GCM-4 system (which can be considered the continuous
analogous of the PSM [32]). As it occurs in the PSM, we observe
that at high densities a practically constant effective density of
clusters is maintained in the crystal, which leads to a density-
independent lattice constant. Indeed, for the three configurations
shown in Fig. 16b, c, d, the radial distribution function is similar,
the only difference being the height of the peak at r = 0, which
increases with the density (Fig. 17).



Fig. 14. q = 1.0, T = 0.01, N = 16000 particles. Particle configuration; inset: diffraction pattern.

Fig. 15. a) Magnification of a region located close to the lower left of Fig. 14; b) magnification of a region located close to the upper left corner of Fig. 15a (adjacent particles
are connected by lines to emphasize the cluster geometry); c) Stampfli 12-fold tiling with thin rhombs, equilateral triangles and squares (reproduced from Ref. [29]).
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Fig. 16. Snapshots of the systems at T = 0.01 and several densities. a) q = 1.075. Triangular crystal of dimers; b) q = 1.2. Square crystal of dimers; c) q = 1.7. Square crystal of
dimers + trimers (green dots); d) q = 2.0. Square crystal of dimers + trimers + tetramers (blue dots).

Fig. 17. Radial distribution function. NVT calculations. T = 0.01, N = 1000. q = 1.2,
1.7, 2.
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5. Conclusions

We showed that many remarkable structures are formed upon
self-assembly processes in a model system of particles interacting
through a finite repulsion at the origin supplemented by short-
range attractive and long-range repulsive competing interactions.

At low and intermediate density we observed quasicrystals
with 8-fold, 12-fold and 18-fold crystallographic forbidden sym-
metries, as well as quasicrystal approximants with local arrange-
ment of particles similar to those characterizing the r-type and
H-type Frank-Kasper phases.

At high densities, due to the finite nature of the repulsion at the
origin, particle overlapping becomes relevant, giving origin to
peculiar and suggestive patterns. At a surface density approxi-
mately equal to one, the system displays a ‘‘stripe phase” charac-
terized by the alternance of worm-like parallel stripes of dimers
(i.e. two completely or almost completely overlapped particles)
and single particles. Upon slightly increasing the density, particles
form remarkable clusters consisting in a doubly occupied central
site surrounded by two concentric circumferences each of which
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is formed by twelve singly occupied equally spaced sites. Such
clusters are characterized by a 12-fold symmetry, which sets them
apart from the dodecagonal clusters described in the literature on
quasicrystals, having an outer dodecagonal contour but possessing
just a six-fold symmetry. The clusters observed in our system are
mostly arranged according to a square-triangle tiling and their cen-
ters form H-type, r-type and also hexagonal local environments.

At very high densities, particle overlapping becomes dominant
and the system forms crystals with multiple occupied sites. Above
a given density (around 1.2) the crystal lattice remains unchanged,
both as it regards its nature (square geometry) and the value of the
reticular constant, while the site occupancy increases with the
density, giving origin to trimers, tetramers, etc.
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