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ABSTRACT
It has recently been shown that the TIP4P/Ice model of water can be studied numerically in metastable equilibrium at and below its liquid–
liquid critical temperature. We report here simulations along a subcritical isotherm, for which two liquid states with the same pressure
and temperature but different density can be equilibrated. This allows for a clear visualization of the structural changes taking place across
the transition. We specifically focus on how the topological properties of the H-bond network change across the liquid–liquid transition.
Our results demonstrate that the structure of the high-density liquid, characterized by the existence of interstitial molecules and commonly
explained in terms of the collapse of the second neighbor shell, actually originates from the folding back of long rings, bringing pairs of
molecules separated by several hydrogen-bonds close by in space.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0049299., s

I. INTRODUCTION

The experimental evidence supporting the possibility of a
liquid–liquid critical point (LLCP) in supercooled water is con-
stantly growing.1–7 From the 1992 seminal study by Poole et al.,8

several models,9–12 including recently a quantum-based machine-
learning potential,13 have been scrutinized to support the idea that
water, despite being a pure molecular liquid, in deep supercooled
states can exist in two different liquid forms. Until recently and
despite a significant collective effort, definitive numerical evidence
based on the analysis of the density fluctuations close to the liquid–
liquid critical point and finite size scaling was available only for
the ST2 model,14–17 a model known to overemphasize tetrahedrality
in the local structure. Only last year, a numerical tour-de-force
investigation18 finally provided conclusive evidence that two of
the most realistic classical models for water19 (TIP4P/200520 and
TIP4P/Ice21) do show a clear liquid–liquid critical point in deep
supercooled states. This study, together with the previously cited
recent outstanding experiments,1–6 strongly supports the possibility
that not only the models but also real water exists in two distinct liq-
uid forms. Recent reviews22–26 provide a detailed description of the
interesting behavior of supercooled and glassy water.

The availability of a realistic model that can be numerically
studied even below the liquid–liquid critical point, although with a

significant computational effort, offers the unprecedented possibil-
ity to identify the structural units driving the first-order transition,
thus deciphering the microscopic mechanisms at the origin of the
LLCP in water.

In this paper, we extend previous simulations and investigate
novel state points, covering the range from P = 1 bar to P = 4000
bars at T = 188 K for a system of N = 1000 molecules interacting
via the TIP4P/Ice potential. In this model, the liquid–liquid criti-
cal point is found at Tc = 188.6 K, ρc = 1.015 g/cm3, and Pc = 1725
bars.18 The possibility to compare the low and high density liquids
(LDL and HDL) at the same P and T in metastable equilibrium offers
a vivid representation of the structural changes taking place at the
transition. We find that both low and high density liquids are essen-
tially fully bonded, meaning that all hydrogens (>99.9%) are engaged
in hydrogen bonds with close-by oxygen atoms. The fraction of
molecules with four bonds, in the classic two-donor two-acceptor
geometry, is larger than 95%. Increasing the density across the tran-
sition, the tetrahedral geometry is distorted, opening the possibility
of novel HB patterns, as highlighted by the changes in the statis-
tics of ring-loops and their spatial geometry. We discover that the
presence of interstitial molecules at relative distances of 0.35 nm,
previously assumed to arise from the collapse of the second shell,
originates from the folding back of long rings, bringing molecules
separated by paths of several hydrogen bonds at close distances.
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Thus, pairs of molecules close by in space (≈0.35 nm) are seeds of
two distinct networks, facing each other, which merge together after
three or four bonds due to the disorder of the network. Introducing
a combined structural and topological analysis, we show that unam-
biguous differences in the HB network properties exist between the
two liquids.

II. NUMERICAL METHODS
MD simulations were performed in supercooled conditions on

the TIP4P/Ice water model21 using GROMACS 5.1.4,27 in the NPT
ensemble. All simulations were run with a leap-frog integrator with
a time step of 2 fs, and temperature coupling was controlled via the
Nosé–Hoover thermostat with a characteristic time of 8 ps, and pres-
sure coupling was controlled via an isotropic Parrinello–Rahman
barostat with a characteristic timescale of 18 ps. In all cases, a cubic
simulation box with periodic boundary conditions was adopted, and
each simulation was initialized from a different initial configuration.
Molecular constraints were implemented with the LINCS algorithm
at the sixth order. van der Waals interactions have been evaluated
with a cutoff distance of 0.9 nm, and this same cutoff distance was
adopted for the real-space cutoff of electrostatic interactions eval-
uated by the particle-mesh Ewald method at the fourth order. We
explored the T = 188 K isotherm in a system of N = 1000 molecules,
with pressures ranging from 1 bar to 4000 bars.

If not stated otherwise, all results shown throughout this work
are evaluated on the inherent structures (IS).28,29 The inherent
structure of a system can be operationally defined as the local
energy minimum that is reached via a (constant volume) steepest
descent path starting from an equilibrated configuration. In this
process, all vibrational degrees of freedom are brought to their
ground state. To numerically evaluate the IS, we used the double-
precision version of the steepest descent algorithm in GROMACS
with a force tolerance of 1 J/mol/nm and a maximum step size of
5 × 10−4 nm. Details on simulation and equilibration times for each
state point can be found in Table S1 of the supplementary material.

III. RESULTS: STRUCTURAL AND THERMODYNAMIC
QUANTITIES
A. Thermodynamic quantities

Figure 1(a) shows the time evolution of the density at
T = 188 K for different values of P. Close to the liquid–liquid tran-
sition (P = 1800 and P = 1900 bars), two independent simulations
have been performed, starting from opposite sides of the transition
line. At P = 1900 bars, after 5 μs, we observe a transition from low
to high density. At P = 1800 bars, no crossing is observed in 25 μs
of the simulation, providing two trajectories with the same pressure
and temperature but different densities, as expected close to a coex-
istence line and, more importantly for us, two simulations that can
be scrutinized to highlight the differences between the low and high
density liquids, at the same P and T.

The equation of state at T = 188 K is shown in Fig. 1(b).
Consistent with the first-order nature of the transition, the density
discontinuously jumps from ≈0.95 to ≈1.05 g/cm3. A discontinu-
ous jump of ≈1 kJ/mol is also observed in the pressure dependence
of the energy (per molecule) of the inherent structures, reported in

FIG. 1. Thermodynamic behavior along the T = 188 K isotherm. (a) Fluctuations in
the density during the numerical simulations. (b) Equation of state and (c) potential
energy per molecule evaluated in the IS. We point out that the amplitude of the
jump in energy observed in the IS is identical to that in the real dynamics.

Fig. 1(c). The condition of thermodynamic coexistence also requires,
besides equality of T and P, the equality of the chemical potential
(Gibbs free energy per particle). Hence, from the changes in Δρ and
ΔE at the transition, it is also possible to estimate the change in the
entropy per molecule ΔS from

Δμ = ΔE + PΔV − TΔS = 0. (1)

From the low density to the high density state at T = 188 K and
P = 1800 bars, we observe ΔE ≈ 1 kJ mol−1 and ΔV ≈ −2.7 Å3 per
molecule, which result in ΔS ≈ 3.7 J mol−1 K−1. The high-density liq-
uid is thus more disordered than the low-density one, even though
it is denser. Experimental investigations on the corresponding low
density and high density amorphous states (LDA and HDA)30 report
a smaller value, ΔS ≈ 1 J mol−1 K−1. In the two-state model frame-
work,31 entropy differences between pure LDL and HDL for ST2
and TIP5P water have been estimated, respectively, as ≈ 2.5 and
≈3 J mol−1 K−1 on real configurations. The slope of the coexistence
curve at this state point is dP/dT∣coex = ΔS/ΔV ≈ −23 bars K−1.

B. Hydrogen bond
The ability to provide a proper definition of hydrogen

bond (HB) between two molecules is crucial for any analy-
sis of the hydrogen bond network in water. Usually, libra-
tional and vibrational distortions complicate the HB definition,
but their effect can be subtracted by a potential energy mini-
mization.32 Figure 2 shows for each pair of molecules the rel-
ative oxygen–oxygen distance r and the angle θ, defined as the
smallest among the four HÔO angles (the angles between the
intramolecular OH bond and the intermolecular OO line). Fig-
ures 2(b) and 2(c) show very clearly that at this low T, after
minimization, there is a well-separated island of points centered at
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FIG. 2. (a) Cartoon representation of intermolecular O–O distance r and minimum
HÔO angle θ used for HB identification. Values of r and θ have been collected (in
the IS) between each pair of water molecules to evaluate the joint orientation–
distance distribution P(r, θ). Points were sampled from NPT simulations at
T = 188 K and P = 1800 bars, in (b) low and (c) high density states. Probabil-
ity density P(r, θ) is represented by color intensity (increasing from white to black)
in log scale.

r ≈ 0.28 nm with θ < 30○; this region can be unambiguously asso-
ciated with hydrogen bonds. In agreement with the geometric cri-
terion of Luzar and Chandler,33 from now on, we will define two
particles to be H-bonded if r < 0.35 nm and θ < 30○ (in the inherent
structure configuration). The more elongated island with θ < 60○ and
r < 0.55 nm in the low density state arises from the second shell of
neighbors; in the high density state, this island expands toward lower
values of r with increasing θ so that the net separation between the
shells decreases. At the same time, it overlaps substantially with the
outer one, hinting at a significant spatial mixing between distinct
neighbor shells. More complete analysis of the joint orientation-
distance distributions in water can be found elsewhere.34–36

In the supplementary material (Figs. S1–S3), the main results of
our analysis are reproduced on the real structures of the system. It is
shown that our structural description retains its validity even in the
real dynamics, i.e., in the presence of thermal distortion.

The possibility to define the existing HBs unambiguously
makes the analysis of the HB network quite revealing. Figure 3(a)
shows that at this temperature, essentially all hydrogens are involved
in HBs, at all values of P. The average number of HBs per particle nHB
is always larger than 3.99. At ambient pressure, it reaches the value
nHB = 3.9997, an almost perfect tetrahedral network. Correspond-
ingly, the fraction of H atoms that do not participate in any bond,

FIG. 3. Pressure dependence of (a) the average number of HBs per molecule and
(b) the fraction of the different species of coordination defects. fnm is the fraction of
HnOm molecules, and fn4 = f12 + f21 + f23.

1 − nHB/4 (assuming that no H atom can participate in more than
1 HB), is ≈7.5 × 10−5 in LDL and ≈7.5 × 10−4 in HDL. The network
has reached essentially a fully bonded state, in both the low and the
high density liquid phases.

Despite practically all H being involved in one HB, not all
molecules show a tetrahedral coordination. All molecules whose
bonding pattern deviates from the ideal two donated bonds plus
two accepted bonds can be regarded as network defects. The idea
that water could be described as a defective network of HBs, in
which bonds break and reform on a quite fast timescale (ps at ambi-
ent temperature) providing fluidity to the material, is not new.37–40

The defects have also been associated with molecular mobility,41–44

being the network restructuring more efficient in the presence of
such defects acting as catalyzers for bond swaps. In particular, the
swap mechanism has been characterized quite precisely in the case
of the nearby presence of one over- and one under-coordinated
molecule.43 Their structural role and a possible connection with the
liquid–liquid phase transition have not been clarified yet.

The defects observed in the explored thermodynamic range
are three- and five-coordinated molecules. The three-coordinated
molecules coincide with the “D” molecules in Ref. 45. Following the
notation of Saito et al.,44 these molecules will be identified, respec-
tively, as H2O3, H1O2, and H2O1, where HnOm means that the H
atoms donate n bonds and the O atom accepts m bonds. Figure 3(b)
shows the P dependence of the fraction of different species fnm
and their sum (the fraction of non-four-coordinated molecules fn4).
In the low density liquid, fn4 is less than 1%, all H are bonded
(f12 ≈ 0), and f21 = f23. The low density liquid can thus be represented
as a fully bonded tetrahedral network, with excitations composed
of H2O1–H2O3 pairs, preserving the total number of bonds. In the
high density liquid, fn4 is roughly 8%, with f21 only slightly smaller
than f23 and a fraction f12 smaller than 0.15% of un-bonded hydro-
gens. Hence, even the high density liquid has a large majority (>92%)
of tetrahedrally coordinated molecules. At the transition, the num-
ber of non-tetrahedral coordinated molecules jumps from ≈2% to
≈6%. We never observe H3O2 molecules, in which the same pro-
ton binds to two different oxygens.46 In the study of Saito et al.,44
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which focuses on network defects on a wider thermodynamic range,
no mention of H3O2 has been made; other works using the “bifur-
cated bond” nomenclature41,43 do not distinguish explicitly between
H2O3 and H3O2.

We note on passing that, as we have alluded previously, H1O2

describes an un-bonded proton, a geometry that sacrifices one HB
and whose probability becomes smaller and smaller on cooling. It
has been suggested44 that the H1O2 defects play a more central
role as a promoter of structural changes, facilitating rotational and
translational motions in water. Hence, despite vanishingly rare, they
could retain some fundamental role in the glassy dynamics of water
and explain the higher mobility of the high density liquid compared
to the low density one. The almost perfect matching of f23 and f21
at this extremely low temperature also suggests that possibly these
network defects are created in pairs and, once created, propagate in
the network. Finally, we also note that in the low density phase at
atmospheric pressure, configurations with no defects (out of 1000
molecules) are sampled during the course of the simulation, provid-
ing, to our knowledge, the first brute force generation of a perfect
random tetrahedral network in water.

Figure 4 shows the distribution of the potential energy per
molecule in the IS at P = 1800 bars for both the low and the high
density liquid, separating the contributions from molecules with dif-
ferent coordination numbers. It is apparent from the data that five
(three-)-coordinated molecules have a lower (higher) energy com-
pared to the four-coordinated molecule, supporting the view that
the combined creation of H2O1 and H2O3 has a relatively small
energetic cost since it does not require a change in the total num-
ber of hydrogen bonds. We also note that there is a net effect of
the density on the tetrahedrally coordinated molecules (H2O2): as
the density increases, their energy distribution displays an increase
in variance toward the high-energy side. The average energy vari-
ation per molecule from LDL to HDL is ΔE ≈ 1 kJ mol−1; the
separate contributions based on the coordination number are ΔE4
≃ 0.95, ΔE3 ≃ −0.96, and ΔE5 ≃ 0.46 kJ mol−1. Three-coordinated
molecules are favored in the HDL state, while five-coordinated

FIG. 4. Distribution of potential energy per molecule in the inherent structures at
T = 188 K and P = 1800 bars. Each of the two panels shows the contribution from
both LDL and HDL for better comparison. In (a), the separation in the contributions
from three-, four-, and five-coordinated molecules is referred to the LDL; in (b), it
is referred to the HDL.

molecules are favored in the LDL state. Assuming for conve-
nience that defects are created exactly in pairs in both states,
defining the average energy of a defect (E3 + E5)/2 ≡ En4, and
denoting the HDL and LDL states with superscripts H and L,
respectively,

ΔE = EH − EL =(1 − f L
n4)ΔE4 + f L

n4ΔEn4

+ Δfn4EL
n4 − Δfn4EL

4

+ Δfn4(ΔEn4 − ΔE4)
= ΔEρ + ΔEdef + ΔEc.

Three distinct contributions to the energy variation are identified:
density increase (and hence network distortion), creation of defect
pairs, and a coupling term. Extracting the relevant quantities from
the MD trajectories, one obtains ΔEn4 ≈ −0.25 kJ mol−1, EL

4 ≈ −66.8
kJ mol−1, EL

n4 ≈ −63.5 kJ mol−1, and f L
n4 ≈ 1.5%, Δfn4 ≈ 4.5%;

therefore, the three contributions are ΔEρ ≈ 0.93, ΔEdef ≈ 0.15, and
ΔEc ≈ −0.05 kJ mol−1. The two components of the defect contribu-
tion are large but mostly cancel each other out since the energy of
a 3–5 defect pair is only slightly higher than that of a tetrahedral
pair. The dominant effect of the density increase is a distortion of
the HB network structure; even though defects gain some stability
from the network distortion (ΔEn4 < 0), their concentration is too
low to counterbalance the energy increase in the distortion of the
tetrahedrally coordinated molecules.

C. Structural quantities
X-ray scattering experiments yield a description of the molecu-

lar structure of water in terms of the oxygen–oxygen structure factor
S(q), the Fourier transform of density fluctuations in the system.47

Figure 5(a) shows the O–O structure factor in the two coexisting
liquids at 1800 bars (evaluated in the IS). The two states display dis-
tinct first diffraction peaks at q ≈ 17 and ≈21 nm−1, respectively.6,48

The O–O radial distribution function g(r) for the low and high den-
sity liquid is shown in Fig. 5(b). Having subtracted the vibrational
and librational components, both states show g(r) ≈ 0 at r ≈ 0.31
nm, an indication of a very well-defined first coordination shell. For
r > 0.3 nm, clear differences emerge between the two liquids: the high
density liquid displays a significant presence of interstitial molecules
between the first and second coordination shells, while the low den-
sity liquid has a well-defined second peak at a distance of ≈0.44 nm,
consistent with a tetrahedral bonding geometry. A large number of
studies, both numerical and experimental, have focused on under-
standing the characteristic features of distinct structures of liquid
water. It is now acknowledged that the main difference between the
LDL and the HDL lies in the region between the first two minima of
oxygen–oxygen g(r), i.e., the second shell;49,50 in particular, while the
second shell of the low-density structure is consistent with an opti-
mal tetrahedral arrangement, the second shell of the high-density
one is observed to “collapse” toward the first.51

The full pressure dependence of S(q) and g(r) at T = 188 K
is reported in Figs. S4 and S5 of the supplementary material,
for both inherent and real structures. A significant growth upon
compression is observed in g(r) at the interstitial separation
(r ≈ 0.35 nm), while the tetrahedral peak (r ≈ 0.44 nm) weak-
ens. These results are consistent with the experimentally deter-
mined structures of the amorphous phases of water.52,53 The trend
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FIG. 5. Structural differences between the LDL and HDL states at T = 188 K and
P = 1800 bars in the inherent structures. (a) Oxygen–oxygen structure factor and
(b) radial distribution function in the two coexisting liquid states. (c) Contribution of
the defects to g(r) in the two states.

displayed by the first diffraction peak, which continuously shifts to
higher values as P is increased, is also consistent with the trans-
formation of HDA to VHDA. We note on passing that the HDL
structure reported in Figs. 5(a) and 5(b) displays only a small devi-
ation from tetrahedrality (compared to the one observed at larger
pressures) since the system is close to the critical point and the struc-
tural differences between the two coexisting liquid phases are not
very pronounced.

To estimate the effect of network defects on the average struc-
tural quantities, we evaluate g3 and g5, g(r) evaluated around a
reference molecule with three and five HBs, respectively. Both g3
and g5 are normalized such that the large r limit coincides with
their relative concentration to highlight their relevance in total g(r).
Figure 5(c) shows that the local environment of three-coordinated
molecules is significantly populated at r ≈ 0.35 nm in both LDL and
HDL states. Although it is much weaker, five-coordinated molecules
also show some tendency to populate the interstitial region, but

only in the HDL. However, Fig. 5(c) shows that due to their
small concentration, coordination defects’ net contribution to g(r)
is practically irrelevant: their presence cannot explain, alone, the
presence of interstitial molecules in HDL. The vast majority of inter-
stitial molecules must thus be tetrahedrally coordinated molecules
surrounding other tetrahedrally coordinated molecules.

IV. RESULTS: RINGS AND NETWORK TOPOLOGY
A. Particle-rings

The possibility to define unambiguously the hydrogen bonded
pairs at the explored temperatures (Fig. 2) offers the possibility to
investigate the topology of the HB network and its changes across the
LL transition. We will consider the HB network as undirected, and
our investigation will make use of two basic concepts. The first is the
chemical distance D between two molecules, defined as the length
of the shortest HB path connecting them; the set of molecules at the
same chemical distance D from a central molecule is said to con-
stitute its Dth bond-coordination shell, which is to be distinguished
from the notion of the coordination shell as identified by the min-
ima of g(r). The second concept is that of ring, which we define as a
closed path along the HB network, whose total length L is measured
in units of chemical distance.

The analysis of the ring statistics is not new in the struc-
tural studies of network-forming materials, and many different
non-equivalent definitions of “ring” (or loop) have been proposed
throughout the last 50 years, providing sometimes contrasting phys-
ical interpretations.54–58 We adopt a definition that relies on the
length of the shortest path between two molecules, without consid-
ering the donor/acceptor property of each bond, in favor of both
simplicity and robustness.

To provide a characterization of the local bonding environment
around a given molecule i, we evaluate, for each pair (j, k) of first-
bonded neighbors of i (i.e., at chemical distance one), the shortest
closed path, starting and ending in i, which contains both j and k.
This closed path will be called a particle-ring of molecule i. This
is equivalent to summing the two shortest non-intersecting paths
starting at j and ending at k (one of which is always the path j − i − k).
The length of the particle-ring is evaluated in units of chemical dis-
tance. Using this definition, a tetrahedrally coordinated molecule has
exactly six particle-ring lengths associated with it. Instead, a three
(five) coordinated molecule has three (ten) particle-ring lengths.

In a crystalline ice Ih configuration, all six particle-rings ema-
nating from a generic molecule have a length of 6. The disorder of
the liquid phase manifests in the existence of a continuum of local
molecular environments, resulting in a distribution of particle-ring
lengths. Figure 6(a) shows the fraction P(n6) of tetrahedral molecules
with a given number n6 of hexagonal particle-rings in the two liquid
states. The HDL has on average ≈2.5 hexagonal particle-rings, while
the LDL has on average ≈3.5 of them.

Particularly interesting is the distribution of particle-ring
lengths in the low- and high-density liquid at P = 1800 bars, shown
in Fig. 6(b). The LDL has a larger population of hexagonal particle-
rings and a smaller fraction of five- and seven-membered ones (with
negligible concentrations of L = 4 and L = 8). The HDL is instead
characterized by a more disordered particle-ring distribution, with
a non-negligible presence of particle-rings of lengths 4 and 8 and a
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FIG. 6. Particle-ring statistics in the LDL and HDL state at T = 188 K and P = 1800
bars. (a) Fraction of tetrahedrally coordinated molecules with n6 hexagonal rings
steaming out from their four bonds (0 ≤ n6 ≤ 6). (b) Distribution of particle-ring
lengths, normalized to represent the average number of rings of a given length per
molecule.

few of length 9. Thus, particle-rings of lengths 4 and 8 could act as
possible indicators of typical HDL local environments.

Representative images of particle-rings of various lengths are
shown in Fig. 7(a). To quantify the variability in their morpholog-
ical properties, we evaluate two geometric quantities: the O–O–O
angle of the seed molecule, γOOO, and the elongation factor of the
ring ε = (I2 − I1)/I3, where In is the nth eigenvalue of the ring iner-
tia tensor (sorted by increasing magnitude).59 ε has values between
0 for a radially symmetric arrangement and 1 for a linear arrange-
ment. The results are shown in Figs. 7(b) and 7(c) for four-, seven-,
and eight-membered particle-rings.

Tetragonal rings have a peculiar and well-defined shape, for
which only two types of arrangements have been identified in our
simulations: i) each molecule donates and accepts one HB (in-ring);
ii) two molecules donate one and accept one HB, one molecule
donates two HBs, and one molecule accepts two HBs. The mor-
phology of these particle-rings is identical in both liquid states,
suggesting that they are not affected by the transition. Heptagonal
particle-rings are significantly present in both LDL and HDL (Fig. 6)
and show a very broad γOOO distribution, hinting at the fact that
there is no strict geometric constraint on their formation and they
can adapt to various shapes. This is also confirmed by their P(ε),
showing that they can range from “circular” configurations to folded
and elongated ones. Octagonal particle-rings have seeds with large
characteristic γOOO angles, sometimes reaching configurations with
almost-collinear triplets of oxygens, although their distribution is
broad and rings with tighter angles are also found. Their distribu-
tions do not undergo a drastic change across the transition, but,
while they clearly favor elongated configurations, they can still adopt
a variety of morphologies, as implied by the long tails of P(ε). Seven-
membered particle-rings are the ones to undergo the most drastic
morphological transformation across the transition; the full pressure
dependence of their P(ε) is drawn in Fig. 7(d), showing a distinct

FIG. 7. Geometric properties of particle-rings. (a) Cartoon representation of
particle-rings of lengths 4, 7, and 8 with the seed molecule highlighted in blue.
(b) Distribution of the O–O–O angles of particle-ring seeds and (c) of the elon-
gation factor of particle-rings in the LDL and HDL states at T = 188 K and
P = 1800 bars. (d) P(ε) in particle-rings of length 7 along the 188 K isotherm shows
a clear bimodal nature. All curves are normalized, thus the underlying areas do not
reflect the concentration of each population.

bimodal nature. While their concentration increases only slightly
with increasing density, most of them deform to take on elongated
shapes so that the HDL is dominated by elongated rings: the aver-
age elongation of seven-membered particle-rings goes from ≈0.16 at
ambient pressure up to ≈0.34 at 4000 bars. All the other particle-
rings (except tetragonal) show a similar tendency to increase ϵ, but
not as clear and pronounced.

B. Merging structure and network properties
It is well known that the second coordination shell, i.e., the

spherical shell formed by neighbors at a distance between the first
and second minima of the radial distribution function from the cen-
tral atom, is crucial for a structural description of liquid water.49–51

In the case of network-forming liquids, we find particularly informa-
tive to distinguish between shells in real space distance, as commonly
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defined by the minima of the g(r),60 and bond-coordination shells, as
indicated by the chemical distance. This network-inspired separa-
tion of the different contributions of the radial distribution function
provides a novel unexpected result: the main contribution to the col-
lapse of the second shell observed in real space, which is associated
with the LL transition, actually originates from the “folding” of rings
longer than 6, which brings pairs of topologically distant molecules,
in particular those at chemical distances 3 and 4, at short distances
in space.

To quantify this observation, we start by evaluating the contri-
bution of each distinct bond-coordination shell to g(r) so that g(r)
= ∑D gD(r), where gD(r) is the radial distribution function evalu-
ated among only pairs of molecules at chemical distance D. A sample
result of this procedure, applied in the low density state at 1800 bars,
is shown in Fig. 8(a). One should notice that peaks in g(r) do not
directly mirror peaks in the underlying gD contributions. Related to
the interstitial molecule phenomenon (r ≈ 0.35 nm) are the distri-
butions for chemical distances 2 ≤ D ≤ 4, shown in Fig. 8(b) in
both LDL and HDL at the same P. The increase in density cou-
ples with the broadening of all coordination shells and, interest-
ingly, to the significant growth of a population in the third and
fourth bond-coordination shell at distances corresponding to the

FIG. 8. (a) g(r) of water (black) splitted in the contributions arising from each dis-
tinct bond-coordination shell from D = 1 to D = 8 in LDL at P = 1800 bars. (b)
Close-up view on the g(r) contributions from second to fourth bond-coordination
shells. Curves have been evaluated from simulations at T = 188 K and P = 1800
bars, in the low and high density states. Colors are matched per bond-coordination
shell. (c) Pressure dependence of the g(r) contributions from second, third, and
fourth bond-coordination shell along the 188 K isotherm.

second spatial shell. These changes become even more clear if the full
pressure dependence of gD along the T = 188 K isotherm is exam-
ined, as shown in Fig. 8(c), for each of these bond-coordination
shells. Upon increasing P, the second bond-coordination shell sig-
nificantly broadens, populating both distances smaller and larger
than the typical tetrahedral geometry, with a net shift toward
lower separation values. However, the most striking result is
the growth in the HDL of well-defined peaks in the intersti-
tial region (≈0.35 nm) arising from molecules at chemical dis-
tances D = 3 and D = 4. These peaks are thus an intrin-
sic feature of the high density liquid and a clear evidence of a
structural change in the network topology across the LDL-HDL
transition.

A closer look at the details of this topological transformation
is obtained by further separating the radial distributions gD in the
contributions arising from different ring lengths. Here, for each pair
of molecules at chemical distance D, we evaluate the length of the
two shortest non-intersecting paths connecting the two molecules
and define the ring length L as the sum of these two lengths. This
definition of ring is not to be confused with that of the particle-ring
given previously since no central particle is involved (although rings
associated with particles with D = 2 do coincide with particle rings
for any ring length L). We then separate each gD(r) into the contribu-
tions from each ring population gD(r) = ∑L g

L
D(r). By definition, the

minimum ring length between two molecules at chemical distance D
will satisfy L ≥ 2D.

The resulting radial distribution function gLD, evaluated on the
LDL and HDL states at 188 K and 1800 bars, is shown in Fig. 9.
Our discussion will start from the second bond-coordination shell
[Figs. 9(a) and 9(d)]. As we move from LDL to HDL, we observe,
along with a drastic decrease in the population of hexagonal rings
(expected, and already evident from Fig. 6), a broadening in the
contribution of heptagonal rings, a symptom of the increased dis-
order. What is probably most interesting is, however, the presence
of tetragonal and octagonal rings in the HDL, which are nearly
absent in the LDL. Tetragonal rings are distorted “square” config-
urations whose diagonals contribute to the peak around ≈0.38 nm,
implying that the O–O–O angles between each triplet of adjacent
molecules lie around an average of ≈87○. Pairs at D = 2 in octago-
nal rings show instead a clear peak at distances ≈0.52 nm, indicating
almost-collinear triplets of H-bonded molecules, a highly distorted
arrangement.

In the third bond-coordination shell [Figs. 9(b) and 9(e)], the
population of hexagonal rings diminishes but develops a fatter low-r
tail, and a major distortion in both heptagonal and octagonal struc-
tures is observed, populating the interstitial region; longer rings also
show extending tails, but their contribution in the region of the
second spatial shell is negligible.

The situation in the fourth bond-coordination shell [Figs. 9(c)
and 9(f)] is particularly revealing. Both octagonal and enneagonal
rings grow a secondary peak centered around r ≈ 0.35 nm in HDL.
Larger rings develop long tails but contribute only negligibly to
the second spatial shell. The peaks from eight- and nine-membered
rings provide a contribution in the interstitial region that is com-
pletely missing in the LDL phase; this can only happen if these
rings fold back on themselves so that topologically distant pairs of
molecules on the opposite sides of the ring are brought close to each
other.
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FIG. 9. Contributions to oxygen–oxygen
g(r) of water separated by chemical dis-
tance D and ring length L in the low-
density (a)–(c) and high-density (d)–(f)
states at P = 1800 bars and T = 188 K.
Of particular interest are the clear peaks
for D = 4 in the interstitial region of the
high density liquid (f).

To better clarify the methodology, we show in Fig. 10 a collec-
tion of rings, characteristic of the HDL state, with their classification
in terms of chemical distance D and minimum ring length L. The
two blue molecules are the ones for which the distance in real space
r is calculated.

FIG. 10. Representative images of different types of rings highlighting some of
the structural features of the high-density liquid. The blue molecules are the ones
between which the distance r is calculated. The D2L4 structures are more square-
like if all four participating molecules donate at most one HB and more rhomboid
if one of the molecules donates two HBs, imposing a tetrahedral angle. The D2L8
rings have been chosen such that r > 0.5 nm to highlight the highly distorted, quite
collinear, elongated bonds. All the other examples (D3L7, D4L8, and D4L9) have
r < 0.37 nm so that each blue molecule is an interstitial molecule for the other one.

To highlight these important changes in the topology of the HB
network, we show the pressure dependence of the four most inter-
esting contributions in Fig. 11 from ambient pressure up to 4000
bars, clearly indicating the onset of peaks in these distributions in
the HDL phase, hence hinting at a potential definition for a local
order parameter of the LDL–HDL transition. In particular, the signal
from D2L8 rings [Fig. 11(b)] is essentially zero in LDL and signifi-
cantly different from zero in HDL; so is the signal from D3L7 and
D4L8 rings [Figs. 11(c) and 11(d)] in the regions r < 0.45 nm and
r < 0.5 nm, respectively, with the latter showing a much more pol-
ished peak. Tetragonal (D2L4) rings [Fig. 11(a)] also show a sim-
ilar two-state behavior, but they are not completely absent in the
LDL. Interestingly, there is no significant pressure-induced change
in the shape of their distribution within each phase. A connection
between the presence of tetragonal rings and interstitial molecules
was already hypothesized, but not fully developed, by Svishchev
and Kusalik.34 However, their concentration is quite small, so they
provide only a minor contribution to g(r), comparable to that of
network defects [Fig. 5(c)].

The existence of pairs of molecules lying at intermediate dis-
tances between the first and second peaks of g(r) as a result of the
formation of long folded rings is thus a structural signature of the
HDL.

Figure 12 offers a visual representation of the local network
structures around close-by (r < 0.37 nm) pairs of molecules at
D = 4 in eight-membered rings, which are arguably the most sig-
nificant feature of the HDL. The two reference molecules can be
considered as the seeds of two tetrahedral networks, which retain
their independence up to the second generation. These configura-
tions show different aspects of the high density structures. In the
left panel, the ring has a re-entrant cusp-like apex so that the two
molecules can get close to each other by interpenetrating their net-
works (although only on a short length scale); while clearly limited
in space by disorder, this type of interpenetration might be reminis-
cent of the “full” network interpenetration observed in the crystalline
phases of ices VI and VII. In the middle panel, the ring displays
a folded and strongly non-planar structure so that molecules on
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FIG. 11. Close-up view on the pres-
sure dependence of the g(r) contribu-
tions from (a) D2L4, (b) D2L8, (c) D3L7,
and (d) D4L8 rings along the 188 K
isotherm. Legend shared among all pan-
els. Salient characteristics of these dis-
tributions are the clear distinctive peaks
arising from D3L7 and D4L8 rings in
the interstitial region of the HDL; fur-
thermore, D2L8 rings are essentially a
unique feature of the high-density phase.

FIG. 12. Networks departing from two close-by molecules at chemical distance
D = 4 in a ring of length L = 8. The two reference molecules are identified by blue
and red spheres and are at distances r < 0.37 nm; each molecule’s HB network
up to the second generation is represented by blue and red sticks, respectively.
The ring is identified by green sticks. Configurations sampled from simulation data
in the HDL at P = 1800 bars.

opposite sides of the ring end up close together; in this case, the
networks appear to grow in opposite directions, as if repelling each
other. A similar repulsive effect is seen, perhaps even more vividly,
in the right panel; this network repulsion could be suggestively com-
pared to the structural distortions that the HBs undergo when facing
a hydrophobic surface. We also note that the eight-membered ring
connecting the two molecules can be degenerate.

V. CONCLUSIONS
We have provided a quantitative description of the struc-

tural changes taking place at the liquid–liquid transition in the
TIP4P/Ice model, a model for which the existence of a gen-
uine second order phase transition, characterized by fluctua-
tions consistent with the Ising universality class in three dimen-
sions, has been recently demonstrated.18 We have focused on an
isotherm below the critical temperature for which, with simu-
lations longer than several μs, it is possible to equilibrate con-
figurations in metastable equilibrium. More specifically, we have
focused on the structural and topological changes taking place
at the LL transition, supported by the possibility to contrast two

25 μs runs with the same temperature and pressure but different
density.

We have capitalized on the possibility to define unambiguously
the existing HBs, a possibility offered by the low T at which the LL
transition takes place, improved by the minimization procedure that
eliminates vibrational distortion. The important result is the obser-
vation that on both sides of the transition, essentially all H atoms
are involved in HBs. Again, this is a result enforced by the low T,
which makes the loss of an HB (with its characteristic energy sig-
nificantly larger than the thermal energy) a rare event. The large
majority of the possible HBs are distributed in the characteristic two-
donor two-acceptor tetrahedral state, with a minority of (equally
numerous) three- and five-coordinated particles. The formation of
these network defect pairs preserves the total number of HB, and it
has thus a relatively minor energetic cost. At coexistence, both low
and high density water can be described as a network of (mostly)
four-coordinated molecules.

Finally, we have analyzed the changes in the H-bond network
across the transition with the aim of better understanding the struc-
tural origin of the transition itself. Indeed, there is consensus (sup-
ported by experimental neutron and x-ray measurements in the
high- and low-density amorphous structures)26 that the dominant
structural change between low- and high-density amorphous ice is
the presence of interstitial molecules at high density located around
r ≈ 0.35 nm, in between the first and second shells of the struc-
ture expected for a random tetrahedral network. These interstitial
molecules have been thought to originate from the collapse of the
second shell. By partitioning the radial distribution function in con-
tributions associated with different chemical distances (defined as
the number of HBs separating two molecules) and at an even more
sophisticated level separating each chemical distance in contribu-
tions arising from rings of different lengths, we have been able to
show that the “typical” interstitial molecule is tetrahedrally coordi-
nated and is connected to the central molecule by chemical distances
rarely of 2 (these ones associated with the formation of rings of
length 4) but mostly 3 and 4. Thus, rings of length 7 and longer
adopt folded and elongated shapes to bring two molecules on oppo-
site ring-sides close-by in space. The presence of these folded long
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rings constitutes a characteristic property of the high-density liquid
phase.

Pairs of molecules at the interstitial distance r ≈ 0.35 nm
connected by these long rings have both distinct and well-defined
first and quite often also second bond-coordination shells. In other
words, the two close-by molecules facing each other can be consid-
ered the starting points of two tetrahedral networks, which retain
their independence up to the second generation and which grow on
opposite sides, as if repelling each other, as vividly shown in Fig. 12.

The results presented in this paper demonstrate that the net-
work topology contains the information for deciphering the struc-
tural differences between the low- and high-density liquids, and their
significance also naturally extends to the description of low- and
high-density amorphous forms of water, these glasses being—in the
presence of a LL critical point—the LDL and HDL arrested coun-
terparts. The results shown in Fig. 11 make clear that well-defined
peaks in the radial distribution function of the HDL phase can be
discerned once the contributions are separated on the basis of ring
lengths and chemical distances. This offers the possibility to iden-
tify local structures, which are unambiguously part of the HDL state.
Future work may indicate if this classification can be extended to
supercritical conditions up to ambient temperature and pressure.

Finally, we note that particle-rings of length 8 (defined as
described in Sec. III A) exist only in the HDL phase. An order
parameter to investigate the nucleation of one liquid phase into the
other one could possibly be designed on the basis of the present
observation.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional data and appli-
cation of the structural–topological analysis to the real dynamics of
water.
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