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ABSTRACT
The coarse-grained machine-learning derived ML-BOP model [Chan et al., Nature Commun. 10, 379
(2019)] provides amonoatomic representation of the water-water interaction potential in which ori-
entational interactions are included as three-body contributions. Despite its simplicity, the model
reproduces the phase diagram of water and its anomalies. Here, we show that a two-state Gibbs
free energy expression – fitted simultaneously on the temperature and pressure dependence of
the density and internal energy – predicts the existence of a liquid–liquid critical point, with criti-
cal parameters consistent with previous estimates. We also show that in this model: (i) while the low
density liquid is pre-empted by crystal nucleation, the high-density liquid and its spinodal are acces-
sible innumerical studies down to100 K; (ii) crystallisation requires thepresenceof a local lowdensity
region. Thus, for densities larger than the critical density, spinodal decomposition (or nucleation of
the low-density liquid) is a pre-requisite for ice nucleation.
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1. Introduction

Modellingwater in silico has a long history, dating back to
the origin of numerical simulation [1–6]. The relevance
ofwater in the life of biological organisms, inmaterial sci-
ence, in atmospheric predictions as well as in planetary
science has driven the scientific community to develop
better and better models that are able to describe water
across different phases. Recently, the ab-initio MB-pol
model [7, 8] has been shown able to reproduce (with a
precision of approximately 10K) the coexistence between
the liquid and crystal phases ofwater, as well as its crystal-
crystal lines [9]. At the same time, efforts in the last
decade have been pushed in the direction of finding
simpler coarse-grained descriptions for the interactions
between water molecules which can (over a limited range
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of pressure and temperature) still provide a reasonably
accurate modelling of water’s thermodynamics [10–13].

In the last years, machine learning approaches have
started to contribute to this methodology by optimis-
ing the parameters of a pre-selected functional form.
In the case of the machine-learned bond-orientational
parameter model (ML-BOP) [14], each water molecule is
represented by a single interacting site and the potential
includes a combination of two- and three-body interac-
tions based off the Tersoff potential (in the same spirit
as the mW model [12, 15]). The resulting short-ranged
potential is computationally efficient and able to pro-
vide an accurate modelling of the liquid-ice coexistence
curve and of the isobaric temperature dependence of the
density [14].
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Some properties of this model have been studied in
a recent series of articles [16–20]. In deep supercooled
states volume (V) and enthalpy (H) fluctuations grow sig-
nificantly, indicating the presence of a liquid–liquid crit-
ical point (LLCP) located just below the homogeneous
nucleation line of the model [19, 20]. Extrapolations
based on the potential energy landscape approach [20,
21] and analysis of very short-time (up to a few hundred
nanoseconds) density fluctuations in the time window
prior to crystal nucleation [19] consistently predict the
existence of a LLCP for the model at a critical temper-
ature of Tc ≈ 181K and a critical pressure Pc between
170MPa [19] and 175MPa [20].

The location of the LLCP inside the region of the
phase diagram where homogeneous nucleation occurs
could, at first sight, suggest that it is irrelevant for under-
standing the properties of the supercooled liquid phase.
In reality the LLCP, as with any other second-order
critical point, is the origin of several lines of extrema
(such as the compressibility and the specific heat), com-
monly grouped together within the Widom line frame-
work [22]. These lines of extrema originate in the super-
cooled region, however they extend to regions of the
phase diagram where liquid water is the stable phase. In
different terms, the critical point induces a modulation
of the free energy surface whose effects can be detected
well above Tc. In the past, several functional forms for
the free-energy (grouped under the umbrella of two-state
models) have been proposed forwater, starting fromearly
work limited to low temperatures [23, 24] and progres-
sively improved to model wider and wider regions of
pressure and temperature [25–32]. The functional forms
have been compared and parameterised against data for
several molecular models of water [25–30, 32] and to
real water as well [31], in order to provide support for
the compatibility of such a thermodynamic model with
a LLCP, as well as to detect the location of the critical
point.

In this article we aim to investigate the relevance of
a metastable LLCP to the thermodynamics and phase
behaviour of supercooled water (as modelled by the ML-
BOP potential). First, we apply a two-state model to the
ML-BOP system with the aim of identifying whether it
can provide support to the critical point estimates pro-
vided in Refs. [19, 20]. We show that indeed a two-state
model incorporating the physics of the LLCP properly
describes the ML-BOP free-energy surface. The pre-
dicted expression is not only able to reproduce the den-
sity and energy in the pressure and temperature window
where ML-BOP data are available, but also the com-
pressibility and the specific heat (quantities related to the
curvature of the free energy). Second, we investigate the
low temperature region where crystallisation does not

take place inμs long simulations with the aim of calculat-
ing the high-density liquid (HDL) spinodal and to prove
that crystal nucleation events take place only in the vicin-
ity of such a line. This has two important consequences:
(i) it proves that even if the LLCP is dominated by crystal
nucleation, the physics of the critical point is accessible
to investigation in the region where the HDL is favoured
over the low-density liquid (LDL) phase; (ii) it shows that
nucleation takes place only inside and close to the HDL
spinodal, strongly suggesting that crystallisation is slaved
to the nucleation process of the LDL.

2. Computational details

Wehave numerically studied a system ofN = 2000water
molecules interacting via the ML-BOP potential by per-
forming a series of molecular dynamics simulations in
the NVT and NPT ensembles using LAMMPS (version
2Aug2023) [34]. Simulations were performed for a large
range of state points which cover densities between ρ =
0.9 g/cm3 and ρ = 1.35 g/cm3, temperatures between
T = 100K and T = 270K and pressures between P = 1
bar and P = 7000 bar. The integration time step was pro-
gressively increased from 1 fs at T = 270K to 5 fs at
T = 100K. Note that ML-BOP, being a coarse-grained
model, has dynamics that are much faster than real
water. In addition, being a short-range potential and
monoatomic,ML-BOP systems can be simulated for time
scales much longer than is possible with molecular mod-
els which include explicit charges (commonly up to few
μs at the lowest T). The investigated state points for the
NVT simulations are indicated as symbols in Figure 1.

3. Results

3.1. Two-state fit

In a two-state mixture model, molecules are assumed to
belong to two distinct classes, with two different local
environments. Each of the two states includes a contin-
uum of local geometries. Only recently have sophisti-
cated order parameters been developed to highlight this
bimodal distribution of local environments in supero-
cooledwater [26, 35–38]. For conveniencewewill refer to
molecules belonging to one of these two broad families of
local environments as either low- (LDM) or high-density
(HDM) molecules, in analogy with the LDL and HDL
phases which appear below the LLCP.

We assume, that the system Gibbs free energy per
particle can be written as [28, 31, 39]

g(P,T) = gHDM(P,T)+ ψ�g(P,T)

+ kBT [ψ lnψ + (1 − ψ) ln(1 − ψ)]
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Figure 1. Graphical representation of the spinodal and coexis-
tence lines of theML-BOP potential. Lines marked (PEL) are repro-
duced from Ref. [20]. The faint squares represent state points
where the system is metastable in the liquid phase on the 100 ns
scale, while the filled circles represent state points where crystalli-
sation is observed. The Kauzmann [33] line is defined as the locus
where the configurational entropy of the liquid vanishes [20].

+ Jψ(1 − ψ), (1)

where gHDM represents the Gibbs free energy per parti-
cle for a liquid of HDMs, ψ is the fraction of LDMs,
�g is the difference in Gibbs free energy per particle
between the two structures and J is a coefficient measur-
ing the strength of the non-ideality ofmixing.We assume
J to have no temperature dependence. This means that
mixing is solely due to the non-ideal contribution of the
energy [40]. In practice, thismeanswe express J as J(P) =
kBTc(2 + ω0(P/Pc − 1)), where ω0 is a fitting parame-
ter given in Table A1. This is the same analytic form
as in [31], where a two-state model is used to describe
the experimental behaviour of water. This form ensures
that at the critical point we respect the condition J(Pc) =
2kBTc [40]. The contribution ψ lnψ + (1 − ψ) ln(1 −
ψ) is the standard mixing entropy term, and we choose
to model gHDM as

gHDM(T,P) = gA(P̃)+ gB(P̃)T̃ + gC(P̃)T̃ log T̃, (2)

where P̃ = P/Pc and T̃ = T/Tc. We make this choice
since it ensures the correct T dependence of the ideal-
gas contribution (a similar functional form for the free
energy per particle has previously been proposed [41]).
The functions gA(P̃), gB(P̃) and gC(P̃) are assumed to be
polynomial (up to the second order) in P̃. Expressions for
these functions are provided in Appendix 2.

Since LDMs and HDMs are in chemical equilibrium,
their chemical potentials must be identical, which leads

to the following equation [39],

�g + kBT ln
ψ

1 − ψ
+ J(1 − 2ψ) = 0, (3)

which can be numerically solved to determine ψ for a
given state point. Finally, we express �g as a third order
polynomial in T̂ = T/Tc − 1 and P̂ = P/Pc − 1,

�g =
3∑

i=0

3−i∑

j=0
aijT̂iP̂j (4)

Note that since at the critical point gHDM = gLDM (and
hence �g(Tc,Pc) = 0), the coefficient a00 is fixed to
the value a00 = 0. In total, the free energy expression
requires 19 parameters. Tc and Pc are not included in the
fit and constrained to the values proposed inRef. [20].We
fit simultaneously over density and energy, by optimising
the following merit function:

σ 2 ≡ (V − V0)
2

V̄2 + (E − E0)2

Ē2

where V0,E0 are the target quantities and V̄ , Ē are the
averages of the entire dataset. The best-fit parameters are
reported in Table A1.

Figure 2(a,b) show the P and T dependence for the
density and internal energy, respectively, for the two-
state model of the ML-BOP system compared to those
determined numerically. Note that at low pressure crys-
tallisation prevents the possibility to add further low tem-
perature state points. The associatedT and P dependence
for the fraction of LDMs (ψ) is presented in Figure 3,
which shows that below Pc the fraction of LDMs continu-
ously increases as temperature decreases, whereas above
Pc it discontinuously jumps (as indicated by the dashed
lines) from a valueψ < 0.5 to one whereψ > 0.5. Addi-
tionally, at P = Pc and T = Tc the model gives ψ = 0.5,
as would be expected. This confirms that the two-state
model used here reproduces the critical behaviour of the
ML-BOP model from Refs. [19, 20].

A further test for the quality of the fit is reported in
Figure 4, where the predicted isothermal compressibility
κT and constant pressure specific heat cp are compared
with the appropriate derivatives of the Gibbs free energy.
κT and cp are directly evaluated from the simulations via
the fluctuation formulas

κT = 〈�V2〉
NkBT〈V〉 , cp = 〈�H2〉

NkBT2 (5)

where 〈�V2〉 and 〈�H2〉 indicate the squared variance
of the volume and enthalpy fluctuations, respectively, and
〈V〉 the average volume. As Figure 4 shows, these quan-
tities – which correspond to second derivatives of the
Gibbs free energy – are also properly reproduced by the
two state model, except at the boundary of the data set.
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Figure 2. (a) Density as a function of temperature along selected
isobars. The lines are obtained using the two-state model and the
points represent simulation data. Uncertainties are smaller than
the points. (b) Internal energyU(P, T) as a function of temperature
along selected isobars.

Figure 3. Order parameter (ψ ) as a function of temperature
along selected isobars. The value ofψ is obtained by numerically
solving Equation (3).

3.2. HDL spinodal and ice nucleation

The fast dynamics and computational efficiency afforded
by the ML-BOP model makes it possible to equilibrate

Figure 4. (a) Isothermal compressibility (κT ) as a function
of temperature along selected isobars. (b) Constant pressure
molar heat (cP) as a function of temperature along selected
isobars.

systems, with a reasonable effort, even at low tempera-
tures (∼ 100K). In the low density region, crystallisa-
tion (see black squares in Figure 1) prohibits the cal-
culation of equilibrium data for the liquid (the life-
time of the LDL is on the ns scale due to the similar-
ity of the local tetrahedral coordination of the liquid
and crystalline structures). However, in the high den-
sity region no crystallisation events are observed on the
time scales considered. This makes it possible to numer-
ically evaluate the equation of state (EOS) of the HDL.
The resulting isotherms are shown in Figure 5, together
with the corresponding isotherms predicted by the two-
state model. The isotherms show a clear trend to flatten
out at low density, indicating the approach of a spin-
odal instability. Note that, while it is impossible to cal-
culate the coexistence line since the coexisting LDL can-
not be equilibrated, the high density spinodal is prop-
erly defined and, in principle, amenable to experimental
verification.
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Figure 5. Different isotherms for the high-density liquid (HDL)
phase where points are determined numerically from NVT molec-
ular dynamics simulations and lines from the equation-of-state
(EOS) computed from the two-state model.

A quadratic fit of the numerically determined HDL
EOSs (limited to P<5 kbar) using the mean-field
relation,

P(V) = Pspinodal + A(V − Vspinodal)
2, (6)

provides the coordinates of the HDL spinodal for a given
temperature [42], which is plotted in Figure 1.

The two-state Gibbs free energy allows us to eval-
uate the coexistence pressure in the region of temper-
atures where more than one solution for ψ exists. To
do so we search along an isotherm for the two values
of ψ with identical Gibbs free energy and pressure. To
calculate instead the spinodal curves, we evaluate V(P)
for both phases searching, again along an isotherm, for
the two values of ψ for which ∂P

∂V |T = 0. The results
are shown in Figure 1 together with the corresponding
lines obtained in [20]. The HD spinodal tracks well the
numerical estimates for the spinodal Equation (6).On the
LD side, only the PEL estimate of the spinodal is avail-
able [20] and the difference with the two-state spinodal
is larger. We attribute this discrepancy to the absence
of equilibrium data on the low density side, due to the
fast crystallisation. A similar pattern is seen also in the
coexistence lines.We observe a certain degree of discrep-
ancy between the PEL line and the two-state coexistence
line. This is again due to the absence of LD data in the
two-state model, an issue that is now relevant also for
the HD side of the coexistence line. Indeed, coexistence
curves require simultaneous information about both the
LD and HD phases. We also want to stress that at lower
temperatures the lines are subject to greater uncertainty,
due to the decreasing amount of data available for lower
temperatures.

Interestingly, we note that a re-entrant behaviour upon
cooling both for the coexistence and spinodal line, in
agreement with the finding of [19]. Moreover, it is quite
interesting to observe that the spinodal line approxi-
mately marks the separation between the crystallizing
(circles in Figure 1) and the non-crystallizing state points
(squares in Figure 1). This indicates that crystallisation
takes place only in the LDL. Only when a nucleus of the
LDL appears (either via nucleation outside the spinodal
region or by spinodal decomposition) can the crystalli-
sation process begin. The fast nucleation of the nascent
LDL is consistent with the experimental observation of
the liquid–liquid transition in bulk supercooled water
under pressure [43].

4. Conclusions

In this article we have shown that theGibbs free energy of
the ML-BOP model (a machine-learned coarse-grained
model for water) is properly described by a thermo-
dynamic model which assumes that the molecules can
adopt one of two distinct local environments – a low-
density and high-density environment – and the interac-
tion between the two environments is strong enough to
induce a liquid–liquid critical point (LLCP). The LLCP
of the ML-BOP model is located just below the homoge-
neous nucleation and thus it cannot be directly observed
due to the onset of crystallisation, although, signatures
of the LLCP have been observed in simulations for sys-
tems with less than 200 molecules [19]. This is dis-
tinct from previously studied models of water display-
ing a LLCP [32, 44–47], and so, the ML-BOP model
offers the possibility to answer the question of whether
the existence of a LLCP is of any significance when it
cannot be directly accessed. This question is of impor-
tance since experiments also suggest that close to the
LLCP crystallisation takes place on the sub-μs scale [43],
a time interval that barely allows for the equilibration
of the low-density liquid (LDL) before solidification
takes over.

This article offers some elements to formulate such an
answer. First of all, the two-state model fit shows that the
shape of the free-energy surface is strongly influenced by
the presence of the LLCP. Additionally, the presence of a
LLCP explains the thermodynamic behaviour of the liq-
uid close to its metastable region: the compressibility and
specific heat anomalies are linked to its existence. Second,
and more importantly, while the LLCP is technically not
accessible, the spinodal of the high-density liquid (HDL)
can be clearly detected and appears to emanate from the
non-accessible critical point. The HDL is found to exist
over a wide range of densities and temperatures. Only
when the HDL is brought (by a change in the pressure or
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in the temperature) close to, or below, its spinodal does
the very rapid formation of the crystal take place. The
coincidence of the homogeneous nucleation line with the
HDL spinodal is very strong evidence for the importance
of the physics of the LLCP, even if the LLCP itself can not
be accessed.
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Appendices

Appendix 1. Model parameters

Table A1. Best-fit parameters of the two-state model. ω0 is
dimensionless while all other parameters are in kJ mol−1.

Parameter Value Parameter Value

gA0 −4.106e1 a10 2.729
gA1 2.291 a01 7.031e−1
gA2 2.316e−2 a20 −2.584
gB0 2.903e1 a11 −3.721e−1
gB1 4.378e−1 a02 −6.663e−2
gB2 −4.821e−2 a30 2.239
gC0 −5.494 a21 1.285
gC1 −4.272e−1 a12 8.969e−2
gC2 5.571e−2 a03 −3.008e−3
ω0 1.174e−4

Appendix 2. Themodel for gHDM
The full expression for gHDM is

gHDM = gA0 + gA1 P̃ + gA2 P̃
2

+ (gB0 + gB1 P̃ + gB2 P̃
2)T̃

+ (gC0 + gC1 P̃ + gC2 P̃
2)T̃ log T̃, (A1)

where T̃ = T/Tc and P̃ = P/Pc. Note that the selected func-
tional forms for the LD and HD phases can result in descrip-
tions of the pure low- and high-density liquids which can have
density and compressibility extremes. In our case, the minimi-
sation procedure does indeed generate weak density anomalies,
which are amplified if extrapolating at temperatures where
no simulation data are available due to crystal formation. In
the future, it will be interesting to attempt to model the free
energy of the pure phases with functional form analytically
constrained to behave regularly.
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