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Water’s anomalous thermodynamic behavior arises from the presence of intricate
hydrogen-bond networks that are highly sensitive to many-body interactions, chal-
lenging molecular modeling for decades. The ongoing machine learning revolution has
opened the possibility of performing quantum-accurate liquid-structure calculations at
affordable computational cost. Beyond reproducing water’s thermodynamic properties
with high fidelity, such simulations provide a stringent benchmark for theoretical
models and a route to deeper physical understanding. We use the recently developed
machine-learned Deep Potential Many-Body Polarizable water model to show that
the free energy of supercooled water can be accurately modeled with the potential
energy landscape formalism. The resulting equation of state predicts the presence of
a liquid-liquid critical point in excellent agreement with recent estimates. Together
with previous studies based on empirical classical water potentials, it confirms that
the potential energy landscape of water is Gaussian, providing a unifying framework
for extracting thermodynamic behavior across model complexity, from empirical force
fields to quantum-trained neural network models.

supercooled water | machine-learned potentials | potential energy landscape | statistical mechanics

Water’s distinctive physical and chemical behavior, from its density maximum at 4 °C
to its anomalous properties in the supercooled regime, has long attracted the interest
of scientists (1-6). These anomalies arise from water’s capacity to form transient and
directional hydrogen-bonds (7, 8). Linking local molecular structure to macroscopic
thermodynamic responses remains a fundamental challenge in condensed matter physics
and chemistry, with wide-ranging implications for climate modeling, cryobiology, and
biological processes.

For over five decades, molecular simulations have provided the primary means
for probing water at the microscopic level (9-12). Rigid, nonpolarizable empirical
models, such as the simple point charge (SPC) and transferable interatomic potentials
with 7 points (TIP#P), became workhorses for molecular simulation, reproducing
many structural and thermodynamic properties despite neglecting explicic many-body
interactions and polarization (10, 13, 14). These models achieved remarkable success,
qualitatively capturing water’s thermodynamic anomalies and phase diagram (15) and
even suggesting the existence of a second critical point in the supercooled regime (2, 16).
To impose a more realistic representation of the underlying physics, polarizable models
[e.g., Thole-Type Model (TTM); Atomic Multipole Oriented Electrostatics and Bond
Angles model (AMOEBA)] incorporate induction effects and thus provide a more
physically grounded alternative to rigid force fields. Nonetheless, they remain constrained
by analytical functional forms and empirical parameter fitting, which hinders systematic
improvement and limits their transferability across thermodynamic states (17-20). These
limitations highlight the need for a fundamentally different approach. Ab initio molecular
dynamics (21) addresses this challenge by deriving forces directly from electronic structure
theory, eliminating reliance on empirical parameterization. While computational cost still
restricts accessible system sizes and time scales, the first-principles formulation establishes
it as the most promising path toward a quantitatively reliable description of water across
thermodynamic conditions (22-24).

The emergence of machine learning has transformed molecular modeling (25-27).
Machine-learned potentials (MLPs) now routinely reproduce high-level quantum
mechanical forces at a fraction of the cost, enabling simulations previously beyond reach
(28). Researchers have developed several MLPs specifically for water (29-34). Many of
these models, trained on density functional theory (DFT) data have successfully captured
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the equilibrium phase diagram and liquid-liquid phase transition
(35, 36), while other approaches have focused on reproducing
specific thermodynamic properties (37, 38).

Recently, Bore and Paesani (39) leveraged the Deep Potential
(DP) framework (40, 41) and developed an MLP (desig-
nated DP_MBpol) trained directly on MB-pol reference data
rather than DFT calculations. MB-pol itself is a sophisticated,
many-body polarizable force field derived from a rigorous
many-body expansion of the energy and parameterized against
coupled-cluster CCSD(T) calculations (42—44). Unlike empir-
ical or polarizable force fields, which fit limited observables,
MB-pol achieves systematic, quantum-chemistry—level accuracy
from isolated clusters to bulk ice and liquid water (45, 46). It
quantitatively captures hydrogen-bonding, vibrational spectra,
and many structural and dynamical anomalies of water without
empirical fitting to condensed-phase data.

However, MB-pol’s computational cost, which arises from
explicit many-body terms and self-consistent polarization calcu-
lations, limits accessible system sizes and simulation timescales.
This limitation is addressed by the DP model, DP_MBpol,
trained on over 50,000 configurations generated from MB-
pol molecular dynamics simulations of liquid water and ice
polymorphs spanning temperatures from 100 to 400K and
pressures up to 100 kbar (39). The resulting potential faithfully
reproduces MB-pol energetics while providing approximately
20-fold improved computational efficiency relative to classical
MD with MB-pol itself. Researchers have subsequently used this
model to recover the experimental phase diagram of water (both
liquid and crystal phases) below 1 GPa (39), to demonstrate the
presence of a liquid-liquid critical point (47), and to investigate
water’s supercooled and glassy phenomenology (48).

Despite extensive work establishing the accuracy of MB-
pol and DP_MBpol in reproducing water’s structural, thermo-
dynamic, and phase behavior (39, 42-44, 48), much less is
known about their underlying energy landscape. In particular,
the statistical organization of configurations, the manner in
which accessible states evolve with density, and the relation
between microscopic interactions and macroscopic anomalies
remain largely unexplored.

The potential energy landscape (PEL) formalism provides a
rigorous framework for connecting the statistical properties of the
potential energy surface to the system free energy (49—-54). In the
PEL approach, configuration space is partitioned into basins and
the partition function is written as a sum over all distinct basins.
Each basin has an associated potential energy minimum, called
an inherent structure (IS), and associated local curvature around
its IS. An IS represents a mechanically stable configuration where
all forces vanish. At finite temperature, the system vibrates within
one basin and occasionally transitions between them, with the
frequency of transitions decreasing as temperature decreases (50).
Partitioning the PEL into basins results in a simple expression
for the free energy, composed of only two contributions: the free
energy of the system constrained to a typical basin (among those
sampled at the specified temperature 7" and volume V') and an
entropic term counting the number of available basins (again
at the specified 7" and V). Researchers have applied the PEL
approach to several empirical models of water (55-58), which
all suggest that the number of basins with a prescribed IS energy
is well described by a Gaussian distribution. This finding has
opened the possibility of linking water’s anomalies to the volume-
dependence of the statistical properties of the PEL (56). Recent
studies of flexible water models confirm that molecular flexibility
alters but does not erase the core topological features underlying

2of 9 https://doi.org/10.1073/pnas.2534303123

anomalous behavior (59). Extensions to include nuclear quantum
effects (60-63) have refined the landscape perspective to include
more detailed physics.

All prior PEL studies of water have relied on empirical or
semiempirical force fields; specifically, SPC/E (55), TIP4P/2005
(57, 58), g-TIP4P/F (59), and ML-BOP (64). In all cases, the
equation of state (EoS) derived from the PEL formalism is in
remarkably good agreement with the corresponding molecular
dynamics simulations. However, it remains unclear whether
the features in the PEL of empirical water models persist for
water models based on quantum mechanical calculations, such as
MB-pol, where many-body interactions are included. We tackle
this issue here by employing the DP_MBpol water model (39)
to map water’s PEL at densities from 0.92 to 1.27 g/cm?®. We
demonstrate that the Gaussian landscape approximation holds at
this level of accuracy and that PEL signatures of the density
anomaly persist under the many-body interactions encoded
by the Deep Potential model. Importantly, we quantify the
statistical properties of the PEL in a system where a neural
network implicitly specifies the underlying Hamiltonian rather
than this being done through an empirical analytic form. That
the expected landscape features emerge despite this fundamental
change underscores both the robustness of the PEL framework
(and in particular the Gaussian description) and the reliability
of MLPs. Our results reveal that the nonmonotonic volume-
dependence of IS energies and the systematic variation of basin
shape are features central to water’s anomalies, which persist
in the MLP-based modeling. This work validates the generality
of PEL principles across water models, from pair potentials to
many-body neural networks, and establishes the PEL formalism
as a powerful tool for interrogating the low-temperature behavior
of complex, machine-learned Hamiltonians.

Results

Molecular Dynamics Simulations. To investigate the PEL of the
DP_MBpol water model, we performed extensive equilibrium
DPMD simulations of N = 500 molecules across a wide range
of thermodynamic conditions. The system size of N = 500
molecules is comparable with or larger than previous PEL studies
of water using classical force fields (55, 57, 59, 64). Fig. 1 presents
a complete map of these simulations. The main set of state points
(Inset, dark blue circles) forms a matrix spanning temperatures

from 200 to 300 K and densities from 0.92 to 1.27 g/cm?, chosen
to encompass water’s anomalous regime including the density
maximum and be in close proximity to the DP_MBpol liquid—
liquid critical region (47). From these state points, we extract the
PEL parameters that govern water’s thermodynamic behavior.
The additional simulations shown in the broader diagram (yellow
and red squares) summarize the thermodynamic integration (TT)
pathways used to calculate absolute free energies. We discuss this
TI scheme, which connects the liquid state points to an ideal gas
reference via carefully chosen paths, in ST Appendix, section 3.

To generate ISs, we employ conjugate gradient minimization
to quench equilibrium configurations obtained from NVT MD
simulations at each state point to their nearest local minimum.
We repeated this procedure for 100 independent configurations
per state point, providing a statistically robust estimate of
the mean inherent structure energy, Es, and its fluctuations.
The quenching removes thermal fluctuations, revealing the
underlying potential energy minima that serve as the skeleton
of the potential energy landscape (49).
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Fig. 1. State pointdiagram summarizing all molecular dynamics simulations
performed in this study. The main simulation grid is shown as dark blue
circles, covering temperatures from 200 to 300 K and densities from 0.92 to
1.27 g/cm3 in order to probe water's anomalous regime, including both the
density maximum and the proposed liquid-liquid critical region. Simulations
used for thermodynamicintegration (Tl) are shown as yellow and red squares.
Three Tl paths are included: i) an isothermal path at T = 700 K that connects
an ideal-gas reference state to a condensed phase while spanning densities
from 0.006 to 0.92 g/cm3, ii) an isochoric path at » = 0.92 g/cm3 that cools
the system from T = 700 K to 350 K and links the reference states to the main
simulation points. iii) an isothermal path at T = 350 K from 0.92 to 1.27 g/cm3,
connecting to each density studied. Solid horizontal lines denote isothermal
integration, while dashed vertical lines denote isochoric integration. The
black star marks the ideal-gas reference point. Yellow squares correspond
to simulations using the MB-pol potential, while all remaining points (red and
blue) were simulated with the DP_MBpol model. The dual-colored square
at p = 0.92 g/cm3 and T = 700 K indicates the state where we converted
the MB-pol free energy to DP_MBpol using a weighted ensemble overlap
approach (S/ Appendix, section 3). Together, these Tl paths provide absolute
free energies for all main state points relative to the ideal-gas reference. The
Inset highlights the main simulation grid in greater detail.

Potential Energy Landscape Formalism. To describe the statisti-
cal properties of the PEL, we adopt the Gaussian approximation,
which has proven effective for both Lennard-Jones-type model
systems and water (55, 57, 64, 65). For a system of /N water
molecules with » = 3N total atoms, the potential energy
landscape is described by the hypersurface V(r?) in (4 + 1)-
dimensional space, where 4 = 3n = 9N represents the total
number of degrees of freedom. While DP_MBpol treats water
as a collection of individual atoms rather than formal molecules
(i.e., covalent bonds are not explicitly considered), the three-atom
structure of water still emerges. In the Gaussian approximation of
the PEL formalism, the number of basins with IS energy between
ers and ers + ders follows a Gaussian distribution:

Q(ers) ders =

e“N |: (t’IS —E0)2
exp| —

oy o Jdas 0

where ¢V is the total number of basins in the PEL, Ey is the
most probable IS energy, and 67 is the variance of the distribu-
tion. Thus, three volume-dependent parameters {Ey, 62, a} are
sufficient to characterize the distribution of basin depths at fixed
volume, V.

To completely quantify the landscape, one also needs informa-
tion on the basin shape, or equivalently, on the vibrational free
energy when the system is constrained to a specific basin with IS

PNAS 2026 Vol. 123 No. 13 e2534303123

energy ers. The corresponding basin’s free energy,

Fg(eas, V; T) = as + fyiv(as, V; T), (2]

accounts for vibrational motion within the PEL basins with en-
ergy ers. Here, fiib(ers, V, T') represents the average contribution
to the Helmholtz free energy due to system exploring basins of
the PEL with energy ¢1s. The vibrational free energy, fiib, can be
decomposed into harmonic and anharmonic contributions:

ﬁ/ib(flS’ v T) :ﬁqarm(elS’ v T) +]€1nharm(V T); [3]

where finharm(V, T) is assumed to be ¢rs independent. Within
the harmonic approximation,

d-3
hw;
ﬁ;armm,v,r)—/er< ln< >> 4]
’ ’ Z kBT €[S

i=1

Here, kg is the Boltzmann constant, {w;} are the normal mode
frequencies of the system at a given IS, 7 is the reduced Planck
constant, and the angle brackets denote an average over all
ISs with energy ¢1s. The logarithmic sum of the normal mode
frequencies defines the shape function, S, as

d-3 heo;
S(es, V) = <Zln (A—O) > , (5]

i=1

with Ag = 1 kJ/mol as a reference scale. The shape function
captures how basin vibrational properties vary systematically with
depth. As commonly employed in previous computational studies
(57, 58, 64), we find that the shape function is linear in ejs,

Slas, V) = a(V) + b(V)ers. [6]

In practice, extracting the linear relationship in Eq. 6 from
numerical data requires statistical averaging, as MD simulations
produce individual ISs with a continuous distribution of energies
rather than multiple structures at identical energies. We employ
an energy-based binned averaging protocol to establish the
empirical relationship & = a + bers, where 15 represents
statistically averaged IS energies. Different methods to compute
e1s are discussed in ST Appendix, section 5.

Anharmonicity can be captured by fitting the anharmonic
contribution to the potential energy as (59),

Usharm(V, T) = ex(V)T? + ¢3(V) T?, [7]

from which the corresponding anharmonic contributions to the
Helmholtz free energy and entropy follow.

Alrogether, five parameters (seven if anharmonic contributions
are included) fully determine all the thermodynamics of the
system. Eo(V') represents the typical energy scale of the liquid,
6%(V) quantifies the energetic heterogeneity, a(V’) measures
the configurational degeneracy, 2(V) and &(V) capture how
vibrational properties change with basin depth, while ¢;(V') and
c3(V') quantify the anharmonicities of the PEL basins. Table 1
summarizes the seven parameters.

The Gaussian approximation of the PEL formalism, supple-
mented by the ejs-dependence of the basin free energy, Eqs. 4
and 5, enables analytical derivation of thermodynamic properties.
For example, the average IS energy sampled by the system in
equilibrium is given by

Eis(T) = Ey — bo? — po?, [8]
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30of 9


https://www.pnas.org/lookup/doi/10.1073/pnas.2534303123#supplementary-materials
https://www.pnas.org/lookup/doi/10.1073/pnas.2534303123#supplementary-materials

Downloaded from https://www.pnas.org by UNIVERSITY OF ROMA LA SAPIENZA on March 26, 2026 from | P address 141.108.6.119.

Table 1.

Key parameters in the potential energy landscape formalism and their physical significance

Parameter Symbol Physical meaning

Inherent structure energy ers Energy of a local minimum (basin bottom)

Mean IS energy Es Average basin depth sampled at temperature, T
Most probable IS energy Eo(V) Center of the Gaussian distribution of IS energies
Landscape variance o2(V) Width of the IS energy distribution

Basin degeneracy e?(VIN Total number of distinct basins

Shape function intercept a(V) Baseline vibrational entropy

Shape function slope b(V) How vibrational properties change with basin depth
Anharmonic coefficients (V) c3(V) Deviations from harmonic vibrations

which predicts a linear-dependence on 1/ 7" with slope set by 62
and intercept by Ey — bo?. Similarly, the configurational entropy

follows as

Scon
Zonl _ o — 162 (b + p)%, [9]
kg

where the first term reflects the basin multiplicity and the
second encodes thermal sampling. In practice, £1s(7") and S(ers)
provide direct simulation routes to extract these parameters. A
detailed treatment of the theoretical framework is provided in S/
Appendix, section 2.

Inherent Structure Energy and the Gaussian Approximation.
Fig. 24 shows how the average IS energy, Eis, varies with
density at different temperatures. The behavior is complex and
temperature-dependent, encoding the structural transitions that
underlie water’s anomalies. At low temperatures (200 to 240 K),
Eis exhibits negative curvature with respect to density. Initially,
Ejs increases with density, reaches a maximum near p = 1.1
g/ cm?, then decreases at higher densities. This unusual behavior
reflects the competition between hydrogen-bond network opti-
mization and geometric frustration (2, 55, 58, 66, 67).

At these low temperatures, water molecules at ice-like densities
have sufficient space to form nearly ideal tetrahedral networks, ac-
cessing deep potential energy basins. As density increases toward
1.1 g/em?, geometric constraints begin to distort these networks,
raising the typical IS energy. However, further compression
beyond this point forces a structural transformation: the system
abandons the open tetrahedral structure in favor of more compact
arrangements with interpenetrating hydrogen-bond networks,
accessing lower energy configurations despite the higher density
(57, 66). The negative curvature of the IS energy versus density
indicates the onset of an energetically unstable contribution to
the free energy (66). At high temperatures (280 to 300 K), the
curvature inverts, £1s now decreases with initial compression
before rising at the highest densities. The crossover temperature
near 260 K marks the transition to a low-temperature regime in
which the driving force for forming a low-density, hydrogen-
bonded network becomes increasingly significant.

Fig. 2B provides a stringent test of the Gaussian approximation
for the PEL (Eq. 8). The excellent linearity of Eis versus 7!
at 7 < 280 K, for all densities studied, validates the Gaussian
approximation for the PEL of DP_MBpol water. This represents
a nontrivial result. The DP model produces a PEL with Gaussian
statistics, the same statistics observed in many simple liquids,
empirical classical water models, and now quantum-accurate
many-body representations. From the slopes of these linear
fits, we extract o2 for each density. An alternative estimate
of 6% can be obtained directly from the distributions of the
as(7T). SI Appendix, Fig. S10 compares the two methods and
demonstrates that while individual temperature-based estimates
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of 62 exhibit considerable statistical scatter due to the finite
number of configurations (~100 IS per temperature), their
mean converges to the value calculated from the slopes. This
variance quantifies the heterogeneity of the energy landscape, as
larger values indicate a broader distribution of accessible basin
depths (68).

The volume dependence of the variance of inherent structure
energies, 62(V), plays a central role in water’s thermodynamic
anomalies. Within the Gaussian PEL formalism, the condition

200 K 240K 3 280K

E ¢ [kJ/mol]

o
(&)
T
1

0.9 10 11 12 13

Density [g/cm?]
300 275 250 225 200
B Densities [g/cm?]
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-53 @ 0.955 1.165 -
® 099 @ 12
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&2,
ur -55}
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_57 1 1 1
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Fig. 2. Inherent structure energies as a function of density and tempera-
ture. (A) Inherent structure energy Ejs versus density at selected temperatures
from 200 to 300K. (B) The same data plotted as 5 versus inverse temper-
ature (1,000/T) showing the temperature-dependence at various densities
ranging from 0.92 to 1.27 g/cm3. The linear fits are performed over data at
T < 280 K. The Top axis labels correspond to the temperature, T in K. Each
data point represents an average over 100 independent inherent structures
at each state point, with error bars indicating the SE of the mean.
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do?/dV > 0 is both necessary and sufficient for the existence of
a density maximum (69). As shown in SI Appendix, Fig. S8,
62 exhibits a minimum near p ~ 1.15 g/cm3. This same
landscape feature also underlies the emergence of the LLCP
at low temperatures. At sufficiently low temperature, isochores
on the low—density side of the minimum exhibit anomalous
behavior, with pressure increasing upon cooling, while those on
the high—density side behave normally. This opposing behavior
produces nonmonotonic pressure—volume isotherms, signaling
mechanical instability and phase separation between LDL and
HDL phases (69). Thus, within the PEL framework, both
water’s density anomaly and the liquid-liquid transition share
a common microscopic origin. While the nonmonotonic density
dependence of Ejs at low temperatures (Fig. 24) provides
valuable physical insight into the structural competition between
tetrahedral and interpenetrating hydrogen-bond networks, the
minimum in 62 (V) is the landscape feature responsible for these
thermodynamic phenomena.

Basin Properties and Anharmonic Contributions. Fig. 3 demon-
strates that the DP_MBpol shape function is linear in ¢s, as
described by Eq. 6. The linear relationship holds across all
densities studied, with the intercept @ and slope & providing
the final parameters needed to fully characterize the Gaussian
PEL of water.

While the PEL formalism with the Gaussian and harmonic
approximations provides a theoretical foundation to describe
liquids in general, water may exhibit anharmonicity. Fig. 4
tests the harmonic approximation for DP_MBpol water by
plotting AU = U — Ejs versus temperature across all studied
densities, where U is the potential energy of the system. The
dashed line represents the theoretical harmonic prediction,
Uharm = 9Nk T /2, while circles show the observed values from
DP_MBpol simulations.

Fig. 4 reveals detectable anharmonicity in DP_MBpol water,
as the observed energy exceeds the harmonic prediction at all
state points. The anharmonic contribution amounts to about
6% of the vibrational potential energy at 200 K and increases
to 16% at 300K. These deviations exhibit modest density-
and temperature-dependence, indicating that anharmonic con-
tributions are both significant and physically meaningful. To

18.7
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Fig. 3. Basin shape function S versus inherent structure energy for selected
densities. Within the harmonic approximation, S(ejs) quantifies the average
curvature of the PEL basins with IS energy e|s. The solid lines correspond to
linear fits according to Eq. 6, from which the PEL parameters a and b are
extracted.
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Fig. 4. Anharmonic analysis of the potential energy landscape: a test of the
harmonic approximation. Circles show AU = U — Es for densities spanning
from 0.92 to 1.27 g/cm3, while the dashed line indicates the theoretical
harmonic energy for a flexible water molecule (Upn,m = 9RT/2, [R is the gas
constant]). Deviations from this line represent the anharmonic contributions
to the total energy U.

capture these anharmonic effects, we employ the polynomial
expansion in temperature from Eq. 7. The fitted coefficients ¢
and ¢3 (SI Appendix, Fig. S8) closely match, for all densities,
those of the empirical q-TIP4P/F water model, (59) despite
the fundamentally different origins of these potentials. What is
striking is that this similarity persists even though previous studies
employed pair-additive models, while DP_MBpol introduces a
neural-network many-body representation. One might expect the
increased complexity of the molecular interaction to substantially
reshape the energy landscape, particularly its curvature, yet the
statistics remain essentially unchanged. This robustness high-
lights not only that certain landscape properties are insensitive
to the details of the interaction potential, but also that some
empirical water models capture the essential physics of water
with remarkable accuracy.

Configurational Entropy. Complete characterization of water us-
ing the PEL formalism requires absolute free energies to calculate
the configurational entropy (70). Obtaining these free energies
for the DP_MBpol model presents a unique challenge related
to both the power and limitations of MLPs and their training
data. Because DP_MBpol was trained exclusively on condensed
phase configurations (liquid water and ice polymorphs), it cannot
reliably represent the very low density and high temperature vapor
phase. In practice, simulations of the vapor phase in the ideal-gas
limit with DP_MBpol resulted in unphysically small distances
between O and H atoms. This training limitation precludes the
standard approach of connecting directly to an ideal gas reference
state.

To circumvent this challenge, we employed a multistage TI
strategy, schematically illustrated in Fig. 1. We begin with an
ideal gas of N = 512 MB-pol molecules at 77 = 700K
(above the MB-pol critical temperature to avoid crossing a first-
order phase transition along the TI path) and a large volume
where intermolecular interactions are negligible. From this well-
defined reference state, we performed an isothermal compression
of MB-pol to reach a target condensed phase density (77 =
700K, p ~ 0.92 g/cm?). We then interconvert from MB-pol to
DP_MBpol using an overlapping distribution method (71), in
which we computed the free energy difference between the two

https://doi.org/10.1073/pnas.2534303123
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Fig. 5. Configurational entropy S.onf versus temperature for different
densities. The solid circles are the values of S.,,¢ obtained numerically by
Tl and the lines are the corresponding fits using Eq. 9, where only « is used
as a fitting parameter. The white circles indicate the Kauzmann temperature,
Tk (V), obtained by extrapolation of the solid lines to S.os = 0.

models by sampling their energy distributions over the same set of
configurations. We performed this interconversionat 7 = 700 K
and p ~ 0.92 g/cm3 , where both models are stable, giving a
free energy difference between models of AF/N = 0.0137 kg T'.
Finally, isochoric cooling brings the system to the temperatures of
interest. Technical details are provided in S/ Appendix, section 3.
Fig. 5 shows the configurational entropy of DP_MBpol water
calculated as the difference between the liquid and vibrational
entropies (S/ Appendix, Fig. S3). The solid lines in Fig. 5 show
the theoretical prediction according to Eq. 9, where only a is
a fitting parameter. The extrapolation to Scopr = 0 defines the
Kauzmann temperature, 7. The extrapolation to S¢onf = 0 in
Fig. 5 defines T within the Gaussian approximation of the PEL.
However, deviations from Gaussian statistics at low temperatures
(or low IS energies) could change our estimated values for Tk.

Equation of State and Liquid-Liquid Critical Point. The power
of the PEL approach lies in its ability to provide an analytical
EoS. We can derive the pressure EoS from the free energy as a
function of temperature and volume:

IF > l.
P:_(W>T: > )T, [10]

i=—1

where the coefficients P;(V') depend on volume derivatives of the
landscape parameters (S Appendizx, section 2).

Fig. 64 demonstrates that the PEL-based EoS accurately
reproduces the MD simulation data across all temperatures and
densities studied. While we expected the EoS to provide a good
description of the MD data at low temperatures, it fits the
entire dataset remarkably well. This success gives confidence
in extrapolating to lower temperatures where direct simulation
becomes prohibitive.

The pressure—volume diagram (Fig. 6B) reveals the signature
of a first-order liquid-liquid phase transition (LLPT) through
the emergence of van der Waals loops. At high temperatures
(red lines), the P-V isotherms show thermodynamically stable
monotonic behavior, where decompression leads to a smooth,
continuous decrease in pressure as expected for a single-phase lig-
uid. However, as temperature decreases (progressing toward blue
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lines), the isotherms develop nonmonotonic character. Regions
emerge where (P/dV) 7 > 0, that is, pressure increases with
expanding volume. This behavior violates thermodynamic sta-
bility, which requires (822/8V)7 < 0 for any stable/metastable
phase. Such instability signals that the homogeneous liquid has
become mechanically unstable and must spontaneously separate
into two coexisting phases with different densities.

The limits of stability for the two liquid phases (low-density
and high-density liquids, LDL and HDL) are given by the
spinodal curves (purple lines in Fig. 6B), obtained from the
condition (3P/dV)7 = 0. The binodal curves (black lines
in Fig. 6 B and C) define the true coexistence region and are
constructed using the Maxwell equal-area rule. This construction
ensures that the chemical potentials of the coexisting LDL and
HDL phases are equal at a given temperature and pressure.
Between the spinodal and binodal curves lies the metastable
region, where the LDL and HDL can persist as a metastable
homogeneous phase. As the temperature increases toward the
critical point, the van der Waals loops progressively shrink, and
the distinction between the LDL and HDL phases diminishes.
The spinodal curves converge, the metastable region narrows, and
the density difference between coexisting phases decreases. At the
critical temperature, the van der Waals loop vanishes entirely. The
inflection point where (8P/8V)7 = 0 and (3?P/3V?)7 = 0
defines the location of the liquid-liquid critical point (LLCP)
to be 7, ~ 190 K, P. ~ 1,043 bar, and p, ~ 0.97 g/cm’.
The location of the LLCP shows excellent agreement with the
recently published values for this model estimated from extensive
MD simulations: 7, = 193 &5 K and P, = 1,050 & 50
bar (47). Above this temperature, no amount of pressure can
induce liquid-liquid phase separation, the system exhibits only
continuous crossover behavior between LDL-like and HDL-like
regions, marked by the Widom line (defined as the maximum in
the compressibility).

Fig. 6C presents the complete phase diagram in the
temperature-density plane, including the Kauzmann temperature
line, 7. On the low-density side, Tk is higher relative to the
high-density side, reflecting the slower dynamics characteristic
of the open, tetrahedral network compared to the high-density
liquid. In HDL, interstitial molecules—ffth neighbors that
penetrate between the first and second coordination shells—
act as catalytic defect sites that facilitate network reorganization,
reducing activation barriers for molecular motion (72-74). The
Kauzmann temperature of the LDL at 1 bar (7x ~ 157 K) is
also substantially higher than the calorimetric glass-transition
values observed experimentally, (7, = 136 K) (75). This
overestimation has often been attributed to the breakdown of the
Gaussian approximation as ezs approaches the lowest IS energy
of the liquid/glass available in the PEL (76). However, despite
the disparity in experimental and computational timescales, it
is noteworthy that the simulated glass-transition temperatures
obtained with DP_MBpol are also higher than experimental
values (48). Thus, despite the overall accuracy of MBpol-based
models, achieving more reliable values of both 7 and 7 remains
an outstanding challenge in water modeling.

The existence of the LLCP emerges naturally from the
nonmonotonic density dependence of 62 (56), the same property
that produces the density maximum at higher temperatures.
This unified explanation of water’s anomalies, from the den-
sity maximum to the liquid-liquid transition, demonstrates
the power of the PEL framework in connecting microscopic
landscape features to macroscopic thermodynamic behavior. The
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Fig. 6. Phase behavior calculated from the PEL equation of state. (A) Pressure-temperature phase diagram. Circles show MD simulation data while lines
represent the PEL equation of state predictions. (B) Pressure-volume phase diagram revealing van der Waals loops characteristic of a first-order phase
transition. Spinodal curves (purple) represent stability limits while binodal curves (black) calculated from a Maxwell equal-area construction define coexistence.
Isotherms are shown for temperatures from 150 Kto 215 Kin 5 Kincrements, from blue to red. (C) Temperature-density phase diagram showing the liquid-liquid
critical point at Tc ~ 190 K, the Widom line (blue) extending into the one-phase region, and Kauzmann temperatures (orange). The coexistence region [gray
shading (metastable); purple shading (unstable)] separates low-density (LDL) and high-density (HDL) liquid phases.

quantitative agreement with experimental estimates (5) and other
theoretical predictions (47) validates both our analysis based on
the PEL approach and the accuracy of the DP_MBpol neural
network potential in capturing water’s essential physics.

Discussion

This work establishes that machine-learned potentials preserve
the landscape statistics governing liquid behavior, opening oppor-
tunities for studying water and other complex fluids at previously
inaccessible levels of accuracy and scale. By demonstrating that
the DP_MBpol model reproduces the Gaussian PEL topology,
exhibits the correct density-dependence of the PEL parameters
for anomalous behavior, and predicts a LLCP consistent with
previous estimates, we validate both the fidelity of machine
learning approaches and the Gaussian PEL formalism even
when many-body correlations of quantum origin are explicitly
included, as in the MBpol model.

The PEL parameters we extract for in this work are qualitatively
similar to those from previous studies of empirical water models,
including SPC/E, TIP4P/2005, and q-TIP4P/F. This suggests
that the key features of water’s energy landscape, the Gaussian
distribution of basin depths and the nonmonotonic density
dependence of 62, are robust to the details of the interaction
potential and appear to be generic features of accurate water
models. The quantum-mechanical information (and many-body
interactions) embedded in DP_MBpol does not fundamentally
alter the PEL but provides quantitatively accurate energetics and
many-body effects essential for more quantitative reproduction of
experimental observables. This validates the physical picture that
water’s anomalies arise from landscape features captured even by
simple models, while quantitative predictive accuracy requires
the detailed energetics that quantum-trained potentials provide.

Several limitations of this study point toward exciting future
directions. We restricted the current analysis to classical nuclei.
Incorporating nuclear quantum effects through path integral
methods could reveal how zero-point motion and tunneling
modify the PEL topology, particularly near the LLCP where
quantum fluctuations may play a decisive role (62, 63). Addition-
ally, extensions of the PEL formalism with DP_MBpol/MLPs
simulations to aqueous solutions where solutes can dramatically
alter the energy landscape would provide insights into biological
and atmospheric processes.

Given the recent discovery of medium density amorphous
ice (77) and the role of shear-driven processes in amorphous

PNAS 2026 Vol. 123 No. 13 e2534303123

ice formation (78), an exciting further direction would be to
incorporate shear as an additional variable in the PEL framework.
In equilibrium, the potential energy landscape is independent
of shear; however, shear can drive the system to explore
different regions of this landscape, altering the statistics of basin
occupation and transition pathways (79). In situations where
shear arises from confinement or externally imposed strain, such
that additional boundary or deformation potentials contribute
to the energy of the system, the effective landscape can be
modified. Developinga generalized PEL framework that accounts
for how mechanical driving changes landscape exploration, and
in some cases the effective landscape itself, could reveal how shear
influences the low temperature behavior and glass formation in
water.

Finally, with increasing computational resources, it may soon
be possible to investigate the low-density, low-temperature state
points numerically, potentially revealing the breakdown of the
Gaussian landscape approximation. Recent work (80) suggests
that optimally sized systems can access lower temperatures
where non-Gaussian landscape features may become physically
relevant. For water, determining the characteristic system size
beyond which finite-size effects vanish, which may differ among
water models, could enable more efficient exploration of the
deep supercooled regime where the Gaussian approximation is
expected to fail, potentially providing more reliable estimates of
both 7, and Tx. Despite the success of MBpol-based models,
current simulations predict values that are systematically higher
than experiment, highlighting a key open challenge in water
modeling.

The success of our PEL analysis for this MLP suggests that
researchers could apply similar approaches to other machine-
learned Hamiltonians, where the connection between local in-
teractions and emergent behavior remains poorly understood. As
machine learning models become increasingly sophisticated and
approach chemical accuracy within computationally tractable
efficiency, the combination of MLPs and statistical mechanical
frameworks like PEL theory promises to advance our understand-
ing of complex molecular systems substantially.

Materials and Methods

Molecular Dynamics Simulations. Molecular dynamics simulations were
carried out with the LAMMPS simulation software, version 2 August 2023 (81)
patched with the DPMD-kit, version 3.0.1 (40, 41). Periodic boundary
conditions were applied in all three dimensions. Water was modeled
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with a Deep Potential model previously trained on MB-pol reference data
(39). The equations of motion were integrated using the velocity-Verlet
algorithm with a time step of 0.5 fs. All simulations were performed in the
canonical (NVT) ensemble, and the temperature was controlled by a Nosé-
Hoover thermostat set to the target production temperature with a damping
parameter of 0.5 ps. Thermodynamic properties were saved every 5,000 steps,
while atomic configurations were recorded every 25,000 steps for trajectory
analysis.

Eleven different densities from 0.92 to 1.27 g/cm® and thirteen different
temperatures between 200 and 300 K were investigated (Fig. 1). The duration
of each trajectory was determined by monitoring the mean square displacement
(MSD) of the water molecules. We define the structural relaxation time, 7, as
the time required for the MSD of the system to reach 1 nm?. We required that
both the equilibration and production segments of each simulation exceeded z,
ensuring that each trajectory sampled beyond the intrinsic relaxation dynamics
of the liquid. This procedure guaranteed that the simulations captured both
equilibrium and dynamical properties reliably. The values of =, together with
the total simulation lengths corresponding to each state point, are reported in
Sl Appendix, section 1.

Inherent Structure and Normal Mode Analysis. Inherent structures were
obtained by energy minimization of configurations sampled from equi-
librium NVT trajectories. From each trajectory, 100 equally spaced con-
figurations were selected and minimized using the conjugate gradient
method as implemented in LAMMPS with the DP_MBpol model. Energy
minimization proceeded until convergence was achieved, defined as an
energy change below 10~ eV/atom and a maximum atomic force below
1076 eV/A.

We then calculated the Hessian for 25 IS, chosen at equal intervals along
the trajectories. The mass-weighted Hessian was computed using the LAMMPS
PHONON package, which evaluates the second derivatives of the potential
energy with respect to atomic displacements via finite-difference perturbations.
The resulting Hessian matrices were diagonalized using the LAPACK routine
SSYEV, which computes the eigenvalues of real symmetric matrices. From the
full setoffrequencies, the vibrational density of states was obtained (S/ Appendix,
section 5).

Free Energy Calculations. We calculated free energies for the DP_MBpol
model following a multistep thermodynamic integration procedure (Fig. 1). We
begin with the calculation of the partition function of an ideal gas of N = 512
MB-pol water moleculesat T = 700 Kand very low density, where the ideal gas
approximation is accurate.

The total partition function of an ideal gas of N molecules at temperature T is

_ (ZmoIV)N
Zig = YT [11]

where A is the center of mass thermal de Broglie wavelength. Because the DP
model was not trained on the gas phase and can exhibit nonphysical behavior at
low density and high temperature (nonphysical small distances between O and
H atoms), the reference ideal-gas free energy was computed using the MB-pol
model, which is well behaved in this regime.
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From this reference state (black star in Fig. 1), a thermodynamic integration
was performed along the T = 700 K isotherm to compress the system from the
ideal gas volume to a target, condensed-phase density. The excess free energy
was obtained via integration of the pressure EoS:

Pfinal P,
aro=n [ 20 (12
p

start P

with the excess pressure represented as a polynomial expansion in the density.
In the above equation, the subscript "ex" denotes excess over the corresponding
ideal gas property at the given density and temperature (e.q., Pex = P — pkgT)

At the target thermodynamic state point, (T =700K, p = 0.92 g/em?),
the MB-pol and DP_MBpol models were connected through the overlapping
distribution method of Bennett (71), which relates the free energy difference
between models to the shift required to collapse probability distributions of the
energy difference AU = Upp_ugpol — UmB—pol-

Finally, the free energy of the DP_MBpol model was propagated from T =
700 K to the target temperature via isochoric thermodynamic integration:

T1 08U

———dr
ol BT/d ’ 3]

S(T) = S(Tp) +

where U(T) isthe internal energy obtained from simulation data. This procedure
gave the free energy of the DP_MBpol model at each state point. Complete
derivation of the equations, implementation details, and supporting analysis
are provided in S/ Appendix, section 3.

Data, Materials, and Software Availability. Code/SimulationResults data
have been deposited in Data From: "Energy Landscape Statistics and Thermo-
dynamics of a Machine-Learned Model of Water" (https://doi.org/10.34770/
2nkt-5¢07) (82).
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